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ABSTRACT. We investigate the spectral stability of non-degenerate vector soliton solutions
and the nonlinear stability of breather solutions for the coupled nonlinear Schrodinger
(CNLS) equations. The non-degenerate vector solitons are spectrally stable despite the
linearized operator admits either embedded or isolated eigenvalues of negative Krein sig-
nature. The nonlinear stability of breathers is obtained by the Lyapunov method with the
help of the squared eigenfunctions due to integrability of the CNLS equations.

Keywords: Integrable systems, Vector solitons, Breathers, Spectral stability, Nonlinear
stability.
2020 MSC: 35Q55, 35Q51, 37K10, 37K15, 35Q15, 37K40.

1 Introduction

In this work, we study the spectral stability of the non-degenerate vector soliton solu-
tions and the nonlinear stability of breather solutions in the coupled nonlinear Schrédinger
(CNLS) equations [8,139] 50] on the real line (also known as Manakov system):

1
iq1e + 590 + (11 + [021)g1 = 0,
(1)
o

24 + 52.0x + (|1 + [02*)02 = 0,

where (91,92) = (q1(x,t),g92(x,t)) are complex-valued functions and (x,f) € R x R.
The initial-value problem for the CNLS equations (1) is globally well-posed in Sobolev
space H*(R) for k € N, see [11]. The CNLS equations () have important applications in
Bose-Einstein condensates [47] and birefringent fibers [2]. The nonlinear terms in CNLS
equations (1) couple two components to describe self-phase and cross-phase modulation
phenomenon. As an extension of the nonlinear Schrodinger equation (NLS), the CNLS
equations (1)) can be used to study the dynamics of vector solitons [1].

As an example of integrable equations, the CNLS equations (1) admit Lax pair [39,
56|, bi-Hamiltonian structure [60], and an infinite set of conservation laws [60]. The Lax
representation is a powerful tool to analyze the properties of equations. The Lax pair for
CNLS equations (I)) is

D, (A x,t) =U,q)@(Ax, 1), DA x,t) =V(Aq)P(A x,t) ()
where
U\ x,t) =idos +iQ, V(A;x,t) =iA%03 +iAQ — %(i03Q2 —03Qy), (3)
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with
o 0 I‘T T . T %
Q(x/ t) — q 0 ; 03 = dlag(L _1/ _1)1 q-= (lh, 172) s r=q,

and the complex spectral parameter A. The CNLS equations (1) have the zero curvature
representation

U;—V,+[U,V] =0,
where [U, V] = UV — VU is the commutator. The Lax pair 2)—-(@) can be derived from
the 3 x 3 system [1} 60]. The infinite set of conservation laws can be obtained by trace
formula in the inverse scattering transform for integrable equations with Hamiltonian

structure [15, 30]. In particular, we will use the following conserved quantities of the
CNLS equations (1):

Hola) = 5 [ laldx, @
Hi(q) = % /IR iq"qxdx, (5)
Hala) = 5 [ (la:P—laf*) dx, ©
Hs(q) = %/Rl (atax+3laPataq) dv, @)

Hatw) =5 [ (a4 [a'as] - (a'a:)" -~ (afa)” - 41aPlas+20al" ) ax. ®

We note that Hy(q) = él)(ql) + H(()z)(qz), where H(()])(qj) = 3 Jrl9jl?dx, j = 1,2 are
independent conserved quantities. Another relevant observation is that the values of
Hi(q) and H3(q) are real due to integration by parts.

Various solutions to the CNLS equations (1) have been derived through different meth-
ods. The degenerate vector solitons with the single-humped profiles were initially ob-
tained through the inverse scattering method [39]. Bright and dark solitons had been dis-
covered using Hirota bilinear method [48| 52]. The non-degenerate vector solitons with
the double-humped profiles were derived by using the Hirota bilinear method in [53]].
The asymptotic behavior and collision dynamics of non-degenerate solitons have been
investigated in [49]. Furthermore, the Darboux transformation can be used to construct
non-degenerate vector solitons and breather solutions [37, 47].

This paper focuses on investigating the stability of non-degenerate vector soliton and
breather solutions from [47] in the time evolution of the CNLS equations (I). The sta-
bility analysis is a fundamental problem of mathematical physics, which is particularly
important for applications of solitons and breathers in physics.

1.1 Review on stability results for CNLS equations

The history of the nonlinear stability of solitary waves takes place from the first study
on the Korteweg-de Vries (KdV) equation by using the Lyapunov method in [7]. Re-
garding the NLS equation, nonlinear stability of ground states was obtained by utilizing

concentration compactness principle in [10} [12] and [58]. Furthermore, the Lyapunov
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method was extended to a general class of Hamiltonian nonlinear evolution equations in
[21},22], with more results concerning the spectral stability in [20]. The Lyapunov method
incorporates coercivity of the second variation of the Lyapunov functional in the proof of
nonlinear stability of the orbit of solitary waves. This approach has been used in many
works, see recent papers in [6] 29, 31} 32].

For the particular case of the CNLS equations (1) and their nonintegrable extensions,
spectral stability of degenerate vector solitons with the single-humped profiles was ob-
tained in [40]. The proofs of their nonlinear stability and instability was developed in [34,
35]. Variational characterizations of such vector solitons was developed in [43| 13} 41 42].
The stability analysis of more general vector solitons which include multi-humped pro-
files in one component and the single-humped profiles in another component was devel-
oped in [45} 46]. Finally, bifurcations and stability of such vector solitons was developed
recently in [59].

A difficulty in the nonlinear stability analysis of solitary waves with the multi-humped
profiles by using the Lyapunov method arises due to a high number of negative eigenval-
ues of the second variation of the Lyapunov functional and a low number of symmetries
that characterize its kernel [27]. In this work, we consider the double-humped profiles
of the nondegenerate vector solitons and breather profiles and use integrability of the
CNLS equations (1)) to obtain the squared eigenfunctions of the Lax pair, see [14}, 55]. The
squared eigenfunctions satisfy the linearized operators which solve the spectral stability
problem and contribute to the nonlinear stability analysis. The closure relation [19, 61, 28]
provides tools to prove the completeness of squared eigenfunctions in the spectrum of the
linearized operator and to compute the inner product between the squared eigenfunc-
tions and adjoint squared eigenfunctions. It also allows us to relate the spectrum of the
linearized operator with the spectrum of the second variation of the Lyapunov functional
[26] 145, 23]].

For the nonlinear stability analysis, we also use an additional tool that exists due to
integrability of the CNLS equations (I). The same non-degenerate vector solitons can be
characterized variationally with several Lyapunov functions due to the existence of the
higher-order conserved quantities. This tool was pioneered in the proof of nonlinear sta-
bility of multi-solitons in [25,38] and applied to studies of nonlinear stability of breathers
in [4, 5], Dirac solitons in [44], and periodic waves and black solitons in [17, 18]. Fur-
ther results on the linear and nonlinear stability of multi-solitons were found recently in
[33,57]. This approach is also useful to characterize linear transverse stability of solitary
and periodic waves even if the higher-order conserved quantities do not form coercive
Lyapunov functionals, see [24]. Here we will extend this tool to the CNLS equations ().

1.2 Main result
Recall the Galilean transformation for CNLS equations (1)) given by

T(a)q(x,t) = e 290F) q(x + 2at, t). )

If q is a solution of (1), so is T(a)q for any a € R. Without loss of generality, one can
consider the standing waves with zero speed and obtain traveling waves with nonzero

speed by using (9). Consequently, we will consider the non-degenerate vector solitons in
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the form of the standing waves:

2ib2t
q(x,t) = (e ) ez?@) (Z;%) (10)

where u71(x), up(x) : R — C represent spatial profiles of the two components with pa-
rameters by, by > 0 satisfying by # bp. Without loss of generality, we assume 0 < by < b;.
The exact expression for the non-degenerate vector solitons exist in the form, see [47],

. _ dbyc 2.2 bi—by -2

un (53 b1, b o1, 0) = it ([en e 4 fifre ) (11)
. __ by 2.2b by—by —2b

MZ(x/ bl/ b2/ C11, C22) - Mnjn%i) <|C11| e~ + bf.‘_bée 1x> s (12)

where

by — by)?
Mon(x) = Ebi + b§§2e_2(bl+b2)x + Jen [P0 4 [oppPe 2010 4 [ogy o P20 HE2)X

and cy1,cpp € C are arbitrary parameters.
The CNLS equations (1)) are invariant under the four-parameter group of translations:

i6; 0
S(61,62,x0,t0)q(x, t) = (eO e192> q(x + xo, t + to). (13)

If q is a solution of (1)), so is S(61, 62, xo, to)q for any 6y, 62, xo, to € R. Without loss of gen-
erality, one can take c11, cp; as real parameters by defining 6, and 60, in the transformation
(13). Furthermore, if we parameterize

by —by _5p
Cij = \/me 2%, 1, € R,

the non-degenerate vector solitons in the form reduce to the equivalent form found

in [3, 54]:
Zb“ / bz — bz cosh(sz(x — Tz))
1= ! 2 . . ’
bycosh(2b1(x — 11))cosh(2ba(x — 12)) — bpsinh(2b1 (x — 1) )sinh(2by(x — 12))

2b2\ / b% — b% Siﬂh(Zbl (x - Tl))

2= blcosh(Zbl(x — Tl))COSh(sz(x — Tz)) — bzsinh(2b1 (x — Tl))sinh(sz(x — Tz)) '

u

u

Only one parameter from 7y, 7, can be set to zero by the translational symmetry (13), the
other parameter determines the profile of the non-degenerate vector soliton. The spatial
profile of u; is positive, whereas the spatial profile of u, has a single zero at x = 7.
Figure(l|displays profiles |u1| and |u;| of some non-degenerate vector soliton solutions.
The positive profile u; can be either single-humped or double-humped. The single-zero
profile u; is always a superposition of two solitons of opposite polarity, hence |uy| is

always double-humped.
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FIGURE 1. Examples of the non-degenerate vector soliton solutions (11)-
with (a) b1 = 2, bp = 2.002,¢c11 = ¢ =1, (b) by = 2, b, = 2.2,
C11 = Cpp = 1, and (C) bl = 3, bz = 1, C11 = Cpp = % The solid blue line
represents |u1|, while the dashed red line represents |u5|.

Remark 1. The CNLS equations (1) are also invariant under the two-parameter group of rota-
tions:

R(ay, a2)q(x, ) = ( cos(ay) sin(rxl)> (cos((xz) isin((xz)) q(x,b). (14)

—sin(ag) cos(aq) ) \isin(ap) cos(az)

If q is a solution of (1)), so is R(a1,2)q for any aq,ap € R. The non-degenerate vector solitons
are written in the form with zero rotational parameters ay, ay.

For notational clarity, we define

2ib2t
2] . . L e 1 ul(x; bl, bz, C11, sz)
q x,t;a,b1,by;011,C =T(a . , 15
non b en, ez2) (@) (ezlh%tuz(x; b1, by, c11,¢20) (19

where T(a) is given by (9) and the spatial profiles are given by and (12).
The spectral stability of the standing waves is examined by considering the pertur-
bative solution in the separable form

2ib3t
2 el 0 “ .
q = Qion +£T(a) < 0 emgt> (P1(x)e™ + p3(x)e™) (16)
where ¢ is a small perturbation, p1, p> € L?(R,C?), and Q € C. Substituting into
and linearizing at the order of O(¢) yields the spectral problem for the linearized operator

JL.P = QP, (17)

where P := (pI,pI)T and the expressions for 7 and £; can be found in Section 3. In
Hilbert space L?(R, C*), J is skew-adjoint and £ is self-adjoint.

The self-adjoint operator £ is related to the first variational characterization of the
non-degenerate vector solitons

Ty := Hy — 4aHy + 4(a® + b)) HSY + 4(a® + b2)H?, (18)
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where Hy = H(()l) + H, (2), Hj, and H; are given by @), , and (@) Euler-Lagrange equa-
tions for 7; with fixed parameters a € R, by, by > 0 are given by

. 1
2iaqyx + 5 q1xx (g1 + q21P)q1 = 2(a® + b3) 1,
(19)

| 1
2iaqe; + S2.0x + (111 + 192]*)92 = 2(a® + b3) 12,

which are satisfied by q = qi[i]n(_, t;a,b1,by;c11,000) forevery t € R, 11, ¢ € C. Adding

a perturbation p to q%n in 77 and expanding it near q,[ﬂn yields
1 (qan + P) = Ta (o) + (L1P,P) + O(lIp[3), (20)

with the same self-adjoint operator £; in L?(RR,C*) and with P := (pT,p")T.
The method of squared eigenfunctions allows us to construct all solutions of the spec-
tral problem (I7). Denote the stability spectrum

os(JL)={QeC: PecL®R,CH}.

The following theorem gives the spectral stability of the non-degenerate vector solitons
by using the squared eigenfunctions.

Theorem 1. The non-degenerate vector solitons qLZO]n for the CNLS equations (1) are spectrally
stable, as indicated by

If % < \% or Z—; > /2, there exist embedded eigenvalues of J L1 that are limit points of the
essential spectrum of J Lq. For % < % < /2, the closure of the essential spectrum has no

intersection with the point spectrum.

Remark 2. The result of Theorem [I|agrees with the theory based on the dimension of the negative
subspace

N :={Pec H(R,C*: (LiP,P) <0},
see [46, Section 3]. Eigenfunctions for embedded eigenvalues were found explicitly, see equation
(36) in [46]], and these eigenfunctions attain the negative values of (L1P,P). If \% < Z—; <2,

the same eigenvalues with negative values of (L1P, P) are isolated from the essential spectrum of
J L1. Such eigenvalues on iR with negative values of (L£1P, P) are referred to as eigenvalues of
negative Krein signature.

It is natural to ask whether the non-degenerate vector solitons remain stable under
nonlinear perturbation in H! (R, C*). However, the nonlinear orbital stability theory from
[21, 22] does not hold for such vector solitons with multi-humped profiles because the

negative subspace of N restricted at the tangent space of fixed H (1), H(()Z), and Hj is two-
dimensional, see equation (41) in [46].

As a result, we provide a second variational characterization of the non-degenerate
vector solitons by using the higher-order conserved quantities H3 and Hy in (6) and (7).
However, the second characterization does not distinguish between the non-degenerate

vector solitons and the breather solutions, to which they are particular cases [51]. The
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nonlinear orbit of the breather solutions is constructed by using the scattering parameters
in the Darboux transformation as in the following definition.

Definition 1. Fix the scattering parameters (c11, €21, €12,€22) € C* and the spectral parameters
a € R, by, by > 0 such that by # by. The breather solutions of CNLS equations (1)) are given by

N(x,t)
[2} . . :: 4T 7 21
q“(x, t;a,by, by c11, 022, €12, €21) (a)—M(x, o 1)
where
N(x, t) = |:e21b%tb1 (‘C2|2€2b2x+% —szx) 21172 belb; C1C2e251x:| 1
1 2 )
+ {ezﬂ’%tbz (|c1|2e2blx + %e—zbm) Q2ib3t belbliz ey eszx:| o,
and
M(x,t) = %e 2(by+by)x X |C |2 2(by—by)x x4 |C |2 2(by—by)x
1 2
+ <’C1’2‘C2’2 _ %CIQC;Q) e2(b1+b2)x _ %Re <C1C o2i(~b 21 b2) ) ,
1 2 1 o)

for¢; = (cy, o)l i=1,2 Non-degenerate vector soliton solutions are given by the breather
solutions with c1p = ¢p1 = 0.

(a1) ©1) (c1) @)

[a|

la,|

FIGURE 2. Examples of the breather solutions witha =0,by =3, by =
1, C11 = Cpp = \/TE, and (al, a2) C1p = Cp1 = O, (bl, b2) C1p = Cp1 = 01, (C1, C2)
c1p = c1 = 0.5, (d1, d2) c1p = 0.5, cp; = 1. Top (bottom) panels show the
norm of the first (second) component.
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Examples of the profiles of breather solutions of Definition [I| are shown in Figure
Panels (al,a2) display the time-independent dynamics of a non-degenerate vector soliton
since c1p = cp1 = 0, where other panels display the time-periodic dynamics of the breather
solutions with different nonzero values of c1p, ¢p1.

The following theorem presents the main result of this paper on the nonlinear stability
of the breather solutions of Definition[I]

Theorem 2. The breather solutions are nonlinearly stable in the following sense. For any
initial condition ug € H?(R,C?), denote the global solution of the CNLS equations (I) by u.
Given any positive constant € > 0, there exist 5 > 0 such that if

lug — qm(uO; a,by,bp;¢11(0),¢22(0), ¢12(0),¢21(0)) || 12 < 9,

for some breather solutions ql?) with parameters a € R, by, by > 0 such that by # by, and
ci]-(O) € C,1<i,j <2, then there exist c,-]-(t) € CY(R,C),1 <1i,j < 2 such that

la(-,£) — q2 (-, t;a,by, by c11 (), e (1), c12(t), a1 () || g2 < €

for any t € R. The rate of change of c;;(t) are controlled by

Z |0cij(t)] < Ce (22)
i,j

forall t € R and some constant C.

Remark 3. Compared to the standard applications of the Lyapunov method, it is not sufficient to
use the translation and phase symmetries of the CNLS equations (1)), as well as the rotational
symmetry ([14), for the proof of the nonlinear stability of the non-degenerate vector solitons because
the second variation of the corresponding Lyapunov functional is not coercive in the tangent plane
related to these symmetries. The choice of the scattering parameters c11, €22, €12, €21, which can be
viewed as generalizations of symmetries in the Darboux transformation [31], addresses this issue.
When the four complex-valued scattering parameters are perturbed, the non-degenerate vector
solitons are not only translated according to the symmetries and but also transform into
more general breather solutions. Therefore, it is natural to consider the nonlinear stability of the
set of breather solutions. Evidences that breather solutions rather than the non-degenerate vector
solitons are more appropriate objects in the construction of the nonlinearly stable orbits can be seen
from various soliton interaction scenarios in a related complex short-pulse equation [9} [16].

1.3 Main steps of the proof
The CNLS equations (1)) are given by the second flow of the Hamiltonian equations

1 _J0Hp
=_J—=, 23
q: 25 5q (23)
where J = —iis a skew-adjoint operator. The Hamiltonian formulation (23)) is used in the

construction of the first variational characterization of the non-degenerate vector solitons,
asin . However, since this is not sufficient for the proof of their nonlinear stability, we

proceed with the second variational characterization, which extends to the entire family
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of breather solutions of Definition We define the following Lyapunov functional
T, := Hy — 8aHj3 + 4(6a* + b? + b3)Hy — 16a(2a* + b% + b3)H;
+16(a® + b3) (a® + b3) Hy. (24)

We show in Appendix |A| from the trace formula that q'?(x,t;a,b1,by; 11,00, C12,C21) is @
critical point of Z,.

For the solution u = u(x,t) in Theorem [2| the continuity and conservation of the Lya-
punov functional lead to

Tr(u(-, 1)) = Ta(q? (-, 1)) = To(uo) = Z2(q%(,0)) < Clluo — (-, 0)]Ip2,

for some C > 0. On the other hand, for the perturbation p added to q?

T, near q'% and obtain
Tr(q? +p) = To(q%) + (L2P, P) 12 + O(|IpI32), (25)

defined by a self-adjoint operator £, in L?(R,C*) acting on P := (pT,p")T.

If £, were coercive in H?(IR, C*), then we could obtain the stability of the non-degenerate
vector solitons. However, this is not the case. The self-adjoint operator £, admits a non-
trivial kernel of dimension eight and a negative subspace of dimension two. Introducing
the nonlinear orbit is a method to overcome this difficulty and obtain coercivity at the
tangent plane defined by appropriate orthogonality conditions.

To characterize the spectrum of L, it suffices to study eigenfunctions of the operator
J L. Using the higher flow in Hamiltonian equations, the spectrum of 7 £, can be deter-
mined by the method of squared eigenfunctions. The closure relation can then be used to
calculate the inner product (£;-, -) through these squared eigenfunctions. This approach
allows us to determine the number of negative eigenvalues and the kernel of £,.

The spectrum of 7 £, is very similar to the spectrum of 7 £; in Theorembut includes
no additional eigenvalues on iR (neither isolated nor embedded), see Theorem [3|in Sec-
tion |4} Similarly, the spectrum of £, contains two negative eigenvalues, see Theorem
compared to the spectrum of £; which contains four negative eigenvalues, see Remark

The main difficulty in the proof of nonlinear stability of breather solutions lies in eval-
uating the inner product (£L;-, -) on the subspace

gKer (7 Ly)\Ker(J L;)

in L2(R, C*), which corresponds to the zero eigenvalue of J £, with high algebraic mul-
tiplicity. By defining the skew-symmetric differential form

w(h,f) = (W' 7f)dx, fcKer(JL,), h e gKer(JLy)\Ker(J L) (26)

and transforming the inner product (£;-, -) to the integral of the differential form w(h, f),
we transform the corresponding inner product (£;-,-) into the inner product between
squared eigenfunctions and adjoint squared eigenfunctions. We present a new method to
calculate the inner product between squared eigenfunctions and adjoint squared eigen-
functions, which relies on the properties of integrability rather than on the explicit ex-
pressions for eigenfunctions.

In our approach, the inner product between squared eigenfunctions and adjoint squared

eigenfunctions can be determined by analyzing the behavior of squared eigenfunction
9
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matrices at infinity. The connection arises from the symmetry of the potential in the Lax
pair (2) and the differential equations satisfied by the squared eigenfunction matrices.

The kernel Ker(£L;) can be obtained through derivatives of the four complex scattering
parameters (c11,C12,C1,C22) in the orbit of breather solutions . Moreover, functions
corresponding to the negative subspace

Ny :={P € H*(R,C*): (L,P,P) <0}

can be derived from variations of conserved quantities that are linear combinations of
conservation laws. By considering modulation and constructing the reduced Hamilton-
ian [21} 22], we derive the nonlinear stability result of Theorem

1.4 Notations
Let us consider the real Hilbert space
X = {(u1 uy U uE)T DU, Uy € Lz(]R,C)} C L2(R,C%),
equipped with the inner product

f :R/f*d.
(t.8) = Re [ #'gdx

The decomposition for real Hilbert space L?(IR, C*) = X @ iX holds.
Notation -* represents the complex conjugate and - represents the operator adjoint or
conjugate and transpose for matrices. For example,

(10y)* = (—i)9y and (i9y)" = (—0y)(—i) = i0,.

Then we can view any vector u € L?(R, C?) in the space X through the bijection

i(u) = (;‘) €X.

The bijection ¢ is also an isomorphism between the Hilbert space L?(R, C?) and X since

(), 1(v)) = 2(u,v).

Then any operator A acting on L?(IR, C?) can naturally be extended on X:

A () =0 = ()

For a functional K(q) on L?(R, C?), the first variation 4& (q) is given by
( 5IC(q)> ~ lim K(q +€v) - K(q)

v, —
oq e—0 €
for v € L?(R,C?). The second variation is given by
2K () 1v] = lim Sq(a+ev) - 5q (1)
(qu e—0 €

In the following, we abuse the notation A to represent A’ without ambiguity and some-

times we mean u be ((u) in X. The reason why we consider X instead of L?(IR, C?) is that it
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makes the expression and calculation of functions more convenient compared to the sep-
aration of the real and imaginary parts of functions. The functions in X can be obtained by
the functions (q7,r")T € L?(R,C*) with symmetries r = q* which are the symmetries of
potentials in the Lax pair (2). Hence it is natural to consider the space X in the dynamics
of the CNLS equations (T).

It is important to note that both the space X and L?(IR, C*) can be interpreted as complex
linear spaces. When we examine the eigenspace of an operator, we consider complex
linear combinations of eigenfunctions.

1.5 Main contributions

Our main contributions can be listed as follows.

e The spectral stability for non-degenerate vector solitons is obtained by using the
method of squared eigenfunctions. The spectral problem of the linearized oper-
ator J L, is solved by squared eigenfunctions and the spectrum of the linearized
operator J L1 is obtained with the dimension of the negative subspace N7. The
non-degenerate vector solitons are spectrally stable. In addition, the linearized
operator J £, admits either embedded or isolated eigenvalues of negative Krein
signature.

e We connect the inner product (£;-,-) for eigenfunctions in the generalized ker-
nel of the operator J £, with the integral in the skew-symmetric differential form.
This integral can be computed from the squared eigenfunction matrix due to inte-
grability of the CNLS equations (I). The dimension of the negative subspace N,
is calculated. Our method can be readily extended to the studies of stability of
solitons or breathers in other integrable equations by using the integrability tools.

e The nonlinear stability of the breather solutions in the CNLS equations (1)) is de-
rived for the first time. The nonlinear stability of the non-degenerate vector soli-
tons with the spectral parameters a, by, by holds when they are included in the or-
bit of the breather solutions of Definition [1| given by the scattering parameters
€11, €22, €12, €21 in the relevant Darboux transformation.

1.6 Qutline

This paper is organized as follows.

e In Section 2, we construct the non-degenerate vector soliton and breather solution
by using Darboux transformation. We also introduce squared eigenfunctions and
the squared eigenfunction matrix. The Lyapunov functional and the properties of
its second variation are analyzed.

e In Section 3, we investigate the spectral stability of non-degenerate vector soliton
solutions. The proof of Theorem [lI| relies on analyzing the spectrum of the lin-
earized operator [J £ constructed by using squared eigenfunctions.
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e In Section 4, we construct the squared eigenfunctions in higher flow to prove that
the squared eigenfunctions satisfy the spectral problem for 7 L,. Subsequently,
the closure relation induces the spectrum of £,.

e In Section 5, we prove the nonlinear stability of breather solutions in Theorem

2 Darboux transformation and breathers

We introduce the Darboux transformation for constructing breather solutions and their
squared eigenfunctions. We also compute values of the conserved quantities at the breather
solutions.

The N-fold Darboux transformation is applied to the Lax pair (2)-(3) in order to obtain
the same Lax pair but with a new potential that gives a new solution to the coupled NLS
equation (I). Compared to the Lax spectrum of the original solution, the Lax spectrum
of the new solution contains N additional isolated eigenvalues. Since the zero solution is
inherently a solution for the CNLS equations (), applying the N-fold Darboux transfor-
mation yields N-soliton solutions of the CNLS equations ().

The trace formulas (see Appendix|A) suggest that N-soliton solutions satisfy ordinary
differential equations (ODEs). The Lyapunov functional Z in is derived from the cor-
responding system of two fourth-order ODEs as a linear combination of the conservation
laws, each of which remains independent of time.

2.1 Construction of breathers
Denote for any matrix M = (mi]')lg,-,jg N/
0 mpp my3
(M)Off = | My 0 0 .
ms3q 0 0

To get general N-soliton solutions for CNLS equations (1), we pick N distinct spectral
parameters {A;}¥, C C* = {z € C : Im(z) > 0} such that A; # A, for every i # jand
use the following N-fold Darboux transformation.

Proposition 1. [36|37] Let &l pe g fundamental solution and QI pe the corresponding poten-
tial for the Lax pair (2)—(3). Define the N-fold Darboux matrix

IN] N oA — AS
D (/\/ X, t) = 1[3 - Z A — \* |x1><YZ’ (27)
i=1 i
Then,
oVl = pNigll

is a fundamental solution of the Lax pair 2)—@B) with the new potential given by

N
QN = QU+ 205 " (A — A7) (Ixi) (yil )/, (28)
i=1
12



where |x;) = (X1, %20, %3,)", [yi) = W1 Y2,0y3:0) ", (x| = (|xi)" and (yi| = (|yi))". The
vectors |x;) and |y;) are related by

(i) 2D, ly)) = (a, bad, = b)) M, M=<§ §i<yz|y]>) )
1<i,j<N

Applying Proposition [I| with Q% = 0, N = 2, and @0} = &1+ we define two
spectral parameters A1, A, such that A; # A, and the vector

1
lyi) = @ (A x, £)cl! = el dit) (icli) , 1=12,

iCZi

where (cji)1<ij<2 is a matrix of complex scattering parameters. The transformation (28)
produces the 2-soliton solutions of the CNLS equations (I). To get breather solutions of
Definition (I} we take the spectral parameters in the form Ay = a +ib; and A, = a +ib;
with by # by. Matrix M in is given explicitly as

2Ref(A —2Ref(A 261 ¢ 0(A1) +0(A —0(A1)*—0(A
o (e B s )
b1 b, 21€ ) e + dype
where
dij = c?c]’,
and

0(Ai) = idi(x + Ajt)
— —by(x -+ 20t) +i (a(x + 2a) — (a2 + B)t)
= —big +i (g — (@ + b})t)

with { = x + 2at. Then, M := det(M) is given in Definition [T} Denote M = (1)1 j<2.
The Darboux matrix D! in is obtained in the form

1
D2 — .- —

S M (30)
2iby (maz|y1) (y1| — mo1|y2) (y1l) Zibz( miz|y1) (y2| + mi|y2) (y2|)
A—&Z—l—lbl /\—Ll—l—lbz

Since
oz 212
lyi) (yil = el(a8=(@+)t)s | jo 0=(0ib)E o ]e(b S i ]e(b i+bj )5 e i(a2~(o +bf)t>‘73,

icyie™ B0 eyt et gyt elbit)e

(31)
the transformation (28) yields the breather solutions given by (21). Additionally, by set-

ting c1p = ¢p1 = 0, we obtain the non-degenerate vector soliton solutions given by (I5).
13



The fundamental matrix solution (FMS) of the Lax pair (2) with the new potential Q[?
is defined by ®? = D@, The asymptotic behavior of ®2! is particularly useful in
Section 4 It follows from the explicit expression for M that

N dy1e2ie o %due(bﬁbz)g—i(bg—bg)t i
blZ_l'J_zb2 d21e(b1+b2)§+1(b1—b2)t d22e2b2§ ’
and
o218 %e*(bﬁbz)éﬂ(b%*b%)f
~ 1102 _
M 2o ()t o 2iC ;X oo
which implies that the determinant M = det(M) satisfies
M+e2(b1+b2)€, X — 400
M~ { M—e2bi+b)l  y oo (32)
where
4b1by __ (i —b)?
M' =dpdy — ———dpdy, M = ———=2.
Combing and with (30), we define
2b 2b
Din = ducip — bllezdlzCﬂ, Dip = dyocin — bl+—2b2d21€12
and

lz_]'_()\) = ZileizC;} (/\ - )LE) + ZiszﬂC;(Z(/\ - )\T),
which gives the following asymptotic representation of the Darboux matrix

D2 ~ D2 as x — doo,

where
1 0 0
I35 (A) I5(A)
DELOZ O l-srmay T
I3 (A) 15 (M)
0 2L 1 2
M- A (13 M A (A3
and
(A=A1)(A=A2)
2 =iy Y0
D=, = 0 10
0 01

Let us define two FMSs ®* of the Lax pair (2)—(@) for the breather solutions by

o+ =02 )1, o =D )

oo o0
The two FMSs satisfy
Pt ~ ei)\(x+)\t)a3
14
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and appear to be important in the inverse scattering transform (see Appendix [A). The
transfer matrix between the two FMSs is given by

S(A) =D, (D2) !
(/\7/\{)()‘7/\;) O O
(A=A1)(A=A2) 1 ) )
= 0 T MT(A=A)(A=-A3) MT (A=) (A=A3) : (33)
0 5 (A) 1— I5H(M)
M*(A=AT)(A=A3) M*T(A=A7)(A=A3)

The (1,1) element of the transfer matrix S(A) is useful for calculating the closure relation
of squared eigenfunctions.

2.2 Construction of squared eigenfunctions
Recall that the FMS matrix ® = (c/)i]')lgi,ng satisfies the spectral problem

@, (A x, 1) =UA, q)@(A; x, 1), (34)

with the symmetry Q = Q. It follows from Appendixthat the inverse matrix ® (1) =
of (A*) = ((f)ij)lgi,j§3 satisfies

(@ 1 (A x,t) = — (@) (A%, H)U(A, q). (35)

The squared eigenfunctions of the Lax pair (2)-(3) are constructed from ®(A) and ®*(1*).

Let us denote the i-th column vector of matrix ® by (®); and its i-th row vector by (®)".
The squared eigenfunctions are defined by

51(®@) = (P12 P2 —Pr11g —<P11<1332)T,
$2(®@) = (P13 P11z —P11das —<P11<1333)T, (36)
s_1(®) = (p2P11 P11 — P12 —47124331)T,
s_o(®) = (P31 Pasd11 —P13Pa —<P13¢331)T
and the squared eigenfunction matrices are defined by
p1(®)(A) = (@(A)1(®T(A7))?,
pa(®)(A) = (®(A)1(®T(A))°, 37
p-1(®)(A) = (®(A))2(@T (1)),
pa(®)(A) = (®(A))3(@T(A)".



The elements of the squared eigenfunctions s;(®) are found in the off-diagonal entries of
the matrix p;(®) since we have fori = 1,2,

* pudriv1 Pudsii
pi(®) = | ¢2141,i11 * * /

$3191,i+1 * *
*  Privda Privada
p—i(®) = | poi1Pn1 * * .
¢3ir1P11 * *

The symmetry condition Q = Q for the potential induces symmetry between different
squared eigenfunction matrices

pi(®)(A) = p-i(®)' (A7), i=12 (38)
Hence the squared eigenfunctions satisfy the following symmetry,
. — . *) ) * _(O2x2 Ip
s(@)(0) = —x(e@)), == (2 k). 39

Now we consider the differential equations satisfied by the squared eigenfunction ma-
trix. According to equations and and symmetry (38), the squared eigenfunction
matrix p;(®)(A) satisfies fori € {£1, £2},

Fi(A) = [U(A),F(A)], Gx(A) = —[G(A),U(A)]. (40)

The differential equations are useful for calculating the orthogonality conditions be-
tween squared eigenfunctions and adjoint squared eigenfunctions in Section 4.4.

For different solutions, we need to choose different FMS @ to construct squared eigen-
functions. We require that ® has no singularities at the point spectrum of the Lax pair and
that the squared eigenfunctions constructed from ® are non-zero at the point spectrum.
The exact forms of the squared eigenfunctions for non-degenerate vector soliton solutions
and breather solutions will be examined in Sections 3land &

2.3 Conserved energies for Lyapunov functional 7,

The Lyapunov functional Z, given by is time-independent since it is a linear com-
bination of the conserved quantities (@), (5), (6), (7), and (8). It follows from Appendix
that the conserved quantities for breather solutions can be expressed explicitly in terms
of the spectral parameters A1, A, € C:

n

2
H, 1= ?Im (M +A3), n>1

Variations of the conserved quantities with respect to q are given by

Hyt _ owrs (ynadM LMo 0N
_ _on— n— n—1Y"*"1 n—19742  yx\n—-19"*2
=S (Al L g e agiB - gy

and involve ql and 2t 5q w1th coefficients that are polynomials in A; and A}. Consequently,

a special linear combination of these variations can vanish. The followmg proposition

follows from a more general Proposition[A.Ijwith N = 2 proven in Appendix[A.1]
16



Proposition 2. Define the polynomial

Pa(A) = (A= A1) (A = A1) (A = A2)(A = A7) = i 2" A"

n=0

where uy are the elementary symmetric polynomials. The breather solutions correspond to the
critical points of the Lyapunov functional

4
I = Z ]/lan. (41)
n=0

For the spectral parameters Ay = a +iby, A, = a + iby, we have

po = 16(a” + b7) (a* + b3),
1y = —16a(2a® + b3 + b3),
Uy = 4(6&12 + b% + b%),

;’l3 - _Sal

s =1,

from which the Lyapunov functional coincides with the explicit expression (24).
Moreover, the trace formula reveals that

Hy = 2(b1 + by),
H1 = 4(1(b1 —+ bz),
8
Hy = 8a*(by + by) — g(b% +b3), (42)
Hs = 16a°(by + by) — 16a(b3 + b3),

Hy = 32a*(by + by) — 64a2 (b3 4 b3) + 35—2(1953 +b3),

from which we obtain

64
T, = —E(b1 + by)3(b? — 3b1by + b3).

Now we turn to variation of conserved quantities in terms of the functions q. We will

derive the explicit form of the ODE satisfied by the breather profile, as well as the operator
17



L defined in (25). The first variations are given by
SHy

g ¥
0Hq

E = 1qx,
5H2 . 2
E - (qxx‘i‘z’q‘ q) ’

0H3 _ . 2 t
5q (q<3x) +3[q]"qx +3qq qx),

0H,4

Tq ~ et 4/q|°qx +2997,9 + 499" qux +29:97q + 699" qx
+2|9x|*q + 6lq|*q.

Hence the breather profile satisfies the system of two fourth-order ODEs given by

4 SH,

Yt

=0.
n=0 (Sq

The second variations are given by
——— =1,
—— =1idx,
= =- (8§+2|q|2+2q®q*+2q®q-*>/
S - (af; +3q%0x +34: ® q" +39x ® q " +3q"qx +3q © q*0x +3q @ qx-*) .

— 2t = 9t 4 4[qP2 490 ® qF F 490 ® q - +2q1,q +29 ® g9 - +2q @ q,

+4q qux +49 ® 0% +4q @ qur -F +29790x + 292 @ q1 + 291 ® qOy-*
+6|q|* +12|q|*q® q* + 12|q|*q ® q-,

where the operation ® is defined by q ® r = qr! and -* is a multiplication with complex

. . . 2
conjugation. For instance, % acts on an element of X as follows:

5°H, (v) _ _( 02v +2|q|*v +2q ® q*v + 2q ® qv* )

W v* 02v* +2|q)?v* +2q* ® qv* +2q* ® qFv
18



The linear operator £, in is expressed by the fourth-order operator

4 2
0-H,,
Cz = E 12 .
n=0 ! (qu

Let D(.A) denote the domain of an operator A in X. Then, we have the following property.
Proposition 3. The linear operator L; is self-adjoint operator acting on the space X N D(L;).

Proof. It suffices to prove that ‘5;‘;{2”
2
‘55—;2 is self-adjoint, and the same method can be applied to the other cases. It is evident

that 02 and |q|? are self-adjoint. We consider the operator q ® q* in the space X, then

+
qeq* 0 _ / 1 (q®q* 0
Re/R(( 0 q*®q)f) gdx = Re ]Rf ( 0 q ®q gdx.

Similarly, the operator q ® q-*

.i_
0 q®q _ / + 0 q®q
Re/}R((q*@)q* 0 )f) gdx = Re ]Rf (q*®q* 0 gdx.

02Hj
5q?

is self-adjoint. We demonstrate this by showing that

2
Similarly, one can show that and ‘5(5—(1;4 are self-adjoint. J

Since £, is self-adjoint, the spectrum of £, in the space X is a subset of R. The operator
L, can be viewed as a perturbation of a linear operator

Lo = i (i0y)" = 2*P 19
0 = = Un\ldx )" = 2 5 )
The perturbation depends on q and its derivatives, which belong for the breather solu-
tions to the Schwartz class. Consequently, £ is a relatively compact perturbation of the
operator L. The essential spectrum of £, coincides with the spectrum of L., by Weyl’s
essential spectrum theorem. Since

Pr(A) = [A =AM A —A22 >0, AER

for every A1, A, € C\{IR}, the essential spectrum of £, is strictly positive and is bounded
away from zero.

3 Spectral stability of vector solitons

We examine the spectral stability of non-degenerate vector solitons and prove Theo-
rem [I] According to the expression (15), the variables in non-degenerate vector soliton
solutions can be separated into functions of ¢ := x + 2at and t respectively

2 A
qLo]n = entq(é‘), (43)
where
m=ai (Vi D) a0 = gt brerre 2% |y Pe2et + fitze -2t
0 |A2)” det(M) \ pycpre—2i6 |C11|2€2b1€+ZTIZ;e*2515 y
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where Ay = a +1ib; and A, = a + ib,. Substituting (43) into (I}, CNLS equations (I)) can be
reduced to equations involving §(¢) that are independent of ¢

1, - M2 0 N o a2
—§qxx—2wqx+2( 0 |pp)dlafa=0o (44)

which coincides with system (I9). The spectral stability of the non-degenerate vector
soliton solutions is examined by considering the perturbation

q = e"(g(2) +e(p1(2)e™ + p5(g)e™™)).
The perturbations P satisfy

_.(I 0 M1 Ms . _ Pl)
1<0 _H2> (M; MT)P_QP, P_<p2 , (45)

where

and
|7\1|2 0 |A|2

0 |An |2 )
.1.

1
£0(q) = —9% — 2iad, +2 (

T e C* as follows:

~—

The variation of lead to the operator £ acting of (v, v

) 1(52H2 5 0*Hy

We consider J and £; in the space X, then the two operators have representation

I, O (M1 M,
(s ). a2

The equation (45) becomes

52 HO

+2diag(|A1]% [A2f% |A1)?, |42 )? )

JLP = QP. (46)
The stability spectrum is defined by
os(TJL1) ={QeC: PelL™}

Spectral stability is defined by the condition 05(J£1) C iR. Our goal is to determine
the spectrum of 7 £ by constructing the squared eigenfunctions that satisfy the spectral

problem (46).

Remark 4. Since the range of the function q is C?, it is important to note that py and p, are
linearly independent. Unlike previous work, where the perturbation was considered as p =
(p1(&) +ip2(&))e™, we now consider p = p1(&)e™ + p5(&)e?t. This approach takes into
account the linearized operator that the squared eigenfunctions satisfy.



We define

2 (A=ADA—=A3) 0 0
(I)r,non ()\; @) = (I)[z] ()\} C, 0) 0 A— /\T 0
0 0 A=A
to eliminate the singularity with respect to A and consider the squared eigenfunctions
PLi(4E) = 5 (®on(1:2),  Pan(Ai€) = sua(@en(1:E)).

Denote CIDE,LOH = (Qi]')lgi/jgg,, the squared eigenfunctions have exact representation

Py = (Qu(A)Qu(A)* Qar(M)Qu(A*)* —Qu(A)Qui(A*)* —Qui(A)Qsi(A*))",

Pt = (Qu(M)Qu(A")* Qai(A)Qui(A*)* —Qui(A)Qar(A*)* —Qu(/\)Qa.l(/\*)*)(Tz)
47

for i = 2,3. The derivatives of Q;; with respect to A are given by
Qua =1i6Qu1 + R1,  Qua =160 + Ry, Q310 =1i6Q31 + Rs,
Qizr = —i8Q12, Qua = —ifQu+e ¢, Q) = —ifQs,
Quzp = —iQu3, Qusr = —ifQ23, Qs = —iQs+e ¢

where

. s 2i [ (by —by)? 2 0
Ry = (2)\ - /\1 - /\2) - Moo ( by + by T00 +s§ b3—s|Css’T4—25,25—2 (S f,,

2¢:b; by — b gy
Ri+1 _ Cii0j 1 ZTOO) e721a(:el)ng’ i=1,2,

Mnon bl + bZ

and T;j(x) = el2i=2)01+(2=2)balx Now we calculate the derivative of squared eigenfunc-
tions with respect to A. Denote e; be the identity column vector with i-th component be
1, and define

Gi1(A) = (R2(M)Q1; (M) R3(A)Qf;(A*) —R1(A)Q5;(A*)  —R1(A)Q5 (1)),
G_it1(A) = (Q(AMR; (M) Qzi(M)RF(A*) —Qu(A)R5(A*) —Qui(A)R5(AY))
fori = 2,3. We obtain
Pir(A) = 2iP;(A) + Gi(A) — Qui(A)e*ei,
P_i2(A) = =2i8P_;(A) + G_;(A) + Q1 (A)e He;,

(’031',31"217,31' +

fori=1,2.
The squared eigenfunctions are used to find the spectrum of J £;. The linearized
operator for CNLS equations (1)) is

1, . . .
Li= <—§8§—lat—!q\2) L-q®q" —q®q

obtained by the variation of (I). Let ®(A;x,t) be a solution of the Lax pair and
¥ (A; x, t) be a solution of the adjoint spectral problem

¥, =YU, -Y:=VYV,
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setting F = ®(A; x,1)¥(A; x, t), we have
F, = [UF, F =][V,E. (48)

- (5 %)

1., . \
(—Eai —i0; — |q|2> g— (q®q")g+ (q® q)h =0,

Denote

it leads to

1 . %) % *
(—§8§—1at—|q]2)h—(q®q )h+ (q® q)*g =0,

due to equations [{#8). Hence the squared eigenfunctions satisfy

L ( _gh) = 0. (49)

We identify four squared eigenfunctions, P; for j = +1,+2, that satisfy the linearized
equations (49). The squared eigenfunctions are written in the separable form

P =PV, j=x+1,42,
hence the squared eigenfunctions satisfy
JLP=QP;,  j=41,£2, (50)
where Q); = 2i(A — A;)(A — )\;") and Q_; = —Q); for j = 1,2. Computations in Appendix
show that
P; € S(R) C L?(R), A=Ay, Ap AL AL
Py, Py € e PMMELO(R), A # Ay, Ap, AL, A,

A

P, P, c X™MNIL®(R), A #£ A, Ay AL AL

Hence the squared eigenfunctions belong to L (R, C*) if and only if A € {A1, A, A}, A5} U
R which is the Lax spectrum of the Lax pair (2) at the non-degenerate vector solitons.
Since QO = 2i((A — ReA;)* + Imz(/\j)), the values of (}; on Lax spectrum are
Q) € [2ib7,ie0), —Qj € (—ioo, —2ib7], AER,
(A1) =0, £(A]) =0, £04(Ay) = £2i(b] — b3), +O4(A3) = £2i(bF — b3),
+ (M) = £2i(b5 — b)), +(A]) = £2i(b3 — b7), +Ma(A2) =0, +M(A3)=0.

Using the squared eigenfunctions, all solutions for spectral problem are obtained
according to the following lemma.
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Lemma 1. The squared eigenfunctions (47) are fundamental solutions of the spectral problem
forany Q € C. If Q) & {£2ib?, £2ib3,0, £2i(b? — b3)}, the FMS are

f’l(ai —%Q—b%), f’2<ai —%Q—bg),
(51)

13_1<a:|: %Q—b%), f’_z(azl: %Q—b%).

If Q) € {£2ib?, £2ib3,0, £2i(b? — b2)}, the FMS is given by the limit of a linear combination of
squared eigenfunctions.

Proof. We rewrite the spectral problem for P as the following system of linear first-

order ODEs . .
P P
. =AQ) (4 |, 52

where A(Q)) is obtained by the spectral problem (46).

For general A, we can find eight solutions for (52). Hence these solutions are all solu-
tions for the spectral problem (52). More concretely, if A ¢ {Re(A1), A1, A}, Re(A2), Az, A3},
then there are eight independent solution (5T). We denote the FMS be P4 (7).

On the other hand, for Ay € {Re(A1), A1, A],Re(A2), Az, A5}, the FMS is given by

lim P (x,t;A)[P4(0,0;1)] -1
/\—))\0

which proves the last assertion. g

Based on Lemma (I, we obtain the spectrum of operator 7 £, as follows.
Proposition 4. The spectrum of operator J L1 in L?(R, C*) is given by
0(J L1) = [~ico, —2i min b? U [2i min b?, +ico] U {0, +2i(b? — b3)}.
1=1, =1,

The essential spectrum is

Ooss (T L1) = [—ico, —2i1 %r; b?] U [2i m%r% b?, +ico)\ {£2i(b? — b3)}
=1, =1,

and the eigenfunctions are

Pi(A), AeR, j==£1,%2
The point spectrum is

Upoint(jﬁl) = {0/ :I:Zi(b% - b%)}
The eigenfunctions for () = 0 are spanned by

Pi(A1), Pi(A]), Pa(Az), Pa(A3),
and the generalized eigenfunctions are spanned by
Pia(A), Pia(A]), Paa(A2), Paa(A3).

The eigenfunctions for Q = 2i(b? — b3) are spanned by

Pi(Ay), Pi(A}).
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The eigenfunctions for QO = —2i(b? — b3) are spanned by
Py(A1), Pa(A7).

Proof. Having determined all solutions to the spectral problem by Lemmal |l we now
focus on the asymptotic behavior of squared eigenfunctions described in (5I). The kernel
of J L4 can be obtained by squared eigenfunctions on the point spectrum of Lax spec-

trum. Since the determinant of the FMS d>£%,]wn is zero at the points A = A1, Ay, A], AJ, the
squared eigenfunctions in the point spectrum are linearly dependent, and it can be shown
that

. 1 by — by 4

P_1(\)=— P1(Aq),
1(M) C%1b1+bz 1(M)

o * * b1+b2’\ *

P_y(A]) = (C11)2—b2 b P1(A7),

(b1 —by)

P_1(A) = (132(/\1) + |enn [PPa(A]

2C11C22b1 )> ’

o % ch bz —b1 A by +0b 2 A~ "
P = 2R () + L2 PR )
A b _b A raX *
Pah) = S22 (i) +[en PR (15))
(b —b) (. i+ b)2, e s
Pa() = B (B o) + G enPRa4) )
A 1 by —by.
P_r(Ay) = = Py(A2),

2( 2) C%Z bl i b2 2( 2)

D * * b +b D *
P_»(A3) = (sz)zbi — bz Py(A3).

To analyze the generalized eigenspace on point spectrum, we take the derivative with
respect to A on both sides of

The proof is completed by using the asymptotic behavior of generalized eigenfunctions

in Appendix O

Remark 5. It is well-known for general soliton solutions [60] that the squared eigenfunctions for
the point spectrum are also eigenfunctions of the recursion operator L, given by (A.12). However,
for non-degenerate vector soliton solutions with c1y = cp1 = 0, the corresponding relationships
need to be slightly amended. In this case, we have

Lrp(A) = Ap(A).
for the eigenvectors given by

p € {PLi(MPia(A) 1 A = Ay, AT, A, ASI\{P1(A2), Po1(A3), P2 (A1), P2 (A7) .
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However, the left eigenvectors satisfy the following equations:
L:P1(A2) = MP1(A2) + | (A2 — A})P1(A3),
LPy (M) = Asz()\l) +len (A1 = A3)P2(A])
LP_1(A3) = AP_1 (A7) + [ena (A5 — A1) P_1(A2),
L,P_o(A7) = A3P2 (A7) + [en P(A] — A2)Pa(A1).
For example, the squared eigenfunction matrices satisfy

2 0 0 0
(@0 (x:12)) ~ | 0 0 0], x— —oo,
0 ZiCZsz(b% — b%) 0

7

and hence the integral in L,P1(A,) is computed as follows:
L,P1(A2) = A2P1(A2) +icnaba (b3 — b7)(0, 41, —43,0)"
where § = (41,42)7 is given in @3). By straightforward calculation, we obtain
1 o cs .
0,41, —43,0)T = ——————P1 (M) + ——2—P1(13),
( q1, —42 ) C22b2(b1+b2) 1( 2) bZ(bZ_bl) 1( 2)

hence L£,P1(Ay) is equal to A1P1(A2) + |c22|?(A2 — A7) P1(A3). For the scalar NLS equation, the
above relations do not arise since each spectral parameter corresponds to one scattering parameter,
while in CNLS equations, one spectral parameter A; corresponds to two scattering parameters c;.

FIGURE 3. Computation of the spectrum of operator 7 £ through Fourier
collocation method. The blue points are the numerical results. The red cir-
cles are the eigenvalues in point spectrum and the yellow stars are the end
points of essential spectrum +2imin{b?,b3}. The parameters are a = 0,
b1 =2,c11 =cpp =1,and (a) b, = 2.2, (b) b, = 2.5, (c) b, = 3.

As an illustration, we apply the Fourier collocation method to numerically compute the
spectrum of the operator 7 £;. Figure[3|presents three cases. For a fixed by, as b, increases,
isolated eigenvalues of (7 £ on panels (a,b) become embedded eigenvalues on panel (c).
The numerical results are in agreement with the analytical expressions in Proposition [

Since the spectrum of the operator 7 £; is contained on the purely imaginary axis, the

proof of Theorem|[T|on the spectral stability of non-degenerate vector solitons is complete.
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4 Spectraof 7L, and L,

We consider the spectra of J £, and £, for the breather solutions of Definition
The spectrum of J L, can be obtained by using squared eigenfunctions, and the key
tool connecting the spectra of these two operators is the closure relation for squared
eigenfunctions. The main difficulty lies in the inner product (L;-,-) within the space
gKer(J Ly)\Ker(J L;). We propose a new method to calculate it.

As the main outcome of our analysis, we compute the number of negative eigenvalues
and the dimension of the kernel for the second variation of the Lyapunov functional (24):

_ 82Hy 52H,
L —16(02 b%)(ﬂz + b%)v — 16&(25[2 + b% + b%)—5q2
0?H. ?H 02H
2 2 2 2 3 4
460"+ by b2)5—qz B Saé—qz + 5q%

This linear operator appears in the expansion of the Lyapunov functional around the
breather solution q!2:

7,(q® + eu) = ,(q?) + %62(52(“)/11) +0(€).

It is necessary to study the spectrum of £, for the proof of the nonlinear stability of
breathers in Section [5l

Recall that the non-degenerate vector solitons are included in the breather solutions
for c11,c22 # 0 and c1p = 31 = 0. For general non-degenerate breather solutions,
three of the scattering parameters c11, c12, c21, €22 are required to be nonzero. If c1; # 0
and cjp = ¢y = 0, then the breather solutions become the degenerate vector soliton with
the single-humped profiles, stability of which is well-studied, see [13, 34, 35| 41}, 42, 43]].
Hence we assume that c1; # 0 with either c1p # 0 or cop # 0and without loss of generality,
we consider c11, ¢1p # 0 and arbitrary ¢y, c20 € C.

4.1 The squared eigenfunctions

The squared eigenfunctions for the non-degenerate vector soliton solutions have been
constructed in Section 3} Here we consider the general case of breathers. To eliminate the
singularity associated with A in the point spectrum, we introduce the regular Darboux
matrix and the regular FMS

D = (A=) (A= A)D2 sy, @7 = (A= A])(A - A3)0 1.

The squared eigenfunctions for breather solutions are

Pii(A) = Sﬂ(q’y])f Pir(A) = Siz(q)?])- (53)
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To obtain the asymptotic behavior of squared eigenfunction, we define D;” = (D, j)lgl”]’gg
with

* * 1 2 * —
Djll = (A=A =A3) - M+ Z(A —As)(A = A3 )d3 53 se 4bsx,
s=1

2 2 s ope o
DSy = Ve Y bsDigs(A — Aj_ e 2reTe 20N,
s=1
2 v o 2bibadis ol N
D;Fl i1 T M+ Z <b5d3—5/3—scis()\ — /\3_5) _ ; S+bs 1,3 S(/\ o )\5)) e 2bsxe21ax,
s=1 1 2
+ 2i &
Dr1+1,]+1 - (A Al)(A /\2)51] M_|_ Z b Dz3 SC]S(/\ /\3 s)
fori,j=1,2and D, = (D, ;)1<ij<3 with
_ 1 2 .
Dr,ll :(/\ B Al)(/\ - )\2) o F Z(A - As)(/\ - A3—s)dsse4bsx/
s=1

. 2 by R
Dr1+ll M- Zb by + b ()L As— S) ste 21ax’

Dr11+1 — Zb S (A /\3 s) stxez ax,
2 2 4b
Dr_z—|—11+1 =(A— AD)(A—=A37) — Z (2ibs|cis|” — (A — A%)dss) (A — As_g)es*
- 2i 2 4bgx
Dr1+14 i M- ZbSCZSCES 15()‘ )‘3 s)
s=1

for i = 1,2. The elements of regular Darboux matrix DLZ] = (Dﬁj)lgiljggg satisfy

2] +
Drl] D“] X — 0o,
from which the asymptotic behavior of the squared eigenfunctions can be derived. The
following proposition gives the construction of the squared eigenfunctions.
Proposition 5. Assuming c11,c21, 12, c22 7# 0, the squared eigenfunctions are nonzero and
belong to the class of Schwartz functions on R for A = Ay, A}, Ay, A3. Moreover, they satisfy the
following relations:

c cr 1
Py(A1) = %Pl(ftl)z Py(A}) = =Py (A]) + —P_1(A}),
11 Co1 1121
C cr 1
Pa(12) = ZPi(ha), Pa(A3) = ~2Pi() + - Pa(A))
2 12622

with linearly independent P11(A1), P11(A2), P41(AT), and P11(A3). The functions

P1 (A1), P1a(A2), Po1a(A]), P_1a(AS)
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also belong to the class of Schwartz functions on R, whereas
P1A(A1), P1a(A2), Poga (A1), Py a(A2)

are unbounded as |x| — oo.

Proof. The relations between squared eigenfunctions P»(A) at A = Ay, A}, Ay, AS are ob-
tained by algebraic calculations. The expressions for P_»(A) at A = Ay, A}, Az, A; can
be obtained by the relation (38). In view of the symmetry (39), it suffices to consider

pl(dJLz])()\). We provide the calculations for p;(® @7 })(/\1) and the calculations for the
other entries are similar. The squared eigenfunction matrix satisfies

p1(@7) (1) = @4py (D) (1) ~ @Mpy (DF) (M), x — %o,
hence we have
p1 (@) (A1) ~ P 1%p (D) (M), x — too,

It can be observed that s;(® ®? ])(/\1) exhibits exponential decay as x — oo due to the
term e 221*, Elements of the first column of D; at A = A; are represented as:

D;33 (M) = (A = A2) (Mg = A])die,

2by by — by

2b —2i
TZ+11(/\1) M b +b ()Ll —)Lz)e 1xe lax’

and elements of the second and third columns of D, at A = A] are represented as

2b1 by — by o § .
D,1ia(A1) = M- b byt L(AT = A3)ePhixeliox,
— 21b1 % "
Dr1+1 i+1 (A7) = M- 11| (Al Az)e4b1x’
21b1 %

_ " b
Dr1+14 Z(Al) M- 27— CilC3— zl(Al /\2)84 1x,

for i = 1,2. Hence, 51((1)[2])()\1) exhibits exponential decay as x — —oo as well. For the
derivative of s (® ®? ]) at A = Ay, we have

p1(®2) (A1) ~ e2%e 1%y, (DF) ) (A1) + 2ixe?™e 2017y (DE) (A1), x — oo,
with

p1(D)a(M) = (D (A))1 (D7) (A))? + (DF (A))1 (D) (A7)

In view of the exponential decay e2"* for p1(<1>£2]) A(A1) as x — +oco, we only need to
consider the case x — —oo. The functions

1 2 i
(D;1)a(A) = (A1 — Ag) — e Y (2A1 — Ag_s — AY)dyge*,
s=1
_ 2 b - b3 st —2i
(D“Jrll) M Zb b +b25c15e Xo—2ax

5=
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and

D AF) — 2 2 bb b3 S x 2bsx 2iax
<m+1><1>——WZ S b, S e

s=1

- * * * 13 . * *
(D, i1i01)a(A) =(A] — A7) — e Y (2ibs|cis|* — dss(A] — A3))et,
s=1

- . 2i 2
(Dr1+14 z) (M) =- M- Z bsCiscé,ilse‘lbsx,

fori =1,2. Hence, s1 ((IDLZ]) 1 (A1) exhibits the exponential decay as x = —co aswell. [

4.2 The spectrum for 7L,

Since q'? is a solution of % — 0 for every t € R, it suffices to consider 7 £5(q/?)|i=o.
The eigenfunctions of J £, are given by the squared eigenfunctions (53). Define

n
V,=i) LA", neN,
i=0

where L; is defined in Appendix We consider the Lax pair associated with a linear
combination of the first flows in the CNLS hierarchy:

d>2x()vx tz) = U()\ )d>2()vx tz)

(54)
q)2t2 )\ X, tz 22 ]11 q)z()\ X, tz)

The squared eigenfunctions of the Lax pair (54) satisfy

4 .
Box = [U,By], Boy, =Y 2'ui[Vi, Byl
i=0

hT
B, = f2 2 ,
2 (gz —f1,2)

then the straightforward calculation shows that

<_gﬁ2) ., = JLy(u) ( gﬁz) .

Applying the 2-fold Darboux transformation to the solution

If we denote

<I>£O] _ ol(Ax+16P2(A)t2)3

of the Lax pair associated with zero potential ng] = 0 and the vector

1
’yl> — q)g)] (AZI x, tz)c[l] — ei()\ix+167?2(/\i)t2)03 1C11 , l — 1, 2/
iC2i
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we obtain the new FMS

® gz} (A x,t) = o2 (A; x,0) e16iP2(A)t203

of the same Lax pair but associated with the potential ng] (x,t2) = Q% (x,0). Hence
we have obtained the eigenfunctions of the operator J L>(q?) |t=0. From here, we prove
the following theorem, where we simplify the notation and write .7 £ instead of 7 £5(q?) |;—o.

Theorem 3. The squared eigenfunctions satisfy the spectral problem for the operator J L
given by
TLaP11(A) = £32iP2(A)P11(A),  TLoPia(A) = £32iP2(A)Pi2(A).
The spectrum of J L, is given by
o (T Ly) = (—ico, —32ib3b3] U [32ib3b3,ic0) U {0}

and includes the essential spectrum

Oess (T L) = (—ico, —32ib3b3] U [32ib2h3,ic0)
and the point spectrum

Tpoint (T L2) = {0}.

If c11,c12 # O, then the eigenfunctions of Ker(J Ly) are spanned by eight squared eigenfunctions

Pi1(M), Pii(A2), Pii(A), Pia(Ay),

whereas the generalized eigenfunctions of Ker(J L) are spanned by four squared eigenfunctions

P1a(A1), Pia(A2), Poga(A7), Poga(Az).
Specifically, we have

T LoP1 A (A1) = 64by (b7 — D3)P1(A1),  TLoP_1(A}) = 64by (b7 — b3)P_1(A}),
T LoP1 A (M) = —64by (b7 — b3)P1(Ay), TLoP_1A(AS) = —64by (b3 — b3)P_1(A3).

Proof. The point spectrum consists of squared eigenfunctions corresponding to A € {A1, A,
A3, A;}. For these values of A, the FMS becomes singular, leading to only eight indepen-
dent eigenfunctions in the kernel by Proposition [5| (see also Remark [/). The essential
spectrum is a direct consequence of Weyl’s essential spectrum theorem. The polynomial
satisfies

Pa(A) = (A =a)* + 01)((A —a)* + b3) = biby,
for A € IR, and the lower bound is attained if and only if A = a. g

Remark 6. Compared to the spectrum of the operator J L1 in Theorem |1, the spectrum of the
operator [J Ly in Theorem 3| does not include a pair of purely imaginary eigenvalues (isolated or
embedded) of negative Krein signature. This is related to the fact that compared to the four negative
eigenvalues of the operator L4, the operator Ly has only two negative eigenvalues, see Theorem

and Remark[9
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Remark 7. In Proposition |5 we require the assumption c11,c21,¢12,¢220 7# 0. If c11,c12 # 0
with zero cp1 or cpp or both, some of squared eigenfunctions will be vanishing. We can perform a
similar calculation as in Proposition[b|with a proper adjustment. For example, if cy1 = 0, the func-
tions P1(A}) and P_1(AY) are linearly dependent but Py \ (A1) is linearly independent from other
functions in Ker(J Ly). By straightforward calculations, the following squared eigenfunctions in
Ker(J L) are linearly independent if cpy = 0 and c11, ¢12, c2p 7 0:

Pi(A1), Pi(A2), P_q(A7), P_1(A3), Poa(A1), P_i1(dz), Poa(A1), Popi(A7).

Similarly, the following squared eigenfunctions in Ker(J Ly) are linearly independent if cyp = 0
and c11, 12,621 7 0:

Pi1(A1), Pi(A2), P_1(A]), P_1(A3), Pra(A2), P_1(A1), P_2(A2), P_p,(A3)
and, finally, if cx1 = cop = 0 and c11,c1p # O:
Pi(A1), Pi(Az), P_1(A]), P_1(A3), Pya(M), Paa(Az2), P_oa(A]), P_pa(A3).

In all these cases, the generalized eigenfunctions remain the same as in Theorem

4.3 The closure relation and orthogonal condition

The squared eigenfunctions satisfy the closure relation, which implies that the set of
squared eigenfunctions forms a complete basis in the L? space. Using the closure relation,
any perturbation in L? can be expressed in terms of the squared eigenfunctions.

The closure relation and orthogonal conditions relate the spectrum of 7 £, to the spec-
trum of £,. To compute the quadratic form (L;-, -) for squared eigenfunctions, it is suffi-
cient to calculate (J~!-,-) = —(J-, -) for squared eigenfunctions. Since

(TLy)* = —-L2J,
the adjoint squared eigenfunctions [J P; satisfy the spectral problem
—LoJ (TP) = F32iPr(A)(TPy), i=1,2.

Thus, computing the quadratic form for squared eigenfunctions relies on the analysis of
the inner products between squared eigenfunctions and adjoint squared eigenfunctions.
This approach allows us to determine the number of negative eigenvalues and the kernel
of L. The closure relation (see Appendix |C) leads to the decomposition

L*(R,C*) = E + gKer(J £L2),
where

E = span {/ wi(MPi(A,x)dA, w; € L2(R,C), i=+1, :I:Z} .
R

The sum is not a direct sum with respect to the inner product. However, orthogonality

conditions apply to squared eigenfunctions both in the continuous and discrete spectra.

The following proposition specifies the orthogonality conditions between the squared

eigenfunctions in the continuous spectrum, where we use the Kronecker symbol: §;; = 1
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Proposition 6. The following orthogonality relations hold:

/IR Pl (A, x)JPj(N,x)dx = im [(A — A1) (A — A2)|*6(A — )&y, (55)
fori,j € {£1,£2} and A, A" € R. Moreover, the orthogonality conditions
(Lou,v) =0, uclkE, vegKer(JLy) (56)
also hold.
Proof. Appendix|Cland the expression for S(A) give the relations
-1

The orthogonality relation is obtained from and (33). Since the bases for E and
gKer(J L,) satisfy the spectral problem for the operator [J £, the inner product (£L,u, v)
can be transformed into (Ju, ¥) for some ¥ € gKer(JL;). The conditions follow
from the closure relations when the continuous and discrete spectra are not empty. [

It remains to obtain the orthogonal condition between squared eigenfunctions and ad-
joint squared eigenfunctions in the point spectrum. We use here the squared eigenfunc-
tion matrix defined by ®. The singularities of ® are eliminated after a multiplication
of ® by a constant factor. In view of {#0), the matrix

(G(1)E(A))x = i(A = 1)G(17)o3F(A) —iAG(17)F(A)es + 503G (1) F(A) +i[Q, G(7)F(A)]

leads to

Tr((G(7)F(A))x) = i(A —n) (Tr(G(y)o3F(A)) — Tr(0aG(17)F(A))) - (57)
Let Ag, 170 € C be arbitrary. Substituting
4 . 4 ,
F(A) = ;}Fi(/\ —Ao), G(A) = ;)Gi(’? —10)",

into and grouping the terms with respect to (17 — 770)/ (A — Ag)’, we obtain
Tl‘(GoFo)x :i(/\o — 170)(T1‘(G00’3F0) — TI‘(0'3GOF0)),
TI'(G]'FQ)x :i(/\o — 170)(T1‘(G]'(73F0) — TI‘(0'3G]'F0)) — i(TI'(G]',10'3F0) — TI‘(O'ng,lFo)),
TI'(GO x :l()to — 170)(TI‘(G00'3F1') — TI'(0'3G0F1')) + i(TI'(G()O'gFi_l) — TI'(O'gGoFi_l)),
TI'(G] x :1()\0 — ﬂo)(Tr(G]'0'3Fi) — TI'(0'3G]'FZ'))
+ i(TI‘(G]'O'g,Fi,l) — Tl'(O'g,GjFi,l)) — i(TI‘(ijlUgFi) — TI'(O'3G]',1F1'))
for 1 <i,j < 4. This yields for Ay # 1o,
i 1
Tr(GoosFg) — Tr(03GoFy)) =
(Tr(GoosFo) — Tr(03GoFo)) 30— 70)

1
—Tr(G1Fy +
2(Ao —10) (GiFo Ao — 1o
2

i)
)

1

F
F

TI'(GQFo)x,

N = N =

(TI'(G10'3FQ) — TI'(0'3G1FQ)) = G()Fo)x.



and for Ay = 7o,
i 1
E(TT(GOO-:;FO) - TI‘(0'3GOF0)) - — ETr(GlFO)x/

1 1
E(Tr(Glo'gFo) — Tl‘(O'g,GlFo)) = — ETI‘(GQFQ)X.

hT f* g+>
F = fl 1), G= 2 2 ).
(81 Kl) (h§ K}
Then, we obtain

Tr(G(17)03F(A)) — Tr(03G(n)F(A)) = 2(—gig1 + hihy),
Tr(G(1)F(A)) = fifs + g3g1 + hihy + Tr(KJK;),

which yields the following lemma.

Let us denote

Lemma 2. Consider the squared eigenfunction matrix p;(®) defined in and the squared
eigenfunctions s;(®) defined in (36)), associated with the spectral problem (34) with the symmetric
potential Q = QY. The identity

2(A = 1)s;(@) (") Tsi(@)(A) = Tr (p} (@) (1" )pi(@) (V) )

holds for any spectral parameters A and y. If A = Ao and 5 = 1o, where Ao and 1 are eigenvalues
of the spectral problem and Ay # 1o, the integrals between the squared eigenfunctions and
the adjoint squared eigenfunctions in the point spectrum is given by

[ 1) T5(®) (o) =55 (@) 1) (@) (1)) +:
[ 5 (@) (1) T5i(@) (o) dlx :m“ (1L, (@) (15)pi(®) (1o)
bt @ @) |
For Ag = 1o, the integrals are given by
[ 5i(®)" (1) Tsi(@) a)edx = —5Tr (p1, (@) (1) (@) (o) ) +:
[ 5 (@) (1) T5:(@) (o) = T (L (@) (16 pi(@) (o) +:

We use Lemma [2|to calculate (L;-, -) in the generalized kernel of J L.

4.4 The inner product for the generalized kernel of 7 L,

It remains to calculate the quadratic form (£;-, -) in the subspace spanned by the gen-
eralized eigenfunctions for the zero eigenvalue of J L;:

span {P 1 (A1), Py (A2), P a(A]), Po1a(A3) ]}
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Equivalently, we need to analyze the quadratic form (-, -) using the relation between
JL> and L,. Recall the differential form which is skew-symmetric, i.e., w*(h, f) =
—w(f,h). The quadratic form becomes

(h, L2f) = —Re /]R w(h, J Lof).

Hence we need to calculate the integral of

w(h,g), g€ span{P1(A1),P1(A2),P_1(A]),P_1(A3)}, h € gKer(J Ly)\Ker(J L)

on the real line. It is noted that if h € Ker(J £;) = Ker(L;), then the self-adjoint operator
L5 induces

(h, Lof) = (Loh, f) = 0.
We use Lemma 2| to obtain the following proposition.

Proposition 7. If c11,c12 # O for the breather solutions of Definition (1| then the matrix is given

by
0 b 0 0
20 0 0
_ 2 2\2 | 07
(fome) —20t-w2|d 0 0 ol
0 0 b} 0
where

P1a(M) Pogp(A]) Pra(A2) Poga(A5)
iC11 ’ —iC’lkl ’ iC12 ’ —iCTZ ’

P1(A1) P_i(A]) P1(A2) P_q(A3)

iC11 ’ —iCikl ’ iC12 ’ —iCikz ’

h e span{

g < span{

Proof. We provide the proof for [ Ptl, L (A7) T P1(A1)dx. The proof for all other entries is
analogous. Lemma [2]and the symmetry condition imply the identity

+o0
[P TP (A dx = — T (p (@) (D (@) (M) N
+o0
= —}ITT (pl,AA(q)LZ])(Al)pl(q)LZ])(Al)) )

The second derivative of squared eigenfunction matrix p; (<I>£2]) at A = Aq is given by

pr@)a0 (A1) ~ €520 (py (DF) 0 (A1) + 4ixpr (D)2 (A1) — 422p1 (DF) (A1)

as x — +o0o. As x — 400, we have
Tr (Pl,AA(q)LZ])(Al)pl(q)?})()\l)) —0

due to the term e 2%1% and the fact that Dji]. are bounded. Now we consider the case

x — —oo. It follows from the expression of the second derivatives of the matrix D, that

(D, )an =2.
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Since

pr(DF (M) =(DF, () (D (D) 200 () (D)D)
+ (0 () (D50 D)

we collect the constant terms and obtain

2
<P1 (@ ])()\1)701(@2])(7\1)) — 2(by — by)? (%Ziblcllz +z (b1 — bz))

= —8(b2 —b3)%c3, b3, as x — —co.

This concludes the proof for (P_j 5 (A}), TP1(A1)). O

Remark 8. If c1p,cp1 = 0 and cy1,c0 # O for the non-degenerate vector soliton solutions, the
generalized kernel for J Ly is

span{P; (A1), P1r(A]), Poa(A2), Paa(AD)},

and the matrix is given by

0 —b2 0 O
¥ 0 0 0
— 2 12 1
(feme) —20i-®)|% 5 0 2],
0 0 —b5 0

where
h € span{P; 1 (A1), P1 (A7), P2 (A2), P22 (A5) ),
g € span{P; (A1), P1 (A7), P2(A2), P2(A3)},
due to different definitions of the FMS for breathers and non-degenerate vector solitons

) (A-AD(A-23) 0 0
(I)r,non = (I)m |t:0 0 A— /\T 0
0 0 A=A

versus

o7 = (A —A1)(A - A5)®) .

4.5 The spectrum for £,

The number of negative eigenvalues of £; is given by the following theorem.

Theorem 4. For breather solutions with c11,c1p # 0, the operator Ly(ql?!) defined by
in L2(R, C*) has two negative eigenvalues (counting multiplicities) and the zero eigenvalue of
multiplicity eight.

Proof. We consider the breather solutions with cq1, ¢12 # 0. Define the cone

Ny = {u € HAR,CY):  (Lruu) < o}
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and denote the dimension of the maximal linear subspace contained in N, by dim(N>).
The dimension of N is equal to the number of negative eigenvalues of L. To calculate
dim(N>), we use the closure relation. Any function v € L?(R,C*) can be decomposed as

Z/w] i(x;A) dA + aR(x),

where w;(A) are functions of A, a is a constant, and R € gKer(JL;). Since the essen-
tial spectrum and the point spectrum are orthogonal with respect to the quadratic form
(L5, -), we will consider the continuous and discrete parts separately.

For the continuous part, we have by (55),

(L, /]R wi(A)Pi(A; x) dA, /R wj(A')P;(V;x) d)

_Rig /IR wi(A)P(AP;(A;x) dA, /R wj(V)P;(\; ) dN)
— _30i /}R w0} (A)wj (V)| P(A)[PF(A;2) TB;(A;x) dA dA’ dx
= 320y [ (A= AD)(A = A2) |y () FIP(1)] dA > 0.

This calculation indicates that there is no contribution to dim(A>) from the continuous
part. Thus, dim(N>) coincides with the number of negative eigenvalues of the Hermit-
ian matrix H(gKer(J L2)) associated with the quadratic form (L2|gxer(7z,)/ ). Since
L(u) = 0 for u € Ker(L,), it suffices to consider the Hermitian matrix H(gKer(7 L) \
Ker(J £L7)). By Proposition[7| the Hermitian matrix is

Thus, dim(N;) = 2. In addition, the kernel of £, is eight-dimensional since Ker(£;) =
Ker(J L;) = 8 by Theorem O

Remark 9. For non-degenerate vector solitons (15), the operator L1 defined by in L2(R,C*)
has four negative eigenvalues (counting multiplicities) and the zero eigenvalue of multiplicity
four. Since the number of negative eigenvalues of Ly is equal to the dimension of Ny, we calcu-
late dim(N7). Following a similar arqument as in the proof of Theorem [} the dimension of N
corresponds to the number of negative eigenvalues of the matrix

(L1f,g), f,gcspan{gKer(JL;)UKer(42i(b? —b3) — TL1)}.

Since the spaces gKer(J L) and Ker(£2i(b? — b3) — J Lq) are orthogonal with respect to

the product (L1-,-) by [23], we analyze these two spaces separately and switch the product to

(-, J). The product (-, J-) in space gKer(J Ly) was analyzed in Theorem 4} For f,g €
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{Pa(A1), P2(AT), P1(A2), P1(A3)}, we derive the matrix

’C11|2b1 _bl , 0 0
by b=k 0 0
£ — (b2 — 12)2 lc11[2(b1+b2)
(f ke =iwd-1d?* | R
o by (b1 —bs)
0 0 b2 |ca2|?(b1+b2)?
by Lemma 2}, which yields
—|e11]by b1 0 0
2
by __bi(bi—by) 0 0
(12 12\3 |c11[2(b1+b2)?
((£1f, 8)) = (b1 —b3) 0 0 |22 |?b2 —by '
0 0 b, by (by —by)?

|c22[*(b1+D2)?
with two negative eigenvalues. Using the same argument as in Theorem {4}, we conclude
n((£:f,8)) =2, f£,g€ gKer(TLy),
and
n((Lqf,g)) =2, f£,g¢c Ker(£2i(b? —b3) — TLy).
Thus, dim(N7) = 4. The kernel of Ly is four-dimensional since Ker(L,) = Ker(J L1) = 4 by
Proposition
Next we consider the spectrum of £ in the real space X. To do so, we need to transfer
the eigenfunctions from L?(IR, C*) into X. We consider the transformation
C:L*(R,C* = X: CP=P+(ZP)".

Since

Zﬁ;):. =L,
the operator £, and C commute

LC = CL,.
As a result, we obtain the following lemma.

Lemma 3. The self-adjoint operator L(ql?) in the real Hilbert space X has two negative eigen-
values (counting multiplicities) and the zero eigenvalue of multiplicity eight.

Proof. For any eigenfunction P € Ker(£L;), we have
LoC(P) = CLy(P) = 0.
Hence, the kernel of £, in X is
Kerx(L;) = span{CP,CiP: P € Ker(L,)}.

There are eight independent eigenfunctions in Kerx(£;) in view of the symmetry (39),
hence dim Kerx(£,) = 8.
For the negative eigenvalues, the same argument in Theorem [4 can be applied for
gKer, (£;) = span{CP,CiP: P < gKer(L>)}.

Hence, the number of negative eigenvalues in X is two. 4
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FIGURE 4. Approximations of the spectrum of £, (the first row) and J L,
(the second row) using the Fourier collocation method. Eigenvalues are
divided by 64 for convenience. The blue points are the numerical results,
and the red circles represent the analytical results. The yellow stars are the
end points of essential spectrum. The parameters are: a = 1, by = 2,11 =
¢ =1, c1p = ¢y = 0with (a,d) b, = 2.2, (be) b, = 2.5, and (c,f) b, = 3.

In order to illustrate the result of Theorem [, we have computed the spectrum of the
operators £, and J £, numerically. We use the Fourier collocation method. Eigenvalues
of the operator £, and J L, are shown in Figure @] in agreement with the theoretical
analysis.

Based on Lemma (3} we derive a coercivity result for the operator £, in X. This result is
needed for the nonlinear stability analysis of breathers in Section [f|

Denote the negative eigenvalues and normalized eigenfunctions of £, in X as —A% 12
and 717_1 , respectively, i.e.,

Lon_q = —A*11_1,
Lon-p=—A251 2,

with ||[7-1]l;2 = |l7=2ll;2 = 1. It can be proven by the elliptic estimates that the zero
eigenvalue is isolated from the rest of the spectrum of £,. However, this relies on the
exact form of £,. Instead of elliptic estimates, we use the fact that the zero eigenvalue
of J L, is isolated from the rest of the spectrum of 7L, in order to prove that the zero
eigenvalue of £; is also isolated.

Lemma 4. If the perturbation z € H?(IR, X) satisfies

z € Kerx(L£2)* Nspan{n_1,7_2}+,
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then

(£22,2) = Collz 12
for some positive constant C.

Proof. It suffices to show that zero is not the limit of the point spectrum of £, since the
essential spectrum of £, is bounded away from zero. We argue by contradiction. Suppose
there exists a sequence {A, : A, > 0} ; such that A, — 0 as n — co. The normalized
eigenfunctions ¢, satisfy

EZ‘Pn - An‘Pn/

with ||¢,|[;2 = 1. Since zero is an isolated eigenvalue of J L,, for sufficiently small A,
we have (J L2 — A,) ™! uniformly bounded on Ker(L£;)+ = Ker(J £,)*. Hence,

1pnll < ClI(T L2 = An)¢ull
< CAull T pn — ¢l
<4CA, — 0,

which is a contradiction to ||¢,|| = 1. O

Remark 10. The proof relies on the bounded inverse of J (which implies that Ker(L;) =
Ker(J L)) and the fact that zero is an isolated eigenvalue for J L,. For other integrable sys-
tems, if J does not have an inverse with a finite-dimensional kernel, then we also need to consider

Ker(J).

5 Nonlinear stability of breathers

We give the proof of Theorem [2| that states the nonlinear stability of breather solutions.
The nonlinear manifold of breather solutions is characterized by four parameters of the
breather:

2 . . i
{q[ }(x, t;a, by, by;c11,012,€01,€22) © €11,C12,€01,C02 € C} -

The main approach to proving the nonlinear stability of breathers involves analyzing the
nonlinear manifold and utilizing the conservation laws to constrain perturbations within
a space where the operator £, is coercive. Subsequently, the time-invariant property and
continuity of the Lyapunov functional lead to the conclusion of nonlinear stability. To

simplify the notation, we will use q instead of q? to denote the breather solutions.

5.1 The reduced Hamiltonian

Letn(A), z(A), and p(A) denote respectively the number of negative, zero, and pos-

itive eigenvalues of a linear, self-adjoint operator A in a Hilbert space. We proceed to
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define the conservation laws

4
Q= Z aa,uan =0,

n=0
< 64 >
Qp, == ), O, puHn = —?191(b1 —2by) (b1 + b2)",
n=0
< 64 >
Qp, = ) O nHn = ?bz(ﬂ?l —by) (b1 + b2)7,
n=0

where we have used the Lyapunov functional and the expressions for conserva-
tion laws. The Hessian matrix is given by

4
(aarIZ — Z aUT,uan>
n=0 o,tef{a,by,by}

(by — by)? 0 0 (58)
—64bi+b) [ 0 bi(ba—by) 0 .
0 0 by(by — by)

It is related to the reduced Hamiltonian £,P, where P is the projection of X onto

X; = span 0Qq 09, 09, ;
1 p 5q ’ 5q 7 5q .
By utilizing the Hessian matrix (58)), we prove the following lemma.
Lemma 5. It is true that
4
n(‘CZP) = 1'1(52) —Pp docly — Z aaT,uan ’
n=0

z(LyP) = z(Ly).

5Hﬂ —_
oq

Proof. Differentiating % =Y o 0 with respect to o for o € {a, by, by}, we obtain

69,
oq

4 SH,
n=0

oq

Differentiating 7, = Z%:o 1nH, with respect to o for o € {a, by, by}, we obtain

4 4 5Hn 4
ooy = Z aaﬂan + Z ﬂn5_/ aaq = Z aa,uan
n=0 n=0 q n=0
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512 SHy _

due to the same equation =Y otn g = 0. Another differentiation with respect to

T for T € {a, by, by} yields

4 4 5Hn
09,1 = Z d9sunHy + Z aal/ln ,0
n=0

4
= Z araaVan - (£2a(7q/ aTq) :
n=0

Comparison with shows that the Hessian matrix is related to the negative eigenvalues
of ﬁz by

4
docly — Z aar,uan = - (ﬁzaaq/ arq) .
n=0

The remaining proof is standard but we give it for the sake of completeness. Based on the
identity (59), we define

Y = {0.q, 9,9, 9,9} -
Since the Hessian matrix given by has no zero eigenvalues, we have

4
n £ - arI - aT an s
(Laly) P(UZ ngoaﬂ ) (60)
z(Laly) =0,

and Y N X; = {0}. Hence, we have the direct sum decomposition X; @Y. Since £, is a
one-to-one map from Y to Xi-, according to (59), Y is isomorphic to Xi" so that X; &Y = X.
In addition, by and the definition of Xy, for any u; € X;, v1 € Y, we obtain

(Lov1,u1) = (Z aa,un q ) =0

for some ¢. Hence the sum is also direct under the product (£;-,-). In view of (60), the
number of negative and zero eigenvalues for £, in space X; @ Y is given by

4
1’1([,2) = n(*CZ’Xl@Y) = n(*CZP) +p (aO'TIZ — Z aar]/lan) ’
n=0

and
2(L2) = 2( Laly,oy) = 2(L2P),
which completes the proof. U

Since n(L;) = 2 by Lemma [3] it follows from and Lemma [5| that n(L,P) =
Hence £, is coercive in the space

5Qa égbl 5Qb2 +
5q’ é6q’ Idq
according to the following lemma. Compared to Lemma [, we obtain the coercivity for

L5 in terms of the spectral parameters of the breathers.
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Lemma 6. If the perturbation z € H*(R, X) satisfies z € R'(q), then
(EZZ/Z) Z Cl ||Z||%_12/
where Cy is a positive constant.

Proof. We have previously established the L? coercivity of £; in Lemma 5, To prove the
H? coercivity, we consider the ODE % = 0 satisfied by the breather solutions.

We proceed by contradiction. Suppose there exists a bounded sequence {z,} C H?(R)
such that ||z, ||z = 1 and (L2, 2z4) — 0 as n — oo. The L?-coercivity induce that
- 2
lim {|z,|[7> — 0.
We also have lim;, s ||0x2y || ;2 = 0 since

[0xzn| 12 = (9x2zn, 9xzn) = _(aizmzn) < ||8§zn||¥2||zn||¥2 —0, n— oo

Hence
lim [32ull7> — 1

By the definition of £;, we obtain

2 .
||8§Zn 12 + Z(aécznrfi(q/ q", Qs 9y, Qs Gx ) OxZn)
i=0

+ (21, 80(4, 9%, Qs Ay Qxs Az )Zn) — 0,

for some polynomial functions fy, f1, f2, go. Since

(@2, f3lzn)| < Il ezl 2210520 1142 — 0,

L

fori =0,1,2,j =0,1and polynomial f = f(q,q* qx, 9}, 9xx, 95 ), We obtain

2 .
Y (0zn, fi(q, 47, Qs Qs Qs Qe )02Zn) + (20, 80(4, 47, s 45, Gxxs Q) Z0) — O.
i=0
This leads to a contradiction
||8§zn|| — 0.
Therefore, the H?-coercivity holds. 4

Based on Lemma [p| we define the space

R(q) := {v € H*(R,X): v eKerx(£2), Qu(q) = Qo(q+V), o< {a, bl,bz}}

and obtain the following lemma.

Lemma 7. There exists a constant Co > 0 such that for sufficiently small z € R(q) in the H?
norm, it is true that

(L22,2) > Ci|z]|F2 — Callz] 7
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Proof. For any z € R(q), we decompose it as
6Q
z :Zl+ Z a05_0+2,8ijaCijq/
Ue{ll,bl,bz} q 1/]
where z; € R/(q). Since Q,(q +z) = Q. (q), expanding Q, around q with perturbation
z yields

0Q éQ 50,
Z Dég( 5 o T) _|_Zﬁ1] < c,]qr ) = O(HZH%{Z(]R)), T € {a,by, b} (61)
oe{a,by,by} q i] q

Moreover, since z,z; € Ker(L,)", the identity
09
Y o (T”,acqu) +3 By (9,0,90,9) =0, 1<kI<2 (62)
U’E{a,bl,bz} q i,j

holds. Solving equations and (62), we observe that the coefficient matrix is the Gram
matrix in Ker(£,) Uspan {% } Thus, the order of coefficients is given by

o= O(lzlF2),  Bij = O(lzl3e), (63)

so that we obtain for some constants C;,Cp,C3 > 0

(L22,2) = (L221,21) +22% <21,£25Qq0>+2% T<£2(5Qqa %)

> Cillzillfe — Callzllzpllz e

9
7 — Z 06(75—‘10 —+ Z‘Bijacijq
if

O’E{IZ,bl,bz}

2

>C — Gsllzl|3

H2

> Cilzlle — Callzll3e
by the Cauchy-Schwartz inequality and the estimates (63). O

5.2 Lyapunov functional

We identify the perturbation to the nonlinear manifold of breather solutions by
using the orthogonality conditions to the kernel of £;. The four complex scattering pa-
rameters of breather solutions generate a manifold of real dimension eight. This
manifold corresponds to the kernel Kerx (L), according to the following lemma. Com-
pared to Theorem @ where the eight-dimensional kernel of £, in L2(R, C*) was obtained
by using squared eigenfunctions, the kernel of £, in X is characterized in terms of the
scattering parameters.

Lemma 8. The kernel of Ly in the real Hilbert space X is spanned by the derivatives of q with
respect to the four scattering parameters c;j = |c;; et

Kerx(L;) = span {8|Cij|q[2},89i].q[2], i,j= 1,2} )
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Proof. We have proven that dim Kerx(£;) = 8 by Lemma {3, It remains to show that
0) Cl,],|q[2], agijq[z] € Kerx(£;) and that the eight eigenfunctions are linearly independent.
Since the operator £, is independent of ¢;;, we have the expansion

VI (q%(cij + €)) = VI (q¥(ci)) + €L2(3c,q%) + O(€?).

Since the perturbation on ¢;; does not affect the Hamiltonian, the ODE
VI (q®(cii + €)) = VI (q?(c;j)) = 0
holds. The O(¢€) term represents that
£2<acijq[2]) = 0.

It can be verified that 9, i q?, agiqu are linearly independent in view of the exponential
term. The detailed verification is omitted here. O

The following lemma follows from Lemma 8|by standard estimates.

Lemma 9. There exist 5, €9 > 0 such that for all 0 < 6 < by, there exist functions

(c11(t), ca1(t), c12(t), cn(t)) € C*
such that

w(-,t) = u(-,t) — q@ (-, t;a,by, by, c11(t), e (£), c1a(t), can(t)) € Kerx(La)*

for [|[w(-,t)||2 < 6. Moreover, if u € C(IR, H*(R,C?)) is the solution of the CNLS equations
(1)), then

Y, o) < Clw(-, £)l (64)

1<i,j<2

for some constant C.

Proof. The proof relies on the Implicit Function Theorem. For any ¢ € IR, consider the
equations

g11 = (w, acnq )
g12 = (W, 0, q ),
= (W,9c,94)
(W, e, q).

7

621 7

822 = szq
Then
Sijlu(t)=q2 (5 = 0r
and
athgiJ"u(t)=q[2](t) - _(acqum/aciiqm)’
which is the Gram matrix in Kerx(£;). This matrix is non-degenerate (its determinant is

non-zero) since Bci].q[z] are linearly independent.
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For the equation (64), differentiating (w, acqu[zl) = 0 with respect to t, invoking CNLS
equations (1)), leads to

(dru — atqm B Zacz‘quatcﬁ' Bcqu[z]) + (w,atacqum) = 0.
L]

Since

1
@ =310, 30,9%) | = |(“igwss-+ [ufu ~ g g, 22,97 )
< €1y 12w e

the derivatives of the coefficients c;; satisfy

Y- 91cij(0c,9,0c,9%) = (W, 9:05,4™) + (9w — 319, 9¢,97) = O(|wl|p2).  (65)
L]

Since the matrix (8Cijq[2], e, q%) is non-degenerate and (c11(t), c12(t), c1(t), c22(t)) is close

to the parameters (c11,¢12, €21, ¢22) of the breather solution q'? in the Implicit Function
Theorem, the coefficient matrix in remains non-degenerate by the continuity of the
inner product and the determinant. O

Before proving Theorem [2, it is necessary to establish the continuity of conservation
quantities, according to the following lemma.

Lemma 10. The conservation quantities Hy(u), Hi(u), Hy(u), H3(u), Hy(u) are continuous
in the space H*(R, C?).

Proof. The proof relies on continuous embedding. Let u,v € H2 with |||, ||[V| ;2 < M
for some constant M. For Hy(u), we have

|[Ho(u) = Ho(v)| = |[[ullfz — [Iv]|72

= [(lallr2 = [[vllz2) (lall 2 + ([ 2)]
< OM|lu— V]| 2.

For Hi(u), we have

|Hi(u) — Hy(v)| = ’/}Ri(uzu* —vIv*)dx

< ’/}R(u;{(u* — V) 4 (g — vi) V) dx

< fJuxllpzflu = vz + vl 2 [lux = vl 2
< 2M|Ju —v| 1.
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For Hy(u), we need to use the embedding H' < L*, then
[Fa(w) = Ha(v)] < [[luslfz — [[v+llZa
< 2M||uy — |2 + 4MP]Ju — v 4
< 2M|Jux — vl 2 +4M [[u — V]| Ju — v 42
< 2M|lu — V|| + Cllu — v[|}5%

+ |llulits = vt

For H3(u), we need to use the H?> norm

|Ha(u) — Ha(v)| < [Hy(ux) — Hi(vx)| + ‘/}R(IulzuTui — |v[>vTv) dx

S ZMHux —Vx”Hl +

[l = v PyuT g+ P (uT g — vy d
R

<2Mllu— vl + [[[ul* = vl 2 lu"uf 2 + V]| Tl u"uf — vV 2
<2M|lu — v||;2 + Clju — v||1/2

since ||ul|;s < ||u||1/ 2||u||¥2 The continuity of Hy(u) is similar to the above estimates.
Specifically, we have

[l vl
R

= [l1ullge — IvIIgs

< 6M°[lu—vl|
< 6M°u — v 72w — v| 5>
< Cllu—v| ;%>
Hence, all conserved quantities are continuous in H>. u

Now we can prove the nonlinear stability for breather solutions.

Proof of Theorem 2| The well-posedness of the CNLS equations (1) has been established, as
discussed in [11]. Hence, for initial data u(-,0)€ H?(IR,C?), there exist global solutions
u(-,t)€ H%(R,C?) for any time ¢.

We argue by contradiction. Assume that there exists €9 > 0 such that there are se-
quences u, and t, for which

||un('/ 0) - qm('/ 0;a, bl/ b; 11 (0)/C12(0)/C21 (0)/ CZZ(O))”H2 —0
and
[un (s tn) — @2 ts 2, b1, b; a1 (), c12(tu), 21 (), c22(tn)) || 12 = €0
for any C! functions c11(t), c12(t), c21(t), cxo(t). Since the conservation quantities are
continuous by Lemma [10, it follows that

To(un(x, ) = T (un(x,0)) = Zp(q?).
The continuity of the conservation laws O, implies the existence of a sequence v, such
that

Qo (vn) = Qv(qm)
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and
an_un(',tn)HHz—>0 as n — oo.

Considering the functions c11(t), c12(t), ¢21(t), c22(f) defined in Lemmal9), we get

viu(x) = qP (x, tu; 2, by, bo; c11 (b)), c1a(tn), 21 (tn), c22(tn)) € Kerx (£2) ™.
Since the conservation laws are independent of the complex scattering parameters, we
find that
zn = V(%) — 2 (x, ty;a, by, by; c11(tn), €12 (tn), €21 (tn), c22(tn)) € R(q).
We then have
Ir(vn) — IZ(q[z])/
which contradicts
To(vi) = 12(4%) = (Lozn, 20) + O(1zall};2)
> Cillzallf + O(llznll3p)
> Cillun (- ta) — q2 (-, tsa, b1, bo; c11(tn), c12(tn), €21 (tn), €22 (tn)) |12
+ v = wn (s ) g2 + O(l12all3)
= Creo + [[vu = un (. ta) | g2 + O(llzull3)
— C1€o
for sufficiently small ||z, || ;2 and large n. The estimate follows from (64). O

Appendix A. Inverse scattering transform

As the generalization of Fourier transform, the inverse scattering method can be used
to solve the integrable system and construct their infinite conservation laws [15, 60].

The scattering problem associated with CNLS equations (1)) is defined by the first equa-
tion of the Lax pair (2). Assume that u is of Schwartz class with respect to x, the first-order
differential equation

¢ = U¢ (A.1)
has two fundamental solution matrices ®* which can refer to the cases x — +oo, i.e.,
solving the ODE with boundary ¢ — !1%3* for x — 4-c0. The matrices ®* have the
asymptotic expression respectively

®F ~ BV x5 oo (A.2)
Denote ®* = (¢7° ¢35 ¢7), the vector solutions ¢, ¢, ,¢; are holomorphic on Q; =
{A € C : Im(A) > 0} and the vector solutions ¢;, ¢, , ¢35 are holomorphic on ) =
{A € C: Im(A) < 0}. Additionally, ¢7°, ¢5 and @5 are smooth up to the boundary.

For Im(A) = Oie. A € R, the matrices ®* are smooth and there is a transfer matrix
S(A; 1) = (sij(A; t))lgi,jg_% satisfying

D (A;x,t) = DT (A;x,1)S(A; ). (A.3)
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Let us discuss the symmetry of the Lax pair (2) for CNLS equations (I). Using the

symmetry Q" = Q, it can be verified that
UT(A;x,t) = —U(A%; x,t).

The symmetries for U, V lead to

—@t (A x, )y = @ (A1, UM x, 1),
—@t (A%, ) = @ (A x, V(A 3, b).

Hence the symmetries for ® are
<I>_1()L; x,t) = <I>+()\*;x,t),
and the symmetries for S are
S7L(A;x,t) = ST (A% x, 1),
Setting " = (¢3; ¢35 ¢3;) ", by (A3), we obtain
S(At) = (@ (A;x, 1)) 1D~ (A x, t)

AL Ay AGN (0
= det(® ™) ! (A%; Aig Ab | | oy
P31

AT 47
Ay Ay Az

This yields

P12
P22
¢3

s11(A;t) = det(®F) ' det (¢1, 95, ¢7 ),
sp2(A;t) = det(®F) ' det (¢1, 95, 97 ),
sa3(A;t) = det(®F) ' det (o1, 95, ¢5 ),

with s11(A; t) being a holomorphic function on Q)_.

A.1 Conservation laws and trace formulas

P13
Pa3

) |

Forv = (v1 vy ©3) f= (01 77T)T, we consider the corresponding differential equa-

tion associated with
vy = Up,
Uy = Vo.

The term w = /v, satisfies the Riccati equation

wy = iq — 2iAw — iwrT w.

Since w is holomorphic in C about A, assuming

—+00

wAxt) =)

n=1
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and substituting (A.5)) into (A.4), it leads to

w1 = iq,
Wy = _inI
w3 = iqyx + iquq,
_ . T . T . T
W4 = —1qxxx —1qryq —1qxY q — 1T qy

ws = iquxxx +1(3qxrrq + 3qri qx + qrl,q + 3qxr’q
+3qr’ qux + 51’ qx +2qr’ qr’ q)

n—2
. T
Wp = —Wyp-1x —1 Z wit' wy_1-, n=1
i=1

Since
(Invq)y = id +irfw,

1 1 (A.6)
(Invq); = iA% — EirTq + (iArT + Erz)w,
using the compatibility condition, the relation (In vy )yt = (Invq)y reads
1
i(rfw); = (—%irTq + (iAr? + Erz)w)x. (A7)

With the symmetry q = r* and the boundary condition q is of Schwartz class about x,
integrating both sides of equation (A.7) with respect to x on the real line, it gives rise to

1i/ rTwdx = 0.
dt Jr

Grouping the terms with respect to A, it concludes that CNLS equations (1) admit an in-
finite number of conservation laws f]R qwpdx,n > 1, including the conservation of mass,
momentum and energy:

L[yt _1 2

Hy(q) := 2/]er wrdx = 2/]R|q] dx,
N _1/ Tq*

Hi(q) := 2/]er wodx = 7 Jp ldxd dx,

1 1 . 1 A8
Hy(q) = 5 [ irTwsdy = — [ (e’ +lq*) dx =7 [ (lasP ~lal*) ax, (4

(=" 1 .p
H, 1(q) := ——/ ir' wy,dx.
2 R

Now we induce the trace formulas. From the conservation laws, we can obtain the
expansion of a(A; t) := 811(A; t). In view of the asymptotic expansion (A.2) and the deter-
minant representation, we obtain

a(At) = lim det(®@ (x)) 'pjje M = lim ¢fie M
X——00 —
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There exists a function g(A; x, t) such that ¢;; (A; x, ) = e 81 In view of (A.6) and
(A2), we obtain ¢y = ir’w and limy_, ;o ¢(A; x,t) = 0. Hence

+o0 T rtoo g
Ina(A;t) = lim g(A;x,t) = / ir'wdx = Z/ ir wy (x, t)dx, (A9)

X——00 — 21/\

by Lebesgue dominated convergence theorem. Since a(A) is holomorphic and the simple
zeros of a(A; t) correspond to the point spectrum of a nonself-adjoint operator, we assume
that {A1, Ay, - -+, An} are all simple zeros of a(A; t), then we define

N)\ /\*
(/\t)—a/\tHA .

which is holomorphic, has no zero and tend to 1 as A — co. Moreover, 17(A;t) = Ind(A; t)
is holomorphic in ()4 and continuous to the real line. For the value on real line, by
Sochocki-Plemelj formula, since 77 vanish at infinity, for A in the real line, we obtain

n(At) = Zjn < lim /+oo Mdy)

€0t Jooo U —A—ie

- L (]p.v./_Oo Zl(y’ )dy+1my()\ t))

271

P oo (pst)
w0t = e [ TED
Then the imaginary part is

1 + Ren(u;t
Imny(At) = ——p-v. /_OO %dy.

hence

By Sochocki-Plemelj formula again, we obtain

1 [+* R
Imy(A;t) = —%/0o Ven#dy—i—ﬂ{en(/\ ).

For Im(A) > 0,

1 e Imy(p;t 1 [t 1 1 [+ Re

2mi J- 27 Joo p—A\ 7)o W —y
1 [+t Ren(u;t
:E/ UE#A)d”
o J
1 [+ 1 [to 1 1 ,
) Rery (4 )27'(1/00 y—Ay’—y—iOd‘udV
_ 1 e Rey(uit) 1 /+°° Rey(p5t) o
_27r/ w—A dp 7T J e y’—A—iod”
1 = Ren(p;t)
B 271/_ H—A dp-
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Then we obtain

1 +""ﬁ(%t) _ 1 [t*Rey(pt)

for Im(A) > 0. Since Ren(p; t) = In|a(u)|, it leads to

N
: A=A

a(A;t) = e’?(/\,t)l—[ !
i1 A A

co In|d 2 N _ .
_ ok jw%d,,HA A
L LA — A

v n-3) (-2
= 1 [t 1 =2 1

_ o ~ 2. n—1 - n
_;< 27'(1/ In|a(u)|“u d;u) 0 - (Zlm)\ > YR

—® n=1

or

(A.10)

Combining (A.8) ,(A.9) and (A.10), the conservation laws can be represented by the point
spectrum and the essential spectrum of a(A; t):

2n—2
7T

H, = — / In [a(0) 2y + 2 Zlm)t n> 1. (A.11)

Then we can prove that the N-solitons satisfies an ODE.

Proposition A.1. The N-soliton solutions satisfy

2N (SHn

Z;’ln - /
=0

where the coefficients are given by

N 2N
Pn(A) =TTA =)A= A7) = 3 2" 2 A"
i=1 n=0
Proof. By trace formula (A.11)), we have
O0H, OA; OAT
=2". A—— — A" > 0.
oq 21;(’&1 ! (Sq) nz0
Hence the ODE
2N N %
O0H, 1 O\ oM}
2 = Pn Pn AS L)=0
Y gt =2 LR g~ P OD )
since A;, A* are roots of Py (A). O
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A.2 The integrable hierarchy and the matrix L
Let
L=o5d ',
then
L,=[UL], LL =1, limL=o03.

A—y00

We use these conditions to calculate the integrable equation hierarchy. Setting

> L
L=<73+2/\—Z,
n=1

we have
L, =0Q,
L, =i9; adoLy//; = %ax ladgos (9L —iadoLi™),
L/ = —%Uéaaxlfzf = %UgadQLff”g .

Moreover, we obtain the recursion

L = —%(73(ax +adgd; ladg) LY.

n+1
Setting
Lo — ( WZ)
Vn 02><2 ’

we obtain

Vi1 ) Z L (0xVi+0, (Vur — qWy)q +0, 7 (r' Vi — Wag)g

Wi 2 \—0W, — 0 (W, q" —rVD)r+ 0.1 (xTV, — WIq)r)’
where

Let the recursion operator be denoted by

L (g> _i (axg+ax1(ng+th)q+8 (g

+hT q9)q
h —dh — a;l(th + rgT)r )r (A-12)

r
(rTg+h'q

Then we have



By straightforward calculation,
Lo =03,

L =Q,

1 i
L, = —5‘73Q2 - EUst,

i 1
L; = _Z(QQx - QxQ) - Z(Qxx + 2Q3)/
1 i
Ly = gUB(Qxe +QQxx — Q?c + 3Q4) + §U3(Qxxx +30Q.,Q% + 3Q2Qx)-
The matrix U and V in (2) have representations

U=i(LopA+L1), V=1i(LoA? + LA +1Ly).

In particular, we have the diagonal elements

L™ = o,
diag 1 2
L2 - _§U3Q ’
di i
L3zag = _Z(QQx - QxQ),
di 1
L™ = 5(QuQ+QQx — Q3 +3Q%)
and the off-diagonal elements
1" =Q,

1
LY = —503Qx,

1
Lgff - _Z(Qxx + 2Q3)1

Liff - %0-3<Qxxx + 3QxQ2 + 3Q2Qx)’

LY = 2 (Quer +4Q0Q” + 20000 +4Q°Qur

+2Q2Q +6Q,00; +20Q2 + 6Q°).

Appendix B. The asymptotic expansion of Q;;
Assume that 0 < by < by, we have
Myon ~ |C11C22|2e2(b1+b2)§ ¢ — 0o,

(01— 02)* 5,48
Mo~ b 72) 1+b2
non (bl —|—b2)ze
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If A & {A1,A2,A, A}, the asymptotics are given by

Qu(¢) Q12(¢) Qi3(g)
(QZl(C) Q»(¢) Q23(§)) € e BmMME(L2(R))>S, & — oo,
Q31(¢) Q32(¢) Qss(Q)

For A = A1, we have

Qui (g le(C Qu3(¢ e 01é ol o= (2h-b1)E
(Qm@ Q22(¢) Q23(¢ ) ( e3¢ e 3l e (b1+2bz)€) . &= +oo
Q31(¢) Qa2(8) Qss(¢ (1+262)¢ o= (B1+20)E  obid
and
Qu(¢) Qun2(¢) Quz(¢ e3b18 @318 o(b1+2h)¢
(Q21(C Q2(¢) Q23(¢ ) ( eh® ehé e(3b1+2bz)é‘) , - —oo.
Q31(6) Q32(6) Q336 (Bb1+2b)¢  @(3b1+202)¢  Gbig

For A = A], we have

Qu(¢) Qu2(¢) Qus(¢) e3hé e 3t e (l42b2)¢
Q1(8) Qu(f) Qx(¢) | ~ e 0t el oG | F oo
Q31(¢) Q32(8) Qs33(8) e~ (B01+202)¢ o= (301422)¢ e 018

and

Qll(é) le(é‘) Q13(C) el eb1? e(2b2—b1)¢
Q1(8) Q2(8) Q(g) | ~ e3b18 e o1 t2)E | | F o
Q31(8) Q3x(¢) Qz3(0) ab1+20)8  o(b14202)E  o—big

Similarly, for A = A, we have

Qu(¢) Qn2(¢) Qi13(¢) R I Gl b
Q21(8) Qn(8) Qu() | ~ e Pt eb2l e~ @it | & 4o
Q31(¢) Qs2(¢) Qs3(Q) e 3l  o=(@h+b)l  o—3h¢

and

Qll(é) le( ) Q13(C) e3b28 e(2b1+b2)¢ 3028
Q1(8) Qn(E) Qs(&) | ~ | e +302) obal 20 +30)E | | F Ly oo,
Q31(8) Q32(8) Q33(9) e28 (2 t3b2)E gt

For A = AJ, we have

Qu(¢) Q12(¢) Qu3(g) e3b28 e~ (2hi+b2)¢ e 3026
00 (&) Om(@) Q@) | ~ [e-@nt3)E  obf  o=@n+3)E | | & 5 4oo
Q31(8) Q32(8) Qs3(8) e b2l e~ (@1 4302)C  o=baf

and

Q31(¢) Q32(5) Q3(?) e3f  e(@hitb)s 302

54

Qui(¢) Qu2(8) Qu3(9) eh2l  e2014302)¢  obal
Q1(€) Qn(8) Q@) | ~ |e@rth)l  obl  o@hth)l ) = 7 —co,



In addition, to calculate the asymptotic expansion of P;(A), we also need to calculate the
asymptotic expansion of R;(A) at A € {A1,A], Ay, AS}

Ri(A) ~ e ™mME 7 +oo

Ro(A) ~ e @HIm)E 7y 4o Ry(A) ~ei-Im)E &y oo

_(2b2+Im(/\))§, g — +o0, Rg(/\) ~ e(sz—Im()\))él (: S —o00.

-
@
=

¢

o

Appendix C. The closure relation
By taking first variations in the first equation of the Lax pair, we obtain
0:6® = Usd + sUD.
Using the condition U = ®,® !, we obtain
(@ 16®), = ® 15U,
hence

X

SOT(Mx,t) = | @F(Ax, DT YAy, H)SUAy, DT (A y, t)dy.
y y y, t)dy

+oo

Using S(A; t) = <I>+_1(/\; x, 1)@ (A; x,t), letting x — —oo, we obtain

—+o00
5S(A; 1) :/ @ (A y, Uy, )@~ (A;y, £)dy.
Similarly,
+o00
6ST1(A;t) = — ® (A, H)SUAy, @ (A y, t)dy.

First, we assume that the point spectrum of the Lax pair (2) is an empty set. Denote

and define




the variation of S, S~ ! induces that

(,?El[]lszrl 5q1
ooi(@) = [ D) o |92 | (a
! s11(8) /R ?Elpz,jﬂ gql
P11¥341 12
S (C.1)
60;(8) = — i / l’ffflf?"”ﬂ (x:8) | 27 | (x)dx
§2,(2) Jr Y1192 gqgﬁ
1Pj_+1,1¢3+1 1
where
Yo = P o0 ¥aji) | = @St — 1 s141,
1/3]'11 = (1/3]11,1/'15]11,2/ 1/3]'11,3) = GIA’]'_HSAH - ff’_§j+1,1-
By [60], we obtain
o 5T i3 A
(071,002,07,033) " () = — [ 3~ (0j(5:0)3p)(2) + Oja(w0)o0i()) e, (€
=1
where
4’51{’;‘11,1 4’5j+1¢i’ﬁ
$P31Pi 11 P35 i+1911 .
O = AR I o PP S, =12
J PP Ak 911912 J
—P1Pi413 —P111913

Under the symmetries q = r*, then the symmetry S~ (A x,t) = ST(A*;x,t) is held,
and it leads to p;(A*) = (0(A))*, hence

50/(A") = (3p(1))".

Then for A € R, take complex conjugate in both sides of (C.1), we obtain

(51]1
1

W) = gz J Km0 | 512 |

51 ( 1
45

oq1
5pj<¢>=—% [ Riwa7 |52 | (dx,
5

(C.3)

(Sqi
045

6



where

1P;+1 1‘7)21 ‘/?)E%_]H
R = lP]+1 14’31 | Ry = 4’111P3]+1 =12
l/)]+l 211 —pi¥, j+1
—P; 5% —Pi3¥1 11
Invoking (C.2) and (C.3), the closure relation is given by
1 t
S =yl = —— [ Z (BORI 0T ~ gz OpalwOR (18T | dE
1

Moreover, the orthogonahty conditions hold

/ R+ (x;6) T Oj(x; ¢')dx = 1”511(5) -2a,
[ R (58)T0p a3 )dx = ~i8h, (©)3(E - &),

For the case there exist discrete eigenvalues for Lax pair, the closure relation must contain
the contributions of point spectrum. These contributions are the residue of the functions
in the above closure relation [60].

(C.4)
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