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ABSTRACT. We investigate the spectral stability of non-degenerate vector soliton solutions
and the nonlinear stability of breather solutions for the coupled nonlinear Schrödinger
(CNLS) equations. The non-degenerate vector solitons are spectrally stable despite the
linearized operator admits either embedded or isolated eigenvalues of negative Krein sig-
nature. The nonlinear stability of breathers is obtained by the Lyapunov method with the
help of the squared eigenfunctions due to integrability of the CNLS equations.
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1 Introduction
In this work, we study the spectral stability of the non-degenerate vector soliton solu-

tions and the nonlinear stability of breather solutions in the coupled nonlinear Schrödinger
(CNLS) equations [8, 39, 50] on the real line (also known as Manakov system):

iq1,t +
1
2

q1,xx + (|q1|2 + |q2|2)q1 = 0,

iq2,t +
1
2

q2,xx + (|q1|2 + |q2|2)q2 = 0,
(1)

where (q1, q2) = (q1(x, t), q2(x, t)) are complex-valued functions and (x, t) ∈ R × R.
The initial-value problem for the CNLS equations (1) is globally well-posed in Sobolev
space Hk(R) for k ∈ N, see [11]. The CNLS equations (1) have important applications in
Bose-Einstein condensates [47] and birefringent fibers [2]. The nonlinear terms in CNLS
equations (1) couple two components to describe self-phase and cross-phase modulation
phenomenon. As an extension of the nonlinear Schrödinger equation (NLS), the CNLS
equations (1) can be used to study the dynamics of vector solitons [1].

As an example of integrable equations, the CNLS equations (1) admit Lax pair [39,
56], bi-Hamiltonian structure [60], and an infinite set of conservation laws [60]. The Lax
representation is a powerful tool to analyze the properties of equations. The Lax pair for
CNLS equations (1) is

Φx(λ; x, t) = U(λ, q)Φ(λ; x, t), Φt(λ; x, t) = V(λ, q)Φ(λ; x, t) (2)

where

U(λ; x, t) = iλσ3 + iQ, V(λ; x, t) = iλ2σ3 + iλQ− 1
2
(iσ3Q2 − σ3Qx), (3)
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with

Q(x, t) =
(

0 rT

q 0

)
, σ3 = diag(1,−1,−1), q = (q1, q2)

T, r = q∗,

and the complex spectral parameter λ. The CNLS equations (1) have the zero curvature
representation

Ut −Vx + [U, V] = 0,
where [U, V] ≡ UV− VU is the commutator. The Lax pair (2)–(3) can be derived from
the 3× 3 system [1, 60]. The infinite set of conservation laws can be obtained by trace
formula in the inverse scattering transform for integrable equations with Hamiltonian
structure [15, 30]. In particular, we will use the following conserved quantities of the
CNLS equations (1):

H0(q) =
1
2

∫
R
|q|2 dx, (4)

H1(q) =
1
2

∫
R

iq†qxdx, (5)

H2(q) =
1
2

∫
R

(
|qx|2 − |q|4

)
dx, (6)

H3(q) =
1
2

∫
R

i
(

q†
xqxx + 3|q|2q†

xq
)

dx, (7)

H4(q) =
1
2

∫
R

(
|qxx|2 − 4

∣∣∣q†qx

∣∣∣2 − (q†qx

)2
−
(

q†
xq
)2
− 4 |q|2 |qx|2 + 2 |q|6

)
dx. (8)

We note that H0(q) = H(1)
0 (q1) + H(2)

0 (q2), where H(j)
0 (qj) = 1

2

∫
R
|qj|2dx, j = 1, 2 are

independent conserved quantities. Another relevant observation is that the values of
H1(q) and H3(q) are real due to integration by parts.

Various solutions to the CNLS equations (1) have been derived through different meth-
ods. The degenerate vector solitons with the single-humped profiles were initially ob-
tained through the inverse scattering method [39]. Bright and dark solitons had been dis-
covered using Hirota bilinear method [48, 52]. The non-degenerate vector solitons with
the double-humped profiles were derived by using the Hirota bilinear method in [53].
The asymptotic behavior and collision dynamics of non-degenerate solitons have been
investigated in [49]. Furthermore, the Darboux transformation can be used to construct
non-degenerate vector solitons and breather solutions [37, 47].

This paper focuses on investigating the stability of non-degenerate vector soliton and
breather solutions from [47] in the time evolution of the CNLS equations (1). The sta-
bility analysis is a fundamental problem of mathematical physics, which is particularly
important for applications of solitons and breathers in physics.

1.1 Review on stability results for CNLS equations
The history of the nonlinear stability of solitary waves takes place from the first study

on the Korteweg-de Vries (KdV) equation by using the Lyapunov method in [7]. Re-
garding the NLS equation, nonlinear stability of ground states was obtained by utilizing
concentration compactness principle in [10, 12] and [58]. Furthermore, the Lyapunov
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method was extended to a general class of Hamiltonian nonlinear evolution equations in
[21, 22], with more results concerning the spectral stability in [20]. The Lyapunov method
incorporates coercivity of the second variation of the Lyapunov functional in the proof of
nonlinear stability of the orbit of solitary waves. This approach has been used in many
works, see recent papers in [6, 29, 31, 32].

For the particular case of the CNLS equations (1) and their nonintegrable extensions,
spectral stability of degenerate vector solitons with the single-humped profiles was ob-
tained in [40]. The proofs of their nonlinear stability and instability was developed in [34,
35]. Variational characterizations of such vector solitons was developed in [43, 13, 41, 42].
The stability analysis of more general vector solitons which include multi-humped pro-
files in one component and the single-humped profiles in another component was devel-
oped in [45, 46]. Finally, bifurcations and stability of such vector solitons was developed
recently in [59].

A difficulty in the nonlinear stability analysis of solitary waves with the multi-humped
profiles by using the Lyapunov method arises due to a high number of negative eigenval-
ues of the second variation of the Lyapunov functional and a low number of symmetries
that characterize its kernel [27]. In this work, we consider the double-humped profiles
of the nondegenerate vector solitons and breather profiles and use integrability of the
CNLS equations (1) to obtain the squared eigenfunctions of the Lax pair, see [14, 55]. The
squared eigenfunctions satisfy the linearized operators which solve the spectral stability
problem and contribute to the nonlinear stability analysis. The closure relation [19, 61, 28]
provides tools to prove the completeness of squared eigenfunctions in the spectrum of the
linearized operator and to compute the inner product between the squared eigenfunc-
tions and adjoint squared eigenfunctions. It also allows us to relate the spectrum of the
linearized operator with the spectrum of the second variation of the Lyapunov functional
[26, 45, 23].

For the nonlinear stability analysis, we also use an additional tool that exists due to
integrability of the CNLS equations (1). The same non-degenerate vector solitons can be
characterized variationally with several Lyapunov functions due to the existence of the
higher-order conserved quantities. This tool was pioneered in the proof of nonlinear sta-
bility of multi-solitons in [25, 38] and applied to studies of nonlinear stability of breathers
in [4, 5], Dirac solitons in [44], and periodic waves and black solitons in [17, 18]. Fur-
ther results on the linear and nonlinear stability of multi-solitons were found recently in
[33, 57]. This approach is also useful to characterize linear transverse stability of solitary
and periodic waves even if the higher-order conserved quantities do not form coercive
Lyapunov functionals, see [24]. Here we will extend this tool to the CNLS equations (1).

1.2 Main result
Recall the Galilean transformation for CNLS equations (1) given by

T(a)q(x, t) = e−2ia(x+at)q(x + 2at, t). (9)

If q is a solution of (1), so is T(a)q for any a ∈ R. Without loss of generality, one can
consider the standing waves with zero speed and obtain traveling waves with nonzero
speed by using (9). Consequently, we will consider the non-degenerate vector solitons in
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the form of the standing waves:

q(x, t) =

(
e2ib2

1t 0
0 e2ib2

2t

)(
u1(x)
u2(x)

)
, (10)

where u1(x), u2(x) : R 7→ C represent spatial profiles of the two components with pa-
rameters b1, b2 > 0 satisfying b1 6= b2. Without loss of generality, we assume 0 < b2 < b1.

The exact expression for the non-degenerate vector solitons exist in the form, see [47],

u1(x; b1, b2, c11, c22) = 4b1c11
Mnon(x)

(
|c22|2e2b2x + b1−b2

b1+b2
e−2b2x

)
, (11)

u2(x; b1, b2, c11, c22) = 4b2c22
Mnon(x)

(
|c11|2e2b1x + b2−b1

b1+b2
e−2b1x

)
, (12)

where

Mnon(x) =
(b1 − b2)

2

(b1 + b2)2 e−2(b1+b2)x + |c11|2e2(b1−b2)x + |c22|2e−2(b1−b2)x + |c11c22|2e2(b1+b2)x

and c11, c22 ∈ C are arbitrary parameters.
The CNLS equations (1) are invariant under the four-parameter group of translations:

S(θ1, θ2, x0, t0)q(x, t) =
(

eiθ1 0
0 eiθ2

)
q(x + x0, t + t0). (13)

If q is a solution of (1), so is S(θ1, θ2, x0, t0)q for any θ1, θ2, x0, t0 ∈ R. Without loss of gen-
erality, one can take c11, c22 as real parameters by defining θ1 and θ2 in the transformation
(13). Furthermore, if we parameterize

cii =

√
b1 − b2

b1 + b2
e−2biτi , τi ∈ R,

the non-degenerate vector solitons in the form (15) reduce to the equivalent form found
in [3, 54]:

u1 =
2b1

√
b2

1 − b2
2 cosh(2b2(x− τ2))

b1cosh(2b1(x− τ1))cosh(2b2(x− τ2))− b2sinh(2b1(x− τ1))sinh(2b2(x− τ2))
,

u2 =
2b2

√
b2

1 − b2
2 sinh(2b1(x− τ1))

b1cosh(2b1(x− τ1))cosh(2b2(x− τ2))− b2sinh(2b1(x− τ1))sinh(2b2(x− τ2))
.

Only one parameter from τ1, τ2 can be set to zero by the translational symmetry (13), the
other parameter determines the profile of the non-degenerate vector soliton. The spatial
profile of u1 is positive, whereas the spatial profile of u2 has a single zero at x = τ1.

Figure 1 displays profiles |u1| and |u2| of some non-degenerate vector soliton solutions.
The positive profile u1 can be either single-humped or double-humped. The single-zero
profile u2 is always a superposition of two solitons of opposite polarity, hence |u2| is
always double-humped.
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FIGURE 1. Examples of the non-degenerate vector soliton solutions (11)–
(12) with (a) b1 = 2, b2 = 2.002, c11 = c22 = 1, (b) b1 = 2, b2 = 2.2,
c11 = c22 = 1, and (c) b1 = 3, b2 = 1, c11 = c22 =

√
2

2 . The solid blue line
represents |u1|, while the dashed red line represents |u2|.

Remark 1. The CNLS equations (1) are also invariant under the two-parameter group of rota-
tions:

R(α1, α2)q(x, t) =
(

cos(α1) sin(α1)
− sin(α1) cos(α1)

)(
cos(α2) i sin(α2)
i sin(α2) cos(α2)

)
q(x, t). (14)

If q is a solution of (1), so is R(α1, α2)q for any α1, α2 ∈ R. The non-degenerate vector solitons
(10) are written in the form with zero rotational parameters α1, α2.

For notational clarity, we define

q[2]
non(x, t; a, b1, b2; c11, c22) := T(a)

(
e2ib2

1tu1(x; b1, b2, c11, c22)

e2ib2
2tu2(x; b1, b2, c11, c22)

)
, (15)

where T(a) is given by (9) and the spatial profiles are given by (11) and (12).
The spectral stability of the standing waves (10) is examined by considering the pertur-

bative solution in the separable form

q = q[2]
non + εT(a)

(
e2ib2

1t 0
0 e2ib2

2t

)(
p1(x)eΩt + p∗2(x)eΩ∗t

)
(16)

where ε is a small perturbation, p1, p2 ∈ L2(R, C2), and Ω ∈ C. Substituting (16) into (1)
and linearizing at the order ofO(ε) yields the spectral problem for the linearized operator

J L1P = ΩP, (17)

where P := (pT
1 , pT

2 )
T and the expressions for J and L1 can be found in Section 3. In

Hilbert space L2(R, C4), J is skew-adjoint and L1 is self-adjoint.
The self-adjoint operator L1 is related to the first variational characterization of the

non-degenerate vector solitons

I1 := H2 − 4aH1 + 4(a2 + b2
1)H(1)

0 + 4(a2 + b2
2)H(2)

0 , (18)
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where H0 = H(1)
0 + H(2)

0 , H1, and H2 are given by (4), (5), and (6). Euler–Lagrange equa-
tions for I1 with fixed parameters a ∈ R, b1, b2 > 0 are given by

2iaq1,x +
1
2

q1,xx + (|q1|2 + |q2|2)q1 = 2(a2 + b2
1)q1,

2iaq2,x +
1
2

q2,xx + (|q1|2 + |q2|2)q2 = 2(a2 + b2
2)q2,

(19)

which are satisfied by q = q[2]
non(·, t; a, b1, b2; c11, c22) for every t ∈ R, c11, c22 ∈ C. Adding

a perturbation p to q[2]
non in I1 and expanding it near q[2]

non yields

I1(q
[2]
non + p) = I1(q

[2]
non) + (L1P, P) +O(‖p‖3

H1), (20)

with the same self-adjoint operator L1 in L2(R, C4) and with P := (pT, p†)T.
The method of squared eigenfunctions allows us to construct all solutions of the spec-

tral problem (17). Denote the stability spectrum

σs(J L1) = {Ω ∈ C : P ∈ L∞(R, C4)}.
The following theorem gives the spectral stability of the non-degenerate vector solitons
by using the squared eigenfunctions.

Theorem 1. The non-degenerate vector solitons q[2]
non for the CNLS equations (1) are spectrally

stable, as indicated by
σs(J L1) ⊂ iR.

If b1
b2
≤ 1√

2
or b1

b2
≥
√

2, there exist embedded eigenvalues of J L1 that are limit points of the

essential spectrum of J L1. For 1√
2
< b1

b2
<
√

2, the closure of the essential spectrum has no
intersection with the point spectrum.

Remark 2. The result of Theorem 1 agrees with the theory based on the dimension of the negative
subspace

N1 := {P ∈ H1(R, C4) : (L1P, P) < 0},
see [46, Section 3]. Eigenfunctions for embedded eigenvalues were found explicitly, see equation
(36) in [46], and these eigenfunctions attain the negative values of (L1P, P). If 1√

2
< b1

b2
<
√

2,
the same eigenvalues with negative values of (L1P, P) are isolated from the essential spectrum of
J L1. Such eigenvalues on iR with negative values of (L1P, P) are referred to as eigenvalues of
negative Krein signature.

It is natural to ask whether the non-degenerate vector solitons remain stable under
nonlinear perturbation in H1(R, C4). However, the nonlinear orbital stability theory from
[21, 22] does not hold for such vector solitons with multi-humped profiles because the
negative subspace ofN1 restricted at the tangent space of fixed H(1)

0 , H(2)
0 , and H1 is two-

dimensional, see equation (41) in [46].
As a result, we provide a second variational characterization of the non-degenerate

vector solitons by using the higher-order conserved quantities H3 and H4 in (6) and (7).
However, the second characterization does not distinguish between the non-degenerate
vector solitons and the breather solutions, to which they are particular cases [51]. The
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nonlinear orbit of the breather solutions is constructed by using the scattering parameters
in the Darboux transformation as in the following definition.

Definition 1. Fix the scattering parameters (c11, c21, c12, c22) ∈ C4 and the spectral parameters
a ∈ R, b1, b2 > 0 such that b1 6= b2. The breather solutions of CNLS equations (1) are given by

q[2](x, t; a, b1, b2; c11, c22, c12, c21) := 4T(a)
N(x, t)
M(x, t)

, (21)

where

N(x, t) :=
[

e2ib2
1tb1

(
|c2|2e2b2x +

b1 − b2

b1 + b2
e−2b2x

)
− e2ib2

2t 2b1b2

b1 + b2
c†

1c2e2b1x
]

c1

+

[
e2ib2

2tb2

(
|c1|2e2b1x +

b2 − b1

b1 + b2
e−2b1x

)
− e2ib2

1t 2b1b2

b1 + b2
c†

2c1e2b2x
]

c2,

and

M(x, t) :=
(b1 − b2)

2

(b1 + b2)2 e−2(b1+b2)x + |c1|2e2(b1−b2)x + |c2|2e−2(b1−b2)x

+

(
|c1|2|c2|2 −

4b1b2

(b1 + b2)2 c†
1c2c†

2c1

)
e2(b1+b2)x − 8b1b2

(b1 + b2)2 Re
(

c†
1c2e2i(−b2

1+b2
2)t
)

,

for ci = (c1i, c2i)
T, i = 1, 2. Non-degenerate vector soliton solutions (15) are given by the breather

solutions (21) with c12 = c21 = 0.

FIGURE 2. Examples of the breather solutions (21) with a = 0, b1 = 3, b2 =

1, c11 = c22 =
√

2
2 , and (a1, a2) c12 = c21 = 0, (b1, b2) c12 = c21 = 0.1, (c1, c2)

c12 = c21 = 0.5, (d1, d2) c12 = 0.5, c21 = 1. Top (bottom) panels show the
norm of the first (second) component.
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Examples of the profiles of breather solutions of Definition 1 are shown in Figure 2.
Panels (a1,a2) display the time-independent dynamics of a non-degenerate vector soliton
since c12 = c21 = 0, where other panels display the time-periodic dynamics of the breather
solutions with different nonzero values of c12, c21.

The following theorem presents the main result of this paper on the nonlinear stability
of the breather solutions of Definition 1.

Theorem 2. The breather solutions (21) are nonlinearly stable in the following sense. For any
initial condition u0 ∈ H2(R, C2), denote the global solution of the CNLS equations (1) by u.
Given any positive constant ε > 0, there exist δ > 0 such that if

‖u0 − q[2](·, 0; a, b1, b2; c11(0), c22(0), c12(0), c21(0))‖H2 < δ,

for some breather solutions q[2] with parameters a ∈ R, b1, b2 > 0 such that b1 6= b2, and
cij(0) ∈ C, 1 ≤ i, j ≤ 2, then there exist cij(t) ∈ C1(R, C), 1 ≤ i, j ≤ 2 such that

‖u(·, t)− q[2](·, t; a, b1, b2; c11(t), c22(t), c12(t), c21(t))‖H2 < ε

for any t ∈ R. The rate of change of cij(t) are controlled by

∑
i,j
|∂tcij(t)| ≤ Cε (22)

for all t ∈ R and some constant C.

Remark 3. Compared to the standard applications of the Lyapunov method, it is not sufficient to
use the translation and phase symmetries (13) of the CNLS equations (1), as well as the rotational
symmetry (14), for the proof of the nonlinear stability of the non-degenerate vector solitons because
the second variation of the corresponding Lyapunov functional is not coercive in the tangent plane
related to these symmetries. The choice of the scattering parameters c11, c22, c12, c21, which can be
viewed as generalizations of symmetries in the Darboux transformation [31], addresses this issue.
When the four complex-valued scattering parameters are perturbed, the non-degenerate vector
solitons are not only translated according to the symmetries (13) and (14) but also transform into
more general breather solutions. Therefore, it is natural to consider the nonlinear stability of the
set of breather solutions. Evidences that breather solutions rather than the non-degenerate vector
solitons are more appropriate objects in the construction of the nonlinearly stable orbits can be seen
from various soliton interaction scenarios in a related complex short-pulse equation [9, 16].

1.3 Main steps of the proof
The CNLS equations (1) are given by the second flow of the Hamiltonian equations

qt =
1
2
J δH2

δq
, (23)

where J = −i is a skew-adjoint operator. The Hamiltonian formulation (23) is used in the
construction of the first variational characterization of the non-degenerate vector solitons,
as in (18). However, since this is not sufficient for the proof of their nonlinear stability, we
proceed with the second variational characterization, which extends to the entire family
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of breather solutions of Definition 1. We define the following Lyapunov functional

I2 := H4 − 8aH3 + 4(6a2 + b2
1 + b2

2)H2 − 16a(2a2 + b2
1 + b2

2)H1

+ 16(a2 + b2
1)(a2 + b2

2)H0. (24)

We show in Appendix A from the trace formula that q[2](x, t; a, b1, b2; c11, c22, c12, c21) is a
critical point of I2.

For the solution u = u(x, t) in Theorem 2, the continuity and conservation of the Lya-
punov functional lead to

I2(u(·, t))− I2(q[2](·, t)) = I2(u0)− I2(q[2](·, 0)) ≤ C‖u0 − q[2](·, 0)‖H2 ,

for some C > 0. On the other hand, for the perturbation p added to q[2], we can expand
I2 near q[2] and obtain

I2(q[2] + p) = I2(q[2]) + 〈L2P, P〉L2 +O(‖p‖3
H2), (25)

defined by a self-adjoint operator L2 in L2(R, C4) acting on P := (pT, p†)T.
IfL2 were coercive in H2(R, C4), then we could obtain the stability of the non-degenerate

vector solitons. However, this is not the case. The self-adjoint operator L2 admits a non-
trivial kernel of dimension eight and a negative subspace of dimension two. Introducing
the nonlinear orbit is a method to overcome this difficulty and obtain coercivity at the
tangent plane defined by appropriate orthogonality conditions.

To characterize the spectrum of L2, it suffices to study eigenfunctions of the operator
J L2. Using the higher flow in Hamiltonian equations, the spectrum of J L2 can be deter-
mined by the method of squared eigenfunctions. The closure relation can then be used to
calculate the inner product (L2·, ·) through these squared eigenfunctions. This approach
allows us to determine the number of negative eigenvalues and the kernel of L2.

The spectrum of J L2 is very similar to the spectrum of J L1 in Theorem 1 but includes
no additional eigenvalues on iR (neither isolated nor embedded), see Theorem 3 in Sec-
tion 4. Similarly, the spectrum of L2 contains two negative eigenvalues, see Theorem 4,
compared to the spectrum of L1 which contains four negative eigenvalues, see Remark 9.

The main difficulty in the proof of nonlinear stability of breather solutions lies in eval-
uating the inner product (L2·, ·) on the subspace

gKer(J L2)\Ker(J L2)

in L2(R, C4), which corresponds to the zero eigenvalue of J L2 with high algebraic mul-
tiplicity. By defining the skew-symmetric differential form

ω(h, f) = (h†J f)dx, f ∈ Ker(J L2), h ∈ gKer(J L2)\Ker(J L2) (26)

and transforming the inner product (L2·, ·) to the integral of the differential form ω(h, f),
we transform the corresponding inner product (L2·, ·) into the inner product between
squared eigenfunctions and adjoint squared eigenfunctions. We present a new method to
calculate the inner product between squared eigenfunctions and adjoint squared eigen-
functions, which relies on the properties of integrability rather than on the explicit ex-
pressions for eigenfunctions.

In our approach, the inner product between squared eigenfunctions and adjoint squared
eigenfunctions can be determined by analyzing the behavior of squared eigenfunction
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matrices at infinity. The connection arises from the symmetry of the potential in the Lax
pair (2) and the differential equations satisfied by the squared eigenfunction matrices.

The kernel Ker(L2) can be obtained through derivatives of the four complex scattering
parameters (c11, c12, c21, c22) in the orbit of breather solutions (21). Moreover, functions
corresponding to the negative subspace

N2 := {P ∈ H2(R, C4) : (L2P, P) < 0}
can be derived from variations of conserved quantities that are linear combinations of
conservation laws. By considering modulation and constructing the reduced Hamilton-
ian [21, 22], we derive the nonlinear stability result of Theorem 2.

1.4 Notations
Let us consider the real Hilbert space

X =
{(

u1 u2 u∗1 u∗2
)T : u1, u2 ∈ L2(R, C)

}
⊂ L2(R, C4),

equipped with the inner product

(f, g) = Re
∫

R
f†gdx.

The decomposition for real Hilbert space L2(R, C4) = X⊕ iX holds.
Notation ·∗ represents the complex conjugate and ·† represents the operator adjoint or

conjugate and transpose for matrices. For example,

(i∂x)
∗ = (−i)∂x and (i∂x)

† = (−∂x)(−i) = i∂x.

Then we can view any vector u ∈ L2(R, C2) in the space X through the bijection

ι(u) =
(

u
u∗

)
∈ X.

The bijection ι is also an isomorphism between the Hilbert space L2(R, C2) and X since

(ι(u), ι(v)) = 2(u, v).

Then any operator A acting on L2(R, C2) can naturally be extended on X:

A′
(

u
u∗

)
= ιA(u) =

(
Au

(Au)∗

)
.

For a functional K(q) on L2(R, C2), the first variation δK
δq (q) is given by(

v,
δK
δq

(q)
)
= lim

ε→0

K(q + εv)−K(q)
ε

for v ∈ L2(R, C2). The second variation is given by

δ2K
δ2q

(q)[v] = lim
ε→0

δK
δq (q + εv)− δK

δq (q)

ε
.

In the following, we abuse the notationA to representA′ without ambiguity and some-
times we mean u be ι(u) in X. The reason why we consider X instead of L2(R, C2) is that it
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makes the expression and calculation of functions more convenient compared to the sep-
aration of the real and imaginary parts of functions. The functions in X can be obtained by
the functions (qT, rT)T ∈ L2(R, C4) with symmetries r = q∗ which are the symmetries of
potentials in the Lax pair (2). Hence it is natural to consider the space X in the dynamics
of the CNLS equations (1).

It is important to note that both the space X and L2(R, C4) can be interpreted as complex
linear spaces. When we examine the eigenspace of an operator, we consider complex
linear combinations of eigenfunctions.

1.5 Main contributions
Our main contributions can be listed as follows.

• The spectral stability for non-degenerate vector solitons is obtained by using the
method of squared eigenfunctions. The spectral problem of the linearized oper-
ator J L1 is solved by squared eigenfunctions and the spectrum of the linearized
operator J L1 is obtained with the dimension of the negative subspace N1. The
non-degenerate vector solitons are spectrally stable. In addition, the linearized
operator J L1 admits either embedded or isolated eigenvalues of negative Krein
signature.

• We connect the inner product (L2·, ·) for eigenfunctions in the generalized ker-
nel of the operator J L2 with the integral in the skew-symmetric differential form.
This integral can be computed from the squared eigenfunction matrix due to inte-
grability of the CNLS equations (1). The dimension of the negative subspace N2
is calculated. Our method can be readily extended to the studies of stability of
solitons or breathers in other integrable equations by using the integrability tools.

• The nonlinear stability of the breather solutions in the CNLS equations (1) is de-
rived for the first time. The nonlinear stability of the non-degenerate vector soli-
tons with the spectral parameters a, b1, b2 holds when they are included in the or-
bit of the breather solutions of Definition 1 given by the scattering parameters
c11, c22, c12, c21 in the relevant Darboux transformation.

1.6 Outline
This paper is organized as follows.

• In Section 2, we construct the non-degenerate vector soliton and breather solution
by using Darboux transformation. We also introduce squared eigenfunctions and
the squared eigenfunction matrix. The Lyapunov functional and the properties of
its second variation are analyzed.

• In Section 3, we investigate the spectral stability of non-degenerate vector soliton
solutions. The proof of Theorem 1 relies on analyzing the spectrum of the lin-
earized operator J L1 constructed by using squared eigenfunctions.

11



• In Section 4, we construct the squared eigenfunctions in higher flow to prove that
the squared eigenfunctions satisfy the spectral problem for J L2. Subsequently,
the closure relation induces the spectrum of L2.

• In Section 5, we prove the nonlinear stability of breather solutions in Theorem 2.

2 Darboux transformation and breathers
We introduce the Darboux transformation for constructing breather solutions and their

squared eigenfunctions. We also compute values of the conserved quantities at the breather
solutions.

The N-fold Darboux transformation is applied to the Lax pair (2)–(3) in order to obtain
the same Lax pair but with a new potential that gives a new solution to the coupled NLS
equation (1). Compared to the Lax spectrum of the original solution, the Lax spectrum
of the new solution contains N additional isolated eigenvalues. Since the zero solution is
inherently a solution for the CNLS equations (1), applying the N-fold Darboux transfor-
mation yields N-soliton solutions of the CNLS equations (1).

The trace formulas (see Appendix A) suggest that N-soliton solutions satisfy ordinary
differential equations (ODEs). The Lyapunov functional I2 in (24) is derived from the cor-
responding system of two fourth-order ODEs as a linear combination of the conservation
laws, each of which remains independent of time.

2.1 Construction of breathers
Denote for any matrix M = (mij)1≤i,j≤N,

(M)o f f =

 0 m12 m13
m21 0 0
m31 0 0

 .

To get general N-soliton solutions for CNLS equations (1), we pick N distinct spectral
parameters {λi}N

i=1 ⊂ C+ = {z ∈ C : Im(z) > 0} such that λi 6= λj for every i 6= j and
use the following N-fold Darboux transformation.

Proposition 1. [36, 37] Let Φ[0] be a fundamental solution and Q[0] be the corresponding poten-
tial for the Lax pair (2)–(3). Define the N-fold Darboux matrix

D[N](λ; x, t) = I3 −
N

∑
i=1

λi − λ∗i
λ− λ∗i

|xi〉〈yi|. (27)

Then,
Φ[N] = D[N]Φ[0]

is a fundamental solution of the Lax pair (2)–(3) with the new potential given by

Q[N] = Q[0] + 2σ3

N

∑
i=1

(λi − λ∗i )(|xi〉〈yi|)o f f , (28)

12



where |xi〉 = (x1,i, x2,i, x3,i)
T, |yi〉 = (y1,i, y2,i, y3,i)

T, 〈xi| = (|xi〉)† and 〈yi| = (|yi〉)†. The
vectors |xi〉 and |yi〉 are related by

(|y1〉, |y2〉, · · · , |yN〉) = (|x1〉, |x2〉, · · · , |xN〉)M, M =

(
λi − λ∗i
λj − λ∗i

〈yi|yj〉
)

1≤i,j≤N

. (29)

Applying Proposition 1 with Q[0] = 0, N = 2, and Φ[0] = eiλσ3(x+λt), we define two
spectral parameters λ1, λ2 such that λ1 6= λ2 and the vector

|yi〉 = Φ[0](λi; x, t)c[i] = eiλiσ3(x+λit)

 1
ic1i
ic2i

 , i = 1, 2,

where (cji)1≤i,j≤2 is a matrix of complex scattering parameters. The transformation (28)
produces the 2-soliton solutions of the CNLS equations (1). To get breather solutions of
Definition 1, we take the spectral parameters in the form λ1 = a + ib1 and λ2 = a + ib2
with b1 6= b2. Matrix M in (29) is given explicitly as

M =

(
e2Reθ(λ1) + d11e−2Reθ(λ1) 2b1

b1+b2
(eθ(λ1)

∗+θ(λ2) + d12e−θ(λ1)
∗−θ(λ2))

2b2
b1+b2

(eθ(λ1)+θ(λ2)
∗
+ d21e−θ(λ1)−θ(λ2)

∗
) e2Reθ(λ2) + d22e−2Reθ(λ2)

)
where

dij = c†
i cj,

and

θ(λi) = iλi(x + λit)

= −bi(x + 2at) + i
(

a(x + 2at)− (a2 + b2
i )t
)

= −biξ + i
(

aξ − (a2 + b2
i )t
)

with ξ = x + 2at. Then, M := det(M) is given in Definition 1. Denote M = (mij)1≤i,j≤2.
The Darboux matrix D[2] in (27) is obtained in the form

D[2] = I3 −
1
M

×
(

2ib1 (m22|y1〉〈y1| −m21|y2〉〈y1|)
λ− a + ib1

+
2ib2 (−m12|y1〉〈y2|+ m11|y2〉〈y2|)

λ− a + ib2

)
.

(30)

Since

|yi〉〈yj| = ei(aξ−(a2+b2
i )t)σ3


e−(bi+bj)ξ −ic∗1je

(bi−bj)ξ −ic∗2je
(bi−bj)ξ

ic1ie
−(bi−bj)ξ c1ic∗1je

(bi+bj)ξ c1ic∗2je
(bi+bj)ξ

ic2ie
−(bi−bj)ξ c2ic∗1je

(bi+bj)ξ c2ic∗2je
(bi+bj)ξ

 e−i
(

aξ−(a2+b2
j )t
)

σ3 ,

(31)
the transformation (28) yields the breather solutions given by (21). Additionally, by set-
ting c12 = c21 = 0, we obtain the non-degenerate vector soliton solutions given by (15).
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The fundamental matrix solution (FMS) of the Lax pair (2) with the new potential Q[2]

is defined by Φ[2] = D[2]Φ[0]. The asymptotic behavior of Φ[2] is particularly useful in
Section 4. It follows from the explicit expression for M that

M ∼
(

d11e2b1ξ 2b1
b1+b2

d12e(b1+b2)ξ−i(b2
1−b2

2)t

2b2
b1+b2

d21e(b1+b2)ξ+i(b2
1−b2

2)t d22e2b2ξ

)
, x → +∞

and

M ∼
(

e−2b1ξ 2b1
b1+b2

e−(b1+b2)ξ+i(b2
1−b2

2)t

2b2
b1+b2

e−(b1+b2)ξ−i(b2
1−b2

2)t e−2b1ξ

)
, x → −∞,

which implies that the determinant M = det(M) satisfies

M ∼
{

M+e2(b1+b2)ξ , x → +∞
M−e−2(b1+b2)ξ , x → −∞,

(32)

where

M+ = d11d22 −
4b1b2

(b1 + b2)2 d12d21, M− =
(b1 − b2)

2

(b1 + b2)2 .

Combing (31) and (32) with (30), we define

Di1 = d11ci2 −
2b1

b1 + b2
d12ci1, Di2 = d22ci1 −

2b2

b1 + b2
d21ci2

and
l+ij (λ) = 2ib1Di2c∗j1(λ− λ∗2) + 2ib2Di1c∗j2(λ− λ∗1),

which gives the following asymptotic representation of the Darboux matrix

D[2] ∼ D[2]
±∞ as x → ±∞,

where

D[2]
+∞ =


1 0 0

0 1− l+11(λ)

M+(λ−λ∗1)(λ−λ∗2)
− l+12(λ)

M+(λ−λ∗1)(λ−λ∗2)

0 − l+21(λ)

M+(λ−λ∗1)(λ−λ∗2)
1− l+22(λ)

M+(λ−λ∗1)(λ−λ∗2)


and

D[2]
−∞ =

 (λ−λ1)(λ−λ2)
(λ−λ∗1)(λ−λ∗2)

0 0
0 1 0
0 0 1

 .

Let us define two FMSs Φ± of the Lax pair (2)–(3) for the breather solutions by

Φ+ = Φ[2](D[2]
+∞)−1, Φ− = Φ[2](D[2]

−∞)−1.

The two FMSs satisfy

Φ± ∼ eiλ(x+λt)σ3 , x → ±∞
14



and appear to be important in the inverse scattering transform (see Appendix A). The
transfer matrix between the two FMSs is given by

S(λ) = D[2]
+∞(D[2]

−∞)−1

=


(λ−λ∗1)(λ−λ∗2)
(λ−λ1)(λ−λ2)

0 0

0 1− l+11(λ)

M+(λ−λ∗1)(λ−λ∗2)
l+12(λ)

M+(λ−λ∗1)(λ−λ∗2)

0 l+21(λ)

M+(λ−λ∗1)(λ−λ∗2)
1− l+22(λ)

M+(λ−λ∗1)(λ−λ∗2)

 . (33)

The (1,1) element of the transfer matrix S(λ) is useful for calculating the closure relation
of squared eigenfunctions.

2.2 Construction of squared eigenfunctions
Recall that the FMS matrix Φ = (φij)1≤i,j≤3 satisfies the spectral problem

Φx(λ; x, t) = U(λ, q)Φ(λ; x, t), (34)

with the symmetry Q = Q†. It follows from Appendix A that the inverse matrix Φ−1(λ) =
Φ†(λ∗) = (φ̂ij)1≤i,j≤3 satisfies

(Φ−1)x(λ; x, t) = −(Φ−1)(λ; x, t)U(λ, q). (35)

The squared eigenfunctions of the Lax pair (2)–(3) are constructed from Φ(λ) and Φ†(λ∗).
Let us denote the i-th column vector of matrix Φ by (Φ)i and its i-th row vector by (Φ)i.
The squared eigenfunctions are defined by

s1(Φ) =
(
φ21φ̂12 φ31φ̂12 −φ11φ̂22 −φ11φ̂32

)T ,

s2(Φ) =
(
φ21φ̂13 φ31φ̂13 −φ11φ̂23 −φ11φ̂33

)T ,

s−1(Φ) =
(
φ22φ̂11 φ32φ̂11 −φ12φ̂21 −φ12φ̂31

)T ,

s−2(Φ) =
(
φ23φ̂11 φ33φ̂11 −φ13φ̂21 −φ13φ̂31

)T

(36)

and the squared eigenfunction matrices are defined by

p1(Φ)(λ) = (Φ(λ))1(Φ
†(λ∗))2,

p2(Φ)(λ) = (Φ(λ))1(Φ
†(λ∗))3,

p−1(Φ)(λ) = (Φ(λ))2(Φ
†(λ∗))1,

p−2(Φ)(λ) = (Φ(λ))3(Φ
†(λ∗))1.

(37)
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The elements of the squared eigenfunctions si(Φ) are found in the off-diagonal entries of
the matrix pi(Φ) since we have for i = 1, 2,

pi(Φ) =

 ? φ11φ̂2,i+1 φ11φ̂3,i+1
φ21φ̂1,i+1 ? ?
φ31φ̂1,i+1 ? ?

 ,

p−i(Φ) =

 ? φ1,i+1φ̂21 φ1,i+1φ̂21
φ2,i+1φ̂11 ? ?
φ3,i+1φ̂11 ? ?

 .

The symmetry condition Q = Q† for the potential induces symmetry between different
squared eigenfunction matrices

pi(Φ)(λ) = p−i(Φ)†(λ∗), i = 1, 2. (38)

Hence the squared eigenfunctions satisfy the following symmetry,

si(Φ)(λ) = −Σ(s−i(Φ)(λ∗))∗, Σ =

(
02×2 I2

I2 02×2

)
. (39)

Now we consider the differential equations satisfied by the squared eigenfunction ma-
trix. According to equations (34) and (35) and symmetry (38), the squared eigenfunction
matrix pi(Φ)(λ) satisfies for i ∈ {±1,±2},

Fx(λ) = [U(λ), F(λ)], Gx(λ) = −[G(λ), U(λ)]. (40)

The differential equations (40) are useful for calculating the orthogonality conditions be-
tween squared eigenfunctions and adjoint squared eigenfunctions in Section 4.4.

For different solutions, we need to choose different FMS Φ to construct squared eigen-
functions. We require that Φ has no singularities at the point spectrum of the Lax pair and
that the squared eigenfunctions constructed from Φ are non-zero at the point spectrum.
The exact forms of the squared eigenfunctions for non-degenerate vector soliton solutions
and breather solutions will be examined in Sections 3 and 4.

2.3 Conserved energies for Lyapunov functional I2

The Lyapunov functional I2 given by (24) is time-independent since it is a linear com-
bination of the conserved quantities (4), (5), (6), (7), and (8). It follows from Appendix A
that the conserved quantities for breather solutions can be expressed explicitly in terms
of the spectral parameters λ1, λ2 ∈ C:

Hn−1 =
2n

n
Im (λn

1 + λn
2) , n ≥ 1.

Variations of the conserved quantities with respect to q are given by

δHn−1

δq
= −2n−1i

(
λn−1

1
δλ1

δq
− (λ∗1)

n−1 δλ∗1
δq

+ λn−1
2

δλ2

δq
− (λ∗2)

n−1 δλ∗2
δq

)
and involve δλi

δq and δλ∗i
δq , with coefficients that are polynomials in λi and λ∗i . Consequently,

a special linear combination of these variations can vanish. The following proposition
follows from a more general Proposition A.1 with N = 2 proven in Appendix A.1.
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Proposition 2. Define the polynomial

P2(λ) = (λ− λ1)(λ− λ∗1)(λ− λ2)(λ− λ∗2) =
4

∑
n=0

2n−4µnλn

where µn are the elementary symmetric polynomials. The breather solutions correspond to the
critical points of the Lyapunov functional

I2 =
4

∑
n=0

µnHn. (41)

For the spectral parameters λ1 = a + ib1, λ2 = a + ib2, we have

µ0 = 16(a2 + b2
1)(a2 + b2

2),

µ1 = −16a(2a2 + b2
1 + b2

2),

µ2 = 4(6a2 + b2
1 + b2

2),
µ3 = −8a,
µ4 = 1,

from which the Lyapunov functional (41) coincides with the explicit expression (24).
Moreover, the trace formula reveals that

H0 = 2(b1 + b2),

H1 = 4a(b1 + b2),

H2 = 8a2(b1 + b2)−
8
3
(b3

1 + b3
2),

H3 = 16a3(b1 + b2)− 16a(b3
1 + b3

2),

H4 = 32a4(b1 + b2)− 64a2(b3
1 + b3

2) +
32
5
(b5

1 + b5
2),

(42)

from which we obtain

I2 = −64
15

(b1 + b2)
3(b2

1 − 3b1b2 + b2
2).

Now we turn to variation of conserved quantities in terms of the functions q. We will
derive the explicit form of the ODE satisfied by the breather profile, as well as the operator
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L2 defined in (25). The first variations are given by

δH0

δq
= q,

δH1

δq
= iqx,

δH2

δq
= −

(
qxx + 2|q|2q

)
,

δH3

δq
= −i

(
q(3x) + 3|q|2qx + 3qq†qx

)
,

δH4

δq
= q(4x) + 4|q|2qxx + 2qq†

xxq + 4qq†qxx + 2qxq†
xq + 6qxq†qx

+ 2|qx|2q + 6|q|4q.

Hence the breather profile satisfies the system of two fourth-order ODEs given by

4

∑
n=0

µn
δHn

δq
= 0.

The second variations are given by

δ2H0

δq2 = I2,

δ2H1

δq2 = i∂x,

δ2H2

δq2 = −
(

∂2
x + 2|q|2 + 2q⊗ q∗ + 2q⊗ q·∗

)
,

δ2H3

δq2 = −i
(

∂3
x + 3|q|2∂x + 3qx ⊗ q∗ + 3qx ⊗ q ·∗ +3q†qx + 3q⊗ q∗∂x + 3q⊗ qx·∗

)
,

δ2H4

δq2 = ∂4
x + 4|q|2∂2

x + 4qxx ⊗ q∗ + 4qxx ⊗ q ·∗ +2q†
xxq + 2q⊗ q∂2

x ·∗ +2q⊗ q∗xx

+ 4q†qxx + 4q⊗ q∗∂2
x + 4q⊗ qxx ·∗ +2q†

xq∂x + 2qx ⊗ q†
x + 2qx ⊗ q∂x·∗

+ 6q†qx∂x + 6qx ⊗ qx ·∗ +6qx ⊗ q†∂x + 2|qx|2 + 2q⊗ q∗x∂x + 2q⊗ qx∂x·∗

+ 6|q|4 + 12|q|2q⊗ q∗ + 12|q|2q⊗ q·∗,

where the operation ⊗ is defined by q⊗ r ≡ qrT and ·∗ is a multiplication with complex
conjugation. For instance, δ2H2

δq2 acts on an element of X as follows:

δ2H2

δq2

(
v
v∗

)
= −

(
∂2

xv + 2|q|2v + 2q⊗ q∗v + 2q⊗ qv∗

∂2
xv∗ + 2|q|2v∗ + 2q∗ ⊗ qv∗ + 2q∗ ⊗ q∗v

)
.
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The linear operator L2 in (25) is expressed by the fourth-order operator

L2 :=
4

∑
n=0

µn
δ2Hn

δq2 .

LetD(A) denote the domain of an operatorA in X. Then, we have the following property.

Proposition 3. The linear operator L2 is self-adjoint operator acting on the space X∩D(L2).

Proof. It suffices to prove that δ2Hn
δq2 is self-adjoint. We demonstrate this by showing that

δ2H2
δq2 is self-adjoint, and the same method can be applied to the other cases. It is evident

that ∂2
x and |q|2 are self-adjoint. We consider the operator q⊗ q∗ in the space X, then

Re
∫

R

((
q⊗ q∗ 0

0 q∗ ⊗ q

)
f
)†

gdx = Re
∫

R
f†
(

q⊗ q∗ 0
0 q∗ ⊗ q

)
gdx.

Similarly, the operator q⊗ q·∗

Re
∫

R

((
0 q⊗ q

q∗ ⊗ q∗ 0

)
f
)†

gdx = Re
∫

R
f†
(

0 q⊗ q
q∗ ⊗ q∗ 0

)
gdx.

Similarly, one can show that δ2H3
δq2 and δ2H4

δq2 are self-adjoint. �

Since L2 is self-adjoint, the spectrum of L2 in the space X is a subset of R. The operator
L2 can be viewed as a perturbation of a linear operator

L∞ =
4

∑
n=0

µn(i∂x)
n = 24P2

(
i∂x

2

)
.

The perturbation depends on q and its derivatives, which belong for the breather solu-
tions to the Schwartz class. Consequently, L2 is a relatively compact perturbation of the
operator L∞. The essential spectrum of L2 coincides with the spectrum of L∞ by Weyl’s
essential spectrum theorem. Since

P2(λ) = |λ− λ1|2|λ− λ2|2 > 0, λ ∈ R

for every λ1, λ2 ∈ C\{R}, the essential spectrum of L2 is strictly positive and is bounded
away from zero.

3 Spectral stability of vector solitons
We examine the spectral stability of non-degenerate vector solitons and prove Theo-

rem 1. According to the expression (15), the variables in non-degenerate vector soliton
solutions can be separated into functions of ξ := x + 2at and t respectively

q[2]
non = eΠtq̂(ξ), (43)

where

Π = 2i
(
|λ1|2 0

0 |λ2|2
)

, q̂(ξ) =
4

det(M)

b1c11e−2iaξ
(
|c22|2e2b2ξ + b1−b2

b1+b2
e−2b2ξ

)
b2c22e−2iaξ

(
|c11|2e2b1ξ + b2−b1

b1+b2
e−2b1ξ

) ,

19



where λ1 = a + ib1 and λ2 = a + ib2. Substituting (43) into (1), CNLS equations (1) can be
reduced to equations involving q̂(ξ) that are independent of t

− 1
2

q̂xx − 2iaq̂x + 2
(
|λ1|2 0

0 |λ2|2
)

q̂− |q̂|2q̂ = 0, (44)

which coincides with system (19). The spectral stability of the non-degenerate vector
soliton solutions is examined by considering the perturbation

q = eΠt(q̂(ξ) + ε(p1(ξ)eΩt + p∗2(ξ)e
Ω∗t)).

The perturbations P satisfy

− i
(

I2 0
0 −I2

)(
M1 M2
M∗

2 M∗
1

)
P = ΩP, P =

(
p1
p2

)
, (45)

where
M1(q̂) = L0(q̂)− q̂⊗ q̂∗, M2(q̂) = −q̂⊗ q̂

and

L0(q̂) = −
1
2

∂2
x − 2ia∂x + 2

(
|λ1|2 0

0 |λ2|2
)
− |q̂|2.

The variation of (44) lead to the operator L1 acting of (vT, v†)T ∈ C4 as follows:

L1

(
v
v∗

)
=

(
L0v− (q̂⊗ q̂∗)v− (q̂⊗ q̂)v∗
L∗0v∗ − (q̂∗ ⊗ q̂)v∗ − (q̂∗ ⊗ q̂∗)v

)
.

Note that L1 is self-adjoint since

L1(q̂) =
1
2

δ2H2

δq2 − 2a
δ2H1

δq2 + 2 diag(|λ1|2, |λ2|2, |λ1|2, |λ2|2)
δ2H0

δq2 .

We consider J and L1 in the space X, then the two operators have representation

J = −i
(

I2 0
0 −I2

)
, L1 =

(
M1 M2
M∗

2 M∗
1

)
.

The equation (45) becomes
J L1P = ΩP. (46)

The stability spectrum is defined by

σs(J L1) = {Ω ∈ C : P ∈ L∞}.

Spectral stability is defined by the condition σs(J L1) ⊂ iR. Our goal is to determine
the spectrum of J L1 by constructing the squared eigenfunctions that satisfy the spectral
problem (46).

Remark 4. Since the range of the function q is C2, it is important to note that p1 and p2 are
linearly independent. Unlike previous work, where the perturbation was considered as p =
(p1(ξ) + ip2(ξ))eΩt, we now consider p = p1(ξ)eΩt + p∗2(ξ)e

Ω∗t. This approach takes into
account the linearized operator that the squared eigenfunctions satisfy.
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We define

Φ
[2]
r,non(λ; ξ) = Φ[2](λ; ξ, 0)

(λ− λ∗1)(λ− λ∗2) 0 0
0 λ− λ∗1 0
0 0 λ− λ∗2


to eliminate the singularity with respect to λ and consider the squared eigenfunctions

P̂±1(λ; ξ) = s±1(Φ
[2]
r,non(λ; ξ)), P̂±2(λ; ξ) = s±2(Φ

[2]
r,non(λ; ξ)).

Denote Φ
[2]
r,non = (Qij)1≤i,j≤3, the squared eigenfunctions have exact representation

P̂i−1 =
(
Q21(λ)Q1i(λ

∗)∗ Q31(λ)Q1i(λ
∗)∗ −Q11(λ)Q2i(λ

∗)∗ −Q11(λ)Q3i(λ
∗)∗
)T ,

P̂−i+1 =
(
Q2i(λ)Q11(λ

∗)∗ Q3i(λ)Q11(λ
∗)∗ −Q1i(λ)Q21(λ

∗)∗ −Q1i(λ)Q31(λ
∗)∗
)T ,
(47)

for i = 2, 3. The derivatives of Qij with respect to λ are given by

Q11,λ = iξQ11 + R1, Q21,λ = iξQ21 + R2, Q31,λ = iξQ31 + R3,

Q12,λ = −iξQ12, Q22,λ = −iξQ22 + e−iλξ , Q32,λ = −iξQ32,

Q13,λ = −iξQ13, Q23,λ = −iξQ23, Q33,λ = −iξQ33 + e−iλξ

where

R1 = (2λ− λ∗1 − λ∗2)−
2i

Mnon

(
(b1 − b2)

2

b1 + b2
τ00 +

2

∑
s=1

b3−s|css|τ4−2s,2s−2

)
eiλξ ,

Ri+1 =
2ciibi

Mnon

(
|c3−i,3−i|2τi,3−i +

b1 − b2

b1 + b2
τ00

)
e−2iaξeiλξ , i = 1, 2,

and τij(x) = e[(2i−2)b1+(2j−2)b2]x. Now we calculate the derivative of squared eigenfunc-
tions with respect to λ. Denote ei be the identity column vector with i-th component be
1, and define

Gi−1(λ) =
(

R2(λ)Q∗1i(λ
∗) R3(λ)Q∗1i(λ

∗) −R1(λ)Q∗2i(λ
∗) −R1(λ)Q∗3i(λ

∗)
)

,

G−i+1(λ) =
(
Q2i(λ)R∗1(λ

∗) Q3i(λ)R∗1(λ
∗) −Q1i(λ)R∗2(λ

∗) −Q1i(λ)R∗3(λ
∗)
)

for i = 2, 3. We obtain

P̂i,λ(λ) = 2iξP̂i(λ) + Gi(λ)−Q11(λ)eiλξei+2,

P̂−i,λ(λ) = −2iξP̂−i(λ) + G−i(λ) + Q∗11(λ
∗)e−iλξei,

for i = 1, 2.
The squared eigenfunctions (47) are used to find the spectrum of J L1. The linearized

operator for CNLS equations (1) is

Lt =

(
−1

2
∂2

x − i∂t − |q|2
)

I2 − q⊗ q∗ − q⊗ q·∗

obtained by the variation of (1). Let Φ(λ; x, t) be a solution of the Lax pair (2) and
Ψ(λ; x, t) be a solution of the adjoint spectral problem

−Ψx = ΨU, −Ψt = ΨV,
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setting F = Φ(λ; x, t)Ψ(λ; x, t), we have

Fx = [U, F], Ft = [V, F]. (48)

Denote

F =

(
f hT

g K

)
,

it leads to (
−1

2
∂2

x − i∂t − |q|2
)

g− (q⊗ q∗)g + (q⊗ q)h =0,(
−1

2
∂2

x − i∂t − |q|2
)

h− (q⊗ q∗)∗h + (q⊗ q)∗g =0,

due to equations (48). Hence the squared eigenfunctions satisfy

Lt

(
g
−h

)
= 0. (49)

We identify four squared eigenfunctions, Pj for j = ±1,±2, that satisfy the linearized
equations (49). The squared eigenfunctions are written in the separable form

Pj = P̂jeiΩjt, j = ±1,±2,

hence the squared eigenfunctions (47) satisfy

J L1P̂j = ΩjP̂j, j = ±1,±2, (50)

where Ωj = 2i(λ− λj)(λ− λ∗j ) and Ω−j = −Ωj for j = 1, 2. Computations in Appendix
B show that

P̂i ∈ S(R) ⊂ L2(R), λ = λ1, λ2, λ∗1 , λ∗2 ,

P̂1, P̂2 ∈ e−2Im(λ)ξ L∞(R), λ 6= λ1, λ2, λ∗1 , λ∗2 ,

P̂−1, P̂−2 ∈ e2Im(λ)ξ L∞(R), λ 6= λ1, λ2, λ∗1 , λ∗2 .

Hence the squared eigenfunctions belong to L∞(R, C4) if and only if λ ∈ {λ1, λ2, λ∗1 , λ∗2}∪
R which is the Lax spectrum of the Lax pair (2) at the non-degenerate vector solitons.
Since Ωj = 2i((λ− Reλj)

2 + Im2(λj)), the values of Ωi on Lax spectrum are

Ωj ∈ [2ib2
i , i∞), −Ωj ∈ (−i∞,−2ib2

i ], λ ∈ R,

±Ω1(λ1) = 0, ±Ω1(λ
∗
1) = 0, ±Ω1(λ2) = ±2i(b2

1 − b2
2), ±Ω1(λ

∗
2) = ±2i(b2

1 − b2
2),

±Ω2(λ1) = ±2i(b2
2 − b2

1), ±Ω2(λ
∗
1) = ±2i(b2

2 − b2
1), ±Ω2(λ2) = 0, ±Ω2(λ

∗
2) = 0.

Using the squared eigenfunctions, all solutions for spectral problem (46) are obtained
according to the following lemma.
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Lemma 1. The squared eigenfunctions (47) are fundamental solutions of the spectral problem (46)
for any Ω ∈ C. If Ω /∈ {±2ib2

1,±2ib2
2, 0,±2i(b2

1 − b2
2)}, the FMS are

P̂1

(
a±

√
− i

2
Ω− b2

1

)
, P̂2

(
a±

√
− i

2
Ω− b2

2

)
,

P̂−1

(
a±

√
i
2

Ω− b2
1

)
, P̂−2

(
a±

√
i
2

Ω− b2
2

)
.

(51)

If Ω ∈ {±2ib2
1,±2ib2

2, 0,±2i(b2
1 − b2

2)}, the FMS is given by the limit of a linear combination of
squared eigenfunctions.

Proof. We rewrite the spectral problem (46) for P̂ as the following system of linear first-
order ODEs (

P̂
P̂x

)
x
= A(Ω)

(
P̂
P̂x

)
, (52)

where A(Ω) is obtained by the spectral problem (46).
For general λ, we can find eight solutions for (52). Hence these solutions are all solu-

tions for the spectral problem (52). More concretely, if λ /∈ {Re(λ1), λ1, λ∗1 , Re(λ2), λ2, λ∗2},
then there are eight independent solution (51). We denote the FMS be P̂A(λ).

On the other hand, for λ0 ∈ {Re(λ1), λ1, λ∗1 , Re(λ2), λ2, λ∗2}, the FMS is given by

lim
λ→λ0

P̂A(x, t; λ)[P̂A(0, 0; λ)]−1,

which proves the last assertion. �

Based on Lemma 1, we obtain the spectrum of operator J L1 as follows.

Proposition 4. The spectrum of operator J L1 in L2(R, C4) is given by

σ(J L1) = [−i∞,−2i min
i=1,2

b2
i ] ∪ [2i min

i=1,2
b2

i ,+i∞] ∪ {0,±2i(b2
1 − b2

2)}.

The essential spectrum is

σess(J L1) = [−i∞,−2i min
i=1,2

b2
i ] ∪ [2i min

i=1,2
b2

i ,+i∞]\{±2i(b2
1 − b2

2)}

and the eigenfunctions are

P̂j(λ), λ ∈ R, j = ±1,±2.

The point spectrum is
σpoint(J L1) = {0,±2i(b2

1 − b2
2)}.

The eigenfunctions for Ω = 0 are spanned by

P̂1(λ1), P̂1(λ
∗
1), P̂2(λ2), P̂2(λ

∗
2),

and the generalized eigenfunctions are spanned by

P̂1,λ(λ1), P̂1,λ(λ
∗
1), P̂2,λ(λ2), P̂2,λ(λ

∗
2).

The eigenfunctions for Ω = 2i(b2
1 − b2

2) are spanned by

P̂1(λ2), P̂1(λ
∗
2).
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The eigenfunctions for Ω = −2i(b2
1 − b2

2) are spanned by

P̂2(λ1), P̂2(λ
∗
1).

Proof. Having determined all solutions to the spectral problem (46) by Lemma 1, we now
focus on the asymptotic behavior of squared eigenfunctions described in (51). The kernel
of J L1 can be obtained by squared eigenfunctions on the point spectrum of Lax spec-
trum. Since the determinant of the FMS Φ

[2]
r,non is zero at the points λ = λ1, λ2, λ∗1 , λ∗2 , the

squared eigenfunctions in the point spectrum are linearly dependent, and it can be shown
that

P̂−1(λ1) =
1

c2
11

b2 − b1

b1 + b2
P̂1(λ1),

P̂−1(λ
∗
1) = (c∗11)

2 b1 + b2

b2 − b1
P̂1(λ

∗
1),

P̂−1(λ2) =
(b1 − b2)

2c11c22b1

(
P̂2(λ1) + |c11|2P̂2(λ

∗
1)
)

,

P̂−1(λ
∗
2) =

c∗22(b2 − b1)

2c11b1

(
P̂2(λ1) +

(b1 + b2)
2

(b2 − b1)2 |c11|2P̂2(λ
∗
1)

)
,

P̂−2(λ1) =
(b2 − b1)

2c11c22b2

(
P̂1(λ2) + |c22|2P̂1(λ

∗
2)
)

,

P̂−2(λ
∗
1) =

c∗11(b1 − b2)

2c22b2

(
P̂1(λ2) +

(b1 + b2)
2

(b2 − b1)2 |c22|2P̂1(λ
∗
2)

)
,

P̂−2(λ2) =
1

c2
22

b1 − b2

b1 + b2
P̂2(λ2),

P̂−2(λ
∗
2) = (c∗22)

2 b1 + b2

b1 − b2
P̂2(λ

∗
2).

To analyze the generalized eigenspace on point spectrum, we take the derivative with
respect to λ on both sides of (50)

J L1P̂j,λ(λ) = Ωj,λ(λ)P̂j(λ) + Ωj(λ)P̂j,λ(λ), j = ±1,±2.

The proof is completed by using the asymptotic behavior of generalized eigenfunctions
in Appendix B. �

Remark 5. It is well-known for general soliton solutions [60] that the squared eigenfunctions for
the point spectrum are also eigenfunctions of the recursion operator Lr given by (A.12). However,
for non-degenerate vector soliton solutions with c12 = c21 = 0, the corresponding relationships
need to be slightly amended. In this case, we have

Lrp(λ) = λp(λ).

for the eigenvectors given by

p ∈ {P̂±1(λ)P̂±2(λ) : λ = λ1, λ∗1 , λ2, λ∗2}\{P̂1(λ2), P̂−1(λ
∗
2), P̂2(λ1), P̂−2(λ

∗
1)}.
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However, the left eigenvectors satisfy the following equations:

LrP̂1(λ2) = λ1P̂1(λ2) + |c22|2(λ2 − λ∗1)P̂1(λ
∗
2),

LrP̂2(λ1) = λ2P̂2(λ1) + |c11|2(λ1 − λ∗2)P̂2(λ
∗
1),

LrP̂−1(λ
∗
2) = λ∗1P̂−1(λ

∗
2) + |c22|2(λ∗2 − λ1)P̂−1(λ2),

LrP̂−2(λ
∗
1) = λ∗2P̂−2(λ

∗
1) + |c11|2(λ∗1 − λ2)P̂−2(λ1).

For example, the squared eigenfunction matrices satisfy

p1(Φ
[2]
r,non(x; λ2)) ∼

0 0 0
0 0 0
0 2ic22b2(b2

2 − b2
1) 0

 , x → −∞,

and hence the integral in LrP̂1(λ2) is computed as follows:

LrP̂1(λ2) = λ2P̂1(λ2) + ic22b2(b2
2 − b2

1)(0, q̂1,−q̂∗2 , 0)T

where q̂ = (q̂1, q̂2)
T is given in (43). By straightforward calculation, we obtain

(0, q̂1,−q̂∗2 , 0)T = − 1
c22b2(b1 + b2)

P̂1(λ2) +
c∗22

b2(b2 − b1)
P̂1(λ

∗
2),

hence LrP̂1(λ2) is equal to λ1P̂1(λ2) + |c22|2(λ2− λ∗1)P̂1(λ
∗
2). For the scalar NLS equation, the

above relations do not arise since each spectral parameter corresponds to one scattering parameter,
while in CNLS equations, one spectral parameter λi corresponds to two scattering parameters ci.

FIGURE 3. Computation of the spectrum of operator J L1 through Fourier
collocation method. The blue points are the numerical results. The red cir-
cles are the eigenvalues in point spectrum and the yellow stars are the end
points of essential spectrum ±2i min{b2

1, b2
2}. The parameters are a = 0,

b1 = 2, c11 = c22 = 1, and (a) b2 = 2.2, (b) b2 = 2.5, (c) b2 = 3.

As an illustration, we apply the Fourier collocation method to numerically compute the
spectrum of the operator J L1. Figure 3 presents three cases. For a fixed b1, as b2 increases,
isolated eigenvalues of J L1 on panels (a,b) become embedded eigenvalues on panel (c).
The numerical results are in agreement with the analytical expressions in Proposition 4.

Since the spectrum of the operator J L1 is contained on the purely imaginary axis, the
proof of Theorem 1 on the spectral stability of non-degenerate vector solitons is complete.
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4 Spectra of J L2 and L2
We consider the spectra of J L2 and L2 for the breather solutions of Definition 1.

The spectrum of J L2 can be obtained by using squared eigenfunctions, and the key
tool connecting the spectra of these two operators is the closure relation for squared
eigenfunctions. The main difficulty lies in the inner product (L2·, ·) within the space
gKer(J L2)\Ker(J L2). We propose a new method to calculate it.

As the main outcome of our analysis, we compute the number of negative eigenvalues
and the dimension of the kernel for the second variation of the Lyapunov functional (24):

L2 =16(a2 + b2
1)(a2 + b2

2)
δ2H0

δq2 − 16a(2a2 + b2
1 + b2

2)
δ2H1

δq2

+ 4(6a2 + b2
1 + b2

2)
δ2H2

δq2 − 8a
δ2H3

δq2 +
δ2H4

δq2 .

This linear operator appears in the expansion of the Lyapunov functional around the
breather solution q[2]:

I2(q[2] + εu) = I2(q[2]) +
1
2

ε2(L2(u), u) +O(ε3).

It is necessary to study the spectrum of L2 for the proof of the nonlinear stability of
breathers in Section 5.

Recall that the non-degenerate vector solitons are included in the breather solutions
(21) for c11, c22 6= 0 and c12 = c21 = 0. For general non-degenerate breather solutions,
three of the scattering parameters c11, c12, c21, c22 are required to be nonzero. If c11 6= 0
and c12 = c22 = 0, then the breather solutions become the degenerate vector soliton with
the single-humped profiles, stability of which is well-studied, see [13, 34, 35, 41, 42, 43].
Hence we assume that c11 6= 0 with either c12 6= 0 or c22 6= 0 and without loss of generality,
we consider c11, c12 6= 0 and arbitrary c21, c22 ∈ C.

4.1 The squared eigenfunctions
The squared eigenfunctions for the non-degenerate vector soliton solutions have been

constructed in Section 3. Here we consider the general case of breathers. To eliminate the
singularity associated with λ in the point spectrum, we introduce the regular Darboux
matrix and the regular FMS

D[2]
r = (λ− λ∗1)(λ− λ∗2)D

[2]|t=0, Φ
[2]
r = (λ− λ∗1)(λ− λ∗2)Φ

[2]|t=0.

The squared eigenfunctions for breather solutions are

P±1(λ) = s±1(Φ
[2]
r ), P±2(λ) = s±2(Φ

[2]
r ). (53)
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To obtain the asymptotic behavior of squared eigenfunction, we define D+
r = (D+

r,ij)1≤i,j≤3

with

D+
r,11 = (λ− λ∗1)(λ− λ∗2)−

1
M+

2

∑
s=1

(λ− λs)(λ− λ∗3−s)d3−s,3−se−4bsx,

D+
r,i+1,1 =

2
M+

2

∑
s=1

bsDi,3−s(λ− λ∗3−s)e
−2bsxe−2iax,

D+
r,1,i+1 =

−2
M+

2

∑
s=1

(
bsd3−s,3−sc∗is(λ− λ∗3−s)−

2b1b2ds,3−sc∗i,3−s

b1 + b2
(λ− λ∗s )

)
e−2bsxe2iax,

D+
r,i+1,j+1 = (λ− λ∗1)(λ− λ∗2)δij −

2i
M+

2

∑
s=1

bsDi,3−sc∗js(λ− λ∗3−s)

for i, j = 1, 2 and D−r = (D−r,ij)1≤i,j≤3 with

D−r,11 =(λ− λ1)(λ− λ2)−
1

M−
2

∑
s=1

(λ− λ∗s )(λ− λ3−s)dsse4bsx,

D−r,i+1,1 =
2

M−
2

∑
s=1

bs
bs − b3−s

b1 + b2
cis(λ− λ3−s)e2bsxe−2iax,

D−r,1,i+1 =
−2
M−

2

∑
s=1

bs
bs − b3−s

b1 + b2
c∗is(λ− λ∗3−s)e

2bsxe2iax,

D−r,i+1,i+1 =(λ− λ∗1)(λ− λ∗2)−
1

M−
2

∑
s=1

(2ibs|cis|2 − (λ− λ∗s )dss)(λ− λ∗3−s)e
4bsx

D−r,i+1,4−i =−
2i

M−
2

∑
s=1

bscisc∗3−i,s(λ− λ∗3−s)e
4bsx

for i = 1, 2. The elements of regular Darboux matrix D[2]
r = (D[2]

r,ij)1≤i,j≤3 satisfy

D[2]
r,ij ∼ D±r,ij, x → ±∞,

from which the asymptotic behavior of the squared eigenfunctions can be derived. The
following proposition gives the construction of the squared eigenfunctions.

Proposition 5. Assuming c11, c21, c12, c22 6= 0, the squared eigenfunctions (53) are nonzero and
belong to the class of Schwartz functions on R for λ = λ1, λ∗1 , λ2, λ∗2 . Moreover, they satisfy the
following relations:

P2(λ1) =
c21

c11
P1(λ1), P2(λ

∗
1) = −

c∗11
c∗21

P1(λ
∗
1) +

1
c∗11c∗21

P−1(λ
∗
1),

P2(λ2) =
c22

c12
P1(λ2), P2(λ

∗
2) = −

c∗12
c∗22

P1(λ
∗
2) +

1
c∗12c∗22

P−1(λ
∗
2),

with linearly independent P±1(λ1), P±1(λ2), P±1(λ
∗
1), and P±1(λ

∗
2). The functions

P1,λ(λ1), P1,λ(λ2), P−1,λ(λ
∗
1), P−1,λ(λ

∗
2)
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also belong to the class of Schwartz functions on R, whereas

P1,λ(λ
∗
1), P1,λ(λ

∗
2), P−1,λ(λ1), P−1,λ(λ2)

are unbounded as |x| → ∞.

Proof. The relations between squared eigenfunctions P2(λ) at λ = λ1, λ∗1 , λ2, λ∗2 are ob-
tained by algebraic calculations. The expressions for P−2(λ) at λ = λ1, λ∗1 , λ2, λ∗2 can
be obtained by the relation (38). In view of the symmetry (39), it suffices to consider
p1(Φ

[2]
r )(λ). We provide the calculations for p1(Φ

[2]
r )(λ1), and the calculations for the

other entries are similar. The squared eigenfunction matrix satisfies

p1(Φ
[2]
r )(λ) = e2iλx p1(D

[2]
r )(λ) ∼ e2iλx p1(D±r )(λ), x → ±∞,

hence we have

p1(Φ
[2]
r )(λ1) ∼ e2iaxe−2b1x p1(D±r )(λ1), x → ±∞.

It can be observed that s1(Φ
[2]
r )(λ1) exhibits exponential decay as x → +∞ due to the

term e−2b1x. Elements of the first column of D−r at λ = λ1 are represented as:

D−r,11(λ1) = (λ1 − λ2)(λ1 − λ∗1)d11e4b1x,

D−r,i+1,1(λ1) =
2b1

M−
b1 − b2

b1 + b2
ci1(λ1 − λ2)e2b1xe−2iax,

and elements of the second and third columns of D−r at λ = λ∗1 are represented as

D−r,1,i+1(λ
∗
1) = −

2b1

M−
b1 − b2

b1 + b2
c∗i1(λ

∗
1 − λ∗2)e

2b1xe2iax,

D−r,i+1,i+1(λ
∗
1) = −

2ib1

M−
|ci1|2(λ∗1 − λ∗2)e

4b1x,

D−r,i+1,4−i(λ
∗
1) = −

2ib1

M−
ci1c∗3−i,1(λ

∗
1 − λ∗2)e

4b1x,

for i = 1, 2. Hence, s1(Φ
[2]
r )(λ1) exhibits exponential decay as x → −∞ as well. For the

derivative of s1(Φ
[2]
r ) at λ = λ1, we have

p1(Φ
[2]
r )λ(λ1) ∼ e2iaxe−2b1x p1(D±r )λ(λ1) + 2ixe2iaxe−2b1x p1(D±r )(λ1), x → ±∞,

with
p1(D±r )λ(λ1) = (D±r,λ(λ1))1((D±r )

†(λ∗1))
2 + (D±r (λ1))1((D±r,λ)

†(λ∗1))
2.

In view of the exponential decay e−2b1x for p1(Φ
[2]
r )λ(λ1) as x → +∞, we only need to

consider the case x → −∞. The functions

(D−r,11)λ(λ1) = (λ1 − λ2)−
1

M−
2

∑
s=1

(2λ1 − λ3−s − λ∗s )d11e4bsx,

(D−r,i+1,1)λ(λ1) =
2

M−
2

∑
s=1

bs
bs − b3−s

b1 + b2
cise2bsxe−2iax
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and

(D−r,1,i+1)λ(λ
∗
1) =−

2
M−

2

∑
s=1

bs
bs − b3−s

b1 + b2
c∗ise

2bsxe2iax,

(D−r,i+1,i+1)λ(λ
∗
1) =(λ∗1 − λ∗2)−

1
M−

2

∑
s=1

(2ibs|cis|2 − dss(λ
∗
1 − λ∗2))e

4bsx,

(D−r,i+1,4−i)λ(λ
∗
1) =−

2i
M−

2

∑
s=1

bscisc∗3−i,se
4bsx,

for i = 1, 2. Hence, s1(Φ
[2]
r )λ(λ1) exhibits the exponential decay as x = −∞ as well. �

4.2 The spectrum for J L2

Since q[2] is a solution of δI2
δq = 0 for every t ∈ R, it suffices to consider J L2(q[2])|t=0.

The eigenfunctions of J L2 are given by the squared eigenfunctions (53). Define

Vn = i
n

∑
i=0

Liλ
n−i, n ∈N,

where Li is defined in Appendix A.2. We consider the Lax pair associated with a linear
combination of the first flows in the CNLS hierarchy:

Φ2,x(λ; x, t2) = U(λ, u)Φ2(λ; x, t2)

Φ2,t2(λ; x, t2) =
4

∑
i=0

2iµiVi(λ, u)Φ2(λ; x, t2).
(54)

The squared eigenfunctions of the Lax pair (54) satisfy

B2,x = [U, B2], B2,t2 =
4

∑
i=0

2iµi[Vi, B2].

If we denote

B2 =

(
f2 hT

2
g2 −f1,2

)
,

then the straightforward calculation shows that(
g2
−h2

)
t2

= J L2(u)
(

g2
−h2

)
.

Applying the 2-fold Darboux transformation to the solution

Φ
[0]
2 = ei(λx+16P2(λ)t2)σ3

of the Lax pair (54) associated with zero potential Q[0]
2 = 0 and the vector

|yi〉 = Φ
[0]
2 (λi; x, t2)c[i] = ei(λix+16P2(λi)t2)σ3

 1
ic1i
ic2i

 , i = 1, 2,
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we obtain the new FMS

Φ
[2]
2 (λ; x, t2) = Φ[2](λ; x, 0)e16iP2(λ)t2σ3

of the same Lax pair (54) but associated with the potential Q[2]
2 (x, t2) = Q[2](x, 0). Hence

we have obtained the eigenfunctions of the operator J L2(q[2])|t=0. From here, we prove
the following theorem, where we simplify the notation and writeJ L2 instead ofJ L2(q[2])|t=0.

Theorem 3. The squared eigenfunctions (53) satisfy the spectral problem for the operator J L2
given by

J L2P±1(λ) = ±32iP2(λ)P±1(λ), J L2P±2(λ) = ±32iP2(λ)P±2(λ).

The spectrum of J L2 is given by

σ(J L2) = (−i∞,−32ib2
1b2

2] ∪ [32ib2
1b2

2, i∞) ∪ {0}

and includes the essential spectrum

σess(J L2) = (−i∞,−32ib2
1b2

2] ∪ [32ib2
1b2

2, i∞)

and the point spectrum
σpoint(J L2) = {0}.

If c11, c12 6= 0, then the eigenfunctions of Ker(J L2) are spanned by eight squared eigenfunctions

P±1(λ1), P±1(λ2), P±1(λ
∗
1), P±1(λ

∗
2),

whereas the generalized eigenfunctions of Ker(J L2) are spanned by four squared eigenfunctions

P1,λ(λ1), P1,λ(λ2), P−1,λ(λ
∗
1), P−1,λ(λ

∗
2).

Specifically, we have

J L2P1,λ(λ1) = 64b1(b2
1 − b2

2)P1(λ1), J L2P−1,λ(λ
∗
1) = 64b1(b2

1 − b2
2)P−1(λ

∗
1),

J L2P1,λ(λ2) = −64b2(b2
1 − b2

2)P1(λ2), J L2P−1,λ(λ
∗
2) = −64b2(b2

1 − b2
2)P−1(λ

∗
2).

Proof. The point spectrum consists of squared eigenfunctions corresponding to λ ∈ {λ1, λ2,
λ∗1 , λ∗2}. For these values of λ, the FMS becomes singular, leading to only eight indepen-
dent eigenfunctions in the kernel by Proposition 5 (see also Remark 7). The essential
spectrum is a direct consequence of Weyl’s essential spectrum theorem. The polynomial
satisfies

P2(λ) = ((λ− a)2 + b2
1)((λ− a)2 + b2

2) ≥ b2
1b2

2,

for λ ∈ R, and the lower bound is attained if and only if λ = a. �

Remark 6. Compared to the spectrum of the operator J L1 in Theorem 1, the spectrum of the
operator J L2 in Theorem 3 does not include a pair of purely imaginary eigenvalues (isolated or
embedded) of negative Krein signature. This is related to the fact that compared to the four negative
eigenvalues of the operator L1, the operator L2 has only two negative eigenvalues, see Theorem 4
and Remark 9.
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Remark 7. In Proposition 5, we require the assumption c11, c21, c12, c22 6= 0. If c11, c12 6= 0
with zero c21 or c22 or both, some of squared eigenfunctions will be vanishing. We can perform a
similar calculation as in Proposition 5 with a proper adjustment. For example, if c21 = 0, the func-
tions P1(λ

∗
1) and P−1(λ

∗
1) are linearly dependent but P2,λ(λ1) is linearly independent from other

functions in Ker(J L2). By straightforward calculations, the following squared eigenfunctions in
Ker(J L2) are linearly independent if c21 = 0 and c11, c12, c22 6= 0:

P1(λ1), P1(λ2), P−1(λ
∗
1), P−1(λ

∗
2), P2,λ(λ1), P−1(λ2), P−2(λ1), P−2,λ(λ

∗
1).

Similarly, the following squared eigenfunctions in Ker(J L2) are linearly independent if c22 = 0
and c11, c12, c21 6= 0:

P1(λ1), P1(λ2), P−1(λ
∗
1), P−1(λ

∗
2), P2,λ(λ2), P−1(λ1), P−2(λ2), P−2,λ(λ

∗
2)

and, finally, if c21 = c22 = 0 and c11, c12 6= 0:

P1(λ1), P1(λ2), P−1(λ
∗
1), P−1(λ

∗
2), P2,λ(λ1), P2,λ(λ2), P−2,λ(λ

∗
1), P−2,λ(λ

∗
2).

In all these cases, the generalized eigenfunctions remain the same as in Theorem 3.

4.3 The closure relation and orthogonal condition
The squared eigenfunctions satisfy the closure relation, which implies that the set of

squared eigenfunctions forms a complete basis in the L2 space. Using the closure relation,
any perturbation in L2 can be expressed in terms of the squared eigenfunctions.

The closure relation and orthogonal conditions relate the spectrum of J L2 to the spec-
trum of L2. To compute the quadratic form (L2·, ·) for squared eigenfunctions, it is suffi-
cient to calculate (J −1·, ·) = −(J ·, ·) for squared eigenfunctions. Since

(J L2)
∗ = −L2J ,

the adjoint squared eigenfunctions J Pi satisfy the spectral problem

−L2J (J P±i) = ∓32iP2(λ)(J P±i), i = 1, 2.

Thus, computing the quadratic form for squared eigenfunctions relies on the analysis of
the inner products between squared eigenfunctions and adjoint squared eigenfunctions.
This approach allows us to determine the number of negative eigenvalues and the kernel
of L2. The closure relation (see Appendix C) leads to the decomposition

L2(R, C4) = E + gKer(J L2),

where

E = span
{∫

R
wi(λ)Pi(λ, x)dλ, wi ∈ L2(R, C), i = ±1,±2

}
.

The sum is not a direct sum with respect to the inner product. However, orthogonality
conditions apply to squared eigenfunctions both in the continuous and discrete spectra.
The following proposition specifies the orthogonality conditions between the squared
eigenfunctions in the continuous spectrum, where we use the Kronecker symbol: δij = 1
if i = j and δij = 0 if i 6= j.
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Proposition 6. The following orthogonality relations hold:∫
R

P†
i (λ, x)J Pj(λ

′, x)dx = iπ |(λ− λ1)(λ− λ2)|4δ(λ− λ′)δij, (55)

for i, j ∈ {±1,±2} and λ, λ′ ∈ R. Moreover, the orthogonality conditions

(L2u, v) = 0, u ∈ E, v ∈ gKer(J L2) (56)

also hold.

Proof. Appendix C and the expression for S(λ) give the relations

Oj =
s11(λ)

P2(λ)
Pj, Oj+2 =

s−1
11 (λ)

P2(λ)
P−j, j = 1, 2.

The orthogonality relation (55) is obtained from (C.4) and (33). Since the bases for E and
gKer(J L2) satisfy the spectral problem for the operator J L2, the inner product (L2u, v)
can be transformed into (J u, ṽ) for some ṽ ∈ gKer(J L2). The conditions (56) follow
from the closure relations when the continuous and discrete spectra are not empty. �

It remains to obtain the orthogonal condition between squared eigenfunctions and ad-
joint squared eigenfunctions in the point spectrum. We use here the squared eigenfunc-
tion matrix (37) defined by Φ. The singularities of Φ are eliminated after a multiplication
of Φ by a constant factor. In view of (40), the matrix

(G(η)F(λ))x = i(λ− η)G(η)σ3F(λ)− iλG(η)F(λ)σ3 + iησ3G(η)F(λ) + i[Q, G(η)F(λ)]

leads to

Tr((G(η)F(λ))x) = i(λ− η) (Tr(G(η)σ3F(λ))− Tr(σ3G(η)F(λ))) . (57)

Let λ0, η0 ∈ C be arbitrary. Substituting

F(λ) =
4

∑
i=0

Fi(λ− λ0)
i, G(λ) =

4

∑
i=0

Gi(η − η0)
i,

into (57) and grouping the terms with respect to (η − η0)
j(λ− λ0)

i, we obtain

Tr(G0F0)x =i(λ0 − η0)(Tr(G0σ3F0)− Tr(σ3G0F0)),

Tr(GjF0)x =i(λ0 − η0)(Tr(Gjσ3F0)− Tr(σ3GjF0))− i(Tr(Gj−1σ3F0)− Tr(σ3Gj−1F0)),

Tr(G0Fi)x =i(λ0 − η0)(Tr(G0σ3Fi)− Tr(σ3G0Fi)) + i(Tr(G0σ3Fi−1)− Tr(σ3G0Fi−1)),

Tr(GjFi)x =i(λ0 − η0)(Tr(Gjσ3Fi)− Tr(σ3GjFi))

+ i(Tr(Gjσ3Fi−1)− Tr(σ3GjFi−1))− i(Tr(Gj−1σ3Fi)− Tr(σ3Gj−1Fi))

for 1 ≤ i, j ≤ 4. This yields for λ0 6= η0,

i
2
(Tr(G0σ3F0)− Tr(σ3G0F0)) =

1
2(λ0 − η0)

Tr(G0F0)x,

i
2
(Tr(G1σ3F0)− Tr(σ3G1F0)) =

1
2(λ0 − η0)

Tr(G1F0 +
1

λ0 − η0
G0F0)x.
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and for λ0 = η0,

i
2
(Tr(G0σ3F0)− Tr(σ3G0F0)) =−

1
2

Tr(G1F0)x,

i
2
(Tr(G1σ3F0)− Tr(σ3G1F0)) =−

1
2

Tr(G2F0)x.

Let us denote

F =

(
f1 hT

1
g1 K1

)
, G =

(
f ∗2 g†

2
h∗2 K†

2

)
.

Then, we obtain

Tr(G(η)σ3F(λ))− Tr(σ3G(η)F(λ)) = 2(−g†
2g1 + h†

2h1),

Tr(G(η)F(λ)) = f1 f ∗2 + g†
2g1 + h†

2h1 + Tr(K†
2K1),

which yields the following lemma.

Lemma 2. Consider the squared eigenfunction matrix pi(Φ) defined in (37) and the squared
eigenfunctions si(Φ) defined in (36), associated with the spectral problem (34) with the symmetric
potential Q = Q†. The identity

2(λ− η)sj(Φ)(η∗)†J si(Φ)(λ) = Tr
(

p†
j (Φ)(η∗)pi(Φ)(λ)

)
x

holds for any spectral parameters λ and η. If λ = λ0 and η = η0, where λ0 and η0 are eigenvalues
of the spectral problem (34) and λ0 6= η0, the integrals between the squared eigenfunctions and
the adjoint squared eigenfunctions in the point spectrum is given by∫

R
sj(Φ)†(η∗0 )J si(Φ)(λ0)dx =

1
2(λ0 − η0)

Tr
(

p†
j (Φ)(η∗0 )pi(Φ)(λ0)

) ∣∣∣∣+∞

−∞
,∫

R
sj,η(Φ)†(η∗0 )J si(Φ)(λ0)dx =

1
2(λ0 − η0)

Tr
(

p†
j,η(Φ)(η∗0 )pi(Φ)(λ0)

+
1

λ0 − η0
p†

j (Φ)(η∗0 )pi(Φ)(λ0)

) ∣∣∣∣+∞

−∞
.

For λ0 = η0, the integrals are given by∫
R

sj(Φ)†(η∗0 )J si(Φ)(λ0)dx = −1
2

Tr
(

p†
j,η(Φ)(η∗0 )pi(Φ)(λ0)

) ∣∣∣∣+∞

−∞
,

∫
R

sj,η(Φ)†(η∗0 )J si(Φ)(λ0)dx = −1
4

Tr
(

p†
j,ηη(Φ)(η∗0 )pi(Φ)(λ0)

) ∣∣∣∣+∞

−∞
.

We use Lemma 2 to calculate (L2·, ·) in the generalized kernel of J L2.

4.4 The inner product for the generalized kernel of J L2

It remains to calculate the quadratic form (L2·, ·) in the subspace spanned by the gen-
eralized eigenfunctions for the zero eigenvalue of J L2:

span {P1,λ(λ1), P1,λ(λ2), P−1,λ(λ
∗
1), P−1,λ(λ

∗
2)} .
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Equivalently, we need to analyze the quadratic form (J ·, ·) using the relation between
J L2 and L2. Recall the differential form (26) which is skew-symmetric, i.e., ω†(h, f) =
−ω(f, h). The quadratic form becomes

(h,L2f) = −Re
∫

R
ω(h,J L2f).

Hence we need to calculate the integral of

ω(h, g), g ∈ span{P1(λ1), P1(λ2), P−1(λ
∗
1), P−1(λ

∗
2)}, h ∈ gKer(J L2)\Ker(J L2)

on the real line. It is noted that if h ∈ Ker(J L2) = Ker(L2), then the self-adjoint operator
L2 induces

(h,L2f) = (L2h, f) = 0.
We use Lemma 2 to obtain the following proposition.

Proposition 7. If c11, c12 6= 0 for the breather solutions of Definition 1, then the matrix is given
by (∫

R
ω(h, g)

)
4×4

= 2(b2
1 − b2

2)
2


0 b2

1 0 0
b2

1 0 0 0
0 0 0 b2

2
0 0 b2

2 0

 ,

where

h ∈ span
{

P1,λ(λ1)

ic11
,

P−1,λ(λ
∗
1)

−ic∗11
,

P1,λ(λ2)

ic12
,

P−1,λ(λ
∗
2)

−ic∗12

}
,

g ∈ span
{

P1(λ1)

ic11
,

P−1(λ
∗
1)

−ic∗11
,

P1(λ2)

ic12
,

P−1(λ
∗
2)

−ic∗12

}
.

Proof. We provide the proof for
∫

R
P†
−1,λ(λ

∗
1)J P1(λ1)dx. The proof for all other entries is

analogous. Lemma 2 and the symmetry condition (39) imply the identity∫
R

P†
−1,λ(λ

∗
1)J P1(λ1)dx = −1

4
Tr
(

p†
−1,λλ(Φ

[2]
r )(λ∗1)p1(Φ

[2]
r )(λ1)

) ∣∣∣∣+∞

−∞

= −1
4

Tr
(

p1,λλ(Φ
[2]
r )(λ1)p1(Φ

[2]
r )(λ1)

) ∣∣∣∣+∞

−∞
.

The second derivative of squared eigenfunction matrix p1(Φ
[2]
r ) at λ = λ1 is given by

p1(Φ
[2]
r )λλ(λ1) ∼ e2iaxe−2b1x

(
p1(D±r )λλ(λ1) + 4ixp1(D±r )λ(λ1)− 4x2p1(D±r )(λ1)

)
as x → ±∞. As x → +∞, we have

Tr
(

p1,λλ(Φ
[2]
r )(λ1)p1(Φ

[2]
r )(λ1)

)
→ 0

due to the term e−2b1x and the fact that D+
r,ij are bounded. Now we consider the case

x → −∞. It follows from the expression of the second derivatives of the matrix D−r that

(D−r )λλ = 2.
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Since

p1(D±r )λλ(λ1) =(D±r,λλ(λ1))1

(
(D±r )

†(λ∗1)
)2

+ 2(D±r,λ(λ1))1

(
(D±r,λ)

†(λ∗1)
)2

+ (D±r (λ1))1

(
(D±r,λλ)

†(λ∗1)
)2

,

we collect the constant terms and obtain

Tr
(

p1,λλ(Φ
[2]
r )(λ1)p1(Φ

[2]
r )(λ1)

)
→ 2(b1 − b2)

2
(

1
M−

2ib1c11
b1 − b2

b1 + b2
(b1 − b2)

)2

= −8(b2
1 − b2

2)
2c2

11b2
1, as x → −∞.

This concludes the proof for (P−1,λ(λ
∗
1),J P1(λ1)). �

Remark 8. If c12, c21 = 0 and c11, c22 6= 0 for the non-degenerate vector soliton solutions, the
generalized kernel for J L2 is

span{P̂1,λ(λ1), P̂1,λ(λ
∗
1), P̂2,λ(λ2), P̂2,λ(λ

∗
2)},

and the matrix is given by

(∫
R

ω(h, g)
)

4×4
= 2(b2

1 − b2
2)


0 −b2

1 0 0
b2

1 0 0 0
0 0 0 b2

2
0 0 −b2

2 0

 ,

where

h ∈ span{P̂1,λ(λ1), P̂1,λ(λ
∗
1), P̂2,λ(λ2), P̂2,λ(λ

∗
2)},

g ∈ span{P̂1(λ1), P̂1(λ
∗
1), P̂2(λ2), P̂2(λ

∗
2)},

due to different definitions of the FMS for breathers and non-degenerate vector solitons

Φ
[2]
r,non = Φ[2]|t=0

(λ− λ∗1)(λ− λ∗2) 0 0
0 λ− λ∗1 0
0 0 λ− λ∗2


versus

Φ
[2]
r = (λ− λ∗1)(λ− λ∗2)Φ

[2]|t=0.

4.5 The spectrum for L2

The number of negative eigenvalues of L2 is given by the following theorem.

Theorem 4. For breather solutions (21) with c11, c12 6= 0, the operator L2(q[2]) defined by (25)
in L2(R, C4) has two negative eigenvalues (counting multiplicities) and the zero eigenvalue of
multiplicity eight.

Proof. We consider the breather solutions (21) with c11, c12 6= 0. Define the cone

N2 =
{

u ∈ H2(R, C4) : (L2u, u) < 0
}
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and denote the dimension of the maximal linear subspace contained in N2 by dim(N2).
The dimension of N2 is equal to the number of negative eigenvalues of L2. To calculate
dim(N2), we use the closure relation. Any function v ∈ L2(R, C4) can be decomposed as

v(x) =
4

∑
j=1

∫
R

wj(λ)Pj(x; λ)dλ + αR(x),

where wj(λ) are functions of λ, α is a constant, and R ∈ gKer(J L2). Since the essen-
tial spectrum and the point spectrum are orthogonal with respect to the quadratic form
(L2·, ·), we will consider the continuous and discrete parts separately.

For the continuous part, we have by (55),

(L2

∫
R

wi(λ)Pi(λ; x)dλ,
∫

R
wj(λ

′)Pj(λ
′; x)dλ′)

= (−32 iJ
∫

R
wi(λ)P(λ)Pi(λ; x)dλ,

∫
R

wj(λ
′)Pj(λ

′; x)dλ′)

= −32 i
∫

R3
w∗i (λ)wj(λ

′)|P(λ)|P†
i (λ; x)J Pj(λ

′; x)dλ dλ′ dx

= 32πδij

∫
R
|(λ− λ1)(λ− λ2)|4|wj(λ)|2|P(λ)|dλ ≥ 0.

This calculation indicates that there is no contribution to dim(N2) from the continuous
part. Thus, dim(N2) coincides with the number of negative eigenvalues of the Hermit-
ian matrix H(gKer(J L2)) associated with the quadratic form (L2|gKer(J L2)·, ·). Since
L2(u) = 0 for u ∈ Ker(L2), it suffices to consider the Hermitian matrix H(gKer(J L2) \
Ker(J L2)). By Proposition 7, the Hermitian matrix is

27(b2
1 − b2

2)
3


0 b3

1 0 0
b3

1 0 0 0
0 0 0 b3

2
0 0 b3

2 0

 .

Thus, dim(N2) = 2. In addition, the kernel of L2 is eight-dimensional since Ker(L2) =
Ker(J L2) = 8 by Theorem 3. �

Remark 9. For non-degenerate vector solitons (15), the operator L1 defined by (20) in L2(R, C4)
has four negative eigenvalues (counting multiplicities) and the zero eigenvalue of multiplicity
four. Since the number of negative eigenvalues of L1 is equal to the dimension of N1, we calcu-
late dim(N1). Following a similar argument as in the proof of Theorem 4, the dimension of N1
corresponds to the number of negative eigenvalues of the matrix

(L1f, g), f, g ∈ span{gKer(J L1) ∪Ker(±2i(b2
1 − b2

2)−JL1)}.

Since the spaces gKer(J L1) and Ker(±2i(b2
1 − b2

2) − JL1) are orthogonal with respect to
the product (L1·, ·) by [23], we analyze these two spaces separately and switch the product to
(·,J ·). The product (·,J ·) in space gKer(J L1) was analyzed in Theorem 4. For f, g ∈
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{P̂2(λ1), P̂2(λ
∗
1), P̂1(λ2), P̂1(λ

∗
2)}, we derive the matrix

(
∫

R
ω(f, g)) = i(b2

1 − b2
2)

2


|c11|2b1 −b1 0 0
−b1

b1(b1−b2)
2

|c11|2(b1+b2)2 0 0
0 0 |c22|2b2 −b2

0 0 −b2
b2(b1−b2)

2

|c22|2(b1+b2)2


by Lemma 2, which yields

((L1f, g)) = (b2
1 − b2

2)
3


−|c11|2b1 b1 0 0

b1 − b1(b1−b2)
2

|c11|2(b1+b2)2 0 0
0 0 |c22|2b2 −b2

0 0 −b2
b2(b1−b2)

2

|c22|2(b1+b2)2

 ,

with two negative eigenvalues. Using the same argument as in Theorem 4, we conclude

n((L1f, g)) = 2, f, g ∈ gKer(J L1),

and
n((L1f, g)) = 2, f, g ∈ Ker(±2i(b2

1 − b2
2)−JL1).

Thus, dim(N1) = 4. The kernel of L1 is four-dimensional since Ker(L1) = Ker(J L1) = 4 by
Proposition 4.

Next we consider the spectrum of L2 in the real space X. To do so, we need to transfer
the eigenfunctions from L2(R, C4) into X. We consider the transformation

C : L2(R, C4)→ X : CP = P + (ΣP)∗.

Since
ΣL∗2Σ = L2,

the operator L2 and C commute
L2C = CL2.

As a result, we obtain the following lemma.

Lemma 3. The self-adjoint operator L2(q[2]) in the real Hilbert space X has two negative eigen-
values (counting multiplicities) and the zero eigenvalue of multiplicity eight.

Proof. For any eigenfunction P ∈ Ker(L2), we have

L2C(P) = CL2(P) = 0.

Hence, the kernel of L2 in X is

KerX(L2) = span{CP, CiP : P ∈ Ker(L2)}.
There are eight independent eigenfunctions in KerX(L2) in view of the symmetry (39),
hence dim KerX(L2) = 8.

For the negative eigenvalues, the same argument in Theorem 4 can be applied for

gKerX(L2) = span{CP, CiP : P ∈ gKer(L2)}.
Hence, the number of negative eigenvalues in X is two. �
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FIGURE 4. Approximations of the spectrum of L2 (the first row) and J L2
(the second row) using the Fourier collocation method. Eigenvalues are
divided by 64 for convenience. The blue points are the numerical results,
and the red circles represent the analytical results. The yellow stars are the
end points of essential spectrum. The parameters are: a = 1, b1 = 2, c11 =
c22 = 1, c12 = c21 = 0 with (a,d) b2 = 2.2, (b,e) b2 = 2.5, and (c,f) b2 = 3.

In order to illustrate the result of Theorem 4, we have computed the spectrum of the
operators L2 and J L2 numerically. We use the Fourier collocation method. Eigenvalues
of the operator L2 and J L2 are shown in Figure 4 in agreement with the theoretical
analysis.

Based on Lemma 3, we derive a coercivity result for the operator L2 in X. This result is
needed for the nonlinear stability analysis of breathers in Section 5.

Denote the negative eigenvalues and normalized eigenfunctions of L2 in X as −λ2
−1,2

and η−1,2, respectively, i.e.,

L2η−1 = −λ2
−1η−1,

L2η−2 = −λ2
−2η−2,

with ‖η−1‖L2 = ‖η−2‖L2 = 1. It can be proven by the elliptic estimates that the zero
eigenvalue is isolated from the rest of the spectrum of L2. However, this relies on the
exact form of L2. Instead of elliptic estimates, we use the fact that the zero eigenvalue
of J L2 is isolated from the rest of the spectrum of J L2 in order to prove that the zero
eigenvalue of L2 is also isolated.

Lemma 4. If the perturbation z ∈ H2(R, X) satisfies

z ∈ KerX(L2)
⊥ ∩ span{η−1, η−2}⊥,
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then

(L2z, z) ≥ C0‖z‖2
L2

for some positive constant C0.

Proof. It suffices to show that zero is not the limit of the point spectrum of L2 since the
essential spectrum of L2 is bounded away from zero. We argue by contradiction. Suppose
there exists a sequence {λn : λn > 0}∞

n=1 such that λn → 0 as n → ∞. The normalized
eigenfunctions φn satisfy

L2φn = λnφn,

with ‖φn‖L2 = 1. Since zero is an isolated eigenvalue of J L2, for sufficiently small λn,
we have (J L2 − λn)−1 uniformly bounded on Ker(L2)

⊥ = Ker(J L2)
⊥. Hence,

‖φn‖ ≤ C‖(J L2 − λn)φn‖
≤ Cλn‖J φn − φn‖
≤ 4Cλn → 0,

which is a contradiction to ‖φn‖ = 1. �

Remark 10. The proof relies on the bounded inverse of J (which implies that Ker(L2) =
Ker(J L2)) and the fact that zero is an isolated eigenvalue for J L2. For other integrable sys-
tems, if J does not have an inverse with a finite-dimensional kernel, then we also need to consider
Ker(J ).

5 Nonlinear stability of breathers
We give the proof of Theorem 2 that states the nonlinear stability of breather solutions.

The nonlinear manifold of breather solutions is characterized by four parameters of the
breather: {

q[2](x, t; a, b1, b2; c11, c12, c21, c22) : c11, c12, c21, c22 ∈ C
}

.

The main approach to proving the nonlinear stability of breathers involves analyzing the
nonlinear manifold and utilizing the conservation laws to constrain perturbations within
a space where the operator L2 is coercive. Subsequently, the time-invariant property and
continuity of the Lyapunov functional lead to the conclusion of nonlinear stability. To
simplify the notation, we will use q instead of q[2] to denote the breather solutions.

5.1 The reduced Hamiltonian
Let n(A), z(A), and p(A) denote respectively the number of negative, zero, and pos-

itive eigenvalues of a linear, self-adjoint operator A in a Hilbert space. We proceed to
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define the conservation laws

Qa :=
4

∑
n=0

∂aµnHn = 0,

Qb1 :=
4

∑
n=0

∂b1µnHn = −64
3

b1(b1 − 2b2)(b1 + b2)
2,

Qb2 :=
4

∑
n=0

∂b2µnHn =
64
3

b2(2b1 − b2)(b1 + b2)
2,

where we have used the Lyapunov functional (24) and the expressions (42) for conserva-
tion laws. The Hessian matrix is given by(

∂στI2 −
4

∑
n=0

∂στµnHn

)
σ,τ∈{a,b1,b2}

= 64(b1 + b2)

(b1 − b2)
2 0 0

0 b1(b2 − b1) 0
0 0 b2(b1 − b2)

 .

(58)

It is related to the reduced Hamiltonian L2P , where P is the projection of X onto

X1 = span
{

δQa

δq
,

δQb1

δq
,

δQb2

δq

}⊥
.

By utilizing the Hessian matrix (58), we prove the following lemma.

Lemma 5. It is true that

n(L2P) = n(L2)− p

(
∂στI2 −

4

∑
n=0

∂στµnHn

)
,

z(L2P) = z(L2).

Proof. Differentiating δI2
δq = ∑4

n=0 µn
δHn
δq = 0 with respect to σ for σ ∈ {a, b1, b2}, we obtain

L2∂σq +
4

∑
n=0

∂σµn
δHn

δq
= L2∂σq +

δQσ

δq
= 0. (59)

Differentiating I2 = ∑4
n=0 µnHn with respect to σ for σ ∈ {a, b1, b2}, we obtain

∂σI2 =
4

∑
n=0

∂σµnHn +

(
4

∑
n=0

µn
δHn

δq
, ∂σq

)
=

4

∑
n=0

∂σµnHn
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due to the same equation δI2
δq = ∑4

n=0 µn
δHn
δq = 0. Another differentiation with respect to

τ for τ ∈ {a, b1, b2} yields

∂τ∂σI2 =
4

∑
n=0

∂τ∂σµnHn +

(
4

∑
n=0

∂σµn
δHn

δq
, ∂τq

)

=
4

∑
n=0

∂τ∂σµnHn − (L2∂σq, ∂τq) .

Comparison with (58) shows that the Hessian matrix is related to the negative eigenvalues
of L2 by

∂στI2 −
4

∑
n=0

∂στµnHn = − (L2∂σq, ∂τq) .

The remaining proof is standard but we give it for the sake of completeness. Based on the
identity (59), we define

Y =
{

∂aq, ∂b1q, ∂b2q
}

.
Since the Hessian matrix given by (58) has no zero eigenvalues, we have

n (L2|Y) = p

(
∂στI2 −

4

∑
n=0

∂στµnHn

)
,

z (L2|Y) = 0,

(60)

and Y ∩ X1 = {0}. Hence, we have the direct sum decomposition X1 ⊕ Y. Since L2 is a
one-to-one map from Y to X⊥1 , according to (59), Y is isomorphic to X⊥1 so that X1⊕Y = X.
In addition, by (59) and the definition of X1, for any u1 ∈ X1, v1 ∈ Y, we obtain

(L2v1, u1) = −
(

4

∑
n=0

∂σµn
δHn

δq
, u1

)
= 0

for some σ. Hence the sum is also direct under the product (L2·, ·). In view of (60), the
number of negative and zero eigenvalues for L2 in space X1 ⊕ Y is given by

n(L2) = n(L2|X1⊕Y) = n(L2P) + p

(
∂στI2 −

4

∑
n=0

∂στµnHn

)
,

and
z(L2) = z(L2|X1⊕Y) = z(L2P),

which completes the proof. �

Since n(L2) = 2 by Lemma 3, it follows from (58) and Lemma 5 that n(L2P) = 0.
Hence L2 is coercive in the space

R′(q) := KerX(L2)
⊥ ∩ span

{
δQa

δq
,

δQb1

δq
,

δQb2

δq

}⊥
according to the following lemma. Compared to Lemma 4, we obtain the coercivity for
L2 in terms of the spectral parameters of the breathers.
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Lemma 6. If the perturbation z ∈ H2(R, X) satisfies z ∈ R′(q), then

(L2z, z) ≥ C1‖z‖2
H2 ,

where C1 is a positive constant.

Proof. We have previously established the L2 coercivity of L2 in Lemma 5. To prove the
H2 coercivity, we consider the ODE δI2

δq = 0 satisfied by the breather solutions.
We proceed by contradiction. Suppose there exists a bounded sequence {zn} ⊂ H2(R)

such that ‖zn‖H2 = 1 and (L2zn, zn)→ 0 as n→ ∞. The L2-coercivity induce that

lim
n→∞
‖zn‖2

L2 → 0.

We also have limn→∞ ‖∂xzn‖L2 = 0 since

‖∂xzn‖L2 = (∂xzn, ∂xzn) = −(∂2
xzn, zn) ≤ ‖∂2

xzn‖1/2
L2 ‖zn‖1/2

L2 → 0, n→ ∞.

Hence
lim

n→∞
‖∂2

xzn‖2
L2 → 1.

By the definition of L2, we obtain

‖∂2
xzn‖L2 +

2

∑
i=0

(∂i
xzn, fi(q, q∗, qx, q∗x, qxx, q∗xx)∂xzn)

+ (zn, g0(q, q∗, qx, q∗x, qxx, q∗xx)zn)→ 0,

for some polynomial functions f0, f1, f2, g0. Since∣∣∣(∂i
xzn, f ∂

j
xzn)

∣∣∣ ≤ ‖ f ‖L∞‖∂i
xzn‖1/2

L2 ‖∂
j
xzn‖1/2

L2 → 0,

for i = 0, 1, 2, j = 0, 1 and polynomial f = f (q, q∗, qx, q∗x, qxx, q∗xx), we obtain

2

∑
i=0

(∂i
xzn, fi(q, q∗, qx, q∗x, qxx, q∗xx)∂xzn) + (zn, g0(q, q∗, qx, q∗x, qxx, q∗xx)zn)→ 0.

This leads to a contradiction
‖∂2

xzn‖ → 0.

Therefore, the H2-coercivity holds. �

Based on Lemma 6, we define the space

R(q) :=
{

v ∈ H2(R, X) : v ∈ KerX(L2)
⊥, Qσ(q) = Qσ(q + v), σ ∈ {a, b1, b2}

}
and obtain the following lemma.

Lemma 7. There exists a constant C2 > 0 such that for sufficiently small z ∈ R(q) in the H2

norm, it is true that
(L2z, z) ≥ C1‖z‖2

H2 − C2‖z‖3
H2 .
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Proof. For any z ∈ R(q), we decompose it as

z = z1 + ∑
σ∈{a,b1,b2}

ασ
δQσ

δq
+ ∑

i,j
βij∂cij q,

where z1 ∈ R′(q). Since Qσ(q + z) = Qσ(q), expanding Qσ around q with perturbation
z yields

∑
σ∈{a,b1,b2}

ασ

(
δQσ

δq
,

δQτ

δq

)
+ ∑

i,j
βij

(
∂cij q,

δQτ

δq

)
= O(‖z‖2

H2(R)), τ ∈ {a, b1, b2}. (61)

Moreover, since z, z1 ∈ Ker(L2)
⊥, the identity

∑
σ∈{a,b1,b2}

ασ

(
δQσ

δq
, ∂ckl q

)
+ ∑

i,j
βij

(
∂cij q, ∂ckl q

)
= 0, 1 ≤ k, l ≤ 2 (62)

holds. Solving equations (61) and (62), we observe that the coefficient matrix is the Gram
matrix in Ker(L2) ∪ span

{
δQσ
δq

}
. Thus, the order of coefficients is given by

ασ = O(‖z‖2
H2), βij = O(‖z‖2

H2), (63)

so that we obtain for some constants C1, C2, C3 > 0

(L2z, z) = (L2z1, z1) + 2 ∑
σ

ασ

(
z1,L2

δQσ

δq

)
+ ∑

σ,τ
ασατ

(
L2

δQσ

δq
,

δQτ

δq

)
≥ C1‖z1‖2

H2 − C3‖z‖2
H2‖z1‖H2

≥ C1

∥∥∥∥∥∥z− ∑
σ∈{a,b1,b2}

ασ
δQσ

δq
+ ∑

i,j
βij∂cij q

∥∥∥∥∥∥
2

H2

− C3‖z‖3
H2

≥ C1‖z‖2
H2 − C2‖z‖3

H2

by the Cauchy-Schwartz inequality and the estimates (63). �

5.2 Lyapunov functional
We identify the perturbation to the nonlinear manifold of breather solutions (21) by

using the orthogonality conditions to the kernel of L2. The four complex scattering pa-
rameters of breather solutions (21) generate a manifold of real dimension eight. This
manifold corresponds to the kernel KerX(L2), according to the following lemma. Com-
pared to Theorem 4, where the eight-dimensional kernel of L2 in L2(R, C4) was obtained
by using squared eigenfunctions, the kernel of L2 in X is characterized in terms of the
scattering parameters.

Lemma 8. The kernel of L2 in the real Hilbert space X is spanned by the derivatives of q with
respect to the four scattering parameters cij = |cij|eiθij :

KerX(L2) = span
{

∂|cij|q
[2], ∂θij q

[2], i, j = 1, 2
}

.
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Proof. We have proven that dim KerX(L2) = 8 by Lemma 3. It remains to show that
∂|cij|q

[2], ∂θij q
[2] ∈ KerX(L2) and that the eight eigenfunctions are linearly independent.

Since the operator L2 is independent of cij, we have the expansion

∇I2(q[2](cij + ε)) = ∇I2(q[2](cij)) + εL2(∂cij q
[2]) +O(ε2).

Since the perturbation on cij does not affect the Hamiltonian, the ODE

∇I2(q[2](cij + ε)) = ∇I2(q[2](cij)) = 0

holds. The O(ε) term represents that

L2(∂cij q
[2]) = 0.

It can be verified that ∂|cij|q
[2], ∂θij q

[2] are linearly independent in view of the exponential
term. The detailed verification is omitted here. �

The following lemma follows from Lemma 8 by standard estimates.

Lemma 9. There exist δ0, ε0 > 0 such that for all 0 < δ < δ0, there exist functions

(c11(t), c21(t), c12(t), c22(t)) ∈ C4

such that

w(·, t) = u(·, t)− q[2](·, t; a, b1, b2, c11(t), c21(t), c12(t), c22(t)) ∈ KerX(L2)
⊥

for ‖w(·, t)‖L2 ≤ δ. Moreover, if u ∈ C(R, H2(R, C2)) is the solution of the CNLS equations
(1), then

∑
1≤i,j≤2

|∂tcij(t)| ≤ C‖w(·, t)‖H2 (64)

for some constant C.

Proof. The proof relies on the Implicit Function Theorem. For any t ∈ R, consider the
equations

g11 = (w, ∂c11q[2]),

g12 = (w, ∂c12q[2]),

g21 = (w, ∂c21q[2]),

g22 = (w, ∂c22q[2]).

Then
gij|u(t)=q[2](t) = 0,

and
∂ckl gij

∣∣
u(t)=q[2](t) = −(∂ckl q

[2], ∂cij q
[2]),

which is the Gram matrix in KerX(L2). This matrix is non-degenerate (its determinant is
non-zero) since ∂cij q

[2] are linearly independent.
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For the equation (64), differentiating (w, ∂ckl q
[2]) = 0 with respect to t, invoking CNLS

equations (1), leads to

(∂tu− ∂tq[2] −∑
i,j

∂cij q
[2]∂tcij, ∂ckl q

[2]) + (w, ∂t∂ckl q
[2]) = 0.

Since ∣∣∣(∂tu− ∂tq[2], ∂ckl q
[2])
∣∣∣ = ∣∣∣∣(−i

1
2

wxx + |u|2u− |q[2]|2q[2], ∂ckl q
[2]
)∣∣∣∣

≤ C′‖∂ckl q
[2]‖L2‖w‖H2 ,

the derivatives of the coefficients cij satisfy

∑
i,j

∂tcij(∂cij q
[2], ∂ckl q

[2]) = (w, ∂t∂ckl q
[2]) + (∂tu− ∂tq[2], ∂ckl q

[2]) = O(‖w‖H2). (65)

Since the matrix (∂cij q
[2], ∂ckl q

[2]) is non-degenerate and (c11(t), c12(t), c21(t), c22(t)) is close
to the parameters (c11, c12, c21, c22) of the breather solution q[2] in the Implicit Function
Theorem, the coefficient matrix in (65) remains non-degenerate by the continuity of the
inner product and the determinant. �

Before proving Theorem 2, it is necessary to establish the continuity of conservation
quantities, according to the following lemma.

Lemma 10. The conservation quantities H0(u), H1(u), H2(u), H3(u), H4(u) are continuous
in the space H2(R, C2).

Proof. The proof relies on continuous embedding. Let u, v ∈ H2 with ‖u‖H2 , ‖v‖H2 ≤ M
for some constant M. For H0(u), we have

|H0(u)− H0(v)| =
∣∣∣‖u‖2

L2 − ‖v‖2
L2

∣∣∣
= |(‖u‖L2 − ‖v‖L2)(‖u‖L2 + ‖v‖L2)|
≤ 2M‖u− v‖L2 .

For H1(u), we have

|H1(u)− H1(v)| =
∣∣∣∣∫

R
i(uT

x u∗ − vT
x v∗)dx

∣∣∣∣
≤
∣∣∣∣∫

R
(uT

x (u
∗ − v∗) + (ux − vx)

Tv∗)dx
∣∣∣∣

≤ ‖ux‖L2‖u− v‖L2 + ‖v‖L2‖ux − vx‖L2

≤ 2M‖u− v‖H1 .
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For H2(u), we need to use the embedding H1 ↪→ L∞, then

|H2(u)− H2(v)| ≤
∣∣∣‖ux‖2

L2 − ‖vx‖2
L2

∣∣∣+ ∣∣∣‖u‖4
L4 − ‖v‖4

L4

∣∣∣
≤ 2M‖ux − vx‖L2 + 4M3‖u− v‖L4

≤ 2M‖ux − vx‖L2 + 4M3‖u− v‖1/2
L∞ ‖u− v‖1/2

L2

≤ 2M‖u− v‖H1 + C‖u− v‖1/2
L2 .

For H3(u), we need to use the H2 norm

|H3(u)− H3(v)| ≤ |H1(ux)− H1(vx)|+
∣∣∣∣∫

R
(|u|2uTu∗x − |v|2vTv∗x)dx

∣∣∣∣
≤ 2M‖ux − vx‖H1 +

∣∣∣∣∫
R
(|u|2 − |v|2)uTu∗x + |v|2(uTu∗x − vTv∗x)dx

∣∣∣∣
≤ 2M‖u− v‖H2 + ‖|u|2 − |v|2‖L2‖uTu∗x‖L2 + ‖v‖2

L4‖uTu∗x − vTv∗x‖L2

≤ 2M‖u− v‖H2 + C‖u− v‖1/2
H1

since ‖u‖L4 ≤ ‖u‖1/2
L∞ ‖u‖1/2

L2 . The continuity of H4(u) is similar to the above estimates.
Specifically, we have∣∣∣∣∫

R
|u|6 − |v|6 dx

∣∣∣∣ = ∣∣∣‖u‖6
L6 − ‖v‖6

L6

∣∣∣
≤ 6M5‖u− v‖L6

≤ 6M5‖u− v‖2/3
L∞ ‖u− v‖1/3

L2

≤ C‖u− v‖1/3
L2 .

Hence, all conserved quantities are continuous in H2. �

Now we can prove the nonlinear stability for breather solutions.

Proof of Theorem 2. The well-posedness of the CNLS equations (1) has been established, as
discussed in [11]. Hence, for initial data u(·, 0)∈ H2(R, C2), there exist global solutions
u(·, t)∈ H2(R, C2) for any time t.

We argue by contradiction. Assume that there exists ε0 > 0 such that there are se-
quences un and tn for which

‖un(·, 0)− q[2](·, 0; a, b1, b2; c11(0), c12(0), c21(0), c22(0))‖H2 → 0

and
‖un(·, tn)− q[2](·, tn; a, b1, b2; c11(tn), c12(tn), c21(tn), c22(tn))‖H2 = ε0

for any C1 functions c11(t), c12(t), c21(t), c22(t). Since the conservation quantities are
continuous by Lemma 10, it follows that

I2(un(x, tn)) = I2(un(x, 0))→ I2(q[2]).

The continuity of the conservation laws Qσ implies the existence of a sequence vn such
that

Qσ(vn) = Qσ(q[2])
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and
‖vn − un(·, tn)‖H2 → 0 as n→ ∞.

Considering the functions c11(t), c12(t), c21(t), c22(t) defined in Lemma 9, we get

vn(x)− q[2](x, tn; a, b1, b2; c11(tn), c12(tn), c21(tn), c22(tn)) ∈ KerX(L2)
⊥.

Since the conservation laws are independent of the complex scattering parameters, we
find that

zn = vn(x)− q[2](x, tn; a, b1, b2; c11(tn), c12(tn), c21(tn), c22(tn)) ∈ R(q).
We then have

I2(vn)→ I2(q[2]),
which contradicts

I2(vn)− I2(q[2]) = (L2zn, zn) +O(‖zn‖3
H2)

≥ C1‖zn‖2
H2 +O(‖zn‖3

H2)

≥ C1‖un(·, tn)− q[2](·, tn; a, b1, b2; c11(tn), c12(tn), c21(tn), c22(tn))‖2
H2

+ ‖vn − un(·, tn)‖H2 +O(‖zn‖3
H2)

= C1ε0 + ‖vn − un(·, tn)‖H2 +O(‖zn‖3
H2)

→ C1ε0

for sufficiently small ‖zn‖H2 and large n. The estimate (22) follows from (64). �

Appendix A. Inverse scattering transform
As the generalization of Fourier transform, the inverse scattering method can be used

to solve the integrable system and construct their infinite conservation laws [15, 60].
The scattering problem associated with CNLS equations (1) is defined by the first equa-

tion of the Lax pair (2). Assume that u is of Schwartz class with respect to x, the first-order
differential equation

φx = Uφ (A.1)
has two fundamental solution matrices Φ± which can refer to the cases x → ±∞, i.e.,
solving the ODE (A.1) with boundary φ→ eiλσ3x for x → ±∞. The matrices Φ± have the
asymptotic expression respectively

Φ± ∼ eiλσ3x, x → ±∞. (A.2)

Denote Φ± =
(
φ±1 φ±2 φ±3

)
, the vector solutions φ+

1 , φ−2 , φ−3 are holomorphic on Ω+ =

{λ ∈ C : Im(λ) > 0} and the vector solutions φ−1 , φ+
2 , φ+

3 are holomorphic on Ω− =
{λ ∈ C : Im(λ) < 0}. Additionally, φ±1 , φ±2 and φ±3 are smooth up to the boundary.
For Im(λ) = 0 i.e. λ ∈ R, the matrices Φ± are smooth and there is a transfer matrix
S(λ; t) =

(
sij(λ; t)

)
1≤i,j≤3 satisfying

Φ−(λ; x, t) = Φ+(λ; x, t)S(λ; t). (A.3)
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Let us discuss the symmetry of the Lax pair (2) for CNLS equations (1). Using the
symmetry Q† = Q, it can be verified that

U†(λ; x, t) = −U(λ∗; x, t).

The symmetries for U, V lead to

−Φ†(λ∗; x, t)x = Φ†(λ∗; x, t)U(λ; x, t),

−Φ†(λ∗; x, t)t = Φ†(λ∗; x, t)V(λ; x, t).

Hence the symmetries for Φ are

Φ−1(λ; x, t) = Φ†(λ∗; x, t),

and the symmetries for S are

S−1(λ; x, t) = S†(λ∗; x, t).

Setting φ±i =
(
φ±1i φ±2i φ±3i

)T, by (A.3), we obtain

S(λ; t) = (Φ+(λ; x, t))−1Φ−(λ; x, t)

= det(Φ+)−1

A+
11 A+

21 A+
31

A+
12 A+

22 A+
32

A+
13 A+

23 A+
33

φ−11 φ−12 φ−13
φ−21 φ−22 φ−23
φ−31 φ−32 φ−33

 .

This yields

s11(λ; t) = det(Φ+)−1 det (φ−1 , φ+
2 , φ+

3 ),

s22(λ; t) = det(Φ+)−1 det (φ+
1 , φ−2 , φ+

3 ),

s33(λ; t) = det(Φ+)−1 det (φ+
1 , φ+

2 , φ−3 ),

with s11(λ; t) being a holomorphic function on Ω−.

A.1 Conservation laws and trace formulas
For v =

(
v1 v2 v3

)T
=
(
v1 ṽT)T, we consider the corresponding differential equa-

tion associated with (2)

vx = Uv,
vt = Vv.

The term ω = ṽ/v1 satisfies the Riccati equation

ωx = iq− 2iλω− iωrTω. (A.4)

Since ω is holomorphic in C about λ, assuming

ω(λ; x, t) =
+∞

∑
n=1

ωn(x, t)
(2iλ)n , (A.5)
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and substituting (A.5) into (A.4), it leads to

ω1 = iq,
ω2 = −iqx,

ω3 = iqxx + iqrTq,

ω4 = −iqxxx − iqrT
x q− iqxrTq− iqrTqx

ω5 = iqxxxx + i(3qxrT
x q + 3qrT

x qx + qrT
xxq + 3qxxrTq

+ 3qrTqxx + 5qxrTqx + 2qrTqrTq)
· · ·

ωn = −ωn−1,x − i
n−2

∑
i=1

ωirTωn−1−i, n ≥ 1.

Since
(ln v1)x = iλ + irTω,

(ln v1)t = iλ2 − 1
2

irTq + (iλrT +
1
2

rT
x )ω,

(A.6)

using the compatibility condition, the relation (ln v1)xt = (ln v1)tx reads

i(rTω)t = (−1
2

irTq + (iλrT +
1
2

rT
x )ω)x. (A.7)

With the symmetry q = r∗ and the boundary condition q is of Schwartz class about x,
integrating both sides of equation (A.7) with respect to x on the real line, it gives rise to

i
d
dt

∫
R

rTωdx = 0.

Grouping the terms with respect to λ, it concludes that CNLS equations (1) admit an in-
finite number of conservation laws

∫
R

qωndx, n ≥ 1, including the conservation of mass,
momentum and energy:

H0(q) := −1
2

∫
R

irTω1dx =
1
2

∫
R
|q|2 dx,

H1(q) :=
i
2

∫
R

irTω2dx =
1
2

∫
R

iqT
x q∗dx,

H2(q) :=
1
2

∫
R

irTω3dx = −1
2

∫
R

(
qT

xxq∗ + |q|4
)

dx =
1
2

∫
R

(
|qx|2 − |q|4

)
dx,

· · ·

Hn−1(q) := − (−i)n−1

2

∫
R

irTωndx.

(A.8)

Now we induce the trace formulas. From the conservation laws, we can obtain the
expansion of a(λ; t) := ŝ11(λ; t). In view of the asymptotic expansion (A.2) and the deter-
minant representation, we obtain

a(λ; t) = lim
x→−∞

det(Φ−(x))−1φ+
11e−2iλx = lim

x→−∞
φ+

11e−iλx.
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There exists a function g(λ; x, t) such that φ+
11(λ; x, t) = eiλx+g(λ;x,t). In view of (A.6) and

(A.2), we obtain gx = irTω and limx→+∞ g(λ; x, t) = 0. Hence

ln a(λ; t) = lim
x→−∞

g(λ; x, t) = −
∫ +∞

−∞
irTωdx = −

+∞

∑
n=1

∫ +∞

−∞

irTωn(x, t)
(2iλ)n dx, (A.9)

by Lebesgue dominated convergence theorem. Since a(λ) is holomorphic and the simple
zeros of a(λ; t) correspond to the point spectrum of a nonself-adjoint operator, we assume
that {λ1, λ2, · · · , λN} are all simple zeros of a(λ; t), then we define

ã(λ; t) = a(λ; t)
N

∏
i=1

λ− λ∗i
λ− λi

which is holomorphic, has no zero and tend to 1 as λ→ ∞. Moreover, η(λ; t) = ln ã(λ; t)
is holomorphic in Ω+ and continuous to the real line. For the value on real line, by
Sochocki-Plemelj formula, since η vanish at infinity, for λ in the real line, we obtain

η(λ; t) =
1

2πi

(
lim

ε→0+

∫ +∞

−∞

η(µ; t)
µ− λ− iε

dµ

)
=

1
2πi

(
p.v.

∫ +∞

−∞

η(µ; t)
µ− λ

dµ + iπη(λ; t)
)

,

hence

η(λ; t) =
1
πi

p.v.
∫ +∞

−∞

η(µ; t)
µ− λ

dµ.

Then the imaginary part is

Imη(λ; t) = − 1
π

p.v.
∫ +∞

−∞

Reη(µ; t)
µ− λ

dµ.

By Sochocki-Plemelj formula again, we obtain

Imη(λ; t) = − 1
π

∫ +∞

−∞

Reη(µ; t)
µ− λ− i0

dµ + iReη(λ; t).

For Im(λ) > 0,

1
2πi

∫ +∞

−∞

Imη(µ; t)
µ− λ

dµ =
1

2πi

∫ +∞

−∞

1
µ− λ

(
− 1

π

∫ +∞

−∞

Reη(µ′; t)
µ′ − µ− i0

dµ′ + iReη(µ; t)
)

dµ

=
1

2π

∫ +∞

−∞

Reη(µ; t)
µ− λ

dµ

− 1
π

∫ +∞

−∞
Reη(µ′; t)

1
2πi

∫ +∞

−∞

1
µ− λ

1
µ′ − µ− i0

dµdµ′

=
1

2π

∫ +∞

−∞

Reη(µ; t)
µ− λ

dµ− 1
π

∫ +∞

−∞

Reη(µ′; t)
µ′ − λ− i0

dµ′

=− 1
2π

∫ +∞

−∞

Reη(µ; t)
µ− λ

dµ.
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Then we obtain

η(λ; t) =
1

2πi

∫ +∞

−∞

η(µ; t)
µ− λ

dµ =
1
πi

∫ +∞

−∞

Reη(µ; t)
µ− λ

dµ,

for Im(λ) > 0. Since Reη(µ; t) = ln |ã(µ)|, it leads to

a(λ; t) = eη(λ;t)
N

∏
i=1

λ− λi

λ− λ∗i

= e
1

2πi
∫ +∞
−∞

ln |ã(µ)|2
µ−λ dµ

N

∏
i=1

λ− λi

λ− λ∗i

or

ln a(λ; t) =
1

2πi

∫ +∞

−∞

ln |ã(µ)|2
µ− λ

dµ +
N

∑
i=1

(
ln
(

1− λi

λ

)
− ln

(
1−

λ∗i
λ

))

=
+∞

∑
n=1

(
− 1

2πi

∫ +∞

−∞
ln |ã(µ)|2µn−1dµ

)
1

λn −
+∞

∑
n=1

2i
n

(
N

∑
i=1

Imλn
i

)
1

λn .

(A.10)

Combining (A.8) ,(A.9) and (A.10), the conservation laws can be represented by the point
spectrum and the essential spectrum of a(λ; t):

Hn−1 = −2n−2

π

∫ +∞

−∞
ln |ã(µ)|2µn−1dµ +

2n

n

N

∑
i=1

Imλn
i , n ≥ 1. (A.11)

Then we can prove that the N-solitons satisfies an ODE.

Proposition A.1. The N-soliton solutions satisfy

2N

∑
n=0

µn
δHn

δq
= 0,

where the coefficients are given by

PN(λ) =
N

∏
i=1

(λ− λi)(λ− λ∗i ) =
2N

∑
n=0

2n−2Nµnλn

Proof. By trace formula (A.11), we have

δHn

δq
= 2n · 1

2i

N

∑
i=1

(λn
i

δλi

δq
− λ∗ni

δλ∗i
δq

), n ≥ 0.

Hence the ODE
2N

∑
n=0

µn
δHn

δq
= 22N · 1

2i

N

∑
i=1

(PN(λi)
δλi

δq
−PN(λ

∗
i )

δλ∗i
δq

) = 0

since λi, λ∗i are roots of PN(λ). �
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A.2 The integrable hierarchy and the matrix L
Let

L = Φσ3Φ−1,

then

Lx = [U, L], LL−1 = I, lim
λ→∞

L = σ3.

We use these conditions to calculate the integrable equation hierarchy. Setting

L = σ3 +
∞

∑
n=1

Ln

λn ,

we have

L1 = Q,

Ldiag
n+1 = i∂−1

x adQLo f f
n+1 =

1
2

∂−1
x adQσ3(∂xLo f f

n − iadQLdiag
n ),

Lo f f
n+1 = − i

2
σ3∂xLo f f

n − 1
2

σ3adQLdiag
n .

Moreover, we obtain the recursion

Lo f f
n+1 = − i

2
σ3(∂x + adQ∂−1

x adQ)L
o f f
n .

Setting

Lo f f
n =

(
0 WT

n
Vn 02×2

)
,

we obtain(
Vn+1
Wn+1

)
=

i
2

(
∂xVn + ∂−1

x (VnrT − qWT
n )q + ∂−1

x (rTVn −WT
n q)q

−∂xWn − ∂−1
x (WnqT − rVT

n )r + ∂−1
x (rTVn −WT

n q)r

)
,

where

∂−1
x · =

∫ x

−∞
(·)dx,

Let the recursion operator be denoted by

Lr

(
g
h

)
=

i
2

(
∂xg + ∂−1

x (grT + qhT)q + ∂−1
x (rTg + hTq)q

−∂xh− ∂−1
x (hqT + rgT)r− ∂−1

x (rTg + hTq)r

)
. (A.12)

Then we have (
Vn+1
−Wn+1

)
= Lr

(
Vn
−Wn

)
.
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By straightforward calculation,

L0 = σ3,
L1 = Q,

L2 = −1
2

σ3Q2 − i
2

σ3Qx,

L3 = − i
4
(QQx −QxQ)− 1

4
(Qxx + 2Q3),

L4 =
1
8

σ3(QxxQ + QQxx −Q2
x + 3Q4) +

i
8

σ3(Qxxx + 3QxQ2 + 3Q2Qx).

The matrix U and V in (2) have representations

U = i(L0λ + L1), V = i(L0λ2 + L1λ + L2).

In particular, we have the diagonal elements

Ldiag
1 = 0,

Ldiag
2 = −1

2
σ3Q2,

Ldiag
3 = − i

4
(QQx −QxQ),

Ldiag
4 =

1
8
(QxxQ + QQxx −Q2

x + 3Q4)

and the off-diagonal elements

Lo f f
1 = Q,

Lo f f
2 = − i

2
σ3Qx,

Lo f f
3 = −1

4
(Qxx + 2Q3),

Lo f f
4 =

i
8

σ3(Qxxx + 3QxQ2 + 3Q2Qx),

Lo f f
5 =

1
16

(Qxxxx + 4QxxQ2 + 2QQxxQ + 4Q2Qxx

+ 2Q2
xQ + 6QxQQx + 2QQ2

x + 6Q5).

Appendix B. The asymptotic expansion of Qij
Assume that 0 < b2 < b1, we have

Mnon ∼ |c11c22|2e2(b1+b2)ξ ξ → ∞,

Mnon ∼
(b1 − b2)

2

(b1 + b2)2 e−2(b1+b2)ξ ξ → −∞.
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If λ /∈ {λ1, λ2, λ∗1 , λ∗2}, the asymptotics are given byQ11(ξ) Q12(ξ) Q13(ξ)
Q21(ξ) Q22(ξ) Q23(ξ)
Q31(ξ) Q32(ξ) Q33(ξ)

 ∈ e−σ3Im(λ)ξ(L∞(R))3×3, ξ → ∞.

For λ = λ1, we haveQ11(ξ) Q12(ξ) Q13(ξ)
Q21(ξ) Q22(ξ) Q23(ξ)
Q31(ξ) Q32(ξ) Q33(ξ)

 ∼
 e−b1ξ e−b1ξ e−(2b2−b1)ξ

e−3b1ξ e−3b1ξ e−(b1+2b2)ξ

e−(b1+2b2)ξ e−(b1+2b2)ξ eb1ξ

 , ξ → +∞

andQ11(ξ) Q12(ξ) Q13(ξ)
Q21(ξ) Q22(ξ) Q23(ξ)
Q31(ξ) Q32(ξ) Q33(ξ)

 ∼
 e3b1ξ e3b1ξ e(b1+2b2)ξ

eb1ξ eb1ξ e(3b1+2b2)ξ

e(3b1+2b2)ξ e(3b1+2b2)ξ eb1ξ

 , ξ → −∞.

For λ = λ∗1 , we haveQ11(ξ) Q12(ξ) Q13(ξ)
Q21(ξ) Q22(ξ) Q23(ξ)
Q31(ξ) Q32(ξ) Q33(ξ)

 ∼
 e−3b1ξ e−3b1ξ e−(b1+2b2)ξ

e−b1ξ e−b1ξ e−(3b1+2b2)ξ

e−(3b1+2b2)ξ e−(3b1+2b2)ξ e−b1ξ

 , ξ → +∞

and Q11(ξ) Q12(ξ) Q13(ξ)
Q21(ξ) Q22(ξ) Q23(ξ)
Q31(ξ) Q32(ξ) Q33(ξ)

 ∼
 eb1ξ eb1ξ e(2b2−b1)ξ

e3b1ξ e3b1ξ e(b1+2b2)ξ

e(b1+2b2)ξ e(b1+2b2)ξ e−b1ξ

 , ξ → −∞.

Similarly, for λ = λ2, we haveQ11(ξ) Q12(ξ) Q13(ξ)
Q21(ξ) Q22(ξ) Q23(ξ)
Q31(ξ) Q32(ξ) Q33(ξ)

 ∼
 e−b2ξ e−(2b1−b2)ξ e−b2ξ

e−(2b1+b2)ξ eb2ξ e−(2b1+b2)ξ

e−3b2ξ e−(2b1+b2)ξ e−3b2ξ

 , ξ → +∞

andQ11(ξ) Q12(ξ) Q13(ξ)
Q21(ξ) Q22(ξ) Q23(ξ)
Q31(ξ) Q32(ξ) Q33(ξ)

 ∼
 e3b2ξ e(2b1+b2)ξ e3b2ξ

e(2b1+3b2)ξ eb2ξ e(2b1+3b2)ξ

eb2ξ e(2b1+3b2)ξ eb2ξ

 , ξ → −∞.

For λ = λ∗2 , we haveQ11(ξ) Q12(ξ) Q13(ξ)
Q21(ξ) Q22(ξ) Q23(ξ)
Q31(ξ) Q32(ξ) Q33(ξ)

 ∼
 e−3b2ξ e−(2b1+b2)ξ e−3b2ξ

e−(2b1+3b2)ξ e−b2ξ e−(2b1+3b2)ξ

e−b2ξ e−(2b1+3b2)ξ e−b2ξ

 , ξ → +∞

and Q11(ξ) Q12(ξ) Q13(ξ)
Q21(ξ) Q22(ξ) Q23(ξ)
Q31(ξ) Q32(ξ) Q33(ξ)

 ∼
 eb2ξ e(2b1+3b2)ξ eb2ξ

e(2b1+b2)ξ e−b2ξ e(2b1+b2)ξ

e3b2ξ e(2b1+b2)ξ e3b2ξ

 , ξ → −∞.
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In addition, to calculate the asymptotic expansion of Pi(λ), we also need to calculate the
asymptotic expansion of Ri(λ) at λ ∈ {λ1, λ∗1 , λ2, λ∗2}

R1(λ) ∼ e−Im(λ)ξ , ξ → ±∞

R2(λ) ∼ e−(2b1+Im(λ))ξ , ξ → +∞, R2(λ) ∼ e(2b1−Im(λ))ξ , ξ → −∞,

R3(λ) ∼ e−(2b2+Im(λ))ξ , ξ → +∞, R3(λ) ∼ e(2b2−Im(λ))ξ , ξ → −∞.

Appendix C. The closure relation
By taking first variations in the first equation of the Lax pair, we obtain

∂xδΦ = UδΦ + δUΦ.

Using the condition U = ΦxΦ−1, we obtain

(Φ−1δΦ)x = Φ−1δUΦ,

hence

δΦ±(λ; x, t) =
∫ x

±∞
Φ±(λ; x, t)Φ±−1

(λ; y, t)δU(λ; y, t)Φ±(λ; y, t)dy.

Using S(λ; t) = Φ+−1
(λ; x, t)Φ−(λ; x, t), letting x → −∞, we obtain

δS(λ; t) =
∫ +∞

−∞
Φ+−1

(λ; y, t)δU(λ; y, t)Φ−(λ; y, t)dy.

Similarly,

δS−1(λ; t) = −
∫ +∞

−∞
Φ−
−1

(λ; y, t)δU(λ; y, t)Φ+(λ; y, t)dy.

First, we assume that the point spectrum of the Lax pair (2) is an empty set. Denote

Φ± = (φ±ij )1≤i,j≤3 = (φ±1 φ±2 φ±3 ),

(Φ±)−1 = (φ̂±ij )1≤i,j≤3 = (φ̂±1 φ̂±2 φ̂±3 )T,

S−1 = (ŝij)1≤i,j≤3

and define

ρj =
s1,j+1

s11
, ρ̂j =

ŝj+1,1

ŝ11
, j = 1, 2,
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the variation of S, S−1 induces that

δρj(ξ) =
i

s2
11(ξ)

∫
R


φ̂+

12ψ−1,j+1
φ̂+

13ψ−1,j+1
φ̂+

11ψ−2,j+1
φ̂+

11ψ−3,j+1


T

(x; ξ)


δq1
δq2
δq∗1
δq∗2

 (x)dx,

δρ̂j(ξ) = −
i

ŝ2
11(ξ)

∫
R


ψ̂−j+1,2φ+

11
ψ̂−j+1,3φ+

11
ψ̂−j+1,1φ+

21
ψ̂−j+1,1φ+

31


T

(x; ξ)


δq1
δq2
δq∗1
δq∗2

 (x)dx

(C.1)

where

ψ−j+1 = (ψ−1,j+1, ψ−2,j+1, ψ−3,j+1)
T = φ−j+1s11 − φ−1 s1,j+1,

ψ̂−j+1 = (ψ̂−j+1,1, ψ̂−j+1,2, ψ̂−j+1,3) = φ̂−j+1ŝ11 − φ̂− ŝj+1,1.

By [60], we obtain

(
δq1, δq2, δq∗1 , δq∗2

)T
(x) =

i
π

∫
R

2

∑
j=1

(
Oj(x; ξ)δρj(ξ) + Oj+2(x; ξ)δρ̂j(ξ)

)
dξ, (C.2)

where

Oj =


φ−21φ̂−j+1,1
φ−31φ̂−j+1,1
−φ−11φ̂−j+1,2
−φ−11φ̂−j+1,3

 , Oj+2 =


φ−2,j+1φ̂−11
φ−3,j+1φ̂−11
−φ−1,j+1φ̂−12
−φ−1,j+1φ̂−13

 , j = 1, 2.

Under the symmetries q = r∗, then the symmetry S−1(λ; x, t) = S†(λ∗; x, t) is held,
and it leads to ρj(λ

∗) = (ρ̂(λ))∗, hence

δρj(λ
∗) = (δρ̂(λ))∗.

Then for λ ∈ R, take complex conjugate in both sides of (C.1), we obtain

δρ̂j(ξ) =
1

ŝ2
11(ξ)

∫
R

R†
j+2(x; ξ)J


δq1
δq2
δq∗1
δq∗2

 (x)dx,

δρj(ξ) = −
1

s2
11(ξ)

∫
R

R†
j (x; ξ)J


δq1
δq2
δq∗1
δq∗2

 (x)dx,

(C.3)
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where

Rj =


ψ̂−j+1,1φ+

21
ψ̂−j+1,1φ+

31
−ψ̂−j+1,2φ+

11
−ψ̂−j+1,3φ+

11

 , Rj+2 =


φ̂+

11ψ−2,j+1
φ̂+

11ψ−3,j+1
−φ̂+

12ψ−1,j+1
−φ̂+

13ψ−1,j+1

 , j = 1, 2.

Invoking (C.2) and (C.3), the closure relation is given by

δ(x− y)I4 = − i
π

∫
R

2

∑
j=1

(
1

s2
11(ξ)

Oj(x; ξ)R†
j (y; ξ)J − 1

ŝ2
11(ξ)

Oj+2(x; ξ)R†
j+2(y; ξ)J

)
dξ.

Moreover, the orthogonality conditions hold∫
R

R†
j (x; ξ)JOj(x; ξ ′)dx = iπs2

11(ξ)δ(ξ − ξ ′),∫
R

R†
j+2(x; ξ)JOj+2(x; ξ ′)dx = −iπŝ2

11(ξ)δ(ξ − ξ ′).
(C.4)

For the case there exist discrete eigenvalues for Lax pair, the closure relation must contain
the contributions of point spectrum. These contributions are the residue of the functions
in the above closure relation [60].
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