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ABSTRACT. An algebraic soliton of the massive Thirring model (MTM) is expressed by
the simplest rational solution of the MTM with the spatial decay of O(x~!). The corre-
sponding potential is related to a simple embedded eigenvalue in the Kaup—Newell spectral
problem. This work focuses on the hierarchy of rational solutions of the MTM, in which
the N-th member of the hierarchy describes a nonlinear superposition of N algebraic
solitons with identical masses and corresponds to an embedded eigenvalue of algebraic
multiplicity N. We show that the hierarchy of rational solutions can be constructed by
using the double-Wronskian determinants. The novelty of this work is a rigorous proof
that each solution is defined by a polynomial of degree N? with 2N arbitrary parame-
ters, which admits NN-1) poles in the upper half-plane and w poles in the lower
half-plane. Assuming that the leading-order polynomials have exactly N real roots, we
show that the N-th member of the hierarchy describes the slow scattering of N algebraic
solitons on the time scale O(v/%).

1. INTRODUCTION

1.1. Motivations. The massive Thirring model (MTM) in laboratory coordinates was
proposed in quantum field theory as a relativistically invariant nonlinear Dirac equation
[30]. Integrability of the MTM in one spatial dimension was shown in [24] and developed
in [16], 18, 25]. The MTM is the only integrable case of the coupled-mode theory used for
the homogenization of the Gross—Pitaevskii equation with a periodic potential [26].

Stability of solitary waves in the time evolution of the nonlinear Dirac equations in one
spatial dimension is a challenging problem due to the lack of Lyapunov functional provided
by the mass, momentum, and energy [5]. Nevertheless, orbital stability of exponentially
decaying solitons was proven in the MTM due to its integrability, by using the higher-
order energy [28] and the Bécklund-Darboux transformation [9]. More recently, asymptotic
stabillity of exponentially decaying solitons was shown in [12] based on the development
of the inverse scattering transform in [27], 29].

The algebraic soliton arises at the limiting point in the family of the exponentially de-
caying solitons, at which the soliton mass is maximal and the spatial tails are algebraically
decaying. It was suggested in [I7] that the algebraic solitons are stable with respect to
perturbations, by using analysis of a simple embedded eigenvalue in the Kaup—Newell spec-
tral problem related to the Lax system for the MTM. This conjecture was never proven,
with some partial results on the orbital stability of algebraic solitons obtained in [19] for a

similar model of the derivative NLS equation.
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Further progress in the study of algebraic solitons was achieved recently in [11], where
the second-order rational solution to the MTM was constructed based on the bilinear
(Hirota) method implemented for the MTM in [7]. The second-order solution describes the
double algebraic soliton, that is, two algebraic solitons with identical masses which scatter
at the slow time scale of O(y/t). This solution suggests the existence of a hierarchy of
rational solutions to the MTM with multiple algebraic solitons, similar to the hierarchy
of rational solutions associated with the Zakharov—Shabat spectral problem existing up to
arbitrary higher order, see [II, 2l 3| [4]. The second-order rational solution of the MTM was
recovered in [20] by using the double-pole solutions of the IST for the MTM, where it was
shown that the double algebraic soliton is related to a double embedded eigenvalue in the
Kaup—Newell spectral problem predicted in [17].

The main purpose of this work is to construct the hierarchy of rational solutions to
the MTM, where the N-th member of the hierarchy describes a nonlinear superposition
of N algebraic solitons with identical masses and corresponds to an embedded eigenvalue
of algebraic multiplicity N in the Kaup—Newell spectral problem. Based on the recent
development in [23, BI] for similar integrable equations, we construct the hierarchy of
rational solutions by using the double-Wronskian determinants associated with the Jordan

block for a multiple embedded eigenvalue.

Compared to the previous works on rational solutions for integrable models, the novelty
of this work is a rigorous proof that the N-the member of the hierarchy of rational solutions
is defined by a polynomial of degree N? with 2N arbitrary parameters, which admits
w poles in the upper half-plane and w poles in the lower half-plane. Under the
assumption that the leading-order polynomials have exactly N real roots, we show that

the corresponding rational solution describes the slow scattering of N algebraic solitons on
the time scale O(v/1).

1.2. Main results. We write the integrable MTM system in the normalized form:

{i(ut + uy) + v = |vftu, (L1)

vy — vg) +u = [ul?v,

where (z,t) € R? and (u,v) € C% The initial-value problem for the MTM system (1.1)) is
known to be well-posed in L?(R) [6, [13], where the mass M (u,v) is conserved in time:

M (u,v) = /R(|u(x,t)|2 + |v(z, t)[})d. (1.2)

The nonlinear system (1.1)) is a compatibility condition for the Lax system of linear equa-
tions [24]:

026 + L(u,v,0) =0, 9+ M(u,v,()p = 0, (1.3)
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where ¢ € C is the spectral parameter, 5 € C? is the wave function, and the 2 x 2 matrices
L(u,v,¢) and M (u,v,() are given by

b= pPa 5 (30 ) e (0 5+ i@
and
= e o () =5 () +5 @
2 v 0 2\ u 0 4
with o3 = diag(1, —1) being Pauli’s matrix. By using the variables
u== v=— (1.4)

the system ([1.1]) can be rewritten in the bilinear form [7]:

(D, + D,)g- f+hf=0,
i(Dy = Dy)h - f +gf =0,
i(Dy+ Dy)f - f—|h]> =0,
i(Dt - Dx)f [ - |9|2 = 0.

Our first result is a proof of the double-Wronskian solutions to the system of bilinear
equations . Although similar solutions appear in the previous works, see Appendix A
in [23], we justify the validity of the explicit solutions independently and relate them to
solutions of the two-component KP hierarchy.

(1.5)

To set up the double-Wronskian solutions, we use the characteristic coordinates (£, 1) €
R? instead of the physical coordinates (z,t) € R?:

t=2 =
x=2(&—n), Oy = 2(0 — 0y).
The bilinear equations ([1.5)) transform into the equivalent form:
ipgg-JiJrth: 0,
iDnh-Ji—i—Qg]f:O, (1.7)
iDgf_-f—Zhh:O, '
1Dy f - f—29g5=0.
The Lax pair (1.3)) transforms into
> e 0 v\ 2 . >
Oed — i|v[* o3¢ + 2iC ( ; 8 ) ¢ +1iCo30 =0 (1.8)
and
> 2 a1 (0 WY o 2
Ono — ilu?oz¢ — 2i¢* ( u "é ) ¢ +1iC %030 = 0. (1.9)
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The following theorem represents the double-Wronskian solutions of the bilinear equa-
tions ({1.7)), which represent solutions of the MTM system (|1.1)) via (1.4]) and (1.6).

Theorem 1. Fiz N € N. Let A € C**2N be an invertible matriz which can be factorized
by S € CHVX2N yn the form

A=-5S. (1.10)

Define two vectors ¢, € C?N from solutions of the linear equations

Ocf = fA?’l and Oev) = _I,A@_Z’l’ (1.11)
877¢ =1iA (:b? 8T]¢ = —iA 1/1;
subject to the relation
Y = S¢. (1.12)
Then, the following double- Wronskian functions
f=IN;N-1|, g=|N;N 1], h=iC'|N;N =2 (1.13)
f=CIN; N|, g =iC|N; N|, h=CC YN —1;N| .

satisfy the bilinear equations with C = (—i)N/]S].

Remark 1. In Theorem [, we use the following notations for double-Wronskian determi-
nants of (2N) x (2N) matrices:

NLN 1= 6.6 ... 0" Vg, g™ D),
IN; N[ = ¢/, ¢", ..., ™0 0", ™),
|N+ ;N + 1‘ _ ’¢//’ ///’”"¢(N);w//7 ///""’w(N+1)”

where |A| = det(A) and the prime stands for the derivative with respect to . Similarly, in
the proof of Theorem[1], we extend the definitions for the following one-column modications
of the double-Wronskian determinants:

0NN =1 =1¢,¢",..., "0, 7],
|N; —1,]ﬁ| =19, 9", ... ,¢(N);85_1w,w’, Y S

Remark 2. It is customary [21), 22] to represent the double-Wronskian determinants by
using the following tau-function:

Ao |¢(n)7 ¢(n+1)7 e ¢(n+N+l—1). w(m)’ ¢(m+1)

nm ° )

L. pmEN==D) (1.14)
The double- Wronskian solutions are expressed by using the tau functions as

=10, =T34, h =iV S| 7
{f (&81\/ o {g 0,(1_1)N+1 . " | | 0,0 (115)
T

f= 5] 71,1 g= T8 2,00 h = (_1)N71T(31
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Remark 3. In the simplest case N = 1, the double-Wronskian solutions in Theorem
recover the family of the exponentially decaying solitons in the explicit form:

si it cos gi it cosy
u= 111’}/.6 o U= 1D7'€ pv (1.16)
cosh(zsiny + %) cosh(zsiny — )

where the parameter v € (0,m) is arbitrary. This solution is well-known and stability of
exponential solitons was studied in [28], [9], and [12]. A general family of the exponential
solitons has four parameters, but two parameters are given by the translations in (x,t) and
the speed parameter can be added by using the Lorentz transformation of the MTM, see
details in [11]. The limit v — 7 in recovers the algebraic soliton:

267ﬁ 267”
— v = .
1+ 2iz’ 1 —2ix
which can also be obtained directly from Theorem[]] in the case N = 1.

y=T:oow (1.17)

Our second result presents a hierarchy of rational solutions to the MTM, which gener-
alizes the algebraic soliton for any N € N. In the case N = 2, this hierarchy includes
the second-order rational solution which corresponds to the double algebraic soliton ob-
tained in [I1] and [20].

To present the rational solutions, we denote the (2V) x (2V) identity matrix by I and
the (2IV) x (2N) nilpotent matrix by L,

000 ...0°0
100 ...00
010 ..00

L=\|. .. | (1.18)
000 ...0°0
000 ... 10

The j-th power of L has ones at the j-th lower diagonal for j = 1,2,...,2N — 1 such that
L*N =0 is the (2N) x (2N) zero matrix.

The following theorem defines the hierarchy of rational solutions to the MTM.
Theorem 2. Let matriz A and A~' be defined by
A=-T+1I, At=—T1-L—-1*—. .. - 2N (1.19)
Let ¢ € C*N be defined by a general solution to the left syste with (2N) complex
1.1

coefficients and ¢ = S¢. The double-Wronskian solutions generate the rational
solutions to the M'TM system in the form:
QN(xv t) —it RN<=T7 t) —it
t — -~ 7 1 = - ! 120
uat) = G o) = Y (1.20
where Py is a polynomial of degree N* in x and Qy, Ry are polynomials of degree N*—1 in

x. The solution depends on (2N) real parameters and is bounded for all (x,t) € R?.
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Remark 4. In the proof of Theorem[d, we show that the asymptotic behavior of the solution
1.20) is given by

uw(z,t) ~ ——e "t w(z,t) ~ l—e_it, as |z| = oo, (1.21)
x x

see (3.8), (5.9), and . The behavior is in agreement with [17, Lemma 6.4]

about the existence of a pair of embedded eigenvalues ( = +i in the linear system of
algebraic multiplicity N, for which | 1|im || |u(z, t)| = | l‘im |z||v(z,t)| > N — L is required.
Tr|—00 T|—00

Our third and final result is about the relation of the higher-order rational solution in
Theorem to the dynamics of IV copies of algebraic solitons (|1.17)) with the slow scattering
on the time scale O(1/[t]) as |t| — co. We show in Lemma i that the principal part of the
polynomial Py(z,t) in can be written in the form

pn(x,t) = ag\?)xNQ + a%)xm_‘lﬁ + ag\%)xm_%‘l +...+ ag\}])xm_“tw, (1.22)

where J is the largest integer such that N?—4.J > 0 and {a%) }/_o are real-valued coefficients
computed from the explicit determinants, see 1) below. It follows that J = NTZ if N is

even and J = =L if N is odd. If z = v+/[t], then py(z,t) = |t|NT2}5N(U), where

pn(v) = aSS)UNQ + CLS\PUNZ_4 + a%)vm_s +...+ a%)vm_‘“. (1.23)
The following theorem describes the corresponding result.

Theorem 3. Assume that py in admits exactly N real roots. Then, Py in

admits w roots in the upper half-plane of x and w

of x for large |t| and the mass integral is quantized as
IQN x,t)|* + |Ry(z, 1)

dr =47 N. 1.24
(u,v) NEDIE x =4m (1.24)

roots in the lower half-plane

Remark 5. The real roots of the real-valued polynomial py in the assumption of Theorem
|9 determine the slow dynamics of individual algebraic solitons, positions of which in x
change with the slow time scale O(\/H) as |t| — co. The mass quantization rule
in the conclusion of Theorem [3 gives the total mass of N identical algebraic solitons. The
number (2N) of real parameters proven in Theorem@ suggests that the arbitrary parameters
of the rational solutions correspond to translations of N individual algebraic solitons in the
space-time.

Remark 6. The only conjecture left open in this work is the assumptions of N real roots
of the polynomial py defined by . The conjecture has been checked numerically for
N =1,...,6. All other conclusions in Theorems[q and[3 are obtained by the analysis of
the double-Wronskian solutions of Theorem for the matriz A defined in .
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1.3. Comparison with previous works. Rigorous study of rational solutions of inte-
grable systems started with the series of works [33] 34 35], where fundamental patterns
of rogue waves were constructed by using roots of the limiting polynomials related to
Yablonskii—Vorobév and Okamoto polynomial hierarchies (see also the book [36]). The
former hierarchy arises for the Zakharov—Shabat spectral problem (e.g., for the NLS equa-
tion) and the latter one arises for the 3 x 3 spectral problem (e.g., for the Manakov system
of the coupled NLS equations). Rogue waves are algebraically decaying in both space and
time variables and their existence is related to the modulation instability of the background.

In the context of the MTM, rogue waves and associated rational solutions on the nonzero
background were constructed and analyzed in the previous works [10], [15], [37], and []].
However, analysis of algebraic solitons on zero background is much harder for the Kaup—
Newell spectral problem, and it has been an open problem for many years. Particular
second-order rational solutions for the double algebraic solitons were obtained in [14] [32]
for the derivative NLS equation and in [11I, 20] for the MTM system. A more systematic
approach on constructing a hierarchy of rational solutions for the derivative NLS equations
and their close relatives was developed recently in [23] B1] but this work is the first one,
where these solutions are rigorously analyzed in the context of the particular MTM system.

Among further developments, which can be implied by our work, is the proof of the
assumption in Theorem (3| that the polynomial py given by admits exactly N real
roots. This might be related to the special polynomial hierarchies for the Kaup—Newell
spectral problem, which has not been analyzed in [33] 134, [35] or [§].

Another interesting direction is to consider the rational solutions in Theorem [2] in the
limit of N — oo to study the limiting universal pattern of the rational solutions in the
MTM system. The picture is likely to be very different from what has been studied in
integrable equations related to the Zakharov—Shabat spectral problem, e.g. in [I], 2, [3, [4].

1.4. Methodology and organization of the paper. Section |2 contains the proof of
Theorem|[1] We adopt the construction of [23,31] of the double-Wronskian solutions and we
verify all bilinear equations directly by using the fundamental properties of determinants
in Lemmas [1] and 2] We give examples of how the double-Wronskian solutions recover
the exponential and algebraic solitons. We also show the relation between the double-
Wronskian solutions of the MTM system and the double-Wronskian solutions of the two-
component KP hierarchy.

Section [3] gives the proof of Theorem [2] with Lemmas [ [ [}, and [7] Although the con-
struction of the rational solutions is straightforward by taking the matrix A in the Jordan
block form for eigenvalues ( = 4i of algebraic multiplicity N, we rigorously prove in
Lemma [0] that the coefficients at the highest powers of the coresponding polynomials Py,
@n, and Ry given by certain numerical determinants are nonzero. The key computations
rely on an inductive method which reduces the numerical determinants to a factorized form
by using successive two-column eliminations, described in Appendices [A] and [B]
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Section [ presents the proof of Theorem [3] with Lemmas [0] and [I0] The corresponding
analysis is based on the leading-order representation of the polynomial Py in the form

.\ N2
Py(z,t) = a'¥ <x + %) +OEN?), (1.25)

which is proven in Appendix [C] with a modlﬁcatlon of the two-column elimination algo-
rithm. The coefficient ag\?) in %I) , and 1 is the same. This allows us to relate
the assumption of Theorem [3] on the real roots of pN to the numbers of complex roots of
Py(+,t) in C* and C~ for large |t|. From this information and the conservation of the mass
M (u,v) in time ¢t € R, the quantization formula is obtained by using an argument

principle, similar to the case N = 2 considered in [11].

Section [5| presents examples of the rational solutions of Theorem [2] for N = 1,...,6,
from which the assumptions of Theorem |3| are verified. We also display the slow scattering
dynamics of N identical algebraic solitons by using the solution surfaces computed from
(1.20) and by comparing the dynamics with roots of py given by .

2. PROOF OF THEOREM [

Let A € C?V*2N be an invertible matrix for a fixed N € N. We define two vectors
¢,7 € C*N from solutions of the linear equations . Furthermore, we impose the
factorization ([1.10) with an invertible matrix S € C2¥*2V and the relation ((1.12)), namely
Y =>5¢.

For the proof of Theorem [I], we recall the following two lemmas. Lemmall]is equivalent
to Liouville’s theorem for a system of linear differential equations. Lemma [2]is equivalent
to the Pliicker relation for determinants.

Lemma 1. Let A € C"*" and {z1,xs,...,2,} € C" for some n € N. Then
tr(A)|xy, zo, ..o xn| = |Axy, Toy o x| + |21, Aoy oo x| s+ Ty, Ty Ay (2.1)
Lemma 2. Let M € C™" 2 and {a,b,c,d} € C" for some n € N. The Plicker relation is
|M,a,b||M,c,d| — |M,a,c||M,b,d| + |M,a,d||M,b,c| = 0. (2.2)

By using notations in Remark 2| ' the following lemma establishes the complex-conjugate
symmetry for the tau-function 7!~ defined by (|1 Since C' = (—i)"/|S], this verifies
the complex-conjugate symmetry of the double—Wronsklan solutions (|1.13)) rewritten as
(1.15)).

Lemma 3. Let 7., be defined by with ¢ = S¢. Then, T and 7, +1n are related
by the complex-conjugate symmetry:

T = T (2.3)
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Proof. By using (1.12)), we have
s b DY q;<n+N+lfl>;1;<m>,1;<m+1>

N &(erNflfl)l

( )N l|¢ m+1) N ’,J)(m—ﬁ-N—l—l). ¢ ¢ n+1 N ¢(n+N+l—1)|
( )N l|S¢ S¢ (m+1) N S¢(m+N -1). ¢(n) ¢(n+1)7 e (Z_S(n—l-N—l-l—l)’
_ =)

1S | | - Qb(m A¢(m+1), cey —Agb(m+N_l_1); Sgg(")j Sq_s(”-i-l), o 7ng_)(n+N+l_1)|
= _ (A |;| |¢ (1) g(m+2) - gmAN=D () (D) ,w(n+N+l—1)|
_ (—i)N- zT_l
|S‘ m~+1,n
which completes the proof of ([2.3)). 0

It remains to prove that the double-Wronskian solutions (1.13|) satisfy the bilinear
equations ([1.7). These four equations are verified next, where we recall that the prime
stands for the derivative of vectors ¢ and v with respect to &.

Validity of iD,,(f - f) — 2gg = 0.
By using expression for f and f in , we get
iDn(f’ f) = i(fnf - ffn)
— iC|N; N| (|0,N;JT—\1; N —1,JT—/1\) —iC|N; N — 1 (yo,N;N\ + \N;o,m)

— 2iC|N; N||0,N; N — 1| — 2iC|N; N — 1]|0, N; N|.
To get the second equality, we have used
(AN N — 1| =i (\O,W;]ﬁ] —|N; —1,JT—/1\) ,
tr(AY|N; N| = i (|0,N;Ny . \N;o,m) ,

which follow from the identity (2.1)) in Lemma (1| with A~'. Combining with —2gg from
(1.13)), we get

iD,(f - f) = 299 = 2C (|N: NJJ0,N: N = 1| = |N: N = 1]]0, N; N| = [N N = 1]|N: N]) .

To show that the expression in brackets is identically zero, we use identity ([2.2]) of Lemma

With M = |N;N — 1| a = ¢ in the first column, b = ) in the last column, ¢ = ¢
in the first column, and d = ¢ in the (N + 1)-th Column The identity holds after
rearrangement of the columns since the order of vector a, b, ¢, d appear to be the same in
each determinant.
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Validity of iD¢(g - f) + 2hf = 0.
By using expression for g and f in (1.13]), we have
iDe(g - f) =i(gef — gfe)
—i|N; N 1] <|N/—\1,N+ LN 1)+ |N;JV1/2,N|)

—i[N; N =1 (IN =1L N + LN = 1]+ |N; N =2, N])
—9i <|ﬁ;]7—\1\\ﬁ;m,N] . W;ﬁ\—iuﬁ;zf—\z,m) .

To get the second equality, we have used

(AN, N — 1] = —i (|JV—\1,N+ LN 1| - |N;N\—/2,N|) ,

tr(A)N; N — 1| = —i (UTF—/LN + 1N 1] - |N; N/—\Q,ND ,
which follows from the identity . Together with 2h f, we have

iDe(g - f) +2hf
=2 (|N; N = 1||N; N =2, N| - |N; N =2, N||N; N = 1]+ |F; N —2)|¥; ).

To show that the expression in brackets is identically zero, we use identity with

M := (N; 17\—/2), a =1 in the (N + 1)-th column, b = Y=Y in the last column, ¢ = ¢
in the first column, and d = ™) in the last column.

Validity of iD,(h - f) + 2gf = 0.
By using expression for h and f in (T.13]), we obtain

iDn(h ’ f) = i<h77f_ hfn)
= |N;N|(| = 1, N; N = 2|+ |N; =1, N —2|) - |[N; N —2/(|0, N; N| + |N;0,N))
= 9|N; N||N; —1,N — 2| — 2|N; N — 2||N;0, V]|

To get the second equality, we have used
(AN N =2 =i (|- 1, ;N = 2| = [N, =1, N = 2))),
tr(A)|N; N| =i (\O,N;Kfy - \N;o,m) ,
which follow from the identity with A=!. Combining with 2gf, we get
iDy(h- ) +29f =2 (IN; =1, N =2||N; N| = |N; N = 2/|8;0,N] + |N; N = 1| N; N = 1]).

To show that the expression in brackets is identically zero, we can not use identity ([2.2)
directly. However, we can write

’]’\7'; ~1,N —2| = ’ag—lqs/’ 0{%”, o ,85_1(;5(]\7“); aﬁ—lw’ aé—lw//’ o ’ag—lw(N—l)’
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=| = 0,0/, —0,¢", ..., =0y NV —0p, =0, ..., =0 N Y|
= | —iA7l, —iA7 ", —iAT WY AT 1A AT YY)
— (_i)NJrliNfl’Aled)/’ (b//’ o ’¢(N+1); w’ 1/}”7 o ’w(Nfl)’
= AN +1;,0,N =1
and similarly,
NN =2 = —|A7|IN+ ;N = 1],
NN~ 1= —|AY|N + 1; N|.
Hence, we rewrite the formula in the equivalent way:
1Dy (h - J?) +29f
— 9|A7 Y] (|JVT1;0,N—— 1||N;N| - [N + 1 N —1||N;0,N| + |N\+/1;N||N;N/—\1|) .
We can now use identity (2.2) with M := (N, N — 1), a = ¢V in the (N + 1)-th column,

b =1 in the (N + 2)-th column, ¢ = ¢’ in the (N + 1)-th column, and d = 9™¥) in the last
column. This yields zero in the brackets.

Validity of iD¢(f - f) — 2hh = 0.
By using expression for f and f in (1.13)), we find
iDe(f - f) =i(fef — [ fe)
—iC|N; N| (|JV1/1,N+ LN 1|+ |N;N/—\2,N|>

—iC|N; N — 1 (uﬁ,z\u 1, N|+|N,N—1,N + 1;)
—2iC (|N;N||JV—V17N+ N —1|— |[N;N—1||]N—1,N + 1;N|) .

To get the second equality, we have used
tr(A)|N; N| = —i (yz?fuv +1;N| - |N;N—1,N + 1|> ,
(A N; N —1| = —i (W-Vu\w N 1| - yf\?;ﬁ—\z,m) ,
which follow from the identity . Together with the term —2hh, we have

iD(f - J) = 20k = 2C (IN; N[N = 1L,N + LN = 1| = [N; N = 1|[N = 1,N + 1; V)
— 2%CN;N —2||N — L; N|

In order to use the identity (2.2), we need to rewrite the last term in the equivalent way.
Since

IN:N =2[ = ¢, ¢, ..., ¢ p 0, =)
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= |ATY (=) VTN TiAg, 1A, . 1AW —i Ay, —iAY . —iApN Y|
= AN+ LN 1)
we use |[A7L| = (|S||S])~! and C = (—i)N/|S] to rewrite
iDe(f - f) — 2hh
—2iC (yN;N|sz—v1,N+ LN —1|— |N;N —1||[N-1,N+1,N| + |J7+v1;ﬁ—v1||ﬁ—v1;m) _
We can now use identity with M = (]V\—/l, ]V\—/l), a = ¢™) in the N-th column,

b := ™) in the last column, ¢ := ¢+ in the N-th column, and d := ¢ in the (N +1)-th
column. This yields zero in the brackets.

All four bilinear equations (|1.7)) are satisfied. The proof of Theorem |[1|is complete.

2.1. Examples of solitons via double-Wronskian solutions. For N = 1, we define in

(T.10):
e 0 0 3
A= {0 e‘”} and S= [_6_217 O] : (2.4)
where v € (0, 7) is an arbitrary parameter. Using ((1.11]) and ([1.12]), we obtain
iele+ie™ 17y = LAy—iei'yf—ie’i'yn
_ |ae . Co€2
¢ = |:62616‘”§+iei%7:| and ¢ = [_cle_‘;—ieivg—ieim,] (2.5)

where ¢; and ¢y are arbitrary complex coefficients.
Remark 7. If (u,v) = (0,0), solutions of the linear system (1.8)—(1.9) are given explicitly
as

¢ = e (s 7 (2.6)

where d = (di,dy) € C? contain two arbitrary complex coefficients. By writing gZ =
(¢07¢0)T, we obtain

fo= e CECI g = g, (2.7)

If ¢ € C is an eigenvalue in the first quadrant of the complex plane, so are , —C, and —C
in the other three quadrants. Hence, we also obtain another solution of the linear system

(1-8)-(1.9) with (u,v) = (0,0):

G = e I(@ECTN g b = CEHTIN G (2.8)

where di and ds are also two arbitrary complex coefficients. The solution agrees with

the solutions and for ¢ = e’ .
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Substituting (2.5)) into (1.13) with N =1 and C' = —i/|S| = —i, we get

f=1¢30l, f =i (Jer e 2wy gy F ey
g = |¢’ ¢/|7, = g = 20162 qin 7€2i(5+77) COS'Y7
h = _|¢7 ¢ |a h = —2c¢1¢9 8in 7621(5"‘7])(3057'

This solution with ¢; = 1 and ¢; = i generates the exponential soliton in the form ((1.16))

by virtue of ((1.4)) and (|L.6]).
Next, we recover the algebraic soliton in the form (1.17]) without taking the limit v — 7

in (1.16)). For N =1, we define in ([1.10)):

—1 0 1 0
A= 1 _1} and S = {_% 1] . (2.9)
Using (|1.11)) and (1.12)), we obtain
1 : 0] _; 1 - 0] ;
_ ) —1(§+n)+ —i(€+n) d _ = ) 1(£+n)+— [ } i(&+n)
o= L(g_n)}e Co [1_ e and ¥ = ¢ {—l(f—n)—%}e C2l(l¢@

Substituting these expression into (1.13)) with N =1 and C = —i/|S| = —i, we obtain

f=1d57], f=i(eics — e162) = 2(€ — p)ler | — e f?,
g = ‘¢7 ¢/‘7 = g = ic%e_m(&'ﬂl)’
h = _|¢7 ¢,|7 h = —10%6_21(54'77)_

This solution with ¢; = 1 and ¢ = 0 generates the algebraic soliton in the form (1.17)) by
virtue of ((1.4)) and (|1.6]).

Remark 8. The solution for ¢ and 1) obtained from (@) agrees with the solution
and its derivative with respect to ¢* evaluated at ¢ = &i. This corresponds to the fact that
the algebraic soliton is related to the embedded eigenvalues ( = +i of the linear system
, see [T, 20]. To recover the algebraic soliton directly, we take the 2 x 2 matriz A as
the lower triangular Jordan block for eigenvalue ¢* = —1.

2.2. Relation to double-Wronskian solutions of the two-component KP hierar-
chy. We introduce tau-functions of the two-component KP hierarchy by using the double-
Wronskian determinants in the form , where ¢ = ¢(x1,2_1), ¢ = Yy, y_1), with ¢
and (™ representing the n-th and m-th derivatives respective to z; and 1, respectively.
We impose the following relations:

a&m(b(n) = ¢(n+1)’ 8y1¢(m) = w(m+1)
and
0,0 = 9", B, P = i,
The double-Wronskian functions (|1.14)) were introduced in [21, 22] to represent soliton

solutions of many integrable equations. By using the Pliicker relation in Lemmal[2] we show
that the double-Wronskian functions in ([1.14]) satisfy the following bilinear equations:

1 0 1 0
DilTn,m-l—l ) Tn—l—l,m n,an—l—l,m—i—l? (210)
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DLlTY{,m . T,?m =7, mTT?H . (2.11)
DleS—H,m : qu,m = TT}L mTv;—&l mo (2.12)
Dy717'r?+1 m’ Tr?m = —Tn m+17'nJ:1 m—1 - (2.13)

For brevity, we only prove the last two equations (2.12)) and - Since
|¢ _ (n+N ), w(M)’ ¢(M+1)7 o ,w(mﬂ\f )’, (2.14)
Tr(z)—l-l,m = |¢("+1 ,---,¢("+N);¢(m),¢(m+l)7 C N, (2.15)

it follows that

0,70, = (™ GOTN=D, ) (mEN=2) (N | (2.16)
alenH = | tD ¢ (dN)qpm) (AN =2) gy (mAN) | (2.17)
Oy T = |0 GUENTD =) (mt) gl N (2.18)
Oy 1 Tns1m = |¢(”+1), o ,¢(”+N); YD gl m+N_1)|- (2.19)

Applying the Pliicker relation to (2.14)—(2.15) and | , the bilinear equation
D (2.15]

(2.12) is verified. Applying the Pliicker relation to ( and (2-18)—(2.19), the

bilinear equation ([2.13)) is verified.
For the purpose of getting exponential and algebraic solitons, we take
(b _ eiAx1+iA7133—1+x05 w — eiByl‘HBily—l‘i’yOJ
s )
where A, B € C2N*2N are invertible matrices and &, d € C2V are constant vectors. Imposing
the condition B = — A yields
(8x1 - ay1) - OlTn (aﬂ?—l - ay 1) - C2T

As a result, the variables 1, and y_1 become dummy Varlables and the bilinear equations

(2.12)) and (2.13)) become

0 0 _ 1 -1
DﬂUlTnJrl,m ’ 7-n,m =Ty an+1 m? (220)
0 0 _ 1 -1
Dlﬂ—lTnJrl,m ’ 7-n,m =Ty m+17—n+1 m—1 (221)

Then, we define z; = 2¢, _; = —2n and modify the definition such that ¢™ and ¥
represent the n-th and m-th derivatives respective to £. After some calculations, the four
bilinear equations (2.10)), (2.11]), (2.20), and (2.21), become

1 0 0
D£701,1 ) 7100 2To 071 1 .
D1y - 7'%,0 = _21711,(171,07
Detyy - To,o0 = 27'0,07'1707

DnTﬂo ) T(()),o = 2701171_i1 .
by imposing n = m = 0. Since 7}, ., = (=1)'|A|7} . by using (2.3), the four bilinear
equations to the MTM (1.7 are recovered from the four bilinear equations (2.22). In

summary, we have established the correspondence between the double-Wronskian solutions
of the MTM system and those of the two-component KP hierarchy.

(2.22)
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3. PROOF OF THEOREM [2]

We set A= —I+ L as in (1.19), where L is the nilpotent matrix of index (2NV) defined
by (1.18). This choice for A generalizes the Jordan block (2.9) from 2 x 2 to (2V) x (2N)
(.11

matrices. Vector ¢ € C2V satisfies the first system in ([1.11)), from which we derive the
following equations for components of ¢:

Ocp; = —ig; +ig;—1, j=1,2,...,2N (3.1)
and
On¢; = —ip; —ipj_1 —igj_0 —---—i¢y, 7 =1,2,...,2N, (3.2)
closed with ¢y = 0. The other vector ¢ € C?V is defined by 1 = S¢ as . The
110).

following lemma gives the unique expression for the real matrix S solving (|

Lemma 4. Solution of the matriz equation —S? = A = —I + L is given by

I R (2m —3)! (AN =51 vy
S=lglmgl e VT T ey et 89

Proof. For the Jordan block form J = Al + L € C™*" with A € C, we use the following
Taylor expansion for every smooth function f : C — C extended to matrices as f : C"*" —
C’VLXTL:

1 1
f()=fF)+ f(NL+ 5f”(A)L2 ot %ﬂ”ﬂ(x)m ...
SN 0 0 .0
1f’(A) fN) 0 .0
- af"(N) '\ f) .0
(n—ll)!f(n_l) (A) (n_lz)!f(n_2) (A) (n_13)!f(n—3) ()\) . f()\)
We apply this formula for A = —J + L with f(A) = VA and A = —1. We get recursively
1 ! 1. " 1. m 3! " 5.
JED = =g D =i )= gk ) = g
and generally,
— 33\
f(m)(—l) = —%i, m € N.
Defining S = —iv/A4 and dividing f™ (—1) by m! yields (3.3). O

The fundamental solution of equations (3.1)) and (3.2)) denoted as ® = (B, Ps, ..., Pon)T
can be obtained by using the generating function:

L gim1,ierc) 2

¥ =Gy

L j=1,2...2N. (3.4)
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The example for N = 2 yields

1
i€ —n) i
P — 2 ' e~ 1(&+n)
L oa&=n)*—in
5 —n)?+nE—n) —in
where we have used
PA(CREHCT20) =16 H(CH D) (E—m)—in 725 (C2+ DR (3.5)

The general solution of equations (3.1)) and (3.2)) is given by the linear combination of
the fundamental solutions (3.4) with (2N) complex parameters:

2N
¢=) L. (3.6)
k=1

The following lemma gives the exact count of irreducible real parameters in the general
rational solution of the MTM system generated from . 3.6]) by using ) and - This

yields the assertion of Theorem [2 I 2| on (2NV) arbitrary real parameters

Lemma 5. Let ¢ be defined by and (@ with ¢y, ¢s, ..., con € C and ¢ = S¢ with
S defined by . The rational solutions obtained by and depend on (2N)

arbitrary real parameters.

Proof. Writing ®;(¢,n) = P;_ 1(5 77) i(€+n) ip with some polynomials P;_; in (§,7)
of degree j — 1, we can rewrite in the equwalent form:

$;(&n) = (Z ckJDj_k(&n)) G

k=1

J
TG —1 1)'6)2;1 <Z cr(C? + 1)k1> (i(c2erc2)

k=1

=1
where we have used the Leibniz rule for (95;1 applied to (Ziﬁl cr(C? + 1)k_1)ei(425+¢2n)

and the identity
o m=mr,
=1 0, m=#r.

Furthermore, the expression for ¢; can be rewritten in the form:

OB +1)

J .
(€)= 5= >'8221<Zak<<2+1>’“‘1) R ETCET) @)
k=1
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where (4N) real coefficients a, as, ..., asy and by, bs, . .., byy are uniquely computed from
(2N) complex coefficients ¢y, ca, . .., con by using the recursive relations:
c1 = ae,

ey = (ag + iarby)e™,

C3 = (CL3 + iCLQbQ + ia1b3 — %albg)eibl.
The unique solution for a;,b; € R at each j =1,2,...,2N is found from a linear equation
with given ¢; € C and uniquely defined {ay, by }i_; by induction.
Let qgj denote the sequence obtained from 1} forag =1 and as = ... = asy = O.

The representation (3.7 implies that ¢; can be written recursively as
qu:algz;j—i—az(gj,l—i—...—i—aj(;;l, j:1,27,2N
Similarly, we obtain

wj:aﬂﬁj—l—ag%_l—l—...—i—aj@/;l, j:]_,Q,...,ZN,

where 1/~1j = Sq_gj. Introducing

ay 0 0 Ce 0
as aj 0 0
T = as a9 aq . 0 7
N A2N—-1 Q2N—2 ... Q1
we can write
¢ =T9, Y ="T.

Every double-Wronskian determinant in the solution (L.13) can be written in terms of the
double-Wronskian determinant computed from ¢ and ) multiplied by |T'| = a?V, e.g.

f=IN:N-1|
= |¢,7 ¢N7 et QS(N)?‘I/)’ ,[7Z)/’ R 7¢(N_1)|7
= ’T(Z;/7 Té”? A 7T$(N); TT;’ Tz;’? ct 7T1/’;(N71)|7
= |T(|¢,¢", .., o™, 4 VD)

Since |T'| = a?V, parameters as, as, . . ., azy do not affect the solution, whereas the param-
eter a; # 0 is canceled in the quotients (|1.4)) since |T'| = a?" appears in both terms of the
quotients. As a result, the quotients only depend on 2N real parameters by, ba, ..., ban
which are generally irreducible. U

From now on, we only consider the rational solutions obtained from the fundamental

solutions (3.4) by using (1.4) and (1.13)). These solutions give the principal parts in the
expansion of the polynomials Py(z,t), Qn(x,t), Ry(x,t) defined by (1.20). The folowing

lemma shows that the highest powers of these polynomials in x have nonzero coefficients.
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Lemma 6. Let ¢ = ® be defined by and Y = S(T) with S defined by . Then, the
polynomials Py(x,t), Qn(z,t), Ry(z,t) defined by (1.20) are expanded as follows:

Py(z,t) = alV2™? +0( N7 1) (3.8)
Qn(x,t) = 1Na N 0N, (3.9)
Ry(z,t) = iNaWzN" ! + 0=V 2), (3.10)

(0)

where the numerical coefficient ay’ is given by
N(N+1)
2

OB ) ! (3.11)
N IN(N-1) 12N—132N—352N—572N—7'_'(2]\[_3)3(2]\7_ 1)1' ’

Proof. By with , we have

=1¢/,0",..., 60l Y]

= ¢/, —i¢/ +iL¢/, ..., —ig™N ™V +iLeN V) ip —iLap, ... iy N2 —iLeN Y|

= ¢/, L, ..., LoV, Lap, ... Ly,
Continuing by induction, we reduce this expression to

=|¢/,L¢, ..., LN, L, ... LN (3.12)
Similarly, we reduce g and h to
g=10,¢,..., 6™ " Y]
=i*N"Yo, Lo, ..., LN¢;q Ly, ..., LN 72|

and

=iC Yo, ¢, ..., 0N, )

- C_1i2N|¢7 L¢7 MR LNQS; w’ L¢7 R LN_2¢|’
where the factor i?V=' is due to the two columns with ¢~V and ¢®) which are not
compensated by the columns from ).

We observe from (3.4) and (3.5) that ®;(¢, 1) = Pj_1(€,n)e ¢ with

i1

Pj*l(&un) = (f—n)jflﬂLﬂpjf:s(f—??ﬂlL .] = 1?27"'72N7 (313)
)l

(=1
where p;_3 is a polynomial in variables { —n = %x and n = Z—ll(t — ). The degree of
polynomials Py, QQn, Ry in x can be obtained by inspecting the leading order of f, g, h
with the first dominant term in (3.13)).

Subtituting S¢ = ¢ + O(L$) and ¢/ = (—i)¢ + O(L¢) into , see and ,

we rewrite the leading-order part of the polynomial f in variable

z=i(§—n) =3
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By using the first dominant term in (3.13f), we obtain

f= (—i)N ‘bN(z), Lboy(2), ... ,LN_le(z); by(=2), Lbn(—2), . .. ,LN_le(—z)‘

x [14+0(z7)], (3.14)
where the column vector by € C* is given by
1
2
1.2
!
by(2) == %2’3
1 _
(2N71)!Z2N !

Due to the hierarchical structure of by (+£z) in powers of z, we can write the matrix
My(z) == (bn(2), Lbn(2), ..., LY by (2); by (—2), Lbn(—2), ..., LY by (—2))

in the factorized form:

My (2) = D_(2)My(1)Ds(2), (3.15)
where
D_(2) :=diag(z Nt 27 N2 1z 222N,
D (z) :=diag(zV 71, 2N 0 12N AN 0.
Since
N N-1
. . N(N+1) NN -1) 9
Dt =Ty =N
7j=1 j=1
we obtain from the properties of determinants that
| My (2)] = 2 [My(1)]. (3.16)
We show in Appendix [A] that
2N (—1)N
M) - (317)

T 12N-132N-352N-572N-7 (2N —3)3(2N — 1)1

By using , , and , we obtain with since z = %x and

Expressions for ¢ and h are not polynomials but they are given by the polynomials
multiplied by e~ = ¢~ Therefore, we can compute the leading-order parts of ¢
function and h function as

g = PN-2¢ MN(z)( [1+0(:)] (3.18)
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and
h 2NC 1 71t

My (z)‘ [1+0(:)], (3.19)
where
My (2) = (bn(2), Loy (2), ., ENbn(2); by (—2), Lby(=2), ..., LN 20y (—2)) .
Again, we can factorize the matrix as
My (z) = D_(2)My(1) D4 (2),

where

Since

N-1 N
. . N(N-1) N(N+1) )
= —1=N%>—1

we obtain from the properties of determinants that

‘MN(Z)‘ — N MN@)‘. (3.20)

We show in Appendix [B] that
2N_1(—1)N_1N
12N—132N—352N—572N—7 . (2]\] _ 3)3(2]\7 _ 1)1'

By using -, and , we obtain 1} with the same ag\?) given by 1) since

z = —x and

‘MN(Q‘ - (3.21)

N(N+5)

PN=2NP LN = ()N N = (i) (1) = (=i)(=1)

Finally, we have |S| = 1 so that C = (—i)". Therefore, i?YC~ = 3N = —i3¥=2 in (3.19)
so that (3.10) follows from (3.9)). O

N(N+1)
2

The following lemma ensures that the rational solution given by ((1.20)) is bounded for
all (x,t) € R?, in agreement with the last assertion of Theorem I

Lemma 7. Let Py, Qy, and Ry be polynomials defined in Lemmal6l The rational solution

(u,v) in is bounded for all (z,t) € R%.

Proof. If Py(x,t) # 0 for all (x,t) € R?, then zeros of the polynomial Py of degree N? in
x are bounded away from the real axis for every ¢ € R so that the rational solution (u,v)
is bounded for all (z,t) € R?.

Assume now that Py has a zero at (z,t) = (xg,ty) € R? of multiplicity m. Without
loss of generality, we can fix n = 19 and consider the behavior of Py = (£ — &)™ Py, where
Py is a polynomial of degree N* — m and Py (&9,m0) # 0. Due to reality of (£,m70), both
f = Py and f = Py have a zero at (£, 1) of the same multiplicity m so that iD¢(f - f)
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in the third bilinear equation of the system has a zero at (&, 70) of multiplicity 2m.
Hence h RNe_it has a zero at (&, 10) of multiplicity m. The first bilinear equation in the
system ([1.7) implies that g = Qne ' has also a zero at (5‘0, 770) of multiplicity m. Thus,
Qn = (5 §o)mQN and R, = (£ —&)™ Ry with polynomial Q, Ry satisfying Qy (&0, o) #
0 and RN(&), no) # 0. Hence & is a removable singularity of the rational functions Qy /Py
and Ry /Py so that the rational solution (u,v) is bounded for all (z,t) € R?. The same
analysis holds for fixed £ = &, with respect to n but we use the second and fourth bilinear
equations in the system to prove that 7y is a removable singularity of the rational
functions. O

Remark 9. We conjecture that Py(x,t) # 0 for all (z,t) € R?. As Lemma@ shows, this
property is not important for regularity of the solution given by (1.20) since the bilinear
equations (1.7 (n) ensure that even if Py vanishes at some (xg,ty) € R2 then it s a removable
singularity of the rational solution (u,v).

Lemmas 5], [6] and [7] complete the proof of Theorem [2]

4. PROOF OF THEOREM

We start with the principal part of the polynomial Py (x t) denoted as py(z,t). The fol-
lowmg lemma guarantees that py has the representatlon 2)) with real-valued coefficients

{aN o for J =22 if N is even and J = Lif N is odd

Lemma 8. Let ¢ = ® be defined by (m and w = SO with S defined by . By using
the scaling transformation x — Az and t — \*t with A\ > 0, we have

Py(Az, A1) = AN py (2, 6) + OAN 1), as A — oo, (4.1)
where py(z,t) is given by with real-valued coefficients.

Proof. We recall from (3.4) and (3.5) that ®;(&, 1) = Pj_1(€,n)e™ ¢ with
it : 12 :
S — )3 a(& — 1 =1,2,...,2N

where p;_4({ —1,7) is a polynomial of degree j —4 in variables { —n = sz and n = ;(t—x).
Extracting the leading-order part after the scaling transformation x + Az and t — A\?t,
we obtain

P)j—1<§7 77) =

i1
b= -
Similarly, we obtain (S®(&,1)); = Q;-1(&,1)e¢*" with
(it
21— 1!

(@7 +iG - DG = 2)2" ) + OV, j=1,2,...,2N.

Qj1 = (277 =i = DG = 2)277°t) + ON7?), j=1,2,...,2N,

since S does not modify the principal terms of 5j due to the representation |)
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Let us now denote 7 := it in the principal terms of P;_; and @;_;. By using the
representation (3.12)) for f = PNix,t) and accounting for the principal terms in A in the

expansion 1) with ag\?) # 0 in (3.8) and 1) we obtain the definition of py as

py = ()" |bw, Loy, ..., LYoy en, Lew, .., LN ey (4.2)
where the column vectors by, cy € C?V are given by
‘1
i2 §2x
. 2731 (x* +27)
N = 5331 (2 + 627)
i2hN-1 2N—-1 2N—2 IN — 1 2N-3
22N*1(2N—1)! (iL‘ + ( )( ).’L' T)
and
1
.2 _%x
?g!(ﬂfg — 27’)
N = — i (2% — 67)
2Nt 2N—1 . 2N-3

The purely imaginary coefficient i in the alternating rows of by and ¢y can be removed
from by and cy by the transformation (3.15) with Dy(z) replaced by D, (i). Since the
leading-order term in has the real-valued coefficient ag\?) # 0in , then py defined
by is a polynomial in variables x and 7 with the real-valued coefficients.

Since 7 = it, we only need to show that the polynomial py is even with respect to 7
so that the coefficients of the polynomial py remain real-valued after we substitute back
7 = it. In view of the scaling transformation = — Az and t — A\?t, the evenness of py also
imply the representation in powers of 242 relative to the leading-order power z%V ’
with real-valued coefficients.

Let us now show that py is even in 7. We claim that

pN(—QZ,Zf) = (—1)NpN(ZL‘,t), (43)

which coincides with the parity of the principal term ag\?)xN *. Indeed, py is a polynomial

in 7 and since 7 is balanced with 22 in the definition of by and cy, py is a polynomial
in powers x~2t relative to the principal term aﬁ%N ’ implying . It follows that by
and cy map to each other under the transformation: = +— —x and 7 — —7. After the
transformation, interchanging N first columns with N last columns of the determinant
returns the original determinant before the transformation, which implies that

pN(_xa _t) = (—1)NpN(£L‘,t).
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In view of (4.3)), this implies that py is even in 7 = it, hence it has real-valued coefficients

—442 (0), N2 . 0

in powers of x relative to the principal term ay’z

We assume that py in (1.23)) admits exactly N real roots. Since the polynomial py

has real-valued coefficients by Lemma 8] then N (N — 1) roots of py are complex-conjugate
N(N-1)

so that py has roots in CT and C~. The following lemma counts roots of the
polynomial Py (-,t) for large |t|.

Lemma 9. Assume that py in admits exactly N real roots. Then, Py(-,t) admits

N(J\Qf—l) roots in C* and w roots in C~ for large |t|.

Proof. Returning back to the expression (3.12), we compute the next-order correction in
the expansion of f = Py. Substituting

¢ =—ip+iLp, =S5=¢— %L(M—O(ngb)
into (3.12)) yields the expansion
f= D)o, Lo, ..., LN ¢, Lo, ..., LN 19|
— ()N, Lo, ..., LN 20, LN 6, L, ..., LN 9|
- %(—i)NW L., LN 0, Lo, ..., LN 24, LN| + Oz 2).
We recall from (3.14), (3.16), and that
(=)N6, Lo, ..., LN 36, Lo, ..., LV ') = 02V 1+ O]

where ag\?) is given by . The correction of the order of O(z™"~') is due to the
correction terms np,_3(§ —n,n) in the representation (3.13). However, as shown in Lemma
the correction terms produces powers of (¢ —n)™4n* = O(272) relative to the principal
term (£ —n)N" = O(z"*), which improves the previous expansion in the form:

()|, Lo, ..., LYYy 6, L, ..., LN 79| = V™ [1+ O(z72)] . (4.4)
Similarly to , we write

6, Lo, ..., LN 20, LN G 6, Lo, ..., LN 1o = |M{ (2)] [ + O(="1)], (4.5)

(6, L, .., LN s b, L, LN726, LN G| = MY (2)| [1 + O(z7Y)], (4.6)

where
MP (2) == (bn(2), Loy (2), - ., LN 26y (2), LNy (2); by (= 2), Lby(=2), ..., LY on(=2))
M (2) = (b (2), Lo (2), . . LN "oy (2); b (—2), Lbn(=2), ., LN 2by(—2), LNy (—2)) .
We follow the factorization formula and represent

MY (2)] = [D-()IMY WIIDL ()], (MR (2)] = [D-()IME ()] DL (=),
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where D_(z) is the same as in 1} but Dsrl)(z), D(f)(z) are given by the following
modifications of D (2):

DS (2) :=diag(zV 1 2N 72 0z AN N2 ),
D(f)(z) = diag(z"~ ,ZN_Q, o LN N2 e ).
By using the properties of determinants, we obtain
MY ()] = 2 HMY )], (M ()] = 2 MY ()] (47)

We show in Appendix [C] that
2N_1(—1)N_1N2
12N—-132N-352N—-572N-7 (2]\/‘ _ 3)3(2]\[ _ 1)1 ’

Comblnmg Wlth . . . and using z = 93 we obtain the expansion

.\ N2
f=adWaN 4 N2 QN1 L (2N 72) = ¢ (:c + %) + OV 2), (4.9)

MY (D) =~ MP (1) = —

(4.8)

The principal part of Py(-,t) given by py(-,t) in admits exactly N real roots for
large |t|, which are scaled as @ = O(y/[t[). These roots are shifted to C~ due to (4.9).
On the other hand, the w roots of py(+,t) in either C* or C~ stay in C* and C~
for large |t| since the representation suggests O(1) correction to the imaginary parts
of complex roots, which are of the order of O(\/m ). This yields w roots in C* and

N(]\27+1) roots in C~ for Py(x,t) in x for large [¢|. ]

Remark 10. In the proof of Lemma@ we used ¢ = ® defined by similarly to Lemma
@. If we use the more general expression (@, then the corrections terms from coefficients
Co,C3,...,Con do not appear in the two leading orders of the expansion due to the
hierarchical structure of the double- Wronskian determinants.

Lemma [J] gives the first assertion of Theorem [3] The second assertion is proven with
the following lemma.

Lemma 10. Under the same assumption as in Lemma@ we have My (u,v) = 47N, where
My (u,v) is the mass integral computed at the rational solution .

Proof. Tt follows from (|1.4)) and ({1.5]) that
“+ [hf? fo [
ul® + vQ:‘m—:m(—x——f),
ul + o] f1? [

where f(z,t) = Py(z,t). By Lemma [0) Py has no roots in x on R for large [t| and it
N(N-1) 1\2/+1) roots in C~. By using , we have

)
fo fo  N? N? (1) (1)

ST JE _ -|_(’) =0 — as |x| — oo.
ff z+i a-i |z[? |z[? i

admits roots in CT and
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Therefore, the Jordan lemma of complex analysis is satisfied with
iRe’df = 0.

lim ’ (& - é)
R—o0 0 f f s=Reif

By adding this integral to the integral on [— R, R|, we compute the mass integral My (u, v)
by using the argument principle:

My (u,v) = lim 2i (& — E) dx
[_RvR}

R—o00 f f
e Y Resn i Y Re b
.E(C+.f( )70 f * F (%) — ! f
z; Sflzy)= zFeCH:f(2})=0
W <N(N2+ ) N(NZ— 1)) v

which gives the assertion due to the conservation of the mass integral (1.2) int € R. [
Lemmas [9] and [I0] complete the proof of Theorem [3

5. EXAMPLES OF THE RATIONAL SOLUTIONS

We illustrate the hierarchy of rational solutions constructed in Theorem [2] with explicit
examples for N = 2,...,6. We will show that the assumptions of Theorem [3| are satis-
fied. By plotting the solution surfaces, we show that the corresponding rational solution
describes the slow scattering of N algebraic solitons on the time scale O(v/1).

5.1. Double algebraic soliton. We use the double-Wronskian solutions (1.13|) with N =
2 and define in (|1.10):

-1 0 0 O 1 0 0 O
1 -1 0 0 -1 1 0 0
A=10o 1 -1 o0 ands:—%—%lo
0 0 1 -1 L1 1y
Since C' = (—1)?/|S| = —1, we obtain from ([1.13):
f=10" 0", 4/,
g=1¢.¢" ¢"; ¢,
h = _1’¢7 ¢/7¢”;¢|:
which generates the exact solution due to (|1.4) and (1.6])
Q2<x7t) —it RQ('rat) —it
t) = = Lt t) = ——~¢ ! 5.1
=g el =gage (5.1)

where

Py(x,t) = —32i2% — 162" — 24ix + 481% — 242? + 3,
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Q2(x,t) = —4 (—8iz® + 12it + 6ix — 24tz — 122° — 3)
Ry(z,t) = —4 (8iz® + 12it — 6ix + 24tz — 122° — 3).
Remark 11. Compared to the definition of Py, Qn, and Ry in , we divide these
polynomials by the common factor
2N(2N71)32N7352N75 o <2N . 1)
which does not change the rational function. In addition, we use the fundamental solutions

¢ = O given by without the arbitrary parameters obtained from the linear superposition
(@. This remark applies to all consequent examples.

Remark 12. The exact solution was derived in [I1] and studied in [20], where it was
written in the equivalent form obtained after the transformation (u,v) — —(u,v), which
does not affect the MTM system .

Figure [1| shows the solution surface (left) and the density plot (right). The principal
part of the polynomial P, is given by
po(x,t) = —16(z* — 3t?).

There are only two real roots of py in x found from 2% = /3 |t| and shown by the red
curves on the right panel. The maximum of the solution surface is given by

Jmax (Jus e, O + foa(a, OF) = [ua(0, 0 + [v2(0, 0)[* = 2-4* = 32,

which defines the magnification factor 22 compared to the algebraic soliton (1.17)).

FIGURE 1. Double algebraic solitons given by ([5.1]): the solution surface for
|u(z,t)]?+|v(z,t)|* (left) and the density plot (right) together with the roots
of the principal polynomial ps(z,t) (red curves).

The polynomial P, can be rewritten in the equivalent form:
Py(x,t) = — (2e+1)" — 1222 +1)> 4 8 (22 + i) + 48¢2,
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which agrees with the representation ((1.25]). Since ps(+,t) has only two real roots, one root

in C*, and one root in C~, this representation implies that P,(-,¢) has w =1 root in
C* and w = 1 root in C~ for large |t|. It was shown in [I1] that P,(-,¢) admits no

roots on R for all ¢ € R.

5.2. Triple algebraic soliton. We use the double-Wronskian solutions ((1.13)) with NV = 3
and define in (|1.10)):

-1 0 0 0 0 0 1 0 0 0 0 0
1 -1 0 0 0 0 —% 1 0O 0 0 0
0 1 -1 0 0 0 - 11 0 0 0
A_001—100and5_—%—%—%100
0 0 0 1 -1 0 @ —E —¥ —% 1 0
0o 0 0 0 1 -1 A
Since C = (—1)3/|S| = i, we obtain from (1.13):
f — ¢/ (b// ¢///, w w/ w//
g — QS ¢/ ¢Il QS//I, ¢I ¢Il
h — ¢¢/ qb// qb”/'l/J ¢/
which generates the exact solution due to (|1.4) and (1.6)):
Q3(:C7t) —it Rg(l',t) —it
) = @3\t £ = i 5.2
Ug(l’, ) P3($,t> € ) 'Ug(l', ) P3(flj,t>e ) ( )

where

P3(z,t) = 51227 4 2304i 2% + 4608z " + 238081 2° + (—9216¢> — 12096) =° + (—23040i t
+21600i) z* + (69120¢* — 27360) 2° + (34560i t* + 6480i) 2 + (—69120t*+
8640t* — 2430) x — 34560i t* — 12960it> — 1354,

Qs(z,t) = —6i (2562° — 1024i 2" + (—2048it + 768) 25 + (—53761 — 6144¢) 2° + (7680t
—7680¢% + 4320)z" + (15360i> — 8640i) 2° + (5760it — 11520t — 3600) z°+
(115201 ¢* + 7201 — 5760¢) z + 11520t* + 1440¢% + 1440i¢ — 135) ,

Ry(z,t) = 61 (2562° + 1024i 27 + (—2048it + 768) 2° + (53761 + 6144t) 2° + (7680it
— 7680t + 4320)z" + (—15360i > + 8640i) 2® + (5760it — 11520¢* — 3600) 2
+ (—11520i ¢ — 7201 + 5760t) z + 11520t* + 1440¢> + 1440it — 135) .

Figure [2| shows the solution surface (left) and the density plot (right). The principal
part of the polynomial Pj is given by

ps(x,t) = 512z (2® — 18z** — 135¢%).
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FIGURE 2. Triple algebraic solitons given by (5.2): the solution surface for
lu(x, t)|*+|v(z,t)]* (left) and the density plot (right) together with the roots
of the principal polynomial p3(z,t) (red curves).

The roots of p3 in x are given by
:174:9+6\/6t2, x4:9—6\/6t2, x=0.

Since 9 — 61/6 < 0, there exist only three real roots found from z = 0, 22 = /9 + 6/6]¢|
and shown by the red curves on the right panel. The maximum of the solution surface is
given by

(s (e, )2+ [oa. ) = ua(0,0)[* + [es(0,0)[* = 2- 6% = 72,

which defines the magnification factor 3* compared to the algebraic soliton (1.17)).
The polynomial P; can be rewritten in the equivalent form:
Py(x,t) = (20 +1)° + 72 (22 +1)7 — 48 (22 +1)° + (—288¢* + 720) (2 + 1)°
— 5761 (22 +i)* + 5760¢% (2 +1)* + (— 1152012 + 4608i) (22 + i)°
+ (—34560t"* + 6912) (22 + i) — 2560i — 18432i¢°,

which agrees with the representation (1.25). Since ps(-,t) has only three real roots, three

roots in C*, and three roots in C™, this representation implies that Ps(-,¢) has w =3

roots in C* and w = 6 roots in C~ for large [t|. We also confirm numerically that

P3(-,t) admit no roots on R for all ¢t € R.

5.3. Quadruple algebraic soliton. The rational solution for N = 4 can be written
explicitly:

Q4(5L‘, t) —it

ug(z,t) = P4($,t)e vz, t) =

)e i (5.3)
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where

Py(z,t) = 655362'% + 5242881 2'° + 1966080z'* + 21626880i z'* + (—3932160¢> — 8601600)
z'? + (—235929601 > + 207912960i) z'! + (29491200¢* — 268001280) z'+
(—884736001 t* + 628531200i) z° + (—29491200¢* — 873676800¢> — 571968000)
2® + (—117964800i t* — 3140812800i ¢ + 1251072000i) 2” + (3096576000¢" —
1935360000t — 2484518400) 2° + (68124672001 t* — 5806080000i t* — 631411200i)
2° + (—2064384000£° 4 3483648000¢* + 2685312000t — 358344000) z* + (—
4128768000i t° + 6967296000i t* + 30481920001 t* — 2812320001) z* + (—3096576000
0 — 580608000¢* — 762048000¢* — 34020000) z* + (—3096576000i ¢® — 2903040000
it* 4 108864000i t* — 6804000i) z + 1548288000t° + 387072000¢° + 762048000¢*

+ 68040000t + 212625,

Qu(x,t) = 8(—32768i 215 — 245760z + (—614400i — 491520¢) '3 + (3194880t — 7311360)
2'? + (44236801 % + 13824001 — 737280t) 2! + (38707200it + 24330240¢%—
65940480) ' + (—16588800i t* + 17203200¢> + 1383552001 — 37324800¢) z”
+ (774144001 ¢* + 402969600t + 118886400t + 19526400) z® + (—22118400i t*
—505958400i 2 + 154828800¢° + 263952000i + 31795200¢) 27 + (—799948800i ¢
—77414400t* + 846720000it — 493516800t + 89208000) z° + (580608000i ¢*
—154828800t° — 2177280001 t* — 406425600t + 2980152001 + 988848000¢) 2.°
+ (387072000 £° — 725760000 ¢* + 870912000£* — 258552000it + 108864000¢
—91854000) z* + (—258048000i t° — 4354560001 t* + 1161216000¢> — 789264000
it* — 919296000¢> + 924210001 + 40824000¢) 2* + (—580608000i ¢ — 387072000£°
—217728000i t* 4 217728000* — 74844000t + 231336000t + 19561500) 2+
(1935360001 t5 — 774144000t” + 108864000i t* 4 145152000¢> — 142884000i >
— 81648000t — 21262507 4 28917000t) + 387072000 t” — 96768000£5+
2177280001 t° — 272160000t* + 4536000i t3 — 4252500it — 10206000t> + 212625),

Ry(x,t) = 8(32768i z° — 2457602 4 (6144001 + 491520t)z"3 + (3194880it — 7311360)
z1? 4 (—4423680i t? — 13824001 + 737280t)x! + (38707200it 4 24330240t>—
65940480)z° + (165888001 t* — 17203200t3 — 138355200 + 37324800t)z%+
(—77414400i t3 4 402969600t + 118886400% + 19526400)z° + (22118400i ¢
+ 505958400 t2 — 154828800t — 2639520001 — 31795200¢)z7 + (—799948800i ¢3
— 77414400t* + 846720000it — 493516800t> + 89208000)z° 4 (—580608000i t*+
154828800t° + 217728000i 2 + 406425600t> — 298015200i — 988848000¢)z:°
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+ (387072000i t° — 725760000i t* 4+ 870912000¢* — 258552000it 4 108864000t

— 91854000)z + (258048000i t® + 4354560001 t* — 1161216000t> + 789264000i >
+ 919296000¢% — 924210001 — 40824000)z> + (—580608000i t°> — 387072000¢5—
217728000i t3 + 217728000t* — 74844000it + 231336000t> 4+ 19561500)2%+
(—193536000i t5 + 774144000t” — 108864000i t* — 145152000¢> 4 142884000i ¢

+ 81648000t% + 21262501 — 28917000t ) + 387072000i t7 + 217728000i £

— 967680005 + 45360001 t* — 272160000t* — 4252500it — 10206000¢> 4 212625).

FIGURE 3. Quadruple algebraic solitons given by (5.3)): the solution surface
for |u(z,t)[* + |v(z,t)|* (left) and the density plot (right) together with the
roots of the principal polynomial py(z,t) (red curves).

Figure [3| shows the solution surface (left) and the density plot (right). The principal
part of the polynomial P, is given by

pa(,t) = 65536(2'® — 60222 — 450t*2® — 31500t°2* 4 23625t).

The roots of ps in x are given by

4

1015 15X — )3
L 15+2¢ESIA+2¢BSQ\/ “_Sli 2

where s; = £1, s = 1 are two independent sign combinations and

‘o (50 + 10\/@% +5 (50 + 10\/@% —10
(50 + 10\/@%
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There exist only four real roots shown by the red curves on the right panel. The maximum
of the solution surface is given by

max_ (|us(z, )] + |va(z, 1)[*) = |ua(0,0)|* + v4(0,0)]* = 2 - 8 = 128,

(z,t)ER?

which defines the magnification factor 4% compared to the algebraic soliton (1.17)).

200 -
150

100 -

‘ 40 -40 x

FIGURE 4. Quintuple algebraic solitons: the solution surface for |u(z,t)* +
|v(z,t)]* (left) and the density plot (right) together with the roots of the
principal polynomial ps(z,t) (red curves).

288
216

144 -

P 40 -40 x

FIGURE 5. Sextuple algebraic solitons: the solution surface for |u(z,t)|? +
lv(z,t)|* (left) and the density plot (right) together with the roots of the
principal polynomial pg(z,t) (red curves).
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5.4. Quintuple and sextuple algebraic solitons. The rational solutions for N = 5 and
N = 6 are too long to be written explicitly. Figures {4| and [5] show the solution surfaces
(left) and the density plots (right). We only give the principal part of the polynomials Ps
and Fg in the explicit form:

ps(z, t) =33554432x (2** — 1502°°* 4 15752'%t* — 2205002 ¢° — 157106252t
+104186250z"t" + 260465625¢'?)
and
pe(z,t) =68719476736(2*° — 315t%2° + 18900t*x*® — 1190700t°2** — 120856050t 2°
— 12639875850t 2% 4 396449518500t 22 + 1299619282500t 2®
+ 34115006165625t"02* — 11371668721875¢').

Roots of p5 and pg in x are found numerically and shown on the right panels. There exist
only five real roots of ps and six real roots of psg. The maximum values of the solution
surfaces are given by

max_(|us(z, ) + |vs(z, )[*) = |us(0,0)]* + |vs(0,0)]* = 2 - 10° = 200

(z,t)€R2
and

Jmax fus(@, 0 4 fug(w, DI = [16(0,0)1* + Ju(0, 0)[* = 2-12% = 288,

x,t)e
which define the magnification factors 52 and 62, respectively, compared to the algebraic
soliton ([1.17]).
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APPENDIX A. PROOF OF (|3.17))

We use elementary column operations and transform | My (1)| to the form:

1 0 0 | 1 0 0
1 1 0 : -1 1 0
L 1 1 ! L —1 1
B 1 | 2!
My@)=| 11 e
: : | : :
1 1 1 b 1 1
@N-1) (2N—2)! (@N-3) - ! T (@N-1! (@N-2) (2N—3)!
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1 0 0 0 0 0
0 1 0 o1 0 0
R I R 010
=22(=D7 0 L o .. oy 01 :
: : : | : :
: : : | :
0 (2N1—2)! 0 ... ! (2N1—1)! 0 (2N1—3)!

where we first added the (N + j)-th column to the j-th column for 1 < ;7 < N, then
extracted the factor of 2 from the first N columns, then subtracted the updated j-th
column from the (N + j)-th column for 1 < j < N, and finally, multiplied the last N
columns by the negative signs. To further simplify the determinant denoted by Ay, we
expand it trivially along the first row and reduce it to the (2N —1) x (2N — 1) determinant:

1 0 0 1 0 0 0
0 1 0 0 1 0 0
1 1
5o 0 1 oy 010
Ay=| YV =z 0 0y 0 (A1)
x 0 g I I B
: : : L : :
1 1 ! 1 1
2N—2)! 0 eN—D! - N-D)! 0 2N—3)! 0
The following proposition gives the proof of (3.17)).
Proposition 1. For any N € N, we have
1
(A2)

AN = PN NN T (2N — 332N — 1)’
Proof. When N = 1, we obtain A; = 1, which agrees with (A2). When N = 2, we obtain

1 1 0 0 10 4o 1o
A2:001ﬂ001:§001:§7
5 o3 0 3 3 0 Loz 0
which agrees with (A2)). When N = 3, we obtain
1 01 0 0 0 01 0 0
01 0 1 0 000 1 0 |3 01 ,]1 01
Ag=4 0 L o0 /===l 0 L 0 1/=|0 L 0oj=_]0 10
0 4 0 L o @% o Lo 2 o |& 0 i 3|1 o L
12!13!1 1313!1 5.3! 3! 5-2 3!
1 0 5 0 3 g 0 5 0 3
1 0 0 1 00
o 1 1 1
0301§010:3235 0 10| =g—.
%O% ()%01 .

which agrees with (A2). This sets up an algorithm, where we successively eliminate two
columns from the left and right blocks of the determinant Ay after elementary column
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operations and factorizations. This algorithm is described next according to the following
steps. For illustration, we use transformation of A4 for N = 4.

Step 1. The determinant Ay in contains two blocks of (N — 1) left columns and
N right columns. We subtract the first (V — 1) right columns from (N — 1) left columns,
entries of which change to

1 1 1
— = =1.2....N—-1 A
oo @i @irn @i T LNl (43)

where ¢ corresponds to the (2¢)-th lower diagonal of the left (2N — 1) x (N — 1) block.

Since % is a common factor in each left column, we extract the numerical factor 3N;—1 in

front of the determinant and modify the entries of (N — 1) left columns to
3
(20+1)-(2¢0-1)V
For N = 4, this step yields

(=1,2,...,N —1.

0 0 0 1 0 0 0 0 0 0 1 0 0 0
0O 0 0 0 1 0 0 0 0 0 0 1 0 0
1 9 0 4 9 Lo |1 0 0 % 91 0
Ag=|0 3 0 0 L 0 1j=-]0 1 0 0 & 01
15 1 195 19 lL g 1 1L 1
5~3!135!13!1 521 5!13'1
S 00y T 0 Dby
st 0 53 @ 0 5 O s 0 55 7 0 5 0

Step 2. We eliminate the first two rows and the first two right columns. This does not
change the sign of the determinant, independently whether N is even or odd. After the
two-column elimination, we obtain a determinant which contains two blocks of (N — 1)
left columns and (N — 2) right columns. We subtract the first (N — 2) left columns from
(N — 2) right columns, entries of which change to

1 3 1
-1 @TD-@-D @+ @ @i—gr 2o NTLAY

where ¢ corresponds to the 2(¢ — 1)-th lower diagonal of the right (2N —3) x (N —2) block.
Since == is a common factor in each right column, we extract the numerical factor (35)%

35
in front of the determinant and modify the entries of (N — 2) right columns to
3-5
(=2...,N—1.
(20+1)-(20—1)-(2¢-3) Y
For N = 4, this step yields

1 0 0 1 0 1 0 0 0 0

1 0 1 0 0 1 1 0 1 0 0 0

SEE I IEE I I

EERE IR

7 0 353 & 0 75 0 33 7m0
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10 0 0 0
o1 0 00
——— L 0 1 10

3. CE)2 | 52
GO L 0 0 1
7 0 55 73 0

Step 3. We eliminate the first two rows and the first two left columns and obtain a
determinant which contains two blocks of (IV — 3) left columns and (/N — 2) right columns.
We subtract the first (V — 3) right columns from (N — 3) left columns, entries of which
change to

3 3-5
(20—1)-(20-3)! (2041)-(20—1)-(2¢—3)!
3

TR ) B TSy B oy By Ty L S (A3)

where ¢ corresponds to the 2(¢ — 2)-th lower diagonal of the left (2N —5) x (N — 3) block.

1

Since - is a common factor in each left column, we extract the numerical factor (57)%,3

in front of the determinant and modify the entries of (N — 3) left columns to

3.5.7
20+1)-(20—1)-(20—3)- (20— 5)!"

For N = 4, this step yields

(=3,...,N—1.

. 1 1 0 . 0 1 0

Ay = 0 0 1= 0 0 1
PUBB52 1 1 g 33571 1

52 72 57 72
0 1 0
1 1
~ a3 2 7|00 =m0
38 (3-5)2-(5-T) | Lo FFT

which completes the algorithm for N = 4.

Step k. The algorithm is continued for any 2 < k£ < N —2 by using the same alternation
between the first and second blocks. After the subtraction of the first (N — k) columns of
the larger block from (N — k) columns of the smaller block, entries of which are modified
as

3.5-...-(2k—3)
(20—1)-(20—3)- .. - (20 =2k +5) - (20 — 2k + 3)!
3:5-...-(2k—1)
(2041)-(20—1) ... - (20— 2k +5) - (20 — 2k + 3)!
3-5-... (2k—3)

S0 =) @ -2t ooy (TR NoL (AG)
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where ¢ corresponds to the 2(¢—k+1)-th lower diagonal of the smaller (2N —2k+1)x (N —k)

block. Since @) @D is a common factor in each column, we extract the numerical factor
1

(@D D) F in front of the determinant and modify the entries of (N — k) columns of
the smaller block to

3.5, (2k+1)
(204+1)-(20—1) ... (20—2k+3)- (20 — 2k + 1)’

C=k,...,N—1 (A7)

After eliminating the first two rows and the first two columns of the larger block, £ is
incremented by 1 until we reach kK = N — 1. When we recompute the entries in (A6]), we
substitute with £ — k—2 and ¢ — ¢—1 into the first term of because the entries
of the columns were not changed but the size of the block was reduced by two columns in
the previous iteration and we substitute (A7) with & — k& — 1 and ¢ — ¢ into the second
term of because the entries were changed but the size of the block contains the same
number of columns as in the previous iteration. This proves the recursion formula by
the method of mathematical induction.

Step k = N — 1. At this last step, we have a 3 x 3 deteterminant. We perform (A6)
m and obtain a
trivial 3 x 3 determinant, which is equal to 1, see examples for N = 2,3,4. Combining
together all numerical factors, we obtain

for the remaining column of a smaller block, extract the factor

1
3N-1.(3.5N2. (5.-7)N3._ . (2N —5)- (2N —3))2- (2N —3)- 2N — 1))’

Ay =

which recovers the numerical value (A2]). O

APPENDIX B. THE PROOF OF ((3.21])

We first simplify the determinant by performing the same operations as in Appendix
. However, since My (1) consists of two blocks of (N 4 1) and (N — 1) columns, we only
add the (N + 1 + j)-th column to the j-th column for 1 < j < N — 1, then extract the
factor of 2 from the first (N — 1) columns, then subtract the updated j-th column from
the (N + 1+ j)-th column for 1 < j < N —1 and finally, multiply the last (N —1) columns
by the negative signs. This leads to the block structure of [My(1)]:

[Ny (1)] = 2% (~1)¥ !
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1 0 0
0 1 0
5 0 1
0 1 0
1 : 1
(N=-1)! (1) (N=3)!
0 (N=1)! 0
1 : 1
(2N—2)! (1) (2N—4)!
0 (2N—=2)! 0

o O oo

1

VD)

N!

0
0
0
0
0
1

1

N1

RO = O
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O = OO

where the N-th and (N + 1)-th columns are unchanged and where we also show the N-th
and (N + 1)-th rows in the case when N is odd. To further simplify the determinant, we
expand it trivially along the first row and obtain the (2N — 1) x (2N — 1) determinant:

BNZ

1 0
0 1
: 0
i 1
0 (N=3)!
L 0
(N-1)!
1
. (2N—2)!
(2N—-2)! 0

0
0
0

0 . 1

0 , 0

1

0 1 3

. | .

| .

0 , 0

I

R

1 |

(NI2)' } (1)

(N-1)! |, (2N-1)!

0

—_

(B1)

where the two middle rows and columns are now located at (N — 1)-th and N-th positions.
The following proposition gives the proof of (3.21)).

Proposition 2. For any N € N, we have

By

N

T DPNIRN3RINSTIN-T (2N — 3)3(2N — 1)

(B2)

Proof. When N = 1, we obtain By = 1, which agrees with (B2)). When N = 2, we obtain

B,

—_— O
L= O

C1—C3

Wik = O
_— O

L= O =

Cy—Cy

W= = O

whvo O O

L O =

Wl o
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which agrees with (B2). When N = 3, we obtain

1 00 1 0 0 0 0 1 0 000 1 0
01 00 1 0 0 0 0 1 o 0001
Bs=|% 1 1 L of=2|1 1 1 L ofE&2_11 10 L 0
0 L 10 L %o L 10 2L 3o 12 ¢ L
1 311§ U SRR U O SN
4! 3! 2! 5! 5-3! 3! 2! 5! 52 3! 3 5!
1 1 0 1 0 0 1 0 0 1 00
1 o 1 1 _ 1
=-lo L &= g 1 2= 0 1 2|82 0 10
311 ¢ % 3la 3 3 331 1 4 33211 1 3
52 3! 3 52 53 3 52 5 52 5 5
3
3By

which agrees with (B2)).

We further adapt the algorithm based on the two-column elimination from the proof of
Proposition [1| to the determinant B, where we focus on the transformations of the two
middle columns at each step of the algorithm. We label the first middle column as C} and
the second middle column as Cy. As previously, we illustrate the algorithm in the case of
N =4.

Step 1. The determinant By in contains three blocks of (N — 2) left columns, 2
middle columns, and (N — 1) right columns. We subtract the first (N — 2) right columns
from (N —1) left columns. With the same recursive formula (A3)), we extract the numerical
factor zv— in front of the determinant and modify the entries of (N — 2) left columns to

3
20+1)- (20— )

where ¢ corresponds to the (2¢)-th lower diagonal of the left (2N — 1) x (N — 2) block.

In addition, we subtract the last right column from the first middle column. The nonzero

entries at j = N+2( are unchanged as m fort =0,1,..., [%J but the nonzero entries
at 7 = N + 2¢ — 1 are modified as m similarly to 1} fort=1,..., L%j, where
|| denotes the integer floor. For transparency, we record the nonzero entries of the first

middle column C as

1 N
{ (C1)Ny2e1 = [CES EeTAsyIE (=1,..., LE

(=1,...,N—1, (B3)

B4
(OI)N—l—ﬂzm) EZO?:LTJ ( )

After this transformation, we subtract the first middle column from the second middle
column. This changes the nonzero entries at j = N + 2/ to m similarly to 1}

for 0=1,..., L%J and changes the nonzero entries at j = N 4+ 2 — 1 as
L ! _ (20) oo Y
20—-1)! (20+1)-20—-1)!  (20+1)-(20—1)" ~ g
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Again, we record the nonzero entries of the second middle column C5 as

o (20) _ N
{ (Co)nyoe-1 = ma t=1,..., LEJ,

N (B5)
(C2>N+2€:ma C=1,..., |5

For N = 4, this step yields

1 0 0 0 1 0 0 0 0 0 0 1 0 0

0 1 0 0 0 1 0 0 0 0 0 0 1 0

10 10 % 01 0o o0 0 % 01

By=(0 3 1 1 0 4 0/={0 3 1 1 0 5 0

1l 9o L 1 1L g 1 1l o L 1 1 g 1

5-3! 1 %! 1 5! 1 3! 5-3! 1 ? 1 5! 1 3!

0 L L L o0 L ¢ 0 L L L g L1 ¢

1 5-3! ?i' 21! 1 5! 1 1 5-3! ?1! ?1! 1 5! 1

7 0 o3 o5 oa 050 5 0 53 53 0 5
0 0 0 0 1 0 0
0 0 0 0 0 1 0
(110 0 0 5 01
==|0 1 1 0 0 5 0
3L g 1 2 1§ 1
5-21§§5!13!
ORI B T
75 0 55 53 @m0 5

Step 2. We eliminate the first rows and the first two right columns and obtain a
determinant which contains three blocks of (N — 2) left columns, 2 middle columns, and
(N — 3) right columns. We subtract the first (N — 3) left columns from (N — 3) right
columns. With the same recursive formula , we extract the numerical factor (35)%_3

in front of the determinant and modify the entries of (N — 3) right columns to
3-5

(20+1)-(20—1)-(2¢—3)V

where ¢ corresponds to the 2(¢ —1)-th lower diagonal of the right (2V —3) x (N —3) block.

Next, we subtract the last left column from the first middle column. The nonzero entries

at 7 = N + 2¢ — 3 are unchanged as m obtained after Step 1 for £ =1,..., L%J

but the nonzero entries at j = N + 2¢ — 2 are modified as (2€+3).(2£}r1).(2€71)! similarly to

(Ad) for ¢ =1,..., [ ¥51]. Since % is a common factor in both middle columns, we extract

(=2,...,N—1, (B6)

it from both middle columns. Entries to the two columns are written explicitly as
_ 3 _ N
(CI)N+2€—3 - W@gs_l)p (= ]-7"'7 LEJ; (B?)
(Cr)N42e—2 = (26+3)-(20+1)-(2¢—1)!” t=1,..., LTJ

and

_ (20)-3 _ N
(Co)Nt20—3 = W; t=1,..., LgJal
(Co)Nt20—2 = @ED-@i= t=1,..., LTJ
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After this operation, we subtract the first middle column multiplied by 2 from the second
middle column and recompute nonzero entries of the second column as

_ 3 _ N
{ (02)N+2€—3 - (2e+1)é(24_1)-(2z_3)!’ t=2,..., L J>1

(B8)

Z|

|.

(Co)ntae—2 = [CESEEAsE t=1,...,|

w‘

For N = 4, this step yields

1 0 0 0 1 1 0 0 0 0
1 0o 1 1 0 0 1 0O 1 0 0 0
By=—|Lt o L+ 2 __—_|L o 1 2 L
47 32|52 M 3 3 3 32|52 3 3 53
0 5 % 3 0 0 =5 3 3 0
I S S I B
751 53] 530 5l 751 53] 53] 753

1 0 0 0 O 1 0 0 0 O

1 0O 1 0 0 0 1 O 1 0 0 0

= L 0 1 2 1| = L 0 1 0 1

32.(3-5)1-32|%2 1 1 32.(3-5)1.32 (52 | 1 3

0 % = 1 0 0 % £ £ 0

3 0 1 a1 I T

751 52 52 72 751 52 5 7.2

Step 3. We eliminate the first two rows and first two left columns and obtain a deter-
minant which contains three blocks of (N —4) left columns, 2 middle columns, and (N —3)

right columns. If N > 5, we subtract the first (N — 4) right columns from (N — 4) left

columns. With the same recursive formula 1} we extract the numerical factor (57)%

in front of the determinant and modify the entries of (N — 4) left columns to
3:5-7
(20+1)-(20—1)-(20—3)- (20 —5)"

where ¢ corresponds to the 2(¢ — 2)-th lower diagonal of the left (2N — 5) x (N — 4)
block. Next, we subtract the last right column from the first middle column. The

(=3,... N—1, (BY)

nonzero entries at j = N + 2¢ — 4 are unchanged as @ +3),(2€i1).(%_1)! obtained after
Step 2 for ¢ = 1,..., L%J but the nonzero entries for j = N + 2¢ — 5 are modified

as (2”3)_(2”1)?(%71)_(2@73)! similarly to 1} for ¢ =2,...,|%]. Since { is a common fac-

tor in both middle columns, we extract it from both middle columns. Entries to the two
columns are written explicitly as

(B10)

_ 35 _ N
(CI>N+2€—5 - (22+3)-(2€+51)-(2271)-(2673)!’ t=2,..., LE 71
(C1)N+20-4 = (20+3)-(26+1)-(20— 1)1’ t=1,...,|5F]

and

_ 35 _ N
(02)N+2€—5 - (2£+12))-(521zf1)-(2573)!7 t=2,..., ng’l
(Co)N+2e-1 = s (=1,...,[55]
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After this operation, we subtract the first middle column multiplied by 3 from the second
middle column and recompute nonzero entries of the second column as

_ (20)-35 _ N
(02)N+2f—5 - (2£+3)-(2£+1)3-.(52271)-(2673)!’ t=2,..., Lgh (Bll)
(C2)N20-4 = (20+3)-(20+1)-(20—1)-(20—3)1" t=2,..., LTJ'
For N = 4, this step yields
S A IR [
B, = 2 0= = 2 0
3351328 1 1| 3353 |1 1 1
52 5 72 75 5 72
IO Ot IR U (I
CR3e5)-3e52 |1 1| B-(3-5)-32-52|1 4 a1 | 37507
7 72 77T T2

which completes the algorithm for N = 4.

Step k. The algorithm is continued for any 2 < & < N —2 by using the Same alternation
between the left and right blocks. With the same recurswe formula ) but for ¢ =
k,...,N — 2, we extract the numerical factor T =T and modlfy the entries of

2k—1)- (2k+1
(N — k) columns of a smaller block to

3.5 ... (2k+1)
20+1)-(20—1)-...-(20—2k+3)- (20— 2k + 1)’
where ¢ corresponds to the 2(¢ — k 4 1)-th lower diagonal of the smaller (2N — 2k + 1) x

(N — k — 1) block. Next, we subtract the last column of the larger block from the first

middle column and extract the numerical factor (2k—1 from both middle columns. Entries

of the first middle columns are now written in the form:

(=k...,N—1, (B12)

35 (2k—1) _ N
{ (OI)N+2€—2k+1 (264+2m—1)-(2¢+2m—3)-.. (k267)2m+3)-(2€72m+1)!’ t=m,..., LiJ’ (B13)
3.5.00 2k —1 N—1
(C1)N4ae-2k42 = (20+2m+1)-(20+2m—1)-...-(20—2m+3)-(2—2m+1)’ t=m,..., TJ7
if K = 2m is even, and in the form:
3:5--(2k—1 N
{ (Cl)N+2€f2k+1 = (2E+2m—1)~(2Z+2m—3)-..E.~(2£—;2m+3)-(26—2m+1)!’ t=m,..., LEJ’
_ 35 (2k—1 _ N-1
(C1)N+2e-2k42 = (20+2m—1)-(204+2m—3)-...-(26—2m+5)-(20—2m+3)!” t=m—1,..., LTJv
(B14)

if k =2m —1is odd, see (B4), (B7)), and (B10).

Finally, we subtract the first middle column multiplied by k£ from the second middle
column. Entries of the second middle columns are now written in the form:

3-5--(2k—1) _ N
(02)N+2€—2k+1 (204+-2m—1)-(20+2m—3)-.. (2@( 2m+)1) (2¢6—2m—1)1 t=m+1,..., L7J’
2

..... - _ N—1
(C2)N42e-2k42 = (20+2m+1)- 20+ 2’m —1)-...- (20— 2m + 3)-(20—2m+1)1 t=m,....| 2 J.

#(2041)

(B15)
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if K = 2m is even, and in the form:

o (20)-3-5----(2k—1) _ N
(Co)Nvoe-2k41 = (20+2m—1)-(20+2m—3)-...-(20—2m+3)-(2—2m+1)!’ t=m,..., L7J7 (B16)
(O ) _ 3:5--+(2k—1) é - m LMJ
2)NA20=2k+2 = (20+2m—1)-(20+2m—3)-...-(20—2m+3)-(2—2m~+1)! v LT

if £ =2m — 1 is odd, see (B))), (Bg|), and (B11)).

After eliminating the first two rows and the first two columns of the larger block, k is
incremented by 1 until we reach £ = N — 1. The recursion formulas (B12)), (B13)), (B14)),
(B15), and (B16)) are proven by the method of mathematical induction.

Step kK = N — 1. At this last step, we have a 3 x 3 determinant. We subtract the last
column of either left or right block from the first middle column and extract the numerical
factor from both middle columns. Then, we subtract the first middle column

1
2N-3)2
multiplied by (N — 1) from the second middle column. After this operation, we obtain a

trivial 3 x 3 determinant, which is equal to ﬁ, see examples for N = 2, 3,4. Combining

together all numerical factors, we obtain

N
By =
N 3N2. (3.5)N3. (2N —5)- (2N —3))1-32.52.. .- (2N —3)2- (2N — 1)’
which recovers the numerical value (B2)). O

ApPENDIX C. THE PROOF OF (4.8))

Both M J(\})(l) and M ](\,2)(1) consist of two equal blocks of N columns. Compared to
My (1) in Appendix , the last column of the left block is modified in M ](\,1)(1) by an

additional shift down and the last column of the right block is modified in M ](\,2 )(1) by an
additional shift down. We perform the same operations with the first (N — 1) columns
in the left and right blocks as in Appendix [B] expand it trivially along the first row, and
obtain obtain

MY )| =2 =R, P )] =2V =),

where the (2N — 1) x (2N — 1) determinants C’j(\}) and C](\?) are given by

1 o ... 0 1 1 0 0
0 1 0o , 0 1 0
x 0 0 ' 3 0o ... 0
. . . | .
: : . : | :
1 1
c=| O wm o 00 G L (o
(N—1)! 0 O i 0 -1
. ‘ .
. ‘ . . T :
1 1 ! 1 1
(1) (2N—1)! (NI2)' | (1) (2N=3)! "' (N_11)!
(2N—2)! 0 (N—1) ! (2aN=1)! 0 e TN
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and
1 0 0o 1 0 0
0 1 0o , 0 1 0
% 0 0 | % 0 0
. . . | . . .
. . . : | : :
1 1
cy= 0 wma - -V 0
& Y W 0 1
. . . ‘ . .
. . . ‘ : : .
1 1! 1 1
(1) (2N—4)! (NII)' | (1) (2N—3)! _@
(2N-2)! 0 N 2N-1)! 0 (N=1)!

43

We note that the (N — 1)-th and (2N — 1)-th columns in C](\}) and C](\?) are unchanged and
we show entries of the (N — 1)-th and N-th rows in the case when N is odd. The following

proposition gives the proof of ({4.8])
Proposition 3. For any N € N, we have
N2
© 12N-132N-352N-572N-7 (2N —3)3(2N — 1)V

W — _c® _

Proof. The case N =1 is exceptional, for which we obtain directly

1 0 1 2 10
mPw=[) 1 =1 mPor=|; 9=t
which still agrees with (C3)). When N = 2, we obtain
01 1 0 1 0 1 0 92
Cél): 1 0 _1 Cs 2 1 0 _1 C1+C3 O O _1 =——,
1 L1 1 1 1 41 1 3
I 2 31 3 3 3 3
1 1 0 0 1 0 01 0 92
CP =1t 0 1=t 0 1|22 0 1 =5
a3 3 oq 1 3 o3 1
which agrees with (C3)). When N = 3, we obtain
1 0 1 0 0 0O 0 1 0 O
0O 0 0 1 1 0O 0 0 1 0 % 1 -1 1 1 1
o L O ) S O ] A
01 0 & 1|66 |5 1 0§ L 1 o1 1 3L
1 1 1 3! 2!1 1 1 1 3! 31 5.3! 2! 3! 5.2 2!
¥ o2 ow U g 5s1 2 5 O T3
1 1 1
e 1o 0 3 1|0 0 Y eme 1|y g § 8
cs+er 3|1t 3 331 1 _1 Bl 9 1 33517
52 3 5. 52 5 52 5 5

(C3)
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1 01 0 0 0 0 1 0 0
01 0 1 0 0 00 1 0 Lol o1
CP =L 1 Lo 1|2l 1 Lo 1]=]0 L —1f=x|0 L —1
0 L 0 L 1l ey gL o—q | 1 o1 3L i 1
1 %! 1 3! 1 1 % 1 3! 1 5.3! 3! 2! 5.2 3! 2!
¥ o3 o5 0 g sa o3 5 0 a
1 0 0 1 0 0 1 00
Mlol—i:i01—4ﬂio10:i
-0y 3|1 1 P 3L o1 Bl 1 9 357
52 53 3 52 5 52 5 5

which agrees with (C3)).

We first prove that oV = —C](\?). The determinants C](\}) and C](\?) contain two blocks
of (N — 1) left columns and N right columns, where the first (N — 2) left columns and
the first (N — 1) right columns of C’](\}) are identical to the corresponding columns of C’](\?).

Starting with C](\}), we swap the last left column with the last right column, which changes
the sign of the determinant to the opposite. If N is odd, we multiply all odd-numbered rows
and odd-numbered columns by —1. This transformation does not change the sign of the
determinant. The final determinant coincides with C’J(\?), which proves that C'](\}) = —CJ(\?).
If N is even, then we multiply all even-numbered rows, all even-numbered left columns
and all odd-numbered right columns by —1. Again, this transformation does not change
the sign of the determinant and since it recovers C’](\?), we again obtain C’](\}) = —C](\?). For
N =4 (even), we illustrate this transformation by

100100 0 10 0 100 0

001 00 1 0 0 01 0 010 0
1%00%011 % 0 1 4 0 10
cV=10 L 10 L0 —1f=—0 L -1 0 L 01

191 1 ¢ 1 1 19 11§ 14

4! 5! 3 2! 4! 2 5! 3!

o L L o 1L o 1 o L L o L o 1L

4! 2! 5! 3! 4! 3! 5! !

1 %1 1 1 1 1 1 1%

g 05 a0 5 & g 0 a1 7 05 g

100100 0

001 00 1 0 0

5 01 4 0 1 0 o

S| 1 2

g Vg g 0oy -1

(T N

g 0 x @ 0 5 —5

Therefore, it is sufficient to prove 1} for C](\}) only. We adapt the algorithm based on the

two-column elimination from the proof of Proposition |1} for the determinant C'](\}), where
we focus on the transformations of the last left and right columns at each step of the
algorithm. As previously, we illustrate the algorithm in the case of N = 4.
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Step 1. We subtract the first (N —2) right columns from (N —2) left columns. With the
same recursive fomula 1} we extract the numerical fator ?’]V%g in front of the determinant
and modify the entries of (N — 2) left columns to

3
(20+1)-(2¢0—1)"
where ¢ corresponds to the (2¢)-th lower diagonal of the (2N — 1) x (N — 2) block. We
substract the (N —1)-nd column of the right columns from the last right column, entries of

(=1,2,...,N—1.

which change to (—1)j+1m for j =0,1,...,N — 1. The nonzero entries in the
first (IV —2) columns of the right columns at j = N + 2¢ remain unchanged as —m for
(=0,1,..., L%J but the nonzero entries in the first (N — 2) columns of the left columns

at j = N + 2¢ — 1 are modified m similary to 1} for ¢ =1,2,...,|%]. For

transparency, we record the nonzero entries of the last right column C; as

1 N

C. = (=1,2,...,| =

(Co)xrars (2041)- (20— 1) T lz_J’
1 N -1 (C4)
C = — (=0,1,..., | ——]|.
( 2)N+2€ (2€+1)|’ ) L 7\‘ 9 J
For N = 4, this step yields

1 001 0 0 0 0 0 0 1 0 0 0

0100 1 0 0 0O 0 0 0 1 0 0

1 1 1 1

10901 L p 1 1L 1l 9 1 L p i o

4! 1 1 5! 1 3! 2!1 5-3! 1 1 5! 1 3! 2!1

0 3 00 g (0 00

g 0 3 2 0 5 3 7 0 o533 0 5 3

0 0 0 1 0 0 0 0 0 0 1 0 0 O

0 0 0 0 1 0 0 0 0 00 1 0 O
(|t 0 0 5 0 1 1 (T 0 0 5 0 1 0

=—/0 1 1 0 5 0 —1fl==]|0 1 1 0 5 0 -1

Pl g 1 2 ¢ 1L 1 F|lL o 7 15 1 1

5-2 1 5! 1 3! 2!1 5-2 1 1 5! 1 3! 31

0 g 003 |0 g 00
7 05w 0 5 g 7 0 o5 w0 5 s

Step 2. We eliminate the first two rows and the first two right columns and obtain a
determinant which contains two blocks of (N — 1) left columns and (N — 2) right columns.
This does not change the sign factor of the determinant, independently whether N is even
or odd. After the two-column elimination, we obtain a determinant which contains two
blocks of (N —1) left columns and (N —2) right columns. With the same recursive formula

1) we extract the numerical factor (35)% in front of the determinant and modify the
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entries of (N — 3) left columns to
3-5
(20+1)(20—1) - (2 —3)V
where ¢ corresponds to the (2¢ — 1)-th lower diagonal of the right (2N —5) x (N —4) block.

In addition, we add last right column to the last left column. This changes the nonzero

entries in the last left column at j = N + 2/ —1 to % and changes the nonzero

(=2,...,N—2.

entries in the last left column as

1 1 20 +2 N
@—1) @1 @-D @+1)- - €:1QV“’M§J

This changes the nonzero entries in the last left column at j = N + 2/ to m and
changes the nonzero entries in the last left column as

S — ! e:LGw{ﬁ:iJ

20! 2e+1)!  (20+1)-(20—-1)" 2
After this transformation, we add the (N — 2)-th column of the first columns to the

last right column. The nonzero entries at j = N + 2¢ — 1 are unchanged as m for
(=1,2,..., L%J but the nonzero entries at £ = N + 2¢ are modified as

’ B ! e201”.{ﬂ:if
(20+3)-(20+ 1) (20+1)! (20+3)-(20+1)-(20—1)V B 2

Since % is a common factor in the last left column and the last right column, we extract
it from the last left column and the last right column. For transparency, we record the
nonzero entries of the last left column C] as

B 3-(20+2) B N
(CI)N+2€71_ (2€+1)(2€_1)') 6—1,2,..., \\QJ , (CS)
3 N —1
(CI)N+2€_ <2€+1)(2£_1)'7 6_1727"'7 \‘TJ .
Again, we record the nonzero entries of the last right column C as
3 N
(02)N+2€—1 - (2€+1) (26—1)" (= 1727"'7 L?J ; (C6)
(Ch) naar = — 5 (=1, X1
PINFAT 0+ 3) (204 1) - (20— 1) I T

For N = 4, this step yields

1 0 0 1 O 1 0 0 0 0

W 10 Lo -1 L]0 11 0 -1
1 1
A R Y 4 R R R A
0 & &% 0 — 0 L &% 0 -3

T S i T S SR

7-5! 3! 5l 53! 7-5! 3! 753! 53!
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10 0 0 O 10 0 0 0
1 0 1 1 0 -1 1 0 1 0 O 0
- 2 0 1 1 1|= o9 4 1 1
3% (5-3)! 5()2 1 1 9 o 3% (5-3)! 5()2 o i 0 A
T S S i T G TR
7-5! 31 72 5-3! 7-5! 5 72 5-3!
1 0 0 0 O
1 0O 1 0 0 O
= L0 4 1 1
32.(5-3)1.32 %2 1
0 % 1 0 —¢
3 9 3 L
7-5! 5 72 52

Step 3. We eliminate the first two rows and the first two left columns and obtain a
determinant which contains two blocks of (IV — 3) left columns and (/N — 2) right columns.
If N > 5, We subtract the first (N — 4) rights columns of the second block from (N — 2)
columns of the first block. With the same recursive formula , we extract the numerical

factor (57)% in front of the determinant and modify the entries of (N — 4) left columns
to

3:-5-7
20+ 1)-(20—1)-(2—3)- (20 —5)!’
where ¢ correspnds to the 2(¢ — 2)-th lower diagonal of the left (2N —5) x (N —4) In

addition, we subtract four times the last right column from the last left column. This
changes the nonzero entries in the last left column at j = N +2¢ — 3 to

(=3,...,N—1.

3 4.3
Q0+ -20—1) (243 -2+ 2=1)
3. (2047) N
T (2043)-(20+1)- (20— 1) EZlﬂ""’bJ'

This changes the nonzero entries in the last left column at j = N +2¢ — 2 to

3-(20+2) 4.3
(20+1)-(20—1)!  (2041)-(20—1)!
3 N -1

After, we subtract the last right column from the (/N — 5)-th column of the right columns.
The nonzero entries at j = N + 2¢ — 3 are unchanged as _(2£+3)~(2Zi3|—1)~(2£—1)! obtain after

Step 3for ¢ =1,2,..., [%J but the nonzero entries at j = N + 2¢ — 2 as

3 5-3
(2041)- (20— 1)1 (20+3)-(20+1)-(20—1)!
3 N -1
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Since % is a common factor in the last left column and the last right column, we extract it
from the last left column and the last right column. Entries to the two columns are written

explicitly as

B 3.5.(20+7) B N
(Cnves = Grgy i = LT hE {2J !
3.5 N-1
(Cl)N“H:(2€+1)-(2£—1)‘(2£—3)! £:2’3""’{ 2 J
and
3.5 N
(Colnaes = =gy Ty 1y - 2 - v =12, {zJ :
3.5 N-1
(CQ)N”H:(2£+3)-(2€+1)-(26—1)-(25—3)! 622’3""{ 2 J

(C7)

(C8)

After this operation, we subtract the last right column multiplied by 9 from the last left
column. This changes the nonzero entries in the last left column at j = N 4+ 2¢ — 5 to

35

9-3-5

(20+1)-(20—1)-(20—3
3.5-(20+12)

ne

(20+3)-(20+1)-(20—1)- (20— 3)!

(2043)-(20+1)-(20—1

(=345

)- (20— 3) 2

This changes the nonzero entries in the last left column at j = N 4+ 2¢ — 4 to

3-5-(2047) 9.3.5
(2043)-(20+1)-(20—1)!  (20+3)-(20+1)-(20—1)!
3-5

20+3)-(20+1)- (20—

N -1
e |

1)-(20—3) 2

Recompute nonzero entries of the last left column as

3.5.7-(20+12) N
C _5 = £=3,4,...,|—
(Cr)w+aes (20+3)-(20+1)-(20—1)-(20—3)V T 2J
3:5-7 N -1
4= =2 T
(C1)n+2e-4 (2043)-(20+1)- (20— 1) - (2 — 3)! )3, 2 J
For N = 4, this step yields
4 1 1 0 1 0
-1 1y _1f_ 1 9 o _1
o333ty 1 40 32-(6-3)t37)t 1 P
5 72 52 5 72 75
1 0 1 0 1 0 1 0
32-(5-3)1-32.52 1 1 32-(5-3)1-32-52 |15 1 1
72 7 ToT2 7
IR O S
T 32.(5.3)1.32.52.71 T T T35 3L
SR CREILEE R AR 3553 .7
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which completes the algorithm for N = 4.

Step k. This algorithm can be continued for any 2 < k < N — 2 by alternately extracting the
product common factor, square common factor, and order reduction between the left columns
and right solumns. With the same recursive formula but for £ = k,...,N — 2, we extract
the numerical factor ((%_1).(%1“)) ~—— in front of the determinant and modify the entries of

(N — k — 1) columns of the first block to

3-5-...-(2k+1)
(204+1)(20—1)--- (20 —2k+3) - (20 — 2k + 1)V
Then we eliminate the first two rows and the first two columns of the larger block. Afterwards, we
perform operations on the last left column and the last right column. We subtract the last right

column multiplied by k? from the last left column. Entries of the last left column are written in
the form:

€ 3.5....-(2k—1)-(20+ 5k —8) . NJ
— 3= ) =MmM,...5 | = |>
VN2 =2k T o om — 1) - (20+ 2m — 3) ... (20— 2m + 3) - (20 — 2m + 1)! (€10)
€ 3.5....-(2k—1) , N—IJ
— = , =m,...,
VN2t 2k o om — 1) - (20+ 2m — 3) ... (20— 2m + 3) - (20 — 2m + 1)! 2
if kK = 2m is even, and in the form:
3.5....-(2k—1)- (2 + 5k — 8) N
C Cokgs = b=m—1,...,|=
(C2)v-ae-2i+s (20+2m—1)-(20+2m—3)-...- (20— 2m +3) - (20— 2m + 1)’ T ’ 1)
(©) 3.5....-(2k—1) . {N—l
_ = =m,... _—
BN AR = o om —3) - (20 + 2m —5) - ... (20— 2m + 3) - (20 — 2m + 1) T2
if £k =2m — 1 is odd.
Entries of the last right column are written in the form:
) 3.5....-(2k—1)-(20+ 5k —8) . {NJ
— = =m,... —_—
VN2 = oy om — 1) - (204 2m —3) ... (20— 2m +3) - (20 — 2m + 1)’ S IR (€12
) 3.5....(2k—1) , {N—lJ
— = =m,...,
N2k T o om — 1) - (20+ 2m —3) ... (20— 2m +3) - (20— 2m + 1)! 2
if K = 2m is even, and in the form:
3.5-...-(2k—1)- (20 + 5k —8) N
c P L t=m—1,..., ],
(C2)n 202643 (20+2m—1)-(20+2m—3)-...- (20— 2m +3) - (20— 2m + 1)! m (c19)
(©) 3.5-...-(2k—1) . {Nf
-~ = =m,...
BNk = o om —3) - (20 +2m —5) ... (20— 2m + 3) - (20 — 2m + 1) T2

if Kk =2m — 1 is odd.

When we recompute the entries in the above equations, we substitute the recursive formula
from the previous step with &k — k — 1 and ¢ — £ in the first term of the difference because the
entries of the columns were not changed but the size of the block was reduced in the previous
iteration, and we use the current parameters k and ¢ in the second term because the entries were
changed by the column operations of the current iteration. The algebraic simplification confirms
that the results satisfy the general recursive formula. The process is then repeated cyclically,
incrementing k£ by 1 until we reach k = N — 1.

Step kK = N — 1. In this last step, we perform 1| for the remaining columns, extract the
remaining factor m We apply the recursive formula summarized in step k to the last
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left column and the last right column, and obtain a trivial 3 x 3 determinant, which is equal is

2

—2]]\\77—_1, see examples for N = 2,3,4. Combining together all numerical factors, we obtain

o _ N?
N 3N-2.(3.5)N=3. . ((2N —=5)- (2N —3))1-32.52..... (2N —3)2. (2N — 1)V’
which recovers the numerical value (C3)). O
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