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STABILITY OF BLACK SOLITONS IN OPTICAL SYSTEMS
WITH INTENSITY-DEPENDENT DISPERSION*
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Abstract. Black solitons are identical in the nonlinear Schrodinger (NLS) equation with
intensity-dependent dispersion and the cubic defocusing NLS equation. We prove that the intensity-
dependent dispersion introduces new properties in the stability analysis of the black soliton. First,
the spectral stability problem possesses only isolated eigenvalues on the imaginary axis. Second,
the energetic stability argument holds in Sobolev spaces with exponential weights. Third, the black
soliton persists with respect to the addition of a small decaying potential and remains spectrally
stable when it is pinned to the minimum points of the effective potential. The same model exhibits
a family of traveling dark solitons for every wave speed and we incorporate properties of these dark
solitons for small wave speeds in the analysis of orbital stability of the black soliton.
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1. Introduction. The canonical model of nonlinear optics for dark and black
solitons is the cubic defocusing nonlinear Schrédinger (NLS) equation [22, 20], which
can be written in the form

(1.1) iy + Uge +2(1 — |u|?)u=0,

where u(t,2) : R x R+ C is normalized by the boundary conditions
(1.2) lu(t,z)] =1 as |z| — oco.

Dark solitons are traveling wave solutions of the form

(1.3) u(t,z) =vtanh(y(z — 2¢t)) +ic, ~v:=+/1—c2

where ¢ € (—1,1) is the parameter for the half wave speed. The limiting solution for
c=0,

(1.4) u(t,z) = tanh(z),

is referred to as the black soliton as the intensity I := |u|? reaches zero at a point of
odd symmetry in . The dark solitons (1.3) can be extended with two translational
parameters due to the basic symmetries of the NLS equation (1.1):

(1.5) If u(t,z) is a solution, so is e u(t,xz + (), 6o, ¢o €R.
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The cubic defocusing NLS equation (1.1) is integrable with inverse scattering
such that the dark solitons can be associated with eigenvalues of a self-adjoint lin-
ear (Dirac) operator [37]. Orbital and asymptotic stabilities of the dark and black
solitons were studied in many mathematical papers, e.g., with functional-analytic
methods [3, 4, 16], the inverse scattering transform [10, 15], and higher-order con-
served quantities [12]. Lower-order conserved quantities were recently constructed in
[23, 24] to derive global solutions of the cubic NLS equation (1.1) in spaces of lower
regularity.

Extended models for dark solitons were considered by using the generalized de-
focusing NLS equation, e.g., with the cubic-quintic and saturable nonlinearities [31].
Many results were obtained in the mathematical analysis of the generalized NLS
models such as the local and global existence of solutions to the initial-value problem
in energy space [13, 14], orbital stability of dark and black solitons [2, 5, 27], and
persistence of the black soliton under a small exponentially decaying potential [30].

1.1. NLS models with intensity-dependent dispersion. The objective of
this work is to study orbital stability of the black soliton in a novel NLS model, which
we take in the normalized form

(1.6) i(1 = [ + e =0,

where ¥ (t,z) : R x R+— C is the wave function. We assume that ¢(¢,-) € F for every
t € R, where

(1.7) F={feLl>®R): |f(x)|<l, zeR and |f(z)|—1 as |z|—o0}.

In other words, we assume that the set F is invariant under the time evolution of the
NLS model (1.6). After the standing wave transformation

Y(t,x) =e " u(t,z),

the new model is equivalent to the modified cubic defocusing NLS equation in the
form

(1.8) (1 — u|?)uy 4 tge +2(1 — Jul?)u=0,

which has the same solution (1.4) for the black soliton. The black soliton can be
extended with two translational parameters 6y and (y due to the same symmetries
(1.5). In addition, it can be extended to the family of traveling wave solutions with
the wave speed c:

(1.9) P(t,x) = e U (x — 2ct),
where U, (§) with £ :=x — 2¢t is a solution of the normalized equation
(1.10) U —2ic(1 — |UHUL+2(1 — |UHU,. =0.

Dark solitons with the profile U, are solutions of the differential equation (1.10) in
the set F satisfying the boundary conditions

(1.11) Ue(€) = €40 a5 € 5 400
for some phases 04 (c) €[0,27). If ¢ =0, then
(1.12) p(§) :=Uc=0(§) = tanh(¢)
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is the black soliton with 84 (0) =0 and 6_(0) = «. In addition, (1.6) is invariant under
the scaling transformation:

(1.13) If ¥(t,z) is a solution, so is ¥ (w?t,wz), w > 0.

The starting model (1.6) represents a class of NLS equations with intensity-
dependent dispersion, which have been used for modeling of coherently prepared
multistate atoms [17], quantum well waveguides [25], and fiber-optics communication
systems [26]. Bright solitons of the NLS model with normalized intensity-dependent
dispersion,

(1'14) iwt+(1_ |¢|2)¢m=07

were studied in [33, 34]. Bright solitons have cusped singularities at the unit intensity
and the nature of singularities was incorporated in the study of existence and energetic
stability of bright solitons in the energy space [33, 34]. Note that the energetic stability
results were conditional to the existence of local solutions to the initial-value problem
for the NLS model (1.14) in the energy space and the energy conservation.

It was shown in [17] (see Figures 3 and 6) that the dispersion coefficient may
decrease with respect to the intensity as in the NLS model (1.14) but may also increase
with respect to the intensity as in the NLS model (1.6). In this sense, the normalized
forms (1.6) and (1.14) can be used for realistic applications of physical systems with
intensity-dependent dispersion.

1.2. Motivations. The NLS model (1.6) with the inverse behavior of the nor-
malized intensity-dependent dispersion compared to the NLS model (1.14) features
both the dark and black solitons and is the subject of the present work. Similar to the
scopes of [33, 34], we will not address local well-posedness of the initial-value problem
but will focus on the analysis of energetic stability of the black soliton and the novelty
compared to the case of the cubic defocusing NLS equation (1.1).

It is particularly interesting to see how the intensity-dependent dispersion intro-
duces exponential weights in the construction of a Lyapunov functional for the black
soliton.

For the cubic defocusing NLS equation (1.1), it is well-known that the phase of
complex perturbations to the black soliton cannot be controlled in the energy space
due to nonzero boundary conditions. Related to this property, the second variation
of the Lyapunov functional is not coercive in H'(R) under the constraint of fixed
(renormalized) momentum and the continuous spectrum of the linearized operator
does not possess a spectral gap near the zero eigenvalue. To remedy the lack of
coercivity, an exponentially weighted H'(R) space was introduced in [16], in which
the orbital stability of the black soliton was obtained with the standard Lyapunov
method. The phase of complex perturbations can be controlled in the exponentially
weighted H'(R) space. A generalization of the ideas of [16] was used in the higher-
order energy space in [12] due to integrability of the cubic NLS equation (1.1).

The same method of exponentially weighted H!(R) spaces was then used in [8]
to study orbital stability of the domain walls which are minimizers of energy with
nonzero boundary conditions at infinity [1]. Recently, these ideas were also used in [2]
to study orbital stability of the black soliton in the quintic defocusing NLS equation.

1.3. Summary of results. As the main outcome of this work, we will show
that the intensity-dependent dispersion gives a natural definition of the exponentially
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weighted L?(R) space in which the second variation of the Lyapunov functional is coer-
cive under the constraints of fixed momentum and mass. The exponentially weighted
H'(R) space appears as the form domain of the linearized operator.

The orbital stability of the black soliton is established in the exponentially weighted
L?(R) space with the Lyapunov method that incorporates the additional scaling trans-
formation (1.13). Furthermore, the spectrum of the linearized operator in the expo-
nentially weighted L?(R) space is shown to be purely discrete with a spectral gap
near the zero eigenvalue. One important ingredient in the analysis of orbital stability
of the black soliton is the asymptotic behavior of the dark solitons with the profile
U, € F satistying (1.10) and (1.11) as ¢ — 0. We establish the asymptotic behavior of
U, with arguments based on the implicit function theorem as the explicit expressions
for U, are not available.

As a consequence of the spectral gap near the zero eigenvalue, spectral stability
of the black soliton can also be studied for the extended NLS model with a small
decaying potential as in

(1'15) i(l - \77//\2)1/% + Yor = 5V($)1//a

where € is a small parameter and V is a fixed real-valued potential. By using
Lyapunov—Schmidt reduction methods, we will show for V € W2 (R) N L?(R) that
the black soliton persists at the nondegenerate extremal points of the effective poten-
tial

(1.16) V(s) ::/RV(x + s)sech? (z)dz.

Moreover, we will show for V € W2°°(R) N L*(R) that the black soliton is linearly
stable if the extremal point is a local minimum of V(s) and linearly unstable if it is
a local maximum of V(s). This suggests robust pinning of the black soliton to the
minima of the effective potential V(s). This outcome of the NLS model (1.6) is a
great improvement compared to the cubic NLS equation (1.1), where pinning of the
black soliton is linearly unstable at both the maximum and minimum points of the
effective potential V(s) [30].

1.4. Organization of the manuscript. Conserved quantities of the NLS model
(1.6) are obtained in section 2. Main results are described in section 3. Linearized
operators in the weighted L?(R) space are studied in section 4. Existence of travel-
ing dark solitons and their asymptotic behavior in the limit of ¢ — 0 are clarified in
section 5. Energetic stability of the black soliton is proven in section 6. Persistence
and spectral stability of the black soliton under the small decaying potential V' in the
NLS model (1.15) are studied in section 7. Section 8 gives the summary and further
directions of study. Appendices A and B contain proofs of technical results used in
sections 4 and 6, respectively.

2. Conserved quantities. Assume that the NLS equation (1.6) admits a smooth
solution ¥ (t,-) € F N C*°(R) for some ¢ € R satisfying

(2.1) Y(t, @) = e+ |14+ Apemo=l7l 4 o(e*“ilm‘)} as & — oo
for some real ar >0, Ay <0, and 64 € [0,27) which may depend on time ¢t € R. The

asymptotic expansion (2.1) is assumed to be differentiable term by term. Substituting
(2.1) into (1.6) shows that 64 changes in time as 0/, (t) = — Loy (¢)2.
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The NLS model (1.6) has formally conserved quantities

(2.2) M) = /R (1-[62)2dz and E(p):= /R i 2,

which have the meaning of mass and energy, respectively. This can be checked directly
with

iM(’(/J) - —Q/R(l — 1) (P + Pet))da

dt
= —Qi(i% - @mw) i:tg =0
and
d _ _

_;Peter — Yraths avoo

=0
=g e

where in the last line we have used that ¢(¢,-) € FNC*(R) has the exponential decay
(2.1) which ensures that 1,1z, — 1z.tb, converges to zero at infinity with the double
exponential rate compared to 1 — [¢|%.

In addition, the NLS equation (1.6) has formally conserved momentum

_ AV _
(23) PO =5, [ ST e~ avpi

provided that ¥(t,x) # 0 everywhere. To confirm conservation of the momentum, we
write P = P, + P, where

(2.4)
_ A el — b ey (Y Y
P =3 [ W0 B, Putw) = [t (L2 - ) a,
and obtain after straightforward computations,
d — 1 /s A 7 n ‘77[}‘2(1/_%1/)xx + imxwaﬁ)
%Pl(d)) = _5 /R(1r/)¢xxm — VoVuz — Voae + wacx;c¢)dx - /]R 1_ |¢|2 dx

[P (12 *)e

P

1, - _
= =5 (Phoa — 2l + Puat))[F3722 -

P =z - -+ ——|dz+ dx
2o T T T e 1P

=35 +— T——00 + d.’IJ,

2 ( (4 v ) r 1—[¥[?
from which it follows that P(¢) = Py(¢) + Pa(1)) conserves if ¥ (t,-) € F N C*(R)
satisfies (2.1) and (¢, z) # 0 everywhere.

Remark 2.1. Py(v) and P(t) in (2.4) generalize the conserved momentum and

phase quantities of the cubic NLS equation (1.1) in the same way as M (¢) in (2.2)

generalizes the conserved mass of the cubic NLS equation. The renormalized momen-
tum P = Py + P, is introduced in the cubic NLS equation (1.1) from the two conserved
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quantities as the technical tool to prove orbital stability of dark solitons [3, 4, 5, 27].
In the context of the NLS model (1.6), neither P; nor Ps is a conserved quantity but
their sum is the conserved quantity bearing the same meaning as the renormalized
momentum of the cubic NLS equation (1.1).

Remark 2.2. Using the decomposition P = P; + P, given by (2.4), we can rewrite
the momentum P(¢) in the form

1 - -
(25) P =5 [ Q= 0PI, — bt +arg() S,
R
where the last term is 0, — 6_ if ¢(¢,-) € F N C°(R) satisfies (2.1). Compared to

(2.3), the form (2.5) does not require (¢, z) # 0 everywhere.

The conservation of the momentum P(¢) in the form (2.5) can be verified inde-
pendently from the NLS model (1.6) and the exponential decay (2.1) which suggests
0y (t) = —3a+(t)?. Indeed, differentiating (2.5) and using (1.6) yield

d — |2, - - _ _

dt 2 o 1= 0P
- % /R (f:%(wwm + Ygut))da
T e B A L AT
=t ger -3 G i) e =0

where the exponential decay (2.1) was used to get cancellation of terms at infinity.
Hence, the momentum P(1)) in the form (2.5) is also conserved in time t.

3. Main results. We recall that 1 (t,x) = e~ 2" p(x) with p(z) = tanh(z) is the
standing wave solution of the NLS model (1.6) corresponding to the black soliton.
From the conserved quantities M (v¢) and E(¢) in (2.2), we construct the Lyapunov
functional for the black soliton in the form

(3.1) AW) = E() + M(1) = / [l ? + (1~ [62)%] do.

Since it coincides with the Lyapunov functional for the cubic NLS equation (1.1), it is
clear that the black soliton ¢(x) =tanh(x) is a critical point of A in the energy space

(3.2) Si= {p e HL(R): v, € L2(R), 1—[yf? € LX(R)}.

The critical point ¢ € ¥ of A is degenerate only due to the translational and phase
symmetries (1.5). We introduce the perturbation u + iv € H{, (R) to ¢ according to
the expansion

(3.3) Ot x) =e 2" [p(z) +ult,z) +iv(t,z)].
The expansion of the Lyapunov functional A(v)) is given by

(3-4) A(Y) = Alp) = Q+(uw) + Q- (v) + R(u,v),

where the quadratic forms are given by
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(35) Q= [ [(wn)? +2035 = )] da.
(3.6) Q_(v) :/R [(v2)* +2(¢* — 1)0?] da,

and the remainder term is given by
(3.7) R(u,v) = / [(2pu +u? + v?)? — 4p?u?] dz.
R

Expansion (3.4) is the same as in the cubic NLS equation (1.1), where the form of the
remainder term (3.7) uses the quantity

(3.8) n:=|p +u+iv]® —¢* =2pu+ u® + v

which belongs to L2(R) if 1) belongs to the energy space ¥. What appears to be new
is the linearized equations which arise when the decomposition (3.3) is substituted to
the NLS model (1.6) and the quadratic and cubic terms with respect to perturbation
u+ v are crossed out. Separation of the real and imaginary parts gives the following
linearized equations:

(1—Hus = L_w, (1—¢*vy = —Lyu,
where the linear operators L4 are defined by the differential expressions
(3.9) Ly=-0?+6p>—2
(3.10) L_=-02+2¢*-2.
Separation of variables gives the spectral stability problem in the form

(3.11) [ 7%+ LO— ] [ :j } =1-¢?% [ :f } & ,Lqu: (( zgu{a

which naturally suggests considering the linear operators Ly in the Hilbert space
(3.12) Hi={felt®): VI-PfeL’®R)},

with the associated inner product

(3.13) (.00 = /R (1— @) Fgd,

and the induced norm | - ||3;. The Hilbert space H is nothing but an exponentially
weighted L2(R) space since

V1 —?(z) =sech(z).

Related to H, the form domain and the operator domain for the linear operators L
are defined as

(3.14) HL=H'R), HL:={feH: [feL’R)},
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equipped with the norms

(3.15) [l =S N + 4ANT2 flae = L2 + 11,

and
(3.16) HI:={feHL: cosh®()LifeH},

equipped with the norms (4.5) and (4.11) below. Writing £y := cosh?(-)L+ defines
linear operators L+ : HL C H + H. The linear stability problem (3.11) can be
rewritten with the use of these operators in the form

(3.17) L_v=Nu, —Liu=Mv.

The quadratic forms Q+ in (3.5)—(3.6) are defined by £+ in H1. We will next present
four main results proven in this work.

The first result (section 4) concerns the spectrum of the linear operators £ in
‘H and the linear stability problem (3.17) in H x H.

THEOREM 1. The spectrum of Ly in H with the dense domain H% C H consists
of simple isolated eigenvalues as follows:

(3.18) on(Ly) =10, 11, pi2,. - }, O<pr <p2<...,
and
(319) 0'7.[([,,):{—2,071/1,1/27...}, O<ri<we<....

The spectrum of the linear stability problem (3.17) in H X H consists of pairs of isolated
etgenvalues

(320) {:l:?:wl,:tl.w%...}, 0<w <wsy <.,

and a quadruple zero eigenvalue associated with the symmetries (1.5).

Remark 3.1. Eigenvalues of £, and £_ in ‘H can be found explicitly as
tn:=nn+5), vp:=Mnm+1)(n+2)—2, nel.

Remark 3.2. The linearized operator in the stability problem (3.17) admits a
two-dimensional kernel in H spanned by {,ws}, where

(3.21) wl[“f)/], @{2}.

These eigenvectors are associated with the symmetries (1.5).

Since the spectrum of £ in H is purely discrete but includes negative and zero
eigenvalues, we need to set some constraints on the perturbation term in the decom-
position (3.3) in order to get coercivity of the quadratic forms in the expansion (3.4)
and the energetic stability of the black soliton. The constrained space in H is formed
by the following two orthogonality conditions:

Hc::{fGH: (179027]0)7{:07 (soaf)')"l:o}v

where we have used that ¢’ =1 — 2.
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In terms of the perturbation u 4+ iv to the black soliton ¢, the constraints
(3.22) (,u)=0 and (1—¢* v)y=0

are due to fixed mass M (v)) and momentum P(t)) and can be satisfied in the time
evolution of the NLS model (1.6) by extending the black soliton to the traveling dark
soliton with the wave speed ¢ and by using the scaling transformation (1.13). On the
other hand, the constraints

(323) (1 - 9027U)H =0 and (9071})7-[ =0

are due to the two symmetries (1.5) and can be satisfied by using modulation param-
eters for the orbit {e?¢(- + ()}g.cer of the black soliton with the profile ¢.

In applications to the spectral stability problem (3.17) and its two-dimensional
kernel (3.21) with ¢/ = 1—?, constraints (3.22) represent the symplectic orthogonality
conditions for (u,v) with respect to {1, W, }, whereas constraints (3.23) represent the
standard orthogonality conditions for (u,v) with respect to {w,ws}.

The second result (section 5) is about the existence of dark solitons with the
profile U, € F satisfying the differential equation (1.10) and the boundary conditions
(1.11). We show that the dark solitons exist for every speed ¢ € R and converge to
the black soliton as ¢ — 0.

THEOREM 2. For every c € R, there exists a dark soliton with the profile U, €
FNC=(R) satisfying (1.10) and (1.11). The mapping ¢+— U, is C*>° on R\{0} and

(3.24) |Uc—¢llz2 =0 asc—0.

Remark 3.3. For every c € R, there exists another solitary wave with the profile
U satisfying (1.10) and (1.11) with 1 < |U(&)| < oo for every £ € R. However, it is not
relevant for the analysis of the black soliton with the profile .

Remark 3.4. It follows from the proof of Theorem 2 that the profile U. has the
exponential rate of decay independently of the speed parameter ¢ € R, in particular,

Ue(€)] =1+ Ace 2Kl +0(e72l)  as €] — oo,

where A, < 0. This is a novel feature compared to the dark solitons (1.3) of the cubic
NLS equation (1.1), where |Uy(€)] = 1+ Ace™ 2Vl 4 o(e2V1=<"IE]) as |¢] — oo
with A, <0.

The third result (section 6) establishes the energetic stability of the black soliton
in ¥ N H, which gives the orbital stability under the assumption that the initial-value
problem for the NLS model (1.6) is locally well-posed in ¥ N7H, where the distance in
X NH is defined by

Dy (1,92) = \/||77Z],1 = 5l7a + 11 = [Pz + 1 — wall3,-

Since the energy method uses conserved quantities, we also assume that E (1), M (),
and P(1)) are preserved in the time evolution of the NLS model (1.6) in ¥ NH. This
assumption is natural in view of our computations in section 2 where we showed
conservation of these quantities in F subject to the exponential rate of spatial decay
in (2.1).
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THEOREM 3. Assume that the initial-value problem for the NLS model (1.6) is
locally well-posed in XNH and the values of E(¢), M(¢), and P(¢) are independent
of time t. Then the black soliton is orbitally stable in XN H.

Remark 3.5. We use the standard definition of orbital stability and instability. We
say that ¢ is orbitally stable in X NH if for every € > 0 there exists § > 0 such that for
every 1y € ¥ NH satisfying Dsny (1o, @) < §, the unique solution ¢ € CO(Ry, L NH)
satisfies

e,i?efRDEmH ((t,),e”p(- +¢)) <e

for every t > 0. Otherwise, we say that ¢ is orbitally unstable in ¥ N H.

Remark 3.6. In the context of the cubic NLS equation (1.1), only three constraints
were used in [16] for the proof of orbital stability of black solitons: one was defined in
H and two were defined in L?*(R). A similar approach was used in [2] for the quintic
NLS equation. This relies on two symmetries of the NLS equation in (1.5) and the
momentum conservation. Compared to these works, we are using four orthogonality
conditions, all defined in H, because the new NLS model (1.6) has the additional
scaling transformation (1.13).

Remark 3.7. We do not write down explicitly the time evolution of the modulation
parameters 6 and ¢ of the orbit {¢?¢(-+()}g,cer. This can be done with the standard
projection algorithm in H (see [8, 12, 16]) but is not required for the orbital stability
result.

The final result (section 7) is about persistence and stability of the black soliton
in the perturbed NLS model (1.15) with the external potential V. We prove that the
same properties as in Theorem 1 can be extended to the black soliton pinned to the
minimal point of the effective potential V(s) given by (1.16).

THEOREM 4. Assume that V. € W2*(R) N LY(R) and that s € R is a simple
root of V'(s), where V(s) is given by (1.16). There exists 9 > 0 such that for every
€€ (0,e9), there exists a black soliton of the perturbed NLS model (1.15) in the form

(3.25) U(t,z)=e 0 (z),  de(2) =p(z —5) + P(2),

where @(x) = tanh(z) and @. € H*(R) satisfies ||pc| gz < Ce for some e-independent
positive constant C'. Moreover,
o if V'(s) > 0, the stability spectrum consists of pairs of isolated eigenvalues
(3.20), a double zero eigenvalue, and a pair of isolated eigenvalues {Liw.}
with we > 0;
e if V'(s) < 0, the stability spectrum consists of pairs of isolated eigenvalues
(3.20), a double zero eigenvalue, and a pair of simple real eigenvalues {£\.}
with A\ > 0.
In either case, we — 0 and \. — 0 as € = 0.

Remark 3.8. In the case V" (s) < 0, the black soliton is orbitally unstable in ¥ NH
as the linear instability in the NLS models implies orbital instability [18] provided the
initial-value problem is locally well-posed in XN H.

Remark 3.9. In the case V'(s) > 0, it is not immediately clear if the black
soliton is orbitally stable because the corresponding Lyapunov functional has two
eigendirections which correspond to two negative eigenvalues of the Hessian operator.
Nevertheless, the spectrum of the linear stability problem is purely discrete in H and
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one can expect that the black soliton is orbitally stable in the NLS model (1.15) if
nwe # wy for every n € N and k € N, where w, is the smallest nonzero eigenvalue
bifurcating from the zero eigenvalue if ¢ — 0 and {wy }ren are eigenvalues in (3.20),
which also depend on . The nonresonance condition is needed to avoid nonlinear
instability induced by eigenvalues of negative Krein signature which are in resonance
with other eigenvalues of positive Krein signature; see [9, 21].

The remainder of this paper is devoted to the proof of Theorems 1, 2, 3, and 4,
concluding with discussions of open problems (section 8).

4. Linear operators £4 in the exponentially weighted L? (R) space. Here
we analyze the spectra of linear operators £ and the linearized operator

0 L_
4.1 L=
(11) o
in the Hilbert space H defined in (3.12). We provide the proof of Theorem 1, which

gives spectral stability of the black soliton and specifies that the spectra of £_ and
L4+ in H and £ in H x H are purely discrete.

Remark 4.1. Tt is generally expected that the spectral problem Lt = Aw(x),
where Ly are Schrodinger operators as in (3.9) and (3.10) and w(x) — 0 as |z| = oo
exponentially fast, admits a purely discrete spectrum in the weighted L?(R) space.
However, there is no general theory for the spectrum of a non-self-adjoint linear op-
erator as in the spectral stability problem (3.11). The corresponding result is one of
the novelties of our work.

4.1. Spectrum of £_ in . Tt follows from (3.10) that L_ = —02 — 2sech?(z).
The spectral problem for £_ in H takes the form

(4.2) —v"(x) — 2sech?(z) v(x) = vsech?(z) v(z), z€R.
The first two eigenvalues of the spectral problem (4.2) are available explicitly:
v=-2: o(z)=1,
v=0: o(z)=tanh(z).
The bounded solutions of the second-order differential equation (4.2) belong to the
form domain H! given by (3.14), whereas the linearly growing solutions do not belong

to H!. Hence, eigenvalues of the spectral problem (4.2) coincide with the admissible
values of v for which the Schrédinger operator

S, :=—9% — (2+v)sech®(z) : H*(R) € L*(R) — L*(R)

admits the end-point resonance at the zero energy level with a bounded eigenfunction
v(x). This problem is well-known in mathematical physics (see [28, Chapter 6, pp.
768-769]), for which the differential equation (4.2) is converted to the hypergeometric
equation. It is also well-known that the power series for the hypergeometric function
is truncated into a polynomial which admits a bounded eigenfunction if and only if

2+v=n(n+1), where neNy:={0,1,2,...}.

This gives the exact location of the simple eigenvalues (Remark 3.1).

Remark 4.2. Each eigenvalue is simple because if one solution of the second-order
differential equation (4.2) is bounded, the second solution is linearly growing in x at
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infinity. Moreover, Sturm’s oscillation theorem states that the bounded eigenfunctions
for the nth eigenvalue has (n — 1) zeros on R. Hence 0 is the second eigenvalue of £_
in H.

We are going to make the picture above precise and give the proof that the linear
operator £_ in the Hilbert space H has a purely discrete spectrum consisting of simple
isolated eigenvalues. In order to do so, we define a positive linear operator

M_ = —9? + sech?(x)
or equivalently,
(4.3) M_:H?: - H, M_:=—cosh?(x)d? +1,

where the operator domain H?2 is given by (3.16). It follows from the triangle in-
equality that the operator domain H2 can be written in the equivalent form

(4.4) H2={feH: [ eL*R), cosh(-)f” € L*R)}

equipped with the norm

(4.5) 1fll32 == \/H cosh(-) f"[[7 + 171172 + I1£113,

The first result ensures that 0 does not belong to the spectrum of the operator

M_inH.

LEMMA 4.1. The linear operator M_ given by (4.3) is bijective and symmetric,
whereas MZ' is a bounded operator from H to H2 .

Proof. For injectivity, we use the integration by parts formula (Lemma A.2),
which ensures that if u € H?, then (—u”,u) > = ||u/[|2,. Hence, if there exists u € H?
such that M_u =0, then

/ (| (z)[* + sech?(z)|u(z)[*) dz =0,
R
which implies that =0 in H. Hence, Ker(M_) is trivial in #.

For surjectivity, let f € H and consider the resolvent equation for M_ in the
weak form:

where the inner product in H' is defined by
(ua(ﬁ)?{i = (U,¢)H + <ul7¢)/>L2 VU,(;SGHI_,

together with the induced norm || - |41 , also defined in (3.15). Due to the Cauchy-
Schwarz inequality

|(f, )5 | < I F Il < N Fllllgllan Yo e HL

and the Riesz representation theorem, there exists a unique solution u € H! of (4.6)
such that ||ul|n </ f|%. This yields

(u’,¢’>L2:/sech2(~)(f—a)qbdx Vo e ML
R
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with sech?(-)(f —u) € L*(R). Therefore, if we take ¢ € C°(R) C H!, then v’ is weakly
differentiable and —u” = sech?(-)(f —u) € L?>(R). Hence, — cosh(-)u” =sech(-)(f—u) €
L?(R) so that u € H? is a strong solution of M_u= f for every f € H.

The bound on the inverse operator M-" from # to H2 follows from [juljz: <

[1f[l3¢ and
[[cosh()u"ll > <[ fll2 + llulla < 20 £l

so that the definition (4.5) implies that [|M”" f|[3;2 < V/5]|f|| holds for every f € H.
Finally, the integration by parts formula (Lemma A.2) ensures for any u,v € H2
that

(M_u,v)y :/

(—a" + sech? () a)vdx = / u(—v" + sech®(-)v)dz = (u, M_v)y,
R

R
so that the linear operator (4.3) is symmetric. 0

The next goal is to prove compactness of the embedding of #? into H. This will
ensure that the spectrum of the operator M_ in H is purely discrete.

LEMMA 4.2. The embedding H? — H is compact.

Proof. Let {u,} denote a bounded sequence in H2 so that {cosh(-)u’}, {u!,}, and
{sech(-)u,} are bounded in L?(R). In particular, since cosh(-) > 1, {u/,} is bounded
in H1(R). Since the mapping H'(R) > v~ sech(-)v € L?(R) is compact, there exists
a subsequence {uy, } such that {sech(-)u], } is convergent in L?(R).

Furthermore, (sech(-)u,)" = sech(-)u/, — tanh(-)sech(-)u,, is bounded in L?*(R),
hence {sech(-)u,} is bounded in H!'(R). By Sobolev’s embedding of H!(R) into
C°(R)N L>®(R), {u,(0)} is bounded in C so that without loss of generality, {u,, (0)}
converges in C. Using

un () = un, (0) + /lc cosh(t)sech(t)ul, (t)dt,
0
we obtain
sech ()|, () — un, ()| < sech(z)|un, (0) — un; (0)]
+ sech(m)/o cosh(t)sech(t)|uy,, (t) —uy, (t)|dt.

The first term in the right-hand side is bounded in L?(R) by
\/§|unk (0) - u'ﬂj (O) |7

which vanishes in L2(R) as k, j — oo due to convergence of {u,, (0)}. Using the bound
(A.3) (Lemma A.1), the second term in the right-hand side is bounded in L?(R) by

2||sech(-)(u;,, — U;Lj)HL%

which vanishes as &, j — oo due to convergence of {sech(-)u;, }. Hence, {sech(-)uy, }
converges in L?(R), and thus {u,,, } converges in H, which verifies that the embedding
H? < H is compact. O

Combining the inverse operator M~!:H — H? in Lemma 4.1 and the compact
embedding H2 <+ H in Lemma 4.2, we can define a compact operator

(4.7) Ko=MT'H—-H> —H.

The following corollary gives the desired result for the proof of Theorem 1.
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COROLLARY 4.1. The spectrum of L_ in H consists of isolated eigenvalues.

Proof. The compact operator K_ has a purely discrete spectrum of eigenvalues
accumulating at 0. Hence the linear operator M_ : H? C H — H has a purely discrete
spectrum of eigenvalues. Since £L_ = M_ — 3, the spectrum of £_ in H consists of
isolated eigenvalues. 0

Remark 4.3. Isolated eigenvalues of £_ in H given by Corollary 4.1 satisfy the
ordering (3.19) because each eigenvalue is simple and v = 0 is the second eigenvalue
of the spectral problem (4.2) (Remark 4.2).

4.2. Spectrum of £, in H. It follows from (3.9) that Ly = —92 + 4 —
6sech?(x). The spectral problem for £ in # takes the form

(4.8) —u"(z) 4 4u(z) — 6 sech?(x) u(z) = psech?(z) u(z), zeR.
The first eigenvalue of the spectral problem (4.8) is available explicitly:
p=0: u(x)=sech?(z).

The differential equation (4.8) has exponentially growing and exponentially decaying
solutions at infinity. By Levinston’s theorem (Proposition 8.1 in [7]), the growth and
decay rates are 42, hence the exponentially growing solutions do not belong to H.
Thus, we conclude that eigenvalues of the spectral problem (4.8) coincide with the
admissible values of p for which the Schrodinger operator

Ry :=—0% — (6 + p)sech’(z) : H*(R) C L*(R) — L*(R)

admits an eigenvalue at the energy level —4 with a bounded and exponentially decay-
ing eigenfunction u(x). By using the exact solution from the hypergeometric equation
(see [28, Chapter 6, pp. 768-769]), the bounded and exponentially decaying eigen-
function exists at the energy level —4 if and only if

uw=n(n+5), where neNy:={0,1,2,...}.

This gives the exact location of the simple eigenvalues (Remark 3.1).

Remark 4.4. Each eigenvalue is simple because if one solution of the second-
order differential equation (4.8) is exponentially decaying, then the second solution is
exponentially growing in x at infinity. Moreover, Sturm’s oscillation theorem states
that the bounded eigenfunctions for the nth eigenvalue has (n — 1) zeros on R. Hence
0 is the first eigenvalue of £_.

We will complete the picture above with the proof that the linear operator £,
in the Hilbert space H has a purely discrete spectrum consisting of simple isolated
eigenvalues. In order to do so, we define a positive linear operator

My :=—-02+4
or equivalently,
(4.9) Myt HE M, My = cosh®(z)(—02 +4),

where the operator domain ’Hi given by (3.16) can be rewritten in the equivalent
form

(4.10) HE ={feH'(R): cosh(-)(—02+4)f € L*(R)},
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equipped with the norm

(4.11) £ 11342 == \/II cosh()(—f" +4f)17z + 1717 + 4l fII7-
We also recall that #} = H*(R).
The next two lemmas give equivalent results to those in Lemmas 4.1 and 4.2.

LEMMA 4.3. The linear operator My given by (4.9) is bijective and symmetric,
whereas ./\/ljr1 is a bounded operator from H to 7—[1.

Proof. For injectivity, we again use the integration by parts formula (Lemma A.3),
which yields for every u € H2

(Miu,u),, = /R (Ju' () + 4|u(z)|?) dz.

If u e H% is a solution of M u=0, then ©=0 in % and Ker(M, ) is trivial in H.
For surjectivity, let f € H and consider the resolvent equation for M in the
weak form:

(4.12) (1 0)s = (1.0)y VOEH),
where we recall that H} = H'(R) and use the inner product
(u,¢)H£r =4(u,v) 2 + (U, ') Vu,p € ’H}H

together with the induced norm || - ||H1+, also defined in (3.15). By the Riesz repre-
sentation theorem and the Cauchy—Schwarz inequality, there exists a unique solution
u € MY of (4.12) such that Hu||7_[1+ < || fll#. This yields

(u’,d):/]R(sech2(~)f—4ﬂ)¢dx Vo e HL.

In particular, this holds for ¢ € C°(R) implying —u” = sech®(:)f — 4u € L?*(R) and
cosh(-)(—u” + 4u) = sech(-)f € L*(R) so that u € H? is a strong solution of the
resolvent equation M u = f and this holds for every f € H.

The bound on the inverse operator M;l from H to ?—li follows from

[[cosh(-)(—u” + 4u)l| L2 = || fll»

so that the definition (4.11) implies that |MZ ' f|ly2 < V2| f|# holds for every f € H.
The symmetry of M, : H3 C H — H follows from the integration by parts
formula (Lemma A.3). |

LEMMA 4.4. The embedding 7—[?F — H is compact.

Proof. Since the mapping H*(R) > v — sech(-)v € L?(R) is compact and H} =
H'(R), the embedding H} < H is compact and so is the embedding H3 < H since
Hi C Hi_ with continuous embedding. 0

Combining the inverse operator ./\/lj_1 H— ’Hi in Lemma 4.3 and the compact
embedding ’Hi — H in Lemma 4.4, we can define a compact operator

(4.13) Ki=M{"H—->HL > H.

The following corollary gives the desired result for the proof of Theorem 1.
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COROLLARY 4.2. The spectrum of L in H consists of isolated eigenvalues.

Proof. The compact operator K has a purely discrete spectrum of eigenvalues
accumulating to 0. Hence the linear operator M : 'Hi C ‘H — H has a purely discrete
spectrum of eigenvalues. Since £, = M — 6, the spectrum of £, in H consists of
isolated eigenvalues. 0

Remark 4.5. Isolated eigenvalues of £, in H given by Corollary 4.2 satisfy the
ordering (3.18) because each eigenvalue is simple and p =0 is the first eigenvalue of
the spectral problem (4.8) (Remark 4.4).

4.3. Spectrum of £ in ‘H X H. The following lemma characterizes the quadru-
ple zero eigenvalue of the stability problem (3.17).

LEMMA 4.5. The zero eigenvalue A\ =0 of the stability problem (3.17) has double
geometric multiplicity and quadruple algebraic multiplicity.

Proof. Recall the two eigenvectors (3.21) of the stability problem (3.17) for A =0.
Since the linearized operator £ in (4.1) is antidiagonal, eigenvectors for A = 0 are
given by solutions of £Lyu =0 and £L_v =0 in H. Hence the two eigenvectors (3.21)
are the only solutions of these equations in H (Remarks 4.3 and 4.5) so that A=0 is
an eigenvalue of geometric multiplicity two.

Generalized eigenvectors of the stability problem (3.17) for A =0 can be written
in the form

. |0 I 7 L_v,=¢,
(414) Wg1 = |: v, :| ,  Wg2 = [ 0 :| ; *‘C—&-u(p =¢.
Since ¢(z) = tanh(z), the inhomogeneous equations (4.14) can be solved in H exactly
as

1 9 1 1 9

(4.15) V() = Zsech (z) — 2 up(r) = —2% sech”(x),
where the homogeneous solutions are set to zero without loss of generality. In order
to prove that A = 0 is an eigenvalue of algebraic multiplicity four, we need to show
that the inhomogeneous linear equations
—£+ﬂ = Vyp,

(4.16) Comu,

do not admit solutions in #. Since (L4, ")y =0 for every @ € H3 due to integration
by parts (Lemma A.3) and £1¢’ = 0, it follows that @ € H% C H in (4.16) exists
if and only if (vy,¢")y = 0. However, this is a contradiction since (v, ¢’ )y < 0
because v,(xz) < 0 and ¢'(z) > 0 for every 2 € R. One can compute exactly that
(v, )3 = _%'

Since (L£_0,¢)y = 0 for every © € H2 due to integration by parts (Lemma A.2)
and L_p =0, it follows that o € H> C H in (4.16) exists if and only if (ue, )y =0.
However, this is again a contradiction since (uy,9)n < 0 because u,(z) < 0 and
@(x) > 0 for every x>0 and u,, ¢ are odd functions. One can compute exactly that
(ug,, 90)’7‘-[ = _%'

Thus, the Jordan chain of generalized eigenvectors of the stability problem (3.17)
is truncated at the two generalized eigenvectors (4.14) so that A =0 is eigenvalue of
algebraic multiplicity four. ]

We will further prove that the spectrum of the stability problem (3.17) is purely
discrete and consists of eigenvalues with the eigenfunctions (u,v) € ”Hi x H2. To do
so, we rewrite the resolvent equation in the form
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L_v=Au+f,

(4.17) Liu=Ivtg

for a given (f,g) € H x H. Since the quadruple eigenvalue A = 0 is prescribed by
Lemma 4.5, the resolvent equation (4.17) is considered for A # 0.

By using the compact operators Ky given by (4.7) and (4.13), we rewrite the
resolvent equation (4.17) in the equivalent form

(I =3K_)v=A_u+K_f,

(4.18) —(I - 6K )u=AK v+ Kyyg,

where [ is the identity in H. Before progressing further, we recall the generalized
kernel of the stability problem in Lemma 4.5 from solutions of the linear equations

Li@' =0, L_p=0, Liu,=—p, L_v,=¢,
which we can reproduce in the equivalent form
(I-6K4)¢' =0, (I-3K_)p=0, (I—6K)up=—Kip, (I-3K ), =K .

The following lemma will ensure that projections to the eigenfunctions of the gener-
alized kernel are nondegenerate.

LEMMA 4.6. The following two matrices are invertible:

— (@IJC 90)7-[ (QO/,IC ’UL,D)H
(4.19) Ay = { (ucpa’CiSD)H (lecivgo)ﬂ }
and

- (QO,ICfﬁp/)H ((P»Kfuap)?'-l
(4.20) A= { (K (oot }

Proof. The first diagonal entries of Ay are zero because

1
(¢, Kyp)n =Ky, @)n = 5(%0/7 ©)u=0

and

1
(. K_ )= (Ko, )n = g(% ¢ )y =0.

We will show that the off-diagonal entries of AL are all nonzero. This will ensure
invertibility of A irrespective of the last diagonal entries of Ay. For two off-diagonal
entries, we obtain

1
(¢, Kyvg)y = (Kyo' v,)n = 6(‘9/’%)% <0
and

1
(QDJC—UQD)'H = (’C—@7 ucp)'H = g(@y us&)'H < Oa

where the signs of the last terms are computed in the proof of Lemma 4.5. For the
other two off-diagonal entries, we claim the following explicit expressions:
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(4.21) (K_¢)(z)= ; + %sech2(m),
(4.22) (K+¢)(z) = x cosh(2z) — sinh(2z) log(2 cosh(x)) + %tanh(z).

The expression (4.21) is obtained by solving the inhomogeneous equation
(=02 +sech?(z))(K_¢') = (—0? — 2sech?(z))v,, = sech?(x),

from which we obtain (ve, K_¢")y < 0 since vy, (x) < 0 and (K_¢')(z) > 0 for every
reR.
The expression (4.22) is obtained by solving the inhomogeneous equation

(=02 +4)(Kyp) = —(—02 + 4 — 6sech®(z))u, = tanh(z)sech®(z)

with the homogeneous solution chosen to satisfy the requirement that Ko € H. To
show this, we can rewrite the right-hand side of (4.22) for > 0 as

(1.23) re 2 Lofa) 4 Hgla) + et -
where
g(x) :=e** [log(2cosh(x)) — 2] — 1 =e** log(1 + e **) — 1.
Taylor expansion shows that g(z) = —4e~2*+0O(e~*") as  — 400 so that the explicit

expression (4.23) decays to 0 as © — +0o exponentially fast. Since it is odd in z, it
belongs to H!(R) C H so that it coincides with (K¢). Moreover, since (K4 ¢)(x) — 0
as ¢ — +oo and
A (Ky)) _ teh(r)—w
dr sinh(2z)  2sinh?(z) cosh?(z)

0, x>0,

we have (K¢)(x) > 0 for > 0, from which we obtain (u,, Kt¢)y < 0 since u,(x) <0
for £ > 0 and both functions are odd. Thus, all four off-diagonal terms in A4 are
nonzero so that Ay are invertible. 0

Let us now define the following two subspaces of H:

U :=span(p’,u,)t, Vi=span(p,v,)*

)

and denote the orthogonal projection operators Iy, : H+— U and IIy, : H — V.
The following lemma describes decompositions of H into two direct sums, which
are generally nonorthogonal.

LEMMA 4.7. ‘H can be decomposed into the following direct sums:
H=U®span(K;p,Kiv,) =V @span(K_¢',K_uy).
Proof. First we show that
Gi=Kip—u(Kip),  &=Kiv, —Iu(Kivy)
are linearly independent. Letting (c1,c2) € C? such that c1&1 4 c2€o =0 implies

akip+cKiv, €U.
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Taking inner products in H with ¢’ and u,, yields the linear homogeneous system

o ]=16])

which has no nontrivial solutions by Lemma 4.6. Hence, ¢; = ¢o = 0. Thus, {£1,&2}
is a basis of U+ :=span(¢’,u,) so that every f € H can be written as

f=u+a& + B =u+aKip+ K v,,

with uniquely determined u € U and (a,3) € C*, and with @ := u — Iy (@K ¢ +

BK+U¢>.
The decomposition of H into V@ span(K_¢',K_u,) follows analogously but with
using invertibility of A_ in Lemma 4.6. |

With the help of Lemma 4.7, we define the projection operator Py from H to U
along span(K.p, Kv,) as

Py(u+aKip+BKivy)=u Yuel, Y(a,B)€R?

Similarly, the projection operator Py from # to V along span(K_¢’,K_u,,) is defined
as

Py(v+ak_¢' +BK_u,)=v WYweV, V(apB)eR

The following lemma gives invertibility of the linear operators in the resolvent equa-
tion (4.18) after appropriate projection operators.

LEMMA 4.8. The two operators
St =PI —-6K:)u:U—U
and
S_=Py(I-3K_)|y: V=V
are invertible with bounded inverse.

Proof. Since K, and K_ are compact, the operators S, and S_ are compact
perturbations of the identity operators in & and V. Therefore, the assertion follows
from Fredholm’s alternative theorem, once we have proven injectivity of S; and S—.

To prove injectivity of S, we let u € U satisfy S;u =0, which implies

(I —6K4)u=akip+ B v,
for some (v, 3) € C?. Taking the inner product in # with ¢’ yields
0=0a(¢,Kio)n + B¢, Kivgp)n.

Since (¢', K1)y =0 and (¢',Kiv,)n # 0 by Lemma 4.6, we have = 0. With the
help of (I — 6K )u, = —Kp, we obtain

u=—au, +v¢'

for some v € R, but since u € U, we obtain o =y =0 so that v =0 and S is injective.
Injectivity of S_ follows analogously. 0

With the preliminary results in Lemmas 4.6, 4.7, and 4.8, we now obtain the
desired result in the following theorem.
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THEOREM 5. The spectrum of the linear stability problem (3.17) consists only of
isolated eigenvalues of finite multiplicity and admits no finite accumulation points.

Proof. By Lemma 4.6, {K,¢,K v,} is linearly independent of {¢’, u,} so that
Null(Py) N Null(I — Iy ) = Null(Py) N Null(I —IIy,) = {0}.
As a result, the resolvent problem (4.18) is identical to the following two systems:

Py([ — 3’(:,)’0 = PV(AIC,u + ’C,f),

(4.24) —Pyu(I — 6K+ )u= Py(MCov+ Kg)
and
(4.25) (I =TIy)(I = 3K Jv=(I —Tly)(\K_u+K_ f),

—(I = y)(I = 6K1 )u= (I =1l ) (AL v + Ky g).

Since H is given by the orthogonal sums U @ U+ and V @ V*, we decompose
(4.26) u=1+ap' + fuy, v=70+yp+ 0v,,

where u €U, v €V, and «, 3,7, € C. Since

Pu([—6’€+)§0/:07 PZ,{([—GICJ,_)U@:O, PM(}CJ,_()O):O, PM(K.{.U@):O
Py(I-3K_)p=0, Py(I-3K_)v,=0, Py(K_¢')=0, Py(K_u,)=0,

the first system (4.24) with the decomposition (4.26) is equivalent to

Py(I —3K_)o=Py(\K_t+K_f),
—Pu([ - 6K:+)ﬂ= Pu()\’C_A,_ﬂ + ’C+g)

By Lemma 4.8, the linear operators in the left-hand side can be inverted so that the
system can be rewritten in the equivalent form:

s, ]

PV |y 0

Since the matrix operator in the right-hand side is a compact operator from U x V to
itself, Fredholm’s alternative theorem tells us that either the inhomogeneous system
has a unique solution (@,?9) € U x V for every (f,g) € H x H or A is an isolated
eigenvalue of finite multiplicity of the homogeneous system with f =g =0. Moreover,
isolated eigenvalues have no finite accumulation points.

Let us show that the Fredholm’s alternative carries over to the original system
(4.18). To do so, we analyze the second system (4.25) with the decomposition (4.26).
Since

<
<

N ~S;'PuKyg
S'PoKk_f |”

(9017 (I - 6IC+)U)'H = 07 (503 (I - 3]C—)U)H = 07
and

(ug, (I = 6K )u)y = (I — 6K1 )up,u)y = —(Kip,u)p,
(Vg, (I =3K_)v)3 = (I = 3K_)vg,v)3 = (K-’ v)3,
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we obtain the following system of four equations:

0=X[(¢, K_w)p + (e, K- ) + Ble, K_ug)u] + (0, K_fn,
K_¢',0)n +0(K-¢',v,)n
=M (v, K1) + (v, K )3y 4 B0y, K_tup) 2] + (v, K f)n,
0=A[(¢", K1) + (", Ky0)n + 0(¢", Kpvg)u] + (¢, Ky g)n,
— (Ko, ) — B, up)n
=A [(UWIC-F'E)H + 7(”3@) Kio)u + 5(utpalc+vsa)ﬂ} + (utpvlc-i-g)“rla

where we have used

(K¢, 0)n=(Kip,0)2=0

and our definition (3.13) with the complex conjugation applied to the first element of
the inner product in H.

The system can be written in the matrix-vector form by using matrices A, and
A_ in (4.19) and (4.20):

3] 8]t 0 - )

SR R A R R R et R el

where we have used

A [ 0 ] = { s } A { ; } - [ (K }

and all entries of A, and A_ are real-valued. By Lemma 4.6, matrices A; and A_
are invertible and so is the matrix

-1
. A0

o O O >
O = > O
o > O O
> o o

Therefore, for every \ # 0, there exists a unique solution («, 3,7v,8) € C* for every
(u,0) eU xV and (f,g) e H x H.

We recall that the resolvent equation (4.18) is considered for A # 0 since the
quadruple eigenvalue A = 0 is prescribed by Lemma 4.5. Thus, by Fredholm’s alter-
native theorem, if the inhomogeneous system has a unique solution (@, ) € U x V), then
there exists a unique solution (cv, 8,7,d) € C* and a unique solution (u,v) € H x H to
the resolvent equation (4.18) for every (f,g) € H x H. Hence, this A belongs to the
resolvent set of the linear stability problem (3.17). Alternatively, there are finitely
many linearly independent solutions for (@,7) € U X V to the homogeneous system
with f =g =0, and together with the unique solutions for («, 3,7,8) € C*, this gives
the same number of linearly independent solutions for (u,v) € H x H to the homo-
geneous system (4.18) with f = g = 0. Hence, this A is an isolated eigenvalue of the
linear stability problem (3.17). d
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4.4. Proof of Theorem 1. By Corollaries 4.1 and 4.2, the spectrum of £_ and
L, in H consists of simple isolated eigenvalues. The orderings (3.18) and (3.19)
follow from the ordering of the zero eigenvalue of £_ and £ in Remarks 4.3 and 4.5,
respectively.

By Theorem 5, the spectrum of the stability problem (3.17) consists of isolated
eigenvalues of finite multiplicity and admits no finite accumulation points. By Lemma
4.5, it includes a quadruple zero eigenvalue associated to the symmetries (1.5). The
nonzero isolated eigenvalues occur in pairs £\ since if A is an eigenvalue of the linear
stability problem (3.17) with the eigenvector (u,v)?, then —\ is an eigenvalue with the
eigenvector (u, —v)T. It remains to prove that all eigenvalues are purely imaginary and
hence satisfy the ordering (3.20). This follows from the characterization of nonzero
eigenvalues A of the stability problem (3.17) for (u,v) €V x U.

To be precise, let us define the following constrained operators:

T = L|gpye Hi‘{sﬁ“ = Hlgery s
Toi=L_|gopr : H2 | (pye = Hl{pye
It is clear that 74 and 7T are invertible operators with bounded inverses 7:1 and

T
If (¢',v)y =0 and (uy,v)y = 0, then the second equation of system (3.17) is

solved by
— (T_lvav )'H
=Tt -+,
< + (80171)4,0)7{ v

where (¢',v,)n < 0. By construction, (v,,u)y =0 is satisfied. In addition, (¢, u)y =
0 since

((,O,U)H = _([’-i-utpvu)?{ = _(ucpa[‘-‘ru)ﬂ = )‘(ugmv)ﬂ =0.

Thus, if v € Y and X # 0, a unique solution of the second equation of system (3.17)
exists for u € V. The first equation of system (3.17) can then be written as the
generalized eigenvalue problem

—1
(4.27) Lov=-N|Ttv- Ty v:ve)n - L ;
(90 7’Utp)’H

for which the smallest eigenvalue —\3 can be obtained from the Rayleigh quotient
(4.28) -\ = inf ?;7(”)

veH\{0} (T vv)n

(90/7 U)H =0

(Ugm U)'H =0

where Q_(v) := (L_v,v)y is given by (3.6). Since (¢’,v) =0 and the spectrum of
L, satisfies (3.18), we have (T_i__lv,v)q.[ > 0, which implies that —A? is real for the
eigenvalues of the generalized eigenvalue problem (4.27). We refer to Appendix E in
[35], which states that

e Q_(v) >0 for v satisfying (¢',v)y =0,

e Q_(v)=0 is attained only at v € span(p) C H,
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provided that
(T—_l(pla 90/)7'[ = (U507 SO,)’H < 07

which is satisfied. However, (u,,¢)n # 0, so that if v € U, then Q_(v) > 0. Hence
—A2 > 0 follows from the Rayleight quotient (4.28) so that all nonzero eigenvalues of
the stability problem (3.17) satisfy —\? > 0 and are thus located on iR away from the
quadruple zero eigenvalue.

The proof of Theorem 1 is complete.

5. Existence of traveling dark solitons. Here we study the construction of
traveling dark solitons for arbitrary wave speed ¢ and in the limit ¢ — 0 and thus
provide the proof of Theorem 2.

If U, is a solution of the differential equation (1.10), then U. is the solution of
the same equation for —c. Therefore, it is sufficient to prove the existence result for
¢ > 0. The following lemma yields the existence of traveling dark solitons.

LEMMA 5.1. For every ¢ € (0,00), there exists the dark soliton with the profile
U. € FNC>®(R) satisfying (1.10) and (1.11) such that the mapping ¢+ U, is C*> on
(0,00).

Proof. By using the polar form U, = \/p.e'®c, we rewrite the differential equa-
tion (1.10) as the following system:

2pcpl = (pe)? +8(1 — pe)pi 4 8c(1 — pe) ol — 4p2 (¢1)* = 0.

The first equation in system (5.1) can be integrated under the boundary conditions
(1.11) to the form
c

(52) o= 5o (100,

so that hm|5|ﬁoo ¢2(€) =0if hm\g\aoo pc(f) =1.
Substituting (5.2) to the second equation in system (5.1) and using the transfor-
mation p. = g2, we obtain the second-order differential equation

//+2(1 2) 02 (1 2)3 62 (1 2)470
qc qc dc e QC 4qg Q(: -
which can be integrated under the boundary conditions (1.11) to the form

2
442

C

(@) = (1= ¢2)* + (1 —q2)" =0.

Unfolding the transformation p. = ¢? yields

(5.3) (pe)* = (1 = pe)® [4pe — (1 = pc)?]
which is the first-order invariant of the second-order equation
(5.4) Pl +2(1—pe)(Bpe —1— (1 —p.)?) =0,

with the unique choice of the integration constant due to the boundary conditions
(1.11). Orbits of the second-order equation (5.4) are shown in Figure 1 on the phase

plane (p,p').
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—_
T
I

0 1 2 P 3

F1c. 1. Orbits of the second-order equation (5.4) for ¢ = 2 on the phase plane (p,p’). Orbits
are obtained from the level curves of the function F(p,p'):= (p")2 + (1 — p)2[c?(1 — p)2 — 4p].

The critical point (p,p’) = (1,0) is a saddle point of the second-order equa-
tion (5.4) with two homoclinic orbits located in [p_(c),1] x R and [1,p4(c)] x R,
where p(c) are turning points of the homoclinic orbits; see Figure 1. The turning
points correspond to the values of & for which p/(§y) = 0 and hence are obtained
from the roots of the quadratic equation 4p = ¢?(1 — p)? that follows from (5.3). The
turning points are given explicitly by

_02—|—2:i:2\/1—|—62

pi(c) - 2

and they exist for every ¢ > 0. Moreover,
1 4
p—(c)= 102 +0(ch), pile)= = +0O(1), asc—0.
There exists exactly one (up to translation) solution p. € [p_(c), 1] of the first-order
invariant (5.3) in the set F. For every c € (0,00), the solution satisfies

pe(§) 2 p-(c)>0 VEER

so that U, € C*°(R) in the polar form. Moreover, p., ¢., and thus U, are C> with
respect to ¢ on (0,00). ad

Remark 5.1. Another solution of the first-order invariant (5.3) exists for p €
[1,p+(c)]- This solution is not used for the scope of this work.

Remark 5.2. Linearization of the second-order equation (5.4) at (p,p’) = (1,0)
shows that the saddle point is associated with the same exponential rate £2 indepen-
dently of the speed parameter ¢ € R. Consequently, up to translation in &, p. satisfies
pe(€) =14 Ace 28l £ o(e=2€l) as |€] = oo with a unique choice for A, < 0.

Remark 5.3. The C'° smoothness of U, at ¢ = 0 cannot be concluded from the
polar form. Indeed, we have p. = po + Opz2(c?) (see the proof of Theorem 6), where
po(€) = tanh?(€) is the suitable solution of (ph)? = 4po(1 — po)?. However, since
p0(0) =0, the phase factor ¢.(&) is singular at £ =0. If we use the formal expansion
8. = g} + O(c?), then

(1—po)®

¢ = -
! 2po
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so that ¢1(£) = coth(2€) is singular at £ = 0. The polar form U. = \/pee’®e gives
formally

iccosh(2€)

2
2cosh?(€) O,

Uec(§) = tanh(§) +
where the second term coincides with the explicit expression for —2icv,; see (4.15).
This formal expansion cannot be justified from the polar form because of the singu-
larity at £ =0.

The following theorem justifies the expansion of U, as ¢ — 0 by using the real and
imaginary coordinates for U, = u,.. + iv. in addition to the variable p, = |U,|?.

THEOREM 6. There exists co >0 and Ay > 0 such that for every c € (—cp,cq), we
have

(5.5) |Ue — ¢ + 2icvy ||z < Aoc?,

where v, is defined by (4.15).

Proof. Let us substitute U. = u. + v, in the differential equation (1.10) and
obtain the following system:
V) ue +2¢(1 —u2 —v2 )., =0,

56) uy +2(1 —uj — S
. o 21— —v2)ve —2e(1 —uf — v2)ul =0,

c
The relevant analysis is developed in three steps.

Step 1. By Lemma 5.1, p. = |U.|? is a solution of the second-order differential
equation (5.4). We decompose p. = po+1., where pg := 2 is a solution of the limiting
equation

(5.7) po +2(1 = po)(3pp —1) =0

and 7). is a suitable solution of the residual equation

(5.8) Lone +2¢%(1 — ¢* = n.)* + 617 =0,

associated with the Schrédinger operator Lo : H?(R) C L*(R) — L?(R) given by
Lo = —0g + 4 — 12sech®(").

We note that p’ = 2p¢’ is in the kernel of Ly due to the translational symmetry of
(5.7). Since the continuous spectrum of Ly is located in [4,0), the zero eigenvalue
of Ly is isolated from the continuous spectrum and is thus simple. Hence, Ker(Lg) =
span(pe’) and since @’ is odd, the linear operator Ly is injective on the space of even
functions in H2(R) denoted as HZ,,(R). Since —12sech®(-) is a relatively compact
perturbation to the unbounded positive operator —852 + 4, it is also surjective in
L3(R). Thus, Lo : H2,.,(R) C L?(R) — L?*(R) is invertible with a bounded inverse.

By the implicit function theorem, there exist ¢; > 0, A; > 0, and a unique solution
ne € H2,.,(R) to (5.8) for every c € (—cy,c1) such that
(5.9) el < Are®,  c€(—ci,en).
We also claim that there exists By > 0 such that

(5.10) () < Bic*(1-9(€)?)  VEER,
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which agrees with the c-independent rate 7.(£) = O(e~2¢l) as |¢| — co (Remark 5.2).
In order to justify the bound (5.10), we rewrite the residual equation (5.8) in the
integral form,

(5.10) — il / f€)F(E)dE — fale / AP,
where f; o are homogeneous solutions of Lo f =0 normalized by their Wronskian

A8 = [il©) f2(§) =1 VEER,

and F :=—2c2(1 — ¢ —n.)? — 6n2. We choose

F1(6) = p(&)¢' (€) = sech? (€) tanh(€),

so that f, is obtained computationally as

f2(8) = é [2cosh?(€) + 5 — 15sech?(€) + 15&sech?(€) tanh(€)] =: cosh?(€) f(€).

Note that the constant of integrations in (5.11) has been chosen to ensure that 7. is
even if F is even in ¢ and that 7.(£) — 0 as |¢| — co. The integral equation (5.11) can
be rewritten in the exponentially weighted form for . := coshz(-)nc as the fixed-point
equation 7, = A(7.), where

¢
A(ve) = f008h4(-)/ sech®()p [2¢3(1 —7e)® — 647 d¢’

5 — 00
- so/ sech?(-) f [2¢3(1 = 7e)* — 647 d€'.
0

Since the integral operator is closed in the space of even and bounded functions and
satisfies the estimates

1Az < Ca(e® + [vellie),
1ACre) = A(v)llz < Co(c® + [lvellzee )1y = vellze

for some c-independent constants Cq,Cy > 0, the bound (5.10) follows by the implicit
function theorem for 7. € L>(R) satisfying ||ve| e < Bic®.

Step 2. We are now ready to analyze system (5.6) for u. and v.. Using the
decomposition u, = ¢ + ., v. = V., we obtain the following system of equations:

(5-12) L_t.=—2c(1—¢*—n. )(@ + 1) — 2nTe,

{ Lyt =2c(1—@* — )0, — 2n.t. — 2¢(a2 + 92),
where Ly and L_ are given by (3.9) and (3.10) and 7. := p. — po = 2. + 42 + 02.
We are looking for solutions . € H2 being odd in ¢ and ¥, € H2 being even in
. For such functions, the right-hand side of the first equation in system (5.12) is odd
in £ and the right-hand side of the second equation in system (5.12) is even in &.
Since Ker(£_) =span(¢) C H is odd in &, the operator £_ is invertible on even
functions in H. Due to the exponential decay (5.10) and smallness of ¢, 27, is a small
perturbation to L_ so that £_ + 2(;osh2(~)77c is also invertible on even functions in
H. By the implicit function theorem, there exists co > 0, A3 > 0 and a unique even
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solution 9, € H2 to the second equation in system (5.12) for every ¢ € (—cg,c) and
every odd 1. € H2 such that

(5.13) el < Aslel, e (—ez,ea).
We claim that there exists the limit

(5.14) Be:= lim 0.(€)

€] =00

and there exists By > 0 such that

(5.15) [0c(€) = Bel < Ba|cl|€](1 - 0(€)?)  VEER.

In order to justify (5.14) and (5.15), we again write the second equation in system
(5.12) as the integral equation

(5.16)
13

§
0u(6) =tanh(€) [ € tanh() ~ 1 G(€)de’ ~ [granh(e) ~ 1] [ tanh(€)G(¢ e
0 —o00
where we have used two solutions of L_g = 0 given by g1 = ¢ and g2 = {p — 1
normalized by the Wronskian identity

91(6)g2(6) — 91(§)g2(§) =1 VEER

and G := —2¢(1 — ¢? — 1) (¢’ + @) — 2ne0.. The limit of integration in the second
term in (5.16) ensures that the second term converges to 0 exponentially fast as
|¢] — oo since G is even and has the exponential weight if @, 7. € H2 due to the
exponential decay (5.10). The first term in (5.16) is even and converges to a finite
limit as |£] — oo, which defines 3. uniquely since 9, € H2 is already uniquely defined
for a given i, € H2. Thus, the limit (5.14) has been confirmed. The bound (5.15)
is obtained due to the linearly growing terms in the integral equation (5.16) and the
exponentially decaying weights 1 — ¢? under the integration signs.
A simple computation shows that

e = —2cvp + Oz (c?),

where v,, is given by (4.15) and where the Oz (¢*) order is justified if @ = Oz (c?)
as ¢ — 0. Using (5.14), we also obtain 8. = ¢+ O(c?) so that 8. = O(c).
Step 3. Finally, we use the decomposition . = a.p + U, with

aei=1/1-32-1=0(c?)

obtained from the appropriate root of the quadratic equation 2a + o2 + 2 = 0. With
this decomposition, we rewrite the first equation in system (5.12) in the form

Lidie = 2c(1 = ¢* —ne) 0l — 2ne(aep + ie) — 20(a2¢® + 2acpiic + 42 + 07) — dacy®,

where we have used L p = 4p3. Since 2a.+a?2+ 2 =0, the right-hand side converges
to 0 exponentially fast due to the exponential bounds (5.10) and (5.15). Therefore, we
can consider the linear operator L : H?(R) C L?(R) — L?(R) without the exponential
weights. Since Ker(Ly ) =span(¢’) C L?(R) is even in £, the operator L is invertible
on odd functions in L?(R). By the implicit function theorem, there exists c3 > 0,
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Az >0, and a unique odd solution 4. € H?(R) for every c € (—c3,c3) and every even
U € H2 satisfying (5.13), (5.14), and (5.15) such that

(5.17) ||l gz < Azc®,  c€(—cs,c3).

The decompositions u, = p+acp+Opz2(c?) and ve = —2cv,+Oqp2 () with o, = O(c?)
justify the bound (5.5) for some Ag and ¢g := min(cy, 2, ¢3). |

Remark 5.4. The decomposition of U, in the proof of Theorem 6 can be written
in the form U. = (14 a¢)p + @ + i0.. Since (&) — +1, 4.(£) — 0, and 0.(§) — B, as
|€] — oo, the phases 4 (c) in the boundary conditions (1.11) are computed explicitly
as

1 +Cac’ 0_(c) =7 — arctan ] fcac'

Substituting 1+ a. = +/1 — 82 yields

04 (c)=arcsinf., 6_(c)=m —arcsinf.,

0, (c) = arctan

where 8. =0(c) as ¢ =0

Remark 5.5. It follows from the bound (5.10) that there is A > 0 such that for
every ¢ € (—co,co) and every f € H, it holds that

< AC| fI3.

(5.18) ’/R|UC|2f2dx—/Rgo2f2dx

In order to obtain the energetic stability of the black soliton, we need to compute
the asymptotic expansion of the mass M (u) and the momentum P(u) at u = U, as
¢ — 0. This asymptotic expansion is given by the following lemma.

LEMMA 5.2. Let U, be the dark soliton of Lemma 5.1 and Theorem 6. Then,
4

(5.19) MU.)= 3 +0(c?) asc—0
and

16 5
(5.20) PU)=—7+ €c+ O(c’) asc—0,

where M (u) and P(u) are given by (2.2) and (2.5).

Proof. Since M(U.) = [(1 — pc)?dé, the expansion (5.19) is justified due to the
bound (5.9) on p. = ©? + 1. and the explicit computation

Ja-erie=3.

For the expansion (5.20), we use the representation (2.5), the polar form U, =
\/ﬁcew’c with ¢, given by (5.2), and the boundary conditions (1.11). This yields

c

9 ~/]R(2 - pc)(l - pc)2d§

— 7+ 2aresin i + & / (2= po)(1 — po)%de,
R

P(U.) =0, (c) —0_(c) +
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where we have used the phases given in Remark 5.4 in the second equality. We recall
that p. = ¢? + Op2(c?) and U, = p — 2icv, + Oy (¢?) with v, given by (4.15) so that
Be=c+ O(c®). Hence, P(U,) = —7 + cPy + O(c?®) with

1
P1=2+§/R(2_‘P2)(1_902)2d§:*

which justifies the assertion. 0

Theorem 2 is proven with Lemma 5.1 and Theorem 6. Lemma 5.2 is used for the
stability analysis of the black solitons in the proof of Theorem 3.

6. Energetic stability of the black soliton. Here we study the energetic
stability of the black soliton in 3 N H from the Lyapunov functional constructed from
conserved quantities of the NLS model (1.6). This yields the proof of Theorem 3.
The energetic stability is equivalent to orbital stability provided that the initial-value
problem is locally well-posed in ¥ NH and the energy, mass, and momentum are
conserved in the time evolution of the NLS model (1.6).

We start with coercivitity of the Lyapunov functional A defined by (3.1) at the
black soliton with the profile . This follows from Theorem 1 and Lemma 4.5.

LEMMA 6.1. There exists C > 0 such that for every v = o +u+iv € X NH
satisfying

(6.1) (ou)u =0, (¢ wn=0, (p,v)n=0, (¢, ,v)=0,
we have
(6.2) A +u+iv) = Ae) = CllullFn +llvlz: + InllZ2),

where n is given by (3.8).
Proof. The expansion (3.4) can be rewritten equivalently as
Alp+u+iv) = M) = Q- (u) + Q-(v) + |07z,

where @Q_(v) is given by (3.6). It suffices to show coercivity of the quadratic form
@—(v) under the two constraints:

(6.3) Q-(v) 2 Collvlzn . (p)u=0, (¢ 0)u=0.

Since the spectrum of £_ in H is purely discrete and v satisfies the constraints
(p,v)3 =0 and (¢’,v)% =0, it follows from the two items in the end of the proof of
Theorem 1 that there exists Cy > 0 such that

(64) Q—(U) ZOOHUH?;LL? (41071])7{:07 (QO/,U)H =0.
The coercivity bound (6.3) in H! with the norm in (3.15) follows from the bound
(6.4) and the standard Garding’s inequality by adjusting the constant Cp > 0. ]

The four constraints (6.1) are not generally preserved in the time evolution of the
NLS model (1.6). In order to ensure their preservation, we need to introduce four
parameters in the family of solutions near the black soliton with the profile p. Two
parameters are given by translations along the symmetries (1.5). One parameter is
the wave speed ¢ in the family of dark solitons U, given by (1.9). One more parameter
is the scaling parameter w in the scaling transformation (1.13).
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The existence of U, for every ¢ € R is given by Theorem 2. In the limit ¢ — 0, the
bound (5.5) can be written as

(6.5) Ue = — 2icvy + Oy () as c—0,

where Oy (¢?) is small in the %2 norm and vy, is defined in (4.15).
To incorporate ¢ and w, we consider an extended Lyapunov functional in the form

(6.6) Acw(¥) = B(¢) + w0’ M(¥) + cwP(¥).
Since E'(¢) = —¢", M'(¢) = =2(1—|v|?)®, and P’ () = 2i(1—]2)|?)9)’ (see Lemma 6.3
below), the Euler-Lagrange equation for A, is given by

(6.7) U’ + 2w (1 — |UP)U — 2icw(1 — |U|*)U’ =0.

If U, solves the differential equation (1.10), then U, (x) := U.(wz) solves the Euler—
Lagrange equation (6.7) and hence U,,, is a critical point of the Lyapunov functional
Ac, in (6.6).

Remark 6.1. Since U, extends ¢ for (c,w) near (0,1), we can define a modified
Hilbert space H.,, with the modified inner product

Q)fgdx7 f7g€HC,w7

(f7g)Hc,w = /]R(l - |Uc,w

and the induced norm || - ||3, . Due to the proximity result (5.18) in Remark 5.5 and
the closeness of (¢,w) to (0,1), the norm || - [|3, , is equivalent to the norm || - ||%.

The following lemma gives the decomposition of a point in a local neighborhood
of the black soliton ¢ with four modulation parameters defined near U,,.

LEMMA 6.2. There exists ¢ > 0 and Cy > 0 such that for every ¥ € X NH
satisfying

. := inf — (- 1 <
(6.8) €= inf |l — %ol +lln <eo,

there exists unique 0,(,c,w € R such that

(6.9) =" Uew(-+ ) +ul-+¢) +iv(- + )]
and
(6.10) o] + Jw — 1]+ |t — €“Ue(- + {)[l342 < Coe,

where u,v € H1 satisfy the four orthogonality conditions
(6'11> (Uc,W7u)Hc,w =0, (Ué,w’u)Hc,w =0, (UCM’U)HC,W =0, (Ué,UJ’v)Hc.w =0,

whereas Uy, := U.(w-) is the dark soliton of Theorem 2.

Proof. Let us define the vector function ﬁ(c,w,H,C;w) ‘R* x T NH — C* repre-
senting the constraints (6.11):

EUc,w,ReEeZ:Zd)E' - C; - Uc,wigﬂc,w
al . o U(/:,uﬂRe e’ 1/} ! 7< - Uc,w He,w
F(C7W,9>C71/)) = (Uc,w,lm(e_zjel/)(' _ C) _ Uc,w))?-ic )

(Ué,wlm(e_zWQ —0) = Uew))te
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For a given ¢ € ¥ N H, 6 in the infimum (6.8) is defined on the compact interval
[0,27] due to periodicity of €% and there exists Co, >0 such that

lim ¢ — e (- +¢)[l32 > Coc.
(—o0 -

Therefore, the infimum in (6.8) is attained if ¢g € (0,Cs) is properly chosen. Let
(0o, Co) be arguments of the infimum in (6.8). Since ¢, ¢’ € H, the Cauchy—Schwarz
inequality implies that there exists C' > 0 such that

|F(0,1,60,Go: ¥)| < Ce,
where | - | denotes the standard Euclidean norm for vectors in C*. We can write
F(0,1,00,Go; %) = O(e)

to indicate the remainder term for ¢ = e (- + (o) + Opp (€).

Recall that the mapping (c,w) +— U, is C! near (c,w) = (0,1). Hence the
function F is C! with respect to its arguments and we can compute the Jacobian of
F with respect to (c,w,0,¢) at (0,1,00,p) and for fixed ¥ € ¥ NH satisfying (6.8).
By using (6.5) and U, := U.(w-), we compute

(Uc,un (e_wl/}(' —() - Uc,w))Hc,w = (p(w-), (6_’%(' B ¢) — (10<w-)))7'[c,w
+ 2ie(vg (W), (€Y (- =€) = p(w))) ..o
+ 2ic(p(w-), v (W) ..., +O(c?)
and similarly for (U, ,, (e79(-—¢)~Uew))2. - The Jacobian evaluated at (c,w, ,¢)

= (0,1,6p,¢p) is computed by using the proximity bound (6.8) and is given by the
following matrix:

0 e,z ) 0 0
0 0 0 (¢,¥)n
— + 0 ,
0 0 (e O ©
—2(¢’,vp) 1 0 0 0
where we have used that ¢ is odd and v, is even. We recall from the proof of
Lemma 4.5 that (¢/,v,)y # 0 and (p,z¢’)y # 0, since u,(z) = —Fz¢'(z). By

choosing €y small enough in (6.8), the Jacobian for F' is invertible. By the local
inverse mapping theorem, for any 1 € ¥ N H satisfying (6.8) there exists a unique
solution (c,w,0,¢) € R* of F(c,w,0,(;1) =0 satisfying

|| + |w = 1| 4|6 — O] + | — (o] < Ce

for some e-independent C' > 0. Thus, the decomposition (6.9) is justified. The last
bound in (6.10) follows by the triangle inequality from the C' property of U, in z
and (c,w). |

We will use the following expansion of the mass and momentum functionals.

LEMMA 6.3. For every c,w € R and ¥ € ENH satisfying (6.8), (6.9), (6.10), and
(6.11) with € € (0,¢e0), where eg >0 is defined in Lemma 6.2, we have the expansions

(6.12) M(Uew +u+iv) = M(Uew) = 2|l , —2lvll3, , + 9l
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and

(6.13) P(U. +u+iv)=P(U.w) + P(u,v),
where
0= |Upw +u+iv|? = |Uew)? = 2uRe(U, ) + 20Im (U, ) + u® + v*
and there is C' >0 such that
(6.14) |P(u,0)| <O (/122 + 1012 + ullF + IollF + InllZe) -

Proof. Since n=|U., +u+iv|*> — |U.,|?, we have n € L*(R) if ¢, U, € X. The
expansion (6.12) follows from direct computations:

s

M(Uc,w +u—+ ’L"U) = M(Uc w) - 2/(1 - |Uc,w|2)77dz + ”77”%2
R
= M(Upw) —2 / (1 [Uewl?)(u + 02)da + ]2,
R

where the second line is obtained due to the first and third orthogonality conditions
in (6.11). The expansion (6.13) is proven in Appendix B, where the second and
fourth orthogonality conditions in (6.11) are used to remove the linear term of the
expansion. 0

The following lemma generalizes the coercivity result of Lemma 6.1 by using the
four-parameter decomposition of Lemma 6.2.

LEMMA 6.4. For every c,w € R and ¥ € XNH satisfying (6.8), (6.9), (6.10), and
(6.11) with € € (0,€q), where eg >0 is defined in Lemma 6.2, there is C >0 such that

6.15)  Acu(uv) = O (fula + ol +Inlfe - = @=1)?),
where

Ac,w(uav) = E(Uc,w +u+ iv) - E(QO) + w? [M(Uc,w +u+ iv) - M(gp)]
+ cw [P(Ucy +u+iv) + 7]
and 0= |Uep +u+iv|? — |Uew)?.

Proof. Since U, is a critical point for A, . in 3, we obtain with the help of the
expansions (6.12) and (6.13) in Lemma 6.3 that

Rewo(u,v) = Ae,w) + [[0'[32 + IV/]132
+w? (=2lulld,, — 200l . + i) +wPlu,),

where
Ac,w):=EUcw) — E(p) + w? [M(Ue,w) — M(¢)] + cw[P(Uecw) + 7).
Since
O —wlPU) ), 2 =20 [M(Ups) ~ M()] + c[P(Uw) +71,
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it follows from (5.19) and (5.20) that (¢,w) = (0,1) is a critical point of A(c,w). Since
A(0,1) =0, there is A > 0 such that

Alc,w) > —A[? + (w—1)?]

for every (c,w) near (0,1). Due to the bound (6.14) and Young’s inequality, there is
A >0 such that

. 2
coP(u,0) 2 =4[+ (Julle + lolB + 1)
for every (c,w) near (0,1). A similar lower bound is obtained for
2
(w?=1)(=2[lullz, ,—2lvl5,  +nlZ:) = A [(w = ¢t (JlullF+Hvl3 Il Z2) ] :

due to the proximity result (5.18) in Remark 5.5. The remaining terms in A, (u,v)
are

122+ 10l = 2llullze, , — 200l + 10072 = Qe (1) + Qe (v) + [InllZ2

where Qc ., (u) := [|[v']|3. —2||ull3,, . The coercivity Q. (u) under the two constraints
is obtained similarly to the proof of Lemma 6.1:

(6'16) Qc,w(u) >C <||u/||2L2 + ”u”%-lmd) , (UC,UJ?,U/)HC.,W =0, (U(IZ,w7u)Hc.w =0.

Combining all lower bounds and using the proximity of norms in Remark 6.1 yields

Rew(u,v) 2 C (lull + ol +Iinll3: )
2
— o174 (ol + el +1als) ]

This justifies the bound (6.15) due to smallness of [[ul[3,, +[v||5,: +[[n]|7= by adjusting
the constant C' > 0. 0

We are now in position to complete the proof of Theorem 3.
Let ¥ € ¥ NH satisfy

(6.17) Dy (tho, p) <6

for some small ¢ € (0,¢eq), where € is defined in Lemma 6.2. Since we are assuming
that the initial-value problem for the NLS model (1.6) is locally well-posed in X NH,
there exists a unique solution ¢ € C°([—79,70],X N H) of the NLS model (1.6) for
some small 79 > 0 such that ¥(0,-) = 1g. Therefore, at least for small 75 > 0, the
bound (6.8) holds true so that the orthogonal decomposition (6.9) and (6.11) can be
used for t € [—79, T0].

Assuming conservation of energy F(1¢), mass M (), and momentum P(v), there
is C'> 0 such that

|E(¢) = E(e)| = |E(¥0) — E(p)| < C6,
(6.18) [M () = M(p)| =M (o) — M(p)| < C9,
[P () + 7| = [P(¢ho) + 7| < C6,

where the upper bounds are due to (6.17) and the expansion of E(t), M (i), and
P(1p) near . Compared to Lemma 6.3, no orthogonality conditions are imposed on
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the perturbation term ¢y — ¢ so that the linear terms of the expansion of the O(4)
order are generally nonzero.

By using the orthogonal decomposition (6.9) and (6.11) for t € [—79, 79] with small
7o > 0, it follows from the symmetry (1.5) that

M) — M(p) =M (Uey +u+iv) — M(p),

(6.19) P(W)+m=P(U., +u+iv)+m,

where (¢,w) depend on time ¢ € [—79, 79]. Using now expansions (6.12) and (6.13), we
claim that there is C' > 0 such that

(6.20) el +lw =1 S C@ + [lull3 + llvllzn + [InllZ2)-
This follows from the implicit function theorem if the Jacobian of the transformation
(6.21) (c;w) > (M(Uew) — M(p), P(Ucw) + )

is invertible at (c,w)=(0,1). Due to the scaling transformation with U, , := U.(w-),
we have

MUw)=w'M(c),  P(U.w)=P(c),
where M (c) :== M(U,) and P(c):= P(U,), so that the determinant of the Jacobian is

-1 -2
w pf‘é)(c) w OM(C) — w21 (e) P (c).
By using expansions (5.19) and (5.20) in Lemma 5.2, the determinant at (¢,w) = (0,1)
is equal to % # 0 so that the transformation is invertible. Hence, expansions (6.12)
and (6.13) with the bounds (6.14) and (6.18) yield (6.20) from (6.19).
Finally, we substitute (6.20) into (6.15) and use conservation of E(v), M (), and
P(%) with the bound (6.18). This yields the bound

(6.22) lull3r +llvl30 + llnllZ= < Cs,

which shows that the perturbations of the orthogonal decomposition (6.9) and (6.11)
for t € [—79,70] with small 79 > 0 are controlled uniformly in time. Moreover, using
the triangle inequality, the bounds (6.20) and (6.22), and the expansion (6.5), we
obtain

Dy (¥, €P0(- + Q) < Do (¥, €Ue(- +€)) + P (Uerw, )
< C (Jlullper + lollper + lonllze + lel + o — 11)
(6.23) <82,
Thus for every € € (0,¢p) there is § < min(e?/C?,¢q) such that the bound (6.8) is
satisfied for every ¢ € [—7¢, 79} so that the orthogonal decomposition (6.9) and (6.11)
can be extended beyond the times ¢ = £7p with the same estimate (6.22) and the
same bound (6.23). Hence, the local solution 1 € C°([—79, 0], X NH) near e (- + ()

is extended globally in time with the bound (6.23) for every t € R.
The proof of Theorem 3 is complete.
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7. Persistence and stability of black solitons in potentials. Here we con-
sider a small and decaying potential in the framework of the perturbed NLS model
(1.15) and prove persistence and stability of the black soliton. This yields the proof
of Theorem 4. The following two lemmas give the persistence and stability results
separately.

The standing wave solution v (t,z) = e 2#¢_(x) of the perturbed NLS model
(1.15) are found from the second-order differential equation

(7.1) ¢7 +2(1 = [¢e[*)pe = eV (@) e

Since V(z) : R — R, we consider real solutions ¢.(z) : R — R which converge to
© pointwise in z as |e| = 0, where ¢(x) := tanh(x). The following lemma uses the
Lyapunov—Schmidt reduction method to get the existence result.

LEMMA 7.1. Assume that V.€ W3®(R) N L?(R) and that s € R is a simple root
of V', where V is given by (1.16). There exists eg > 0 such that for every e € (—eg,€p),
there exists a real solution of (7.1) in the form ¢. = s + @, where ps(x) :=@(x — 3)
and @. € H?(R) satisfies ||¢c | gz < Cle| for some e-independent positive constant C'.

Proof. We use the decomposition

(7'2) e = Pota + U,

where s € R is a simple root of V'(s), a € R is a parameter to be determined, and
1 € H*(R) is a correction term to be determined. The decomposition (7.2) allows us
to rewrite (7.1) in the equivalent form

(7.3) Liyp+eV [‘ps-i-a +"/’] + N(¢) =0,

where Ly :=—02 + 6p2,, — 2 is the translated version of the linearized operator L
n (3.9) and N (1) := 6¢siq1? + 20 is the nonlinear part of the cubic nonlinearity.

The linearized operator L, can be considered in L?(R), where 0 is a simple
isolated eigenvalue of L at the bottom of o(L, ) with Null(Ly) = span(y),,). The
Lyapunov—Schmidt reduction method relies on the orthogonal decomposition by using
the orthogonal projection

(Potar V)
Ha1/1 5:1/) - H f+€b H2 ¢;+a7
L)Os+a L2
where (-,-) is the inner product in L*(R). Assuming II,¢ =1 (that is, (¢}, ,,¥) =0)
for uniqueness of definitions of a € R and ¢ € H%(R) allows us to split (7.3) into two
parts:

(7.4) Fe,a,9) = Ly + 10 (eV [psya + ¥] + N(¥)) =0,
(7.5) fe,a,0) = (P10 €V [Psa + ¥] + N (1)) =0.
Since
o Fg,a,9) : R xR x Hg(R)|{¥,:+a}L — LQ(R)\{%H}L is C* for every V €
L*(R), ‘
e [(0,a,0)=0,

° DwF(O,a, 0) = L+ :HQ(R)|{‘P/5+(I}J' HLQ(R)

I{V"SM}* is an invertible operator
with a bounded inverse from L?(R)

3L to H2(R)|{W;+a}L7

ltel
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the implicit function theorem gives the existence of a unique C'*° mapping (¢,a) —
Veq € H2(R)‘{¢;+Q}L which solves (7.4) for every small (¢,a) € R x R with the
estimate

(7.6) [Ye.allz < Clel(1 + |al)

for some (e, a)-independent constant C' > 0.
The first term of f(e,a,1) can be simplified after integration by parts:

! 1 ! 2
/RV(;B)gp(x—s—a)go(x—s—a)daszi/RV(:L‘) [1-¢*(z—s—a)|de

1
= / V'(z)sech?(x — s — a)dx
2 Jr

1
= §V'(s +a).
Since V € W2%>(R), V is a C? function of its argument. If s € R is a simple root of
V', then
/ o
lim V'(s+a)—V"(s)a

a—0 a

Substituting the C* mapping (e,a) — ¥4 € H2(R)|{¢S+a}¢ from (7.4) into (7.5)
gives the implicit equation

(7.7) fle,a):=e"1f(e,a,peq) =0,

where f(g, a):RxR—Ris C! in its arguments, f(0,0) =0, and

=0.

0.f(0,0) = 3V (5) #0.

The implicit function theorem gives the existence of a unique C* mapping € +— a. € R
which solves (7.7) for every small e € R with the estimate

(7.8) |ac| < Clel

for some e-independent constant C' > 0. Combining the two estimates (7.6) and (7.8)
yields ¢. = s + @, with ||@c| g2 < Cle| after the triangle inequality. 0
Remark 7.1. We cannot generally state that ¢. € F, where F is given by (1.7).

Using the black soliton ¢. from Lemma 7.1, we can define the spectral stability
problem in the form

L_(e)v=A(1 - ¢2)u,

(7.9) _L+(5;)u =1 —¢2)v,

where

Li(e)=—02+6¢2—2+¢V,
L_(g)=-02+2¢>—2+¢V.

The Hilbert space H given by (3.12) is replaced by

H, = {feLfOC(R): V1 —¢gfeL2(R)}.
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The following lemma ensures that under the additional condition V € L'(R), L (¢)
have the same properties as L4 (0) except for one eigenvalue which bifurcates from
the zero eigenvalue of L (0) as ¢ — 0. Consequently, the location of this eigenvalue
gives a definite result on the spectral stability or instability within the linear stability
problem (7.9).

LEMMA 7.2. Assume that V € W2 (R) N LY(R) and that s € R is a simple root of
V'(s), where V(s) is given by (1.16). There exists €9 > 0 such that for every e € (0,&0)
e if V"(s) >0, then the spectrum of the linear stability problem (7.9) in H x H.
consists of pairs of isolated eigenvalues (3.20), a double zero eigenvalue, and
a pair of isolated eigenvalues {Fiw.} with we > 0;
o if V"(s) <0, then the spectrum of the linear stability problem (7.9) in He X H,
consists of pairs of isolated eigenvalues (3.20), a double zero eigenvalue, and
a pair of simple real eigenvalues {\.} with A\ > 0.
In either case, we — 0 and \. — 0 as € — 0.

Proof. The profile ¢, is obtained from the second-order differential equation (7.1)
with the boundary conditions ¢.(z) — £1 as * — +oo. By Levinson’s theorem
(Theorem 8.1 on p. 92 in [7]), if V € L*(R), then ¢. — +1 exponentially fast with the
same exponential rate 2 as ¢. Consequently, the weighted norm in H. is equivalent
to the one in H and the proof of Theorem 5 extends to the stability problem (7.9).
Thus, all eigenvalues of the spectral problem (7.9) for (u,v) € H. x H. are isolated.

Since L_(g)¢. = 0, the zero eigenvalue in H. persists in € € (—eg,gp). Since ¢
has a simple zero at x = 0, the decomposition (7.2) with small ||@.||g2 implies that
¢ has only one zero on R. Consequently, by Sturm’s oscillation theorem, L_ () has
only one simple negative eigenvalue for every e € (—eo, ).

On the other hand, L, (¢) may not have the zero eigenvalue for € # 0 because the
translational symmetry is broken by the potential V' satisfying V" (s) # 0. To study
the sign of this small eigenvalue of L, (¢), we expand

(7.10) Ly(e)=L4(0) +eV +12p,p. + 652,
where L (0):=—0% + 6p2? — 2. Since ||@c| gz = O(¢) as e — 0, we can write
(7.11) @e =epM) + Op2(?),

where ¢(1) is uniquely determined by Lemma 7.1. Perturbation theory for isolated
eigenvalues of a self-adjoint operator gives the small eigenvalue of L, (£) in the form

1

(7.12) HE) = T,

(46, (V +120,6D)l) + O(2)]
Differentiating (7.1) with respect to x yields

Ly(e)g. = —eV'¢x,
from which we derive at the O(g) order:

Ly (0) (@) + (V +120,6M) ¢, = —V'ps.
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Therefore, we obtain by integration by parts that
(0l (V +120,6W) ) = —/ V'(z)p(x — s)¢' (x — s)dx
R

= 1/V”()[17 *(x—s)]dx

/V” )sech?(z — s)da
v// )

where we have used the condition V' € W2°°(R). Thus, it follows from (7.12) that

1

"(g 2 .
ETAN A

ple) =—
Since V" (s) # 0 by assumption, we conclude that for € € (0,e9) with sufficiently small
g0 > 0, Ly(e) admits no negative eigenvalues if V'(s) < 0 and a simple negative
eigenvalue if V' (s) > 0, since all other eigenvalues of L, (0) in H are strictly positive.
It remains to compute splitting of the double zero eigenvalue for € # 0 in the
spectral stability problem (7.9) due to the broken translational symmetry. The double
zero eigenvalue due to the rotational symmetry persists in €, whereas all eigenvalues
on iR also persist in ¢ since they are associated with positive Q4 (u) and Q_(v) [6].
To compute the splitting of the double zero eigenvalue, we use the method of Puiseux
expansions [36] and expand the eigenvector (u,v) € H. X H. and the eigenvalue A of
the stability problem (7.9) for € € (0,¢):

u=p, +euy + O(e?),
v=¢e2y; + O(3/?),
A=¢el/2)\ + 0(3/2).

As € =0, the Puiseux expansions recover the double isolated eigenvalue A = 0 of the
unperturbed stability problem (3.11) with the eigenvector (u,v) = (¢%,0)T and the
generalized eigenvector (u,v) = (0,v,(- — s))T, where v, is given by (4.15). By using
(7.10) and (7.11), we obtain from (7.9) that vi = Av,(- — s) and w1 € H. is found
from the linear inhomogeneous equation

Lyur + (V +120,6W)p, = =221 — v, (- — ).
A solution u; € H. exists if and only if the Fredholm condition is satisfied,

AL (¢! v ) + (D (V + 120,61 )} =0,
which yields

2 1 1"
Al = 2(@’,U¢)HV (s).
Since it follows from the proof of Lemma 4.5 that (¢’,v,)x <0, we conclude that for
e € (0,e9) with sufficiently small 9 > 0, the spectral stability problem (7.9) admits
a pair of real eigenvalues if V”(s) < 0 and a pair of purely imaginary eigenvalues
if V”(s) > 0. In both cases, the pair of eigenvalues {£\.} is given by the Puiseux
expansion \. = e'/2)\; + O(e%/?) with either A7 > 0 or A? < 0, respectively. This
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complete the proof of lemma in view of the other eigenvalues of the spectral eigenvalue
problem (7.9) on iR. |

Remark 7.2. An alternative proof of instability in Lemma 7.2 can be developed
based on the Rayleigh quotient

Q- (v) +¢ [ Vvida

7.13 -\ =
(7.13) veH N0} (Ly(e) v, v)y,

where QQ_ (v) is exactly the same as in (3.6) and £ (g) := (1—¢2?) 1L (¢) is invertible
on H. for € € (0,£9). No constraint on v € H,. is used in (7.13) compared to (4.28).
If V'(s) <0, then L4 (¢) is strictly positive in H. so that the denominator in (7.13)
is positive. However, the numerator in (7.13) attains negative values since £_(g) :=
(1 — ¢2)"1L_(e) has a simple negative eigenvalue in H. for ¢ € (0,5¢) and v € H,
does not satisfy any orthogonality condition. Therefore, the smallest eigenvalue —\2
is negative so that there exists a pair of real eigenvalues {£\.} for € € (0,&p).

Remark 7.3. The method based on the Rayleigh quotient (7.13) is inconclusive
if V"’(s) > 0 because both the numerator and the denominator attain negative values
for some v € H,.

8. Conclusion. This work can be summarized as follows. We have considered
a new NLS model with intensity-dependent dispersion (1.6) as an alternative of the
cubic defocusing NLS equation (1.1). We have shown that the same black soliton has
better stability properties in the NLS model (1.6) in several aspects. The NLS model
provides a natural Hilbert L? space with exponential weights, where the linearized
stability problem admits only isolated eigenvalues of finite multiplicity and no finite
accumulation points. The energetic stability argument is obtained with four rather
than three orthogonality conditions, where the additional constraint is due to the
new scaling symmetry (1.13). The black soliton is continued to the family of traveling
dark solitons for every speed compared to the finite speed cutoff in the cubic NLS
equation (1.1). Finally, the black soliton remains spectrally stable in the presence of a
small decaying potential if it is pinned to the minimum point of the effective potential
compared to the oscillatory instability of the black soliton of the cubic NLS equation
with a small decaying potential [30].

We end this paper with a list of further open problems.

1. We have not attempted to address local well-posedness of the new NLS model
(1.6) in X NH, where X is the energy space (3.2) and H is the exponentially
weighted L?(R) space (3.12). We conjecture that the initial-value problem is
locally well-posed in the set of functions F in (1.7) for which |u(¢,z)| <1 for
(t,z) € R x R, but this problem is a subject on its own. Recent results on
local well-posedness of such NLS models with zero boundary conditions can
be found in [19].

2. Another related problem is the asymptotic stability of black solitons. By using
ideas of [16], the asymptotic stability analysis can be developed provided that
the local well-posedness problem for the NLS model (1.6) is solved first.

3. Orbital stability of the continuous family of dark solitons with any speed c € R
can be considered by using the exponentially weighted Hilbert space H. =1
in Remark 6.1. According to the standard orbital stability criterion [5, 27],
the dark soliton with profile U, is orbitally stable if the mapping ¢ — P(U,)
is monotonically increasing. It follows from the expansion (5.20) that the
stability is satisfied for small ¢ € (—cg, ¢p) with some ¢q > 0. However, since U,
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is only available implicitly, the precise stability criterion can only be checked
numerically for larger values of ¢ € R or verified with computer-assisted proofs
[29].

4. It would be interesting to justify the new NLS model (1.6) as a reduction of the
Maxwell equations in the framework of either temporal or spatial nonlinear
optics. Justification of the extended NLS models of the type

(8.1) i(1— €202)up + Uy +2(1 — |u/)u=0

was considered in [11, section 4.1.4] in the framework of the NLS models with
a full dispersion relation. However, the relevant analysis did not incorporate
the intensity-dependent dispersion. Justification of the NLS model (1.6) is
open for further studies. In our recent paper [32], we studied stability of the
black solitons in the model (8.1).

5. One can think of the regularization of the NLS model (1.6) with bounded
intensity-dependent dispersion,

(8.2) (14 € — Jul®)ug + upy +2(1 — |u|*)u=0.

Local well-posedness of the regularized model (8.2) in the space of functions
with the boundary conditions (1.2) can be shown by using the general analy-
sis of [13]; see also [32]. It is expected that the stability properties of the
black solitons analyzed in our work will persist in the time evolution of the
regularized NLS model (8.2).

Appendix A. Integration by parts in H. We start with the following tech-
nical estimates.

LEMMA A.1. For every w € L*(R), it is true that

oo
(A1) Cosh(~)/ sech(t)w(t)dt <2||lwl|2(0,00)
: L2(0,00)
(A2) cosh(-) / sech(t)w(t)dt < 2wl 2 mor0),
—c0 L2(—0,0)
and
(A.3) sech(~)/ cosh(t)w(t)dt <L2||w|| L2 wy-
0 12(R)

Proof. In order to prove (A.1), we integrate by parts and obtain for each y > 0,

/Oy cosh?(x)
T

%(qj + cosh(z) sinh(z))
sech(t)w(t)dt) dx.

2
dx

/OO sech(t)w(t)dt

=y

/°° sech(t)w(t)dt

=0
0o

+ /Oy(zsech(ir) + sinh(z))Re (w(z)/m

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/22/24 to 130.113.109.162 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

STABILITY OF BLACK SOLITONS IN OPTICAL SYSTEMS 2561

The first and second terms are estimated separately with the Cauchy—Schwarz in-
equality as

1 2

5(2/ + cosh(y) sinh(y))

/C>O sech(t)w(t)dt

< 3+ cosh(y)sinb(y)) (1 — tan(y) [ ()P

< / ()| 2dt
Yy
and

/Oy(:z:sech(x) + sinh(x))|@(z)| dz

/OO sech(t)w(t)dt

<2 /O ’ cosh(x) ()] do

y
2 /cosh2(x)
0
1 v
§f/ cosh?(x)
2Jo

where we have used 2ab < 1a® + 2b? in the last line. Combining the estimates, we
obtain

Yy o0
/ cosh?(x) / sech(t)w(t)dt
0 T
which yields the bound (A.1) in the limit y — oco. A similar bound (A.2) follows

analogously for y < 0.
In order to prove (A.3), we again integrate by parts and obtain for each y >0,

/Oy sech?(z)
T

(tanh(z) — 1)
+2 /O ’ (cosh(z) — sinh(z))Re (w(aj) /O ’ cosh(t)w(t)dt) da.

The first term is negative while the second term is again estimated with the Cauchy—
Schwarz inequality as

2 /0 ’ sech()[w(z)| ‘ /O " cosh(tyw(t)dt

<2 (/OJ sech?(z) /0 cosh(t)w(t)dt 2dm> - (/Oy |w(x)|2dx) "

In the limit y — oo, this gives the bound

/ ~ sech(tw(t)dt

de) - (/Oy |w(x)2da:>1/2

y
dr + 2/ |w(x)|?dz,
0

IA

/00 sech(t)w(t)dt

2

/ ~ sech(tw(t)dt

2

[ee) Y
dng/ \w(x)|2dx+4/ w(z)[*dz,
y 0

2
dx

/ " cosh(tyw(t)dt
0

=Yy

/1' cosh(t)w(t)dt
0

=0

dzr

2

/000 sech?(z) /Ow cosh(t)w(t)dt| dx < 4/000 lw(t)|dt.
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A similar result is obtained analogously for y < 0, which yields together the bound
(A.3). ]

Using the estimates in Lemma A.1, we prove the integration by parts formula for
both function spaces. Here (-,-) denotes the standard inner product in L?(R).

LEMMA A.2. For every f € H2 and g € HY, it is true that (f',g') = —(f",g).

Proof. First, we check that if f € H2, then cosh(-)f’ € L?(R) and so sinh(-)f’ €
L3(R). Indeed, if f € H?, then f’ € L?(R) and cosh(-)f” € L*(R). It is then clear
that f € H*(R) so that f' € C(R) and f'(x) — 0 as |z| — oo by Sobolev’s embedding.
Therefore, we write

tm@:-/wﬂmmz—/mwmmkmmmwmﬁ,

so that cosh(+)f’ € L?(0,00) by the bound (A.1) with w := cosh(:) f” € L*(R). Simi-
larly, we obtain cosh(-)f’ € L?(—o00,0) by the bound (A.2).
Next, since

(A.4) % [cosh(z) f'(x)] = cosh(z) f"(z) + sinh(z) f' (x),

we infer that if f € H?, then cosh(-)f’ € H'(R), which implies that cosh(z)f’(z) — 0
as |x| — oo. Similarly, if g € H1, we have sech(-)g € H'(R) since sech(-)g € L*(R),
sech(-)g’ € L*(R), and

(A.5) % [sech(z)g(x)] = sech(x)g’(z) — sech(x) tanh(z)g(x).
This implies that sech(x)g(z) — 0 as |z| — oo so that
f'(x)g(x) = [cosh(z) f'(z)] [sech(z)g(2)] = 0 as |z — o0

and integration by parts yields (f',¢") =—{(f",g). O
LEMMA A.3. For every f € H% and g € HL, it is true that (f',9') =—(f".g).

Proof. Here we recall that H} = H'(R) and that if f € H3, then f € H'(R)
and cosh(-)(—f" +4f) € L?>(R). This implies that (—f” + 4f) € L?(R) and hence
f € H?(R) so that f(z), f’(x) = 0 as |z| — oo and the integration by parts holds. 0O

Appendix B. Proof of the expansion (6.13) with the bound (6.14). We
follow the ideas in the proof of Propositions 4 and 5 in [16] and the proof of Lemma
4.2 in [12] but we give a self-contained presentation.

It is trivial to see that if u € H!, then

(B.1) V1= ¢?ullpe <lufl3 -
Indeed, since ||4/1 — @?u/||2 < ||u']| L2, the product rule (A.5) implies that
V1 =¢?ullas < lullye,

which yields (B.1) by Sobolev’s embedding of H!(R) into L (R). On the other hand,
it is rather nontrivial that the decomposition

(B.2) =" [Uew(-+ ) +ul(-+¢) +iv(- + )],
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with

(B.3) e +lw = 1+ [[ullr + [[ollz +[Inll2 < Coe,
where

(B.4) n:=Y)? = |Uewl?® = 2uRe(U. ) + 20Im(U. ) + u? + 02,

controls the L* norm of the perturbation. Nevertheless, this result is given in the
following lemma used for the proof of the bound (6.14). In what follows, the constant
C > 0 may change from one line to another line.

LEMMA B.1. For every c,w € R and ¥ € ¥ N'H satisfying (B.2) and (B.3), there
exists C' >0 such that

(B.5) lullze + [olze <€, Il < Ce.

Proof. Since

(u+ Re(UC,w))2 + (v + Im(Uc,w))Z = ‘UC,w|2 +n,
there exists C' > 0 such that
(B.6) [ull Lo + [|vl| L < C(1 4 [|nllLe< ).
Using the bound
112 < [0l 217"l 2,

the product rule for n in (B.4), and the triangle inequality yields

1717 <2lnllz2 (IRe(Uew (' + "))l L2 + [[Re(Ug o, (w + ) [ 22 + [lue || 22 + [Jvv’] 2)
<Clnllze (el + oller + Nullo ol 2 + ol 1122
<C (1l + o) (llul +lolZ + i)

where we have used the properties of U, ,, := U.(w-) from Theorem 6 and the proximity

of the norm in #H.,, and A due to Remark 5.5 for (¢,w) near (0,1). Using the bounds
(B.3) and (B.6) yields

)z < CA+ lInllzee)e.

Since € > 0 is small, this is equivalent to ||n||p~ < Ce, which yields (B.5) due
to (B.6). 0

We are now ready to give the proof of the expansion (6.13) with the bound
(6.14). Since P(%) is invariant under the two symmetries (1.5), we translate ¢ —
e (- — ¢). After translation, we fix R > 0 and split the integral in P(z) on
(=00, —R]U[—R, R]U[R,00). The outer and inner integrals are treated differently
based on the two representations (2.3) and (2.5).
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B.1. Outer integrals on (—oo, —R] U [R,00). We use the following expres-
sion for this part of P(¢)) denoted by Pr(v)):

1 L—|pP)? - 7
Pa(t) = — oI i, — oth)da.
R(U)) 2 [m,R]U[Rm) |w|2 (1/’1[1 d) 1/’) €L

The integrand is nonsingular because [t|? > |U, ,,|* — |n] is bounded away from zero
on (—oo0, —R]U[R,00) which follows from the boundedness of |U.,|? away from zero
and smallness of ||n|| L= according to the bound (B.5). We expand

QZ}/(#:L’ - @xw = Uc,wUé’w - Uévac,w +v+ 2i(uv/ - U/'U),

where
v:=20m(U, ,)u — 2iRe(U, ,)v — 2ilm(Ue ,)u’ 4 2iRe(Ueu)v',
so that
PR(UC’UJ +U+Z’U) = PR(UC,w> + Pl +P2,
where
1 (1_‘Ucw|2)2 (1_|Ucw4) 7 / 7!
P == : — : v.,U. —-U. U., d
1 2% / |: |Uc,w|2 v |Uc,w|4 ( , c,w c,w s )77 xz
and
. (1- |U0,w|2 — 77)2

Py .:/ ANEE (uwv' —u'v)dz

1 1-— 2_n)2 — 2)2

- ( Ueeo n) _ (1= |Ucwl?) vdz,

2i |UC-,w|2 +n |UC,w|2

1 (1*|U6,w|2*77)2 (1*|UC,w|2)2 (1*|U0,w|4) ¥ =

2i [ Uoultn  Ueul?  Uewl® " Uewlew=Uewlew)de,

and the integration is performed over (—oo, —R]U[R,00). Substituting v into P; and
integrating «’ and v’ by parts yield

z=—R

ZL’*)OO)

i (1 B |U0,w|4) — _ ) )
+2/H@J4(MWWM_WMWMWL+UM@

where the second term in P; is obtained as follows:

T—+00

1—1U,.,|?)?
(1= Ue?) .

P:
' |Us,]?

(—Im(U,w)u+ Re(Uew)v) (

=R

+4/u—uau%@hmuwm+Ramwwwx

. 2)\2
2 [ U0 (02— Re(wz o]

9 / W I(Ur ) u—Re(Us 0] [Re(Ue o) Re(U”))+ Im(Us ) Im(UL,,)] da

42 / W Re(Us ) u-t T (Us )] [Im (U ) Re (U7, )—Re(Us ) Im(U7,,,)] da

_y / (1= Vo) (~Im(U",)u+ Re(U.,, )v)d.
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The first term in P; is zero in the limits x — 00 due the boundedness of u and
v in (B.5). The limits x = £R are combined with the inner intergrals on [—R, R].
The second term in P; combined with a similar term on [—R, R] is zero due to the
second and fourth orthogonality conditions (6.11). The third term in P; is bounded
by |lu||3, + ||v]|3, due to proximity of norms in H. ., and H given by (5.18) for (c,w)
near (0,1) according to (B.3).

The terms in P, are analyzed by using the facts that |U.|* is bounded away from
zero on (—oo, —R| U [R,00), ||n||Le is small, and the perturbation u + iv is bounded
according to (B.5). The first term in P, is estimated by using the Cauchy—Schwarz
inequality:

1— Ucw 2 _ 2
J i S ! = wo)da <€ [ (1= Ul = 0Pl + o]

<C (T Inlle)llw+ivlag,  u' + iz + Inllze lu + vl L 0" + 0|l 2 In]l £2)
<O (Jlu’ + a2 + llu+ vl + nll72) ,

where bounds (B.5) and the proximity between the norms in H. ., and H (Remark 6.1)
have been used. The second and third terms in P, are estimated similarly:

2 2 4
N Uewl® = (1 = U ul*)
/ PV r ) mUew)e = Re(Ue v — Im(Uew)u' + Re(Ue)v') dz

<O (W +i'||32 + llut i3, + Inlli-)

and

1 n? 7 7 2
Z/ Ueoo |2 ([Uew |2 +1) (Uc’wUé,w - Uc/,wUC,w)dx <Clnllz:-

B.2. Inner integrals on [— R, R]. We use the following expression for this part
of P(¢) denoted by Pr(¢):

Pr() = / (2~ [62) (s — ) 1 O(R) — O(—R),
2 Ji-r,R)

where 0(z) = arg(¢(z)). Expanding 9 = U, +u+iv and 0 = arg(U.,) + 01 + 02 with

Re(Ucw)v —Im(U, o )u

0, =
Uewl? ’

Re(Ucw)v —Im(U, o )u

Oy =arg(Ue +u+iv) —arg(Uecy) — [IANE

yields the expansion
Pr(U.y +u+iv) = Pr(Uey) + P + P,
where
P = %/ [(2 - |Uc,w‘2)l/ - (UC,wUé,w - Uc/,ch,w)U] dz+01(R) —01(-R)
and

R 1
Pyi=— /(2 ~NUew)®) (" — u'v)dx + % /nudm + 63(R) — 62(—R),
1
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and the integration is performed over [—R, R]. Substituting v into Py and integrating
u’ and v’ by parts yield after simplifications:

=R
P =(2—|U.u|?) (Im(U,.,)u — Re(U, ., )v)
r=—R

4 [ (1= Ve PYIm(UL L+ Re(U o)
1 _ _
+ g5 [ Ol = ULV 4 0%)da 4 03(R) — 62(~R).

The quadratic term in Py is bounded by [jul|3, + ||v||3, because there is C > 0 such
that

/ UewUl = UL JUc| (W +0%)da
<Cg / ) |UewUl, = Ul Ucw| (U 4+ 0%)de,

and U, U;, !, € L°(R). The linear integral term in Py, combined together with a
similar term in P yields

4/G—KkJ%GhM%MM+RdWMWM%
R

which vanish due to the second and fourth orthogonality conditions (6.11). Finally,
the terms at z = =R are combined together in P; and P; to yield

z=R

+ 91(R) — 91(—R) =0.
r=—R

Im(Ue o, )u — Re(Ue w)v
[Ue,wl?

All integral terms in P, are bounded by |u’ + iv'||2, + |lu + 0|3, + |[n]|3> because
integration on [—R, R] is bounded by integration on R with the weight (1 — ?).
Similarly, by using the Sobolev embedding of H'([-R, R]) to L>([—R, R]) and the
Taylor expansion with |U, ., (£R)|? being bounded away from zero, we obtain

02(£R)| < Cr(lu(ER)P + [v(£R)[*) < Crllu + vl (g mp»

which is bounded by ||’ + iv'||3, + [|[u + iv||3, since [~ R, R] is compact and 1 — ¢? is
bounded away from zero on [—R, R].

REFERENCES

[1] S. ALaMA, L. BRONSARD, A. CONTRERAS, AND D. E. PELINOVSKY, Domain walls in the coupled
Gross-Pitaevskii equations, Arch. Ration. Mech. Anal., 215 (2015), pp. 579-610.

(2] M. A. ALEJO AND A. J. CORCHO, Orbital Stability of the Black Soliton for the Quintic Gross—
Pitaevskii Equation, arXiv:2003.09994, 2020.

[3] F. BETHUEL, P. GRAVEJAT, J. C. SAUT, AND D. SMETS, Orbital stability of the black soliton
for the Gross—Pitaevskii equation, Indiana Univ. Math. J., 57 (2008), pp. 2611-2642.

[4] F. BETHUEL, P. GRAVEJAT, AND D. SMETS, Stability in the energy space for chains of solitons of
the one-dimensional Gross-Pitaevskii equation, Ann. Inst. Fourier, 64 (2014), pp. 19-70.

[5] D. CHIRON, Stability and instability for subsonic traveling waves of the nonlinear Schrodinger
equation in dimension one, Anal. PDE, 6 (2013), pp. 1327-1420.

[6] M. CHUGUNOVA AND D. PELINOVSKY, Count of eigenvalues in the generalized eigenvalue prob-
lem, J. Math. Phys., 51 (2010), 052901.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://arxiv.org/abs/2003.09994

Downloaded 03/22/24 to 130.113.109.162 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

[7]
(8]
[9]
(10]

(11]

(12]

(13]

(14]
(15]
[16]

(17]

(18]

(19]

20]

(21]
(22]
23]
[24]

[25]

[26]
27]
(28]

29]

(30]
(31]
(32]

(33]

STABILITY OF BLACK SOLITONS IN OPTICAL SYSTEMS 2567

E. A. CopDINGTON AND N. LEVINSON, Theory of Ordinary Differential Equations, McGraw-
Hill, New York, 1955.

A. CONTRERAS, D. E. PELINOVSKY, AND M. PLUM, Orbital stability of domain walls in coupled
Gross-Pitaevskii systems, SIAM J. Math. Anal., 50 (2018), pp. 810-833.

S. CUCCAGNA, On instability of excited states of the nonlinear Schrédinger equation, Phys. D,
238 (2009), pp. 38-54.

S. CuccAGNA AND R. JENKINS, On the asymptotic stability of N-soliton solutions of the defo-
cusing nonlinear Schrodinger equation, Comm. Math. Phys., 343 (2016), pp. 921-969.

E. Dumas, D. LANNES, AND J. SZEFTEL, Variants of the focusing NLS equation: Derivation,
justification, and open problems related to filamentation, in Laser Filamentation, CRM
Ser. Math. Phys., Springer, Cham, 2016, pp. 19-75.

T. GALLAY AND D. E. PELINOVSKY, Orbital stability in the cubic defocusing NLS equation. II.
The black soliton, J. Differential Equations, 258 (2015), pp. 3639-3660.

C. GALLO, The Cauchy problem for defocusing nonlinear Schréodinger equations with non-
vanishing initial data at infinity, Comm. Partial Differential Equations, 33 (2008), pp.
729-771.

P. GERARD, The Cauchy problem for the Gross—Pitaevskii equation, Ann. Inst. H. Poincaré
Anal. Non Linéaire, 23 (2006), pp. 765-779.

P. GERARD AND Z. ZHANG, Orbital stability of traveling waves for the one-dimensional Gross—
Pitaevskii equation, J. Math. Pures Appl., 91 (2009), pp. 178-210.

P. GRAVEJAT AND D. SMETS, Asymptotic stability of the black soliton for the Gross-Pitaevskii
equation, Proc. Lond. Math. Soc., 111 (2015), pp. 305-353.

A. D. GREENTREE, D. RICHARDS, J. A. VACCARO, A. V. DURANT, S. R. DE EcHaNiz, D. M.
SEGAL, AND J. P. MARANGOS, Intensity-dependent dispersion under conditions of electro-
magnetically induced transparency in coherently prepared multistate atoms, Phys. Rev. A,
67 (2003), 023818.

M. GRILLAKIS, J. SHATAH, AND W. STRAUSS, Stability theory of solitary waves in the presence
of symmetry. 1, J. Funct. Anal., 74 (1987), pp. 160-197.

B. HARROP-GRIFFITHS AND J. L. MARzUOLA, Local well-posedness for a quasilinear
Schrédinger equation with degenerate dispersion, Indiana Univ. Math. J., 71 (2022),
pp- 1585-1626.

P. G. KEVREKIDIS, D. J. FRANTZESKAKIS, AND R. CARRETERO-GONZALEZ, The Defocusing
Nonlinear Schrodinger Equation: From Dark Solitons to Vortices and Vortex Rings, STAM,
Philadelphia, 2015.

P. G. KEVREKIDIS, D. E. PELINOVSKY, AND A. SAXENA, When linear stability does not exclude

nonlinear instability, Phys. Rev. Lett., 114 (2015), 214101.

. S. KivsHAR AND B. L. DAVIES, Dark optical solitons: Physics and applications, Phys. Rep.,
298 (1998), pp. 81-197.

. Kocu AND X. Li1ao, Conserved energies for the one dimensional Gross—Pitacvskii equation,
Adv. Math., 377 (2021), 107467, 83 pp.

. KocH AND X. Li1ao, Conserved energies for the one-dimensional Gross—Pitaevskii equation:
Low regularity case, Adv. Math., 420 (2023), 108996.

. A. Koser, P. K. SEN, AND P. SEN, Effect of intensity dependent higher-order dispersion
on femtosecond pulse propagation in quantum well waveguides, J. Modern Opt., 56 (2009),
pp- 1812-1818.

C.Y. LN, J. H. CHANG, G. KUrizki, AND R. K. LEE, Solitons supported by intensity-dependent

dispersion, Opt. Lett., 45 (2020), pp. 1471-1474.

Z. LIN, Stability and instability of traveling solitonic bubbles, Adv. Differential Equations, 47
(2002), pp. 897-918.

PH. M. MORSE AND H. FESHBACH, Methods of Theoretical Physics, Vol. I, McGraw—Hill, New
York, 1953.

M. T. NAKAO, M. PLUM, AND Y. WATANABE, Numerical Verification Methods and Computer-
Assisted Proofs for Partial Differential Equations, Springer Ser. Comput. Math. 53,
Springer, Singapore, 2019.

D. E. PELINOVSKY AND P. G. KEVREKIDIS, Dark solitons in external potentials, Z. Angew.
Math. Phys., 59 (2008), pp. 559-599.

D. E. PELINOVSKY, YU. S. KivSHAR, AND V. V. AFANASIEV, Instability-induced dynamics of
dark solitons, Phys. Rev. E, 54 (1996), pp. 2015-2032.

D. E. PELINOVSKY AND M. PLUM, Dynamics of black solitons in a reqularized nonlinear Schro-
dinger equation, Proc. Amer. Math. Soc., 152 (2024), pp. 1217-1231.

D. E. PeLINOVSKY, R. M. Ross, AND P. G. KEVREKIDIS, Solitary waves with intensity-
dependent dispersion: Variational characterization, J. Phys. A, 54 (2021), 445701.

" = B

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/22/24 to 130.113.109.162 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

2568 DMITRY E. PELINOVSKY AND MICHAEL PLUM

[34] R. M. Ross, P. G. KEVREKIDIS, AND D. E. PELINOVSKY, Localization in optical systems with
an intensity-dependent dispersion, Quart. Appl. Math., 79 (2021), pp. 641-665.

[35] M. I. WEINSTEIN, Modulational stability of ground states of nonlinear Schrodinger equations,
SIAM J. Math. Anal., 16 (1985), pp. 472-491.

[36] A. WELTERS, On explicit recursive formulas in the spectral perturbation analysis of a Jordan
block, STAM J. Matrix Anal. Appl., 32 (2011), pp. 1-22.

[37] V. E. ZAKHAROV AND A. B. SHABAT, Interaction between solitons in a stable medium, Sov.
Phys. JETP, 37 (1973), pp. 823-828.

[38] P. E. ZHipkow, Korteweg-De Vries and Nonlinear Schrodinger Equations: Qualitative Theory,
Lecture Notes in Math. 1756, Springer-Verlag, Berlin, 2001.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



	Introduction
	NLS models with intensity-dependent dispersion
	Motivations
	Summary of results
	Organization of the manuscript

	Conserved quantities
	Main results
	Linear operators <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	L?></0:tex-math></0:inline-formula> in the exponentially weighted <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	L2(R)?></0:tex-math></0:inline-formula> space
	Spectrum of <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	L-?></0:tex-math></0:inline-formula> in <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	H?></0:tex-math></0:inline-formula>
	Spectrum of <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	L+?></0:tex-math></0:inline-formula> in <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	H?></0:tex-math></0:inline-formula>
	Spectrum of <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	L?></0:tex-math></0:inline-formula> in <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	H H?></0:tex-math></0:inline-formula>
	Proof of Theorem&#x2009;&#x2009;<0:xref 0:ref-type="statement" 0:rid="the1" >1</0:xref>

	Existence of traveling dark solitons
	Energetic stability of the black soliton
	Persistence and stability of black solitons in potentials
	Conclusion
	References
	Appendix A. Integration by parts in H
	Appendix B. Proof of the expansion (6.13) with the bound (6.14)
	Outer integrals on <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	(-,-R] [R,)?></0:tex-math></0:inline-formula>
	Inner integrals on <0:inline-formula ><0:tex-math 0:notation="LaTeX" 0:version="MathJax" ><?LDGXML	[-R,R]?></0:tex-math></0:inline-formula>


