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Abstract

It is well-known that peakons in the Camassa—Holm equation are H 1 -orbitally stable thanks to conserved
quantities and properties of peakons as constrained energy minimizers. By using the method of character-
istics, we prove that piecewise C 1 perturbations to peakons grow in time in spite of their stability in the
H!'-norm. We also show that the linearized stability analysis near peakons contradicts the H Lorbital sta-
bility result, hence passage from linear to nonlinear theory is false in H 1
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

The Camassa-Holm (CH) equation [6]

U — Upyy + 30Uy =2Uxlyy +Ullyyy, XER (1.1)

can be rewritten in the convolution form
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1 ’ 2 1 2
u[+uux+§(p* u +§ux =0, xekR, (1.2)

where ¢(x) = e 1l is the Green function satisfying (1 — a,%)q) = 26 with § being Dirac delta
distribution and (f * g)(x) := fR f(x — y)g(y)dy being the convolution operator. It is clear
that ¢ € H® for s < %, where H® := H®(R) is the standard Sobolev space of squared integrable
distributions equipped with the norm || £ | g7s := [|(-)* ]| ;2 with (x) := ~/T + x2 and f being the
Fourier transform of f on R.

The purpose of function ¢ is not only to rewrite the evolution problem for the CH equation
(1.1) in the convolution form (1.2) that depends on the first derivative of # in x and does not
depend on its higher-order derivatives. In addition, ¢ expresses a particular family of solutions
u(t,x) = cp(x — ct) with ¢ € R which are referred to as peakons (or peaked solitary waves).
Indeed, the validity of these peakons as solutions to the CH equation in the convolution form
(1.2) can be checked directly from the identity

1, 3 2
—(p—|—§(p —|—Z<p*¢) =0, xeR, (1.3)

which is piecewise C! on both sides from the peak at x = 0.

Cauchy problem for the CH equation (1.1) with the initial data ug € H> was studied in the
series of papers [8—10]. It was shown in Theorem 4.1 in [8] that if yg := (1 — Bf)uo does not
change sign on R, then the corresponding solution u € C(R*, H?) exists globally in time. If
there exists xg € R such that (x — xg)yo(x) > 0 on R, the same conclusion applies (Theorem 4.4
in [8]), whereas if (x — x0)yo(x) < 0 on R, the local solution breaks in a finite time in the sense
that the slope of the solution becomes unbounded from below in a finite time (Theorems 5.1 and
5.2 in [8]).

The condition H3 on the initial data was used in [8—10] to control the auxiliary quantity yo and
to extend local solutions to global solutions of the CH equation (1.1). Without these requirements,
local well-posedness of the Cauchy problem can be proven for initial data in H* for every s > %
[25,31] but cannot be pushed below and at s = % because of lack of uniform continuity of the
local solution with respect to initial data and the norm inflation [5,19].

A rather sharp sufficient condition on breaking of a local solution in H® with s > % was
obtained in [2]. The local solution breaks if there exists xg € R such that the initial data ug € H®
satisfies ub(xo) < —|up(xp)|. Unique global weak solutions u € C(R*, H Y in energy space H !
were constructed in [12] (after [11]) under the additional condition that yg := (1 — 83)140 has a
non-negative finite measure. Non-negativity of y := (1 — 8§)u is preserved in the time evolution
of the CH equation. Note that if yg > 0, then ug(x) > 0 and |u6(x)| <uo(x) is satisfied at every
x for which uj, is defined.

Cauchy problem for the CH equation in the convolution form (1.2) with the initial data in H!
was studied in [3] (similar results appear also in [20]) by means of a coordinate transformation
of the quasilinear equation to an equivalent semilinear system. It was proven that the Cauchy
problem for the equivalent semilinear system admits a unique global solution (Theorem 1 in [3]),
which provides a global conservative solution to the CH equation (Theorem 2 in [3]) such that

, 1 +
{u(t, Ye H for every t e RT, (1.4)

llu(t, )|l g1 = lluoll 1 for almost every t € R
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This global conservative solution is consistent with the two conserved quantities of the CH equa-
tion:

E(u)z/(u2+u§)dx, F(u)zfu(u2+u§)dx. (1.5)
R R

Moreover, it was proven in [4] that the global conservative solution to the CH equation (1.2)
is unique for every initial data in H#'. Continuous dependence from initial data and local well-
posedness of the weak solutions

ueC((=T,T), HHYNL®(~T,T), W"*ync'(-T,T), L? (1.6)

to the CH equation (1.2) was established very recently in [27] for every ug € H' N W1, where
W1 is the Sobolev space of functions with bounded first derivatives and 7 > 0 is the maximal
existence time.

The previous study of stability of peakon solutions in [13,14] relies on the existence of con-
served quantities (1.5). It was proven in [13] that the peakon ¢ is a unique (up to translation)
minimizer of E(u) in H! subject to the constraint 3F (1) = 2E(u) (Proposition 3.6 in [13]),
where E(¢p) =2 and F(p) = %. Consequently, global smooth solutions u € C(R*, H 3) which
are close to ¢ in H' remains close to the translated orbit {¢(- — a)},cr in H' for all > 0
(Theorem 3.1 in [13]).

A different result on stability of peakons was proven in [14], which we reproduce here.

Theorem 1. [/4] Assume existence of a solution u € C((0,T), HY 10 the CH equation (1.1)
with either finite or infinite T > 0. For every small ¢ > 0, if the initial data satisfies

e\4
o=l < (3) - (1.7)
then the solution satisfies
lu(t,) =@ —E) g <&, 1€(0,T), (1.8)

where &(t) is a point of maximum for u(t, -).

In Theorem 1, the local solution u € C((0,T), H 1) to the CH equation (1.1) may break in a
finite time 7" < o0 in the sense of Theorem 5.1 in [8]:

uy(t,x) > —oo atsome xeR asrt 7T. (1.9)

Nevertheless, the H!-norm of the solution u € c0,7),H 1) remains finite as ¢ /' T thanks to
the energy conservation E(u) in time ¢ up to the breaking time 7'. This implies that the bound
(1.8) remains valid in the limit t /' T and allows us to say that peakons of the CH equation are
H' orbitally stable.

Various extensions of the H' orbital stability of peakons have been made recently. Orbital
stability of peaked periodic waves in the CH equation was proven in [22,23]. Stability of peakons
in another integrable equation called the Degasperis—Procesi equation was established in [26] by
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extending ideas of [14]. Asymptotic stability of peakons in the class of H! functions u with
yi=(1- 83)14 being a non-negative finite measure is proven in [29]. Asymptotic stability of
trains of peakons and anti-peakons with y being a sign-indefinite finite measure was constructed
recently in [30].

Multi-peakon solutions were constructed by many analytical and numerical tools [1,7,21,28].
The local characteristic curve x = £(¢) for the Camassa—Holm equation (1.2) is defined by the
equation

dg
—=uEW). (1.10)

Since the multipeakon solution is known in the closed form u (¢, x) = Zj»v:l m;j(t)p(x — x;(t)),
where {xj (¢), my ()} ,l{vzl satisfies the finite-dimensional Hamiltonian system

dm N

k /

— = —ijmksv (Xk — xj),
j=1

dxk
mjo(xg —

||M2

dt

it is clear that the single peakons move along the local characteristic curves [28] so that

i =u(t,xx(t)), ke{l,2,...,N}.

dt
Global conservative solutions to the CH equation with multi-peakons were studied with the
inverse scattering transform method in [15], where the long-time behavior of solutions with
peakons was investigated (see also [1,24]) and details of collisions between peakons and anti-
peakons were given (see also [3,30]).

The purpose of this work is to address the question of stability of a single peakon in the
time evolution of the CH equation beyond the H' orbital stability result of Theorem 1. We
start with the linearized stability analysis and study evolution of the linearized equation around
the peakons by using the method of characteristics. The same method is also useful to prove
nonlinear instability of piecewise C! perturbations to peakons. This instability develops in spite
of the H' orbital stability result of Theorem 1.

The previous works avoid the question of linearized stability of peakons. It was noticed in [13]
that “the nonlinearity plays a dominant role rather than being a higher-order correction”, so that
“the passage from the linear to the nonlinear theory is not an easy task, and may even be false”.
The authors of [26] added that the peakons are not differentiable in x, which makes it difficult to
analyze the spectrum of the linearized operator around the peakons.

By adding a perturbation v (¢, x —t) to the single peakon ¢ (x —#) moving with the normalized
speed ¢ = 1 and dropping the quadratic term in v, we obtain the linearized equation for v(¢, x —¢)
from the CH equation in the convolution form (1.2):

1
v+ (@ — Do +o'v+o¢ * ((pv—i— Ew’vx> =0, x—1t#£0. (1.11)

In what follows, we use x instead of x — ¢ thanks to the translational invariance of the convolution
operator. After the change, the location of the peak of ¢ is placed at x = 0. The following theorem
represents the first main result of this work.
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Theorem 2. For every initial data vo € H' satisfying vo(0) = 0, there exists a unique global
solution v e C(RT, H) to the linearized equation (1.11) satisfying v(t,0) =0,

r 1
G, 310,000 = 1013710 00y +2C¢" = 1) / 9(s) <[vo(S)]2 + E[v(’)(S)]Z) ds  (1.12)
0

and

0
1
(1 o0y = 10151y +2(€ = 1) f o(s) ([UO(S)]2+§[U6(S)]2)dS (1.13)

—00
for every t > 0.

In Theorem 2, we confirm the expectation from [13] that the passage from the linear to the
nonlinear theory may be false in H'. Indeed, the sharp exponential growth of |[v(z, -) | H(0,00) 1N
(1.12) for the solution of the linearized equation (1.11) contradicts the bound (1.8) in Theorem 1
obtained for the solution of the full nonlinear equation (1.2).

On the other hand, by solving the linearized equation (1.11) with a method of characteristics
(Lemma 3), we discover the intrinsic instability associated with the peaked profile of the traveling
wave ¢. This instability is related to the characteristics to the right of the peak for x > 0 but not
to the left of the peak for x < 0 (Lemma 4).

Within the linearized equation (1.11), we also discover that if v(0) # 0, the continuous initial
data vg € H' generates a finite jump discontinuity in the solution v(z, x) at the peak x = 0 for
every small # > 0 (Lemma 2). This finite jump discontinuity is allowed in the domain of the
linearized operator associated with the linearized equation (1.11) in L? (Remark 1), however it
prevents the solution v(z, -) to stay in H' for every t > 0. Related to this fact, we prove that the
single peak of a perturbed peakon in the CH equation in the convolution form (1.2) moves with
the speed equal to the local characteristic speed as in (1.10) (Lemma 6). This allows us to show
that the constraint on the solution v at the peak required in Theorem 2 is satisfied identically in
the time evolution of the full nonlinear equation (1.2) (Remark 3).

Similarly, we show for the linearized equation (1.11) that if vo € H I'n ¢! with vo(0) =0
and v(,(0) # 0, then v(z, ) ¢ C! for every small ¢ > 0 because of the finite jump discontinuity
of vy (¢, x) at x =0 for t > 0 (Remark 2). Compared to the constraint on v at the peak, there is
no way to maintain a constraint on v, at the peak and to prevent the finite jump discontinuity of
vy (¢, x) at x = 0 in the time evolution of the full nonlinear equation (1.2).

The above facts suggest that the L>-based spaces like H' or H? may not be the best spaces
to study the intrinsic instability of peakons in the CH equation. Instead, we work in the space of
bounded continuous functions on R which are piecewise continuous differentiable with a finite
jump discontinuity of the first derivative at x = 0 and bounded first derivatives away from x = 0.
This space is denoted by Cé:

Cli=weC®®R)NC'R)NC'RT); v,8,veL®R))}. (1.14)

The linear instability result of Theorem 2 is easily extended to prove exponential instability
of ||ux(t,-)||Lo because of the characteristics to the right of the peak (Lemma 4). Unlike the
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linear instability in H' of Theorem 2, which cannot be true in the nonlinear evolution due to the
result of Theorem 1, the linear instability in C(]) persists in the full nonlinear equation (1.2) as
the nonlinear instability of peakons with respect to piecewise C! perturbations (Lemma 9). The
following theorem represents the second main result of this work.

Theorem 3. For every § > 0, there exist to > 0 and ug € H' N C(l) satisfying

luo = @ll gt + llug — ¢l <3, (1.15)

such that the global conservative solution to the CH equation (1.2) with the initial data uq satis-

fies

llux (to, ) — @' (- — &(10)) |l Lo > 1, (1.16)
where &(t) is a point of peak of u(t, - +&(t)) € H'N Cé fort €10, 1]

We note that the peakon ¢ is located on the boundary between global and breaking solutions
to the Camassa—Holm equation in the sense that (1 — 8)%)90 =24 is zero everywhere except at
the peak. It is expected that some perturbations to the peakons lead to global solutions whereas
some others break in a finite time in the same sense as (1.9). The nonlinear instability result in
Theorem 3 does not distinguish between these two possible scenarios. However, the proof of
Lemma 9 shows that the initial data for the growing perturbations near the peak satisfy the same
sufficient condition for breaking as in [2] (Remark 5). The bound (1.16) is attained before the
breaking time 7.

Note that the criterion (1.9) for breaking in [8] and the sufficient condition for breaking in [2]
are derived for smooth solutions to the Camassa—Holm equation. Although perturbations to the
peakons are not smooth in H! N Cé, we have justified the same breaking criterion in the method
of characteristics for the solutions in H'! N Cé (Lemma 7). Moreover, since Cé c Whe°, our
solution coincides for ¢ € (0, T') with the local solution (1.6) constructed in [27]. The maximal
existence time T > 0 of the local solution (1.6) may be finite because of the blow-up of the W 1>
norm. This blow-up of the W > norm agrees well with the instability criterion (1.16) used in
Theorem 3.

A general global conservative solution to the CH equation (1.2) satisfies (1.4) and may have
finite jumps of the energy E(u) in (1.5) at some time instances, which correspond to collision
between peakons and anti-peakons [3]. The initial data ug € H 'n Cé in Theorem 3 exclude
anti-peakons and hence no jumps of the energy E(u) occur in the time evolution of the local
solution (1.6) at least for € [0, T').

Study of the instability of peakons in the CH equation is inspired by the recent work [16—18]
on smooth and peaked periodic waves in the reduced Ostrovsky equation,

w +uy =0 u, (1.17)

which is another generalization of the inviscid Burgers equation u; + uu, = 0. While smooth
periodic waves are linearly and nonlinearly stable [16,17], peaked periodic waves were found to
be linearly unstable because the LZ-norm of the perturbation grows exponentially in time [18].
The linear instability was found from the solution of the truncated linearized equation obtained
by the method of characteristics and from the estimates on the solution of the full linearized
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equation. Nonlinear instability was not studied in [18] due to the lack of global well-posedness
results on solutions of the reduced Ostrovsky equation (1.17)in H'.

Compared to [18], we show here that the full linearized equation (1.11) can be solved by
method of characteristics without truncation and that the nonlinear instability of peakons in the
CH equation (1.2) can be concluded from the linear instability of perturbations in H' N C(l).

The remainder of the article is organized as follows. Linearized evolution near a single peakon
is studied in Section 2, where the proof of Theorem 2 is given. Nonlinear evolution of piecewise
C! perturbations to a single peakon is studied in Section 3, where the proof of Theorem 3 is
given. Section 4 concludes the article with ideas for further work.

2. Linearized evolution near a single peakon
Let us first simplify the linearized equation (1.11) by using the following elementary result.

Lemma 1. Assume that v € H'. Then, for every x € R,
1 X
¢ * (wv + Ew’vx> () = —¢'()v(x) +¢'(x)v(0) — p(x) / v(y)dy. 2.1
0

Proof. Since integrals of absolutely integrable functions are continuous and since ¢, ¢’, v, v, €
L2, the map

, < 1, )
Xt @ * <pv+§q)vx

is continuous for every x € R. Now, H 1 (R) is continuously embedded into the space of bounded
continuous functions on R decaying to zero at infinity and thus, v € C(R) N L°°(R). Integrating
by parts yields the following explicit expression for every x € R:

(¢ @) () = (9" %6'v) (x) = (¢ % ¢") (x)
= (¢ *¢'v) (1) =20 ()0 (x) — (¢ * 9v) (¥) +2¢/ ()0 0),

which simplifies the left-hand side of (2.1) to the form:

1 1 1
@' * (fpv + Ew’vx> (x) = —¢'(xX)v(x) + ¢' (x)v(0) + 3 (¢ *¢'v) (x)+ 3 (¢ * pv) (x).

Furthermore, we obtain

N =

1
(px@'v) (x) + 5 (¢ % pv) (x) = —

1
3 / 9(x = (V) [sign(y) + sign(x — y)]dy
R

__ f o(x — Ve ()dy
0
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=—<0(x)/v(y)dy,
0

which completes the proof of (2.1). O

The Cauchy problem for the linear equation (1.11) can be written in the evolution form:

dv _
{ ar — AU, t > O, (22)
v]i=0 = vo,
where the linearization near the single peakon ¢ for a perturbation v in H' is given by
X
(Av)(x) =[1 = ()] (x) + ¢ (x) f v(»dy —v(0)¢'(x), x#0, (2.3)
0

thanks to Lemma 1 and the translational invariance.
In order to define a strong solution to the Cauchy problem (2.2), we consider the operator
A :dom(A) C L2(R) — L2(R) with the maximal domain given by

dom(A)={ve L’(R): AveL*R)}. (2.4)
Since ¢(x) — 0 as |x| — oo exponentially fast and ¢’ € Lz(]R), dom(A) is equivalent to
dom(A)={veL’R): (1—¢) € L*R), [v(0)] < oo}.

Remark 1. Since ¢(0) =1, H Lis continuously embedded into dom(A) but it is not equivalent
to dom(A). In particular, if v € H LRt n HY(R™) with a finite jump discontinuity at x =0
then v € dom(A) but v ¢ H'. However, the representation (2.1) in Lemma 1 does not hold for
solutions in dom(A) with a finite jump discontinuity at x = 0.

Let us consider the linearized Cauchy problem (2.2) in the space C(% defined by (1.14). The
following lemma shows that unless vy € Cé satisfies the constraint vg(0) = 0, solutions to the
Cauchy problem (2.2) do not remain in Cé fort #0.

Lemma 2. Assume that vg € dom(A) N Cé with vy (0) # 0 and that there exists a strong solution
v e C(RT, dom(A)) to the Cauchy problem (2.2). Then, v(t,-) ¢ Cé for every t € (0, ty) with
to > O sufficiently small.

Proof. Assume that v(z,-) € Cé for ¢ € [0, tp] with some 7y > 0 and obtain a contradiction. If
v(t,-) € Cé, then it follows from (2.2) and (2.3) for every ¢ € (0, fg) that

lim (. x) = 4001, 0)
o gr X T EVELE,



7350 F. Natali, D.E. Pelinovsky / J. Differential Equations 268 (2020) 7342-7363

and since v(0, 0) = vp(0) # 0, we have v(z, -) ¢ C(R) forevery ¢ € (0, tp) with 7y > O sufficiently
small because of the finite jump discontinuity at x = 0. Consequently, v(t, -) ¢ Cé for every
te(0,1). O

Due to the reason in Lemma 2, we set vo(0) = 0 for the initial condition vo € H! N Cé in the
Cauchy problem (2.2). Note that dom(A) N cl=H'n C(l). Ifve H' N C(l) and v(0) =0, then
(Av)(x) in (2.3) is continuous at x = 0 and its definition can be extended for every x € R by

(Av)(x) =[1 = p(x)] v/(X)+90(X)/v(y)dy, x eR. 2.5
0

The next result shows that the condition vo(0) =0 on vp € H! N Cé is not only necessary but

also sufficient for existence of the unique global solution in H' N Cé to the Cauchy problem (2.2)
with (2.5).

Lemma 3. Assume that vg € H! N Cé with vy(0) = 0. There exists the unique global solution
veCR,H'N Cé) to the Cauchy problem (2.2) with (2.5) satisfying v(t,0) = 0 for every t € R.

Proof. We solve the evolution problem (2.2) with (2.5) by using the method of characteristics
piecewise for x > 0 and x < 0. The family of characteristic curves X (, s) satisfying the initial-
value problem

dX
X —p(X) - 1. )6
{X|t:O:S’ (2.6)

are uniquely defined for every s € R thanks to the Lipschitz continuity of ¢ on R. The peak loca-
tion at X = 0 is the critical point which remains invariant under the time flow of the initial-value
problem (2.6). For s € R and ¢ € R, we obtain the family of characteristic curves in the exact
form

log[l + (e — 1)6_’], s >0,
X(t,s)=140, s =0, 2.7
—log[l + (75 — l)et], s <0,

with limg_, o+ X (¢, 5) = 0 for every t € R. Let us define

X X

wo (x) :=/vo(y)dy, w(t, x) :=/v(t,y)dy, (2.8)

0 0

then wo € C'(R) with wy(0) = w6(0) = 0. We are looking for the solution w(z, -) € C L(R) with
w(t,0) = wy (¢, 0) =0 for every ¢ € R. Substituting v = w, into v; = (1 — p)vy + pw yields

Wiy + (@ — Dwyy —ow =0, xekR,

which can be integrated as follows:
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w + (0 — Dwy —p'w=const=0, xeR,

where the integration constant is zero thanks to the boundary condition w(z, 0) = 0 for every
t € R. Along each characteristic curve satisfying (2.6), W (¢, s) := w(t, X (¢, s)) satisfies the
initial-value problem:

dw /
S =9 (X, )W,
{ {‘l}hzo = wo(s), (2.9

which can be solved uniquely in the exact form:

1 s>0

_ _ 1+(et_l)e—s ’ )
W(t,s) =wo(s)Xs(t,s), Xs(,s)= 1 (2.10)

T —De s <0,

with limg_, o+ W(t,s) = 0 for every t € R thanks to wp(0) = 0. Note the different limits
lim_, o+ X;(¢,5) =T if 1 £0, hence X (¢, -) € Cé if t # 0. Also note that

Xs(t,s) >0, forevery s+#0 (2.11)

and
Xs(t,s) > 1 as |s| > oo. (2.12)

Finally, we solve (2.2) with (2.5) by using (2.7) and (2.10). Along each characteristic curve
satisfying (2.6), V (¢, s) ;== v(¢, X (¢, 5)) satisfies the initial-value problem:

dv
¥ = (X (&, s)W(t,s),
{ V120 = v0(s), =

which can be solved uniquely in the exact form:

4(“;71)673, s>0
V(t,9) =vo(s) +wo()Y (t,9), Y(t,8)=1 " 0 (2.14)
s <0,

T+(eT=De’”
with lim,_, o+ V (¢, s) = 0 for every ¢ € R thanks to wy(0) = vo(0) = 0. Furthermore, V (¢, s) is
continuously differentiable in s piecewise for s > 0 and s < O for every ¢ € R since vg € Cé and
wo € C'. Hence, V(t,-) € C(l) for every t € R. Also, thanks to the properties (2.11) and (2.12),
we have V(z,-) € H! for every t € R since vg € H! and wop € HL.

Finally, thanks again to the properties (2.11), (2.12), and X (¢,0) = 0 for every ¢t € R, the
change of coordinates (¢,s) — (¢, X) is a Cé invertible transformation so that the solution
v(t,-) =VI(t,s(t,-)) belongs to H'n Cé and satisfies v(z,0) =V (t,0) =0foreveryt € R. O

By analyzing the exact solution v(t,-) € H 'n Cé of Lemma 3 in ¢, we show that v, (¢, -)
grows in ¢ due to characteristics with x > 0. At the same time, if we add an additional constraint
Vg € L' on the initial data, we can also show that v(t, -) remains bounded in the supremum norm
as t — oo.
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Lemma 4. Assume that vo € H' N C} N L with vo(0) = 0 and « := lim, _, o+ vj(x) # 0. Then,
we have for every t > 0:

v, Iz 0.000 = lvoll 20,000 + V0l L1 (0,000 NV )L (=00,0) < 2l V0 ]l L% (~00,0) (2.15)

and

llox (7, I 0,00 = @€', v, )L (=00,0) < 1Vl L% (—00,0) + 2100l L0 (00,00 (2.16)

Proof. Ifvoe H'N C(l) with vy(0) = 0, we have V (¢, ) € H' N Cé for every r € R by Lemma 3.
If in addition v € L', then wy € L™ thanks to the bound ||wg|| = < llvollz1-
We obtain by elementary computations:

(¢ — e _ (et = 1se*

max —— =1, max ——— =1. 2.17)
1>0,5>0 1 + (¢! — 1)e™ 1>0,5<0 1 + (e71 — 1)e’

While the proof of the first equality is obvious, the proof of the second equality consists of several
steps. For fixed s < 0, the function

(et —1)se*

Z(t,s) = ———
®) I+ (et = 1)e’
is monotonically increasing in ¢ so that

|s|e’|”

Zmax(8) :=max Z(t,s) = lim Z(t,s) =
>0 t—00 1

Then, Zmax(s) is monotonically decreasing in |s| attaining the maximal value 1 as |s| — 0. It
follows from (2.14) and (2.17) that

[V, )] < |vo(s)] + [wo(s)I, t>0, 5s>0 (2.18)
and

wo(s)

, t>0, s<0, (2.19)

IV(l,S)Iflvo(S)lJr‘

where it follows from (2.8) that

‘wo(s)
S

< llvollze.

Bounds (2.15) follow from the estimates (2.18) and (2.19).
By using the chain rule U (¢, s) = Vi (¢, 5)/ Xs(t,s) for U(t,s) := vy (t, X(¢,5)), we obtain
from (2.14) the exact solution for s > 0 and t > 0:

(e — e

U(t,s)=vy(s) [14 (" — De™ ] +vo(s)(e' — e — wo(s)m.

(2.20)
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If o :=1lim, _, o+ v(/) (x) # 0, then the first bound in (2.16) follows from the estimate
U, )lLx©,00) = lim U(t,s)=ae', t>0, 2.21)
s—>0t

thanks to wg(0) = vo(0) =
Similarly, we obtain from (2.14) the exact solution for s < 0 and ¢ > 0:

(1 _ e—t)es

U(t,s)=vy(s) [1+ (e7" = De’] +vols)(1 —e e’ + wo(s)m. (2.22)
By using the second equality in (2.17), we obtain from (2.22) that
U@ )1 < 1@+ o] + | 22| >0, <o, (2.23)
A

which yields the second bound in (2.16). O

Remark 2. If vy € C! with v9(0) = 0 and v((0) # 0, then lim, o= U(z, s) = v} (0)e*’ so that
Ul(t,-) ¢ C! for t # 0. Consequently, v(z, -) ¢ C' fort #0.

The exponential growth of v, (¢, -) as t — oo in Lemma 4 discovers the linear instability of
the peakon in the supremum norm on v,. The same instability is observed in the H' norm, as
formulated in Theorem 2. Below we prove equalities (1.12) and (1.13) in Theorem 2 for vy € H'
with vg(0) = 0 without additional requirements vy € Cé and vg e L'.

Proof of Theorem 2. By working on [0, c0), we use the exact solutions in (2.14) and (2.20),
integrate by parts, and obtain

N A O, [ lwo) (e’ — De

A O as LS ey
0 0
and
s (7, )17 20,00) = / [0p()IP[1 + (e — e 1ds +2 f [vo(s)1*(e" — e "ds
0 0

® 20,1 —s _ s

o) (e = De™ | [ W) — De~ s @25)

1+ —Des 7 1@ —DesP
0

In order to obtain (2.24), we use (2.14) and the chain rule to write

o —s 72
(e — e ] ds (2.26)

10 22,0y = f [vo(S)+wo(S)1 o= | Tre e
0
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We expand the square and integrate the middle term by parts with the boundary conditions
wp(0) =0 and hms%oo[wo(s)]2 ~% =0 thanks to the Holder inequality:
x 2
o = [ [ wds | <xllwlsguy  ¥>0
0

This transforms the middle term to the form

o0 o0 oo

2vowo(e’ — e™ w(z)(e’ [ wo(e e
[+ —Der 207 n+wh4wfﬁ 1+w—n P

sds (2.27)
0

Substituting (2.27) into (2.26) yields (2.24).
Computations for (2.25) are similar but longer with three terms integrated by parts with the
boundary conditions vy(0) = 0 and lim,_, » vo(s) = 0. Indeed, we write

||Ux(tv )”312(0’00) = / [UE)(S) (1 + (et - l)g_s) =+ vo(s)(et - l)e_s
0

(' — e 2 ds
_ ) 2.28
WS e = e | TH (@ = e (2.28)
The first cross term gives
o o0
2/v0v6(e’ — 1)e—Sds=/u3(e’ — e ds. (2.29)
0 0
The second cross term gives
® t 1 —S ® t 1 —S
_2f wouy—& ¢4 2/ N Gl LI
14 (ef — e 14 (ef — e
0 0
o0
2/‘ (' — e
wov
T (e — e
0
o0
(e —1)°
2 ds. 2.30
2 [ o a0
0

The last term in (2.30) cancel out the third cross term in (2.28). The second term in (2.30) is also
integrated by parts to the form:
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® t 1 ) ® t l —s
—waovo%dw—f 2_(€ —De

- WoT T 77 .48
1+ (et — e 1+ (ef — e
0

0
o
t_ 2 ,—2s
+/ wpE Ve 2.31)
[1+ (ef — De™s]?

0
Substituting (2.29), (2.30), and (2.31) into (2.28) yields (2.25). Finally, summing up (2.24) and
(2.25) yields (1.12).

Computations on (—oo, 0] are similar from the exact solutions in (2.14) and (2.22). Integration
by parts yield

ds (2.32)

0
12 _ [vo(s)]? / [wo(s)1?(e™" — D)e*
||U(t, )||L2(7OO’0) — / 1 —i——(e*t — l)eS dS + [1 + (eil — 1)63]3

—0o0 —0o0

and
0 0
ot 2 o0 = / [0o()IP[L + (e — Delds +2 / [vo()]*(e™" — 1e'ds

[ o) P — et e [ wde) e — e
I+ —De [+ — De'P

—00 —00

+ ds. (2.33)

Summing up (2.32) and (2.33) yields (1.13). O
3. Nonlinear evolution near a single peakon

Global existence and uniqueness of the conservative solution (1.4) to the Cauchy problem for
the CH equation in the convolution form (1.2) with initial data ug € H I was proven in [3,4].
Continuous dependence of the conservative solution (1.6) for initial data ug € H L' wloo was
proven in [27]. We rewrite the Cauchy problem in the form:

{ ur +uuy + Qu] =0, >0, (3.1
uli=0 = uo,
where
| 1
Qlul(x) =5 / ¢ (x —y) ([u<y)]2 + E[u’(y>]2> dy, xeR. 3.2)
R

The following lemma shows that Q[u](x) is continuous for every x € R if u € H'.

Lemma S. For every u € H', we have Qlu] € C(R).
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Proof. We can rewrite (3.2) in the explicit form:

1T 1 . 1,
Qlul(x) = 7e* / e ([u<y>]2 + E[u’(ynz) dy—ze™ / e ([u(y)]2 + 5 lu (y)]z) dy

Each integral is a continuous function for every x € R since it is given by an integral of the
absolutely integrable function. Hence Q[u] is continuous on R. O

The unique global conservative solution (1.4) to the Cauchy problem (3.1) satisfies the weak
formulation

//(u + u Wx Q[u]w)dxdt+/uo(x)w(0,x)dx=0, (3.3)
0

R

where the equality is true for every test function ¢ € C Cl (RT x R). We consider the class of
solutions with a single peak placed at the point £ (¢) so that u(t, - +&(¢)) € Cé foreveryt €[0,7T),
where Cé is defined by (1.14) and T > 0 is the maximal existence time of such solutions. The
following lemma shows that the single peak moves with its local characteristic speed as in (1.10).

Lemma 6. Assume that there exists T > 0 (finite or infinite) such that the weak global conser-
vative solution (1.4) to the equation (3.3) satisfies u € C([0, T), H") and u(t, -+ £(t)) € Cé for
every t € [0, T) with a single peak located at x = &(t). Then, & € clo, 1 satisfies

d

d_f =u(t,§(@), te(0,7). (3.4)
Proof. Integrating (3.3) by parts on (—o0, £(¢)) and (£(¢), oo0) and using the fact that u(z,-) €
CR) and u(t,-+£(2)) € Cé for every t € [0, T'), we obtain the following equations piecewise
outside the peak’s location:

ur(t, x) +ult, x)uy(t,x)+ Qlul(t,x) =0, E£[x—-&E@®)]>0, te(,T). 3.5)

Since u(t, ) € H' for every t € R™, Q[u] is a continuous function of x on R for every t € R™
by Lemma 5. Therefore, it follows from (3.5) that

[udt 4+ ut, §@)u]t =0, 1€(0,7), (3.6)

where [ux]f = lim,_, g+ ux (¢, x) — im,_, g(;y- ux (¢, x) is the jump of u, across the peak lo-
cation at x = £(¢). On the other hand, since u(z, -+ £(t)) € Cé for t € [0, T'), we differentiate
u(t,&(t)) continuously on both sides from x = &(¢) and define

it(t):= lim [u,+%ux] re€(0,T). (3.7)

x—E@)*
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Since u(t, £(t)) is continuous for ¢ € [0, T), we have i (t) =i~ (¢) for every t € (0, T). There-
fore, it follows from (3.7) that

ds§

-5 +_
T [ux]©=0, te(,T). (3.8)

[Mt]—_’_ +
Since [u,]F #0ifu ¢ CL(R), then it follows from (3.6) and (3.8) that &(t) satisfies (3.4). Since
u € C(0,T) x R) due to Sobolev embedding of H!(R) into C(R) and the assumption that
ueC(0,T), H", then£ € C1(0,T). O

In order to study the nonlinear evolution near a single peakon, we decompose the weak global
conservative solution (1.4) as the following sum of the peakon and its small perturbation:

ut,x)=p(x —t—a@®) +vt,x —t —a()), teR"T, xeR, (3.9)

where v(z,-) € H! for every t € R* is the perturbation and a(¢) is the deviation of the peak
position of the perturbed peakon from its unperturbed position moving with the unit speed. If
there exists 7 > 0 such that v(¢,-) € Cé for every t € [0, T'), the global conservative solution
(1.4) consisting of a single peakon satisfies u € C([0, T), HYand u(t,-+£(@)) € Cé for every
t €[0,7T), that s, it has a single peak at £(r) = + a(¢). By Lemma 6, a € Cl(0, T) satisfies the
equation

da

—=v(t,0), te@,T). (3.10)
dt

Substituting (3.9) and (3.10) into the Cauchy problem (3.1) yields the following Cauchy problem
for the peaked perturbation v to the peakon ¢:

@3.11)

{ vr = (1 —@)vx + 9w + (Vx=0 — V)vx — Q[v], 1€ (0,7),
v|;=0 = v,

where w(t, x) = fg v(t, y)dy and the linear evolution has been simplified by using (2.1) in
Lemma 1. Note that x — r — a(¢) in (3.9) becomes x in (3.11) thanks to the translational in-
variance of the system (3.1) with (3.2). Also note that we have canceled the v-independent term
in (3.11) by using the peakon equation

(1-9)¢ = Q0(p) =0, x#0,
which is a derivative of the stationary equation (1.3).

Remark 3. The dynamical equation (3.10) cancels the last term in the linearization at the peakon
(2.3) without additional requirement of v|,—g = 0 imposed in Lemmas 3 and 4.

Related to the Cauchy problem (3.11), we define the family of characteristic coordinates
X (¢, s) satisfying the initial-value problem:

{‘g—?f:w(){)—lJrv(t,X)—v(r,O), 1e(0,7), 3.12)

X|[=()=S.
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Along each characteristic curve parameterized by s, let us define V (¢, s) := v(¢, X (¢, s)). It fol-
lows from (3.11) and (3.12) that V (¢, s) on each characteristic curve x = X (¢, s) satisfies the
initial-value problem:

av
Gr =9Xw(, X) — Qvl(X), 1€(0,T),
{ ‘C/h|t=0 = vo(s). (3.13)

The following lemma transfers well-posedness theory for differential equations to the existence,
uniqueness, and smoothness of the family of characteristic coordinates and the solution surface.

Lemma 7. Assume vo € H' N C(l). There exists the maximal existence time T > 0 (finite or in-
finite) such that the family of characteristic coordinates [0,T) x R> (¢,s)—~ X € R t0 (3.12)
and the solution surface [0,T) x R > (¢,5) > V € R to (3.13) exist and are unique as long
as vy (t,-) € L®(R) for t € [0,T). Moreover, X and V are Clint and Cé in s for every
(t,s) €[0,T) x R.

Proof. A simple extension of the proof of Lemma 5 implies that if f € H' N C(l), then Q[ f] €
Cé. Every C(% function is Lipschitz continuous at x = 0. In addition, since v(z, -) € H' for every
t >0, then v(t, -) € L°°(R), hence the function v (¢, -) is globally Lipschitz continuous when it
is locally Lipschitz continuous. Since ¢ have the same properties on R and w(z, -) € C'(R) if
v(t, ) € C(R), the right-hand-sides of systems (3.12) and (3.13) are global Lipschitz continuous
functions of X as long as the solution v(z, -) € H' remains v(t, ) € C(% for t € [0, T') with some
(finite or infinite) 7 > 0. Existence and uniqueness of the classical solutions X (-, s) € clo, 1)
and V(-,5) € C1(0, T) for every s € R follows from the ODE theory. By the continuous depen-
dence theorem, X (¢, -) € Cé and V(t,-) € Cé forevery t € [0, T).

Let us now show that v(¢, -) € Cé fort € [0, T) if vy (¢,-) € L®°(R) for ¢t € [0, T'). By differ-
entiating (3.12) piecewise for s > 0 and s < 0, we obtain

{ e =o' (X) + v (1, X)] Xy, 1€ (0,T), (3.14)

XS'IZO = ]7

with the solution

t

X, (t,s) =exp /[(p/(X(t’,s)) + et X (¢, 5))]dt’
0

If v, (z,-) € L°(R) forz € [0, T), then X, (¢, s) > 0 for ¢t € [0, T') piecewise for s > 0 and s < 0,
hence the change of coordinates (z,s) — (¢, X) is a Cg invertible transformation. As a result,
V(t,-) € C} implies that v(t, ) € C} for €[0,T). O

Since ¢(0) =1 and v(z, -) € C(R) for every t € R*, X =0 is a critical point of the initial-
value problem (3.12). Therefore, the unique solution of Lemma 7 for s = 0 satisfies X (¢, 0) = 0.
This limiting characteristic curve separates the family of characteristic curves with s > 0 and
s < 0. Since V(t,s) is C! in t for every s € R and Lipschitz continuous at s = 0 by Lemma 7,
the limiting value Vo(r) := V (¢, 0) is C! in ¢ and satisfies
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dVy

7, = Qi) (3.15)

where we have used w(z, 0) =0.
In order to control v, (¢, -) € L2 (R) for ¢ € [0, T') needed in the condition of Lemma 7, we
differentiate (3.11) in x and obtain

{ ver = (1 = @)vex — @'vx + @+ @'w + (Vlx—0 — V)vxx — 3V + 07 — P[v], (3.16)
Ux |1=0 = Ué),
where we have used (1 — 8f)g0 = 26 and have defined
1 2 1 l 2
Plv](x) := 3 px =y | v(M]” + E[v 17 )dy, xeR. (3.17)

R

It follows from (3.12) and (3.16) that U (¢, s) := v, (¢, X (¢, s)) on each characteristic curve satis-
fies the initial-value problem:

{‘fj_ltf:—¢’(X)U+¢(X)V+¢’(X)w(t,X)—%U2+V2—P[v](X), re©.7), 5

Uli=0 = v}(s).

Although ¢'(X) has a jump discontinuity at X = 0, the regions R™ and R~ for s are separated
from each other thanks to the fact that the limiting characteristic curve at X = 0 corresponds
to the critical point of the initial-value problem (3.12). As a result, we consider the initial-value
problem (3.18) separately for s > 0 and s < 0.

Lemma 8. Assume vy € H' N Cé and T > 0 (finite or infinite) be given by Lemma 7. There
exist unique solutions [0, T) x RT3 (¢t,s) —» Ut eRand [0,T) x R™ > (t,s)—> U~ eR to
(3.18) as long as vy (t,-) € L°(R) for t € [0, T). Moreover, U are C' in t and s for every
(t,5)€[0,T) x R*.

Proof. Similarly to the proof of Lemma 5, it follows that if f € H 1 then P[ fleC l(R). In
addition, ¢’(X (¢, s)) are C! functions of ¢ and s for ¢ € [0, T') and separately for s € RT and
s € R™. Existence and uniqueness of solutions [0, 7) x Rt 3 (¢,s) = UT € R and [0, T) x
R™ > (t,s) = U~ € R to (3.18) follow from the ODE theory. By the continuous dependence
theorem, U are C! in ¢ and s for every (¢,5) € [0, T) x R*. O

By Lemma 8, we are allowed to define the one-sided limits UOi (t) :=1limg_,gx U +(t,s) for
t € [0, T). The functions Ugt are C!in 7 and satisfy for t € (0, T'):

dU(;t + 1 +\2 2
—E =S+ Vo= S (WU + VE = PLIO). (3.19)

By analyzing the time evolution (3.15) and (3.19), we finally prove the nonlinear instability of
peaked perturbations to the H!-orbitally stable peakon.
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Lemma 9. For every § > 0, there exist ty > 0 and vo € H' N Cé satisfying

llvoll g1 + llvgllze <8, (3.20)

such that the unique solution v(t, -) € H'N Cé to the Cauchy problem (3.11) in Lemmas 7 and 8
satisfies

vy (2o, )l zoe > 1. (3.21)

Proof. We deduce the nonlinear instability of the peakon by looking at the limiting character-
istics to the peak location at s = 0. By Lemma 4, the linear exponential instability is related to
the characteristics to the right of the peak for s > 0 but not to the left of the peak for s < 0.
Therefore, we shall use equation (3.19) for UJ' only.

Combining (3.15) and (3.19) for U(;r together yields the following equation for ¢t € (0, T):

d 1
E(V0+U0+)= Vo+ U + Vi — 5(U0+>2+Fo, (3.22)
where

Fo :=—Q[v](0) — P[v](0)
+00

1 1
= / [¢' ) — (] ([v(t, I+ Sy, y)]z) dy,

2

—00

“+0o0

1
_/eiy ([U(I,Y)]2+E[vy(tsy)]2>dy’
0

and we have used ¢(x) = e~ ™! in the last equality. By using an integrating factor, we rewrite
(3.22) in the equivalent form

d 1
e+ U] =€ [Voz -5+ Fo:| <e Vg,

where the last inequality is due to Fjy < 0. Integrating the differential inequality yields the bound:

t
Vo) + Uy (1) <e' | Vo(0) + Uy (0) + / eTTVE(dr |, 10, T). (3.23)

0
Since ¢’(x) — F1 as x — £0 and ¢(x) — 0 as |x| — oo, whereas v (¢, -) is small in the Cé
norm at least for ¢ € [0, T), the coordinate £ (t) =t + a(t) for the peak’s location coincides with

the location of the maximum of u(z, -) in the decomposition (3.9) for ¢ € [0, T). By Theorem 1,
for every small & > 0, if ||vo|| ;1 < &*/81, then

lv(t, )yt <&, te(,T).



F. Natali, D.E. Pelinovsky / J. Differential Equations 268 (2020) 7342-7363 7361

By Sobolev’s embedding, we have
“()(I)' = ” (l )”LCO = ||U(t )” ( )
v s " s " 1 <Eé. ‘.24
ﬁ "

Let us assume that the initial data vg € H' N Cé satisfies vp(0) = 0 and
a:= lim v)(x) = —|lvllLe = —2¢ (3.25)
x—0t

The initial bound (3.20) is consistent with (3.25) if for every small § > 0, the small value of ¢
satisfies

e\4
Z) 4282 <,
5)
which just specifies ¢ in terms of §. With these constraints on vg, the bound (3.23) yields
Vo) + U () < e [ + %] = =&,

or equivalently, |Vp(¢) + U(;" ®| = e2¢!. Hence, for every small ¢ > O there exists sufficiently
large

7 :=1log(2) — 2log(¢e) > 0,

such that | Vo(t) + Uy (v)| > 2. This implies [Uy ()| > 1 thanks to the bound (3.24).

If T <, then vy(t,x) > —oo for some x € R as t /' T by the condition of Lemma 7.
Therefore, there exists 7o € (0, T') such that the bound (3.21) is true. If T > t, then the differential
equation (3.22) is valid for ¢ € [0, T') by Lemmas 7 and 8 so that the bound (3.21)istrue atty =t
thanks to the bound

lox (@, e = 1U @, Hllze = [US @), 1 €0,T).
In both cases, the bound (3.21) is proven. O

Remark 4. The result of Lemma 9 gives the proof of Theorem 3 thanks to the representation
(3.9) with the peak’s location defined at £(t) = 1 + a(¢).

Remark 5.If a(0) = 0 without loss of generality, the initial data ug € H' N Cé is repre-
sented by ug(x) = ¢(x) 4+ vo(x) so that limy_,ouo(x) = 1 + vo(0) whereas lim,_, o+ ué)(x) =
—1+lim,_ o+ v(’)(x). The initial data in the proof of Lemma 9 satisfies vo(0) = O(e*) whereas
lim, _, o+ v(’)(x) = —2¢2. Since ¢ is small, the initial data satisfies lim,_, o+ u{)(x) < —up(0),
which is the sufficient condition for breaking in a finite time obtained in [2]. Hence, the local
solution used in Lemma 9 to prove nonlinear instability of peakons breaks in a finite (rather than
infinite) time 7 > 0 in the W norm.
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4. Conclusion

We have shown that the passage from linear to nonlinear stability of peakons in H ! is false for
the Camassa—Holm equation because the linear result of Theorem 2 gives linearized instability
in H' whereas the result of Theorem 1 gives nonlinear stability of peakons in H'!. On the other
hand, we show that the linearized instability in H' N Cé persists as the nonlinear instability
result of Theorem 3. The latter result is natural for the Camassa—Holm equation where smooth
solutions may break in a finite time with the slopes becoming unbounded from below.

We conclude the paper with possible extensions of our main results. It is quite natural to
prove instability of the peaked periodic waves with respect to the peaked periodic perturbations
in the framework of the CH equation (1.1). Furthermore, the same instability is likely to hold
for peakons in the Degasperis—Procesi equation, although the linearized evolution may not be as
simple as the one for the CH equation. Finally, the method of characteristics is likely to work
to prove nonlinear instability of peaked periodic wave in the reduced Ostrovsky equation (1.17),
which has been an open problem up to now.
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