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Abstract. We consider families of solitary waves in the Korteweg–de Vries (KdV)
equation coupled with the linear Schrödinger (LS) equation. This model has been used to
describe interactions between long and short waves. To characterize families of solitary
waves, we consider a sequence of local (pitchfork) bifurcations of the uncoupled KdV
solitons. The first member of the sequence is the KdV soliton coupled with the ground
state of the LS equation, which is proven to be the constrained minimizer of energy for
fixed mass and momentum. The other members of the sequence are the KdV soliton
coupled with the excited states of the LS equation. We connect the first two bifurcations
with the exact solutions of the KdV–LS system frequently used in the literature.

1. Introduction

Coupling between long nonlinear dispersive waves and short linear high-frequency wave
packets can be modeled by using the coupled system of the Korteweg-de Vries (KdV)
equation and the linear Schrödinger (LS) equation:{

ut + αuux + βuxxx + γ(|ψ|2)x = 0,

iψt + κψxx + σuψ = 0,
(1.1)

where α, β, γ, σ, κ are nonzero real constants scaled in terms of the small parameter of the
original physical problem.

The coupled KdV–LS system (1.1) was proposed to describe various physical models
including the resonant interaction of capillary-gravity waves [16], the electron propagation
coupled to nonlinear ion-acoustic waves in a collisionless plasma [23], and more recently,
the energy transport by electrons in anharmonic lattices [6]. The KdV–LS system (1.1)
was further used for modeling of the interaction between internal and surface waves in a
two-layer stratified fluid [7, 8]. Long internal solitons are modeled by the KdV equation
and the shorter modulated surface waves are modeled by the LS equation. The interaction
provides a tool to detect internal waves from the fluid surface [7]. Further extensions of
the coupled models between long and short waves were constructed recently for the deep
water in [15].

Derivation of the KdV–LS system (1.1) was reviewed in [22], where it was pointed
out that the presence of different scales between different coefficients of the model makes
challenging the rigorous derivation of the model. See also the follow-up work [18] for the
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study of well-posedness of the coupled models. By using the coordinate transformation

x→ λ1x, t→ λ2t, u→ λ3u, ψ → λ4ψ

with

λ1 =
κ

β
, λ2 =

κ3

β2
, λ3 =

αβ

κ2
, λ4 =

√
|αγ|β2

κ2
,

the original coupled system (1.1) can be transformed to the normalized form:{
ut + uux + uxxx + s(|ψ|2)x = 0,

iψt + ψxx + kuψ = 0,
(1.2)

where

k =
σβ

ακ
∈ R, and s = sgn(αγ) = ±1.

If κ = O(ε−1), σ = O(ε−1) and γ = O(ε2p) in terms of the physically relevant small
parameter ε > 0 with some p ∈ (0, 1), see [7], then k = O(1) is independent of ε, so that
the normalized form (1.2) is also independent of ε. Similarly, the coupled model for the
capillary–gravity waves with additional transport terms derived in [16] is transformed to
the normalized form (1.2) by using the Galilean transformation for the long and short
waves.

The coupled KdV–LS system (1.2) is Hamiltonian with the following conserved quan-
tities:

Q(ψ) =
s

k

∫
|ψ|2dx, (1.3)

P (u, ψ) =
1

2

∫ (
u2 +

is

k
(ψψx − ψψx)

)
dx, (1.4)

H(u, ψ) =
1

2

∫ (
(ux)

2 − 1

3
u3 +

2s

k
|ψx|2 − 2su|ψ|2

)
dx, (1.5)

which have the physical meaning of mass, momentum, and energy, respectively.
The coupled KdV–LS system (1.2) admits a family of uncoupled KdV solitons, for

which ψ = 0. Existence of coupled solitary waves with ψ 6= 0 was studied recently in
[2, 5]. Stability of the explicit family of coupled solitary waves was shown in [17]. In the
case s = −1 and k < 0, stability of coupled solitary waves was shown in [1, 3] by using
versions of the concentration compactness method, from which the existence and orbital
stability of a global minimizer of H for fixed Q and P follow. Within the variational
methods, it is difficult to clarify the admissible values of the wave speed and frequency,
for which the constrained minimizer of energy is realized, as well as the profile (u, ψ).

The main purpose of our work is to clarify the existence and stability of families of
coupled solitary waves by studying their local bifurcations from the family of uncoupled
KdV solitons for s = +1 and k > 0. This approach allows us to connect the two families
of coupled solitary waves obtained in [2] as the first two local (pitchfork) bifurcations in
a sequence of bifurcations of the family of the uncoupled KdV solitons.
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By using the Lyapunov-Schmidt reduction, not only we prove the existence of families of
coupled solitary waves within the admissible values of the wave speed and frequency, but
also we study the Morse index of the Hessian operator associated with the variational
formulation of the wave profile (u, ψ) as a constrained minimizer of energy for fixed
mass and momentum. As the main outcome of our analysis, we prove that the coupled
sign-definite solitary wave is a constrained minimizer of energy and the coupled sign-
indefinite solitary waves are saddle points of the constrained energy. This suggests that
the variational formulation in [1, 3] picks the uncoupled KdV solitons as the constrained
energy minimizers for the zero mass and the coupled sign-definite solitary waves as the
constrained energy minimizers for the positive mass. As a part of explicit computations,
we also recover the stability conclusion for the exact solutions for the sign-definite solitary
waves obtained in [17].

It is interesting that our conclusions remain valid for both supercritical and subcritical
pitchfork bifurcations of coupled solitary waves. Based on numerical approximations, we
show that both the supercritical and subcritical pitchfork bifurcations do occur for the
first two bifurcations, depending on the parameter k > 0 in the system (1.2). These results
agree with the qualitative studies of pitchfork bifurcations (among the other bifurcations)
under the presence of symmetries in the generalized NLS equation [25].

The paper is organized as follows. Section 2 presents our main results on the existence,
bifurcations, and variational characterization of the solitary waves in the coupled KDV–
LS system (1.2). We point out that the ODE system for traveling solitary waves for the
particular case of k = 1

6
is a reduction of the integrable system of Melnikov equations

[19, 20, 21]. Nevertheless, as is elaborated in Appendix A, we are not able to obtain
the second invariant for the system of two second-order equations, hence we are not able
to conclude that it is an integrable Hamiltonian system in the sense of Liouville [14].
Nevertheless, the exact solutions for the coupled sign-definite solitary waves considered
in [17] (see also [2, 5]) only exist for k = 1

6
. Section 3 gives details of analysis of the

uncoupled KdV solitons with precise computations of the Morse index and the sequence
of bifurcation points. Sections 4 and 5 report on the analysis of the first two pitchfork
bifurcations in the sequence. The analysis in Sections 3, 4, and 5 provides the proof of
the main results presented in Section 2.

2. Main results

2.1. Existence of traveling waves. We consider the traveling wave solutions of the
coupled KdV–LS system (1.2) in the form:

ψ(x, t) = e−iωtΨ(ξ), u(x, t) = U(ξ), ξ = x− ct, (2.1)

where the profiles U : R → R and Ψ : R → C satisfy the following system of differential
equations: {

U ′′′ − cU ′ + UU ′ + s(|Ψ|2)′ = 0,

Ψ′′ − icΨ′ + kUΨ + ωΨ = 0.
(2.2)
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Integrating the first equation of the system (2.2), we obtain

U ′′ − cU +
1

2
U2 + s|Ψ|2 = C1, (2.3)

where C1 is an integration constant. If U(ξ) → 0 and |Ψ(ξ)|2 → 0 as |ξ| → ∞, then
C1 = 0. To integrate the second equation of the system (2.2), we use the polar form
Ψ = AeiΘ and obtain {

A′′ + (ω + kU)A+ Θ′(c−Θ′)A = 0,

Θ′′A+ 2Θ′A′ − cA′ = 0.
(2.4)

Multiplying the second equation of the system (2.4) by A and integrating, we obtain

Θ′ =
C2

A2
+
c

2
,

where C2 is another integration constant. If A(ξ)→ 0 as |ξ| → ∞, then we have to choose
C2 = 0 to avoid divergence of Θ′(ξ) at infinity, which yields Θ′(ξ) = c

2
. Equation (2.3) and

the first equation of the system (2.4) are now written as the system of two second-order
differential equations for the profiles U : R→ R and A : R→ R:{

U ′′ − cU + 1
2
U2 + sA2 = 0,

A′′ + (Ω + kU)A = 0,
(2.5)

where Ω := ω + c2

4
. Analysis of the exact solitary wave solutions to the system (2.5) was

developed in [2] (see also [5]). If A = 0, the system reduces to the scalar equation

U ′′ − cU +
1

2
U2 = 0, (2.6)

which is the traveling wave reduction of the integrable KdV equation. Solving (2.6) yields
the uncoupled KdV soliton for arbitrary k,

U = 3c sech2

(√
c

2
ξ

)
, A = 0, (2.7)

where c > 0 is assumed.
If k = 1

6
, the system (2.5) is obtained from the traveling wave reduction of the integrable

(Melnikov) system derived in [19] and analyzed in [20, 21]:{
(ut + uux + uxxx)x − 3uyy + s(|ψ|2)xx = 0,

−iψy + ψxx + 1
6
uψ = 0.

(2.8)

Then, u(x, y, t) = U(x−ct) and ψ(x, y, t) = eiΩyA(x−ct) reduces (2.8) to (2.5) with k = 1
6
.

Exact solutions for the coupled solitons of the Melnikov system (2.8) were obtained in
[21]. For k = 1

6
, the coupled soliton of the system (2.5) obtained from (2.8) is given by{

U = −12Ω sech2(
√
−Ωξ),

A =
√
−12sΩ(c+ 4Ω) sech(

√
−Ωξ),

(2.9)
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where Ω < 0 is assumed. The solution (2.9) is well-defined if s(c+ 4Ω) > 0. If c > 0, this
can be satisfied with two options:

(a) s = 1: Ω > − c
4
,

(b) s = −1: Ω < − c
4
.

In addition to (2.7) and (2.9), there exists another family of exact solutions of the
system (2.5) based on [2]. This additional family is not related to the two integrable
cases. As a result, it exists for varying values of the parameter k of the system (2.5):

k = − 3Ω

c− 2Ω
,

{
U = 2(c− 2Ω) sech2(

√
−Ωξ),

A =
√

2s(c+ 4Ω)(c− 2Ω) sech(
√
−Ωξ) tanh(

√
−Ωξ),

(2.10)

where c > 0 and Ω < 0 are again assumed so that c − 2Ω > 0. The solution (2.10) is
well-defined if s(c + 4Ω) > 0, which is the same condition as for the solution (2.9) with
the same two options (a) and (b).

Remark 1. The exact solutions (2.9) and (2.10) exist for c < 0 if s = −1 (and c−2Ω > 0
for the solution (2.10)). However, we do not consider the values of c < 0 since we would
like to connect the exact solutions (2.9) and (2.10) to the uncoupled solitons in the form
(2.7) by means of local bifurcations.

Remark 2. The system (2.5) enjoys the following reversibility symmetry: If U(ξ) and
A(ξ) is the solution profile, then so are U(−ξ) and ±A(−ξ). The solution is invariant
under the reversibility symmetry if U is spatially even and A is either spatially even or
odd. The exact solutions (2.7), (2.9), and (2.10) are all invariant under the reversibility
symmetry. Due to the translational symmetry, every solution can be translated from the
point of symmetry at ξ = 0 to any point of symmetry at ξ = ξ0 ∈ R.

2.2. Variational characterization. The profile (U,Ψ) defined by the system (2.2) is a
critical point of the augmented energy functional:

Λ(U,Ψ) = H(U,Ψ) + cP (U,Ψ)− ωQ(Ψ). (2.11)

Indeed, applying variational derivatives to (2.11) yields the system{
−U ′′ − 1

2
U2 − s|Ψ|2 + cU = 0,

− s
k
Ψ′′ − sUΨ + ics

k
Ψ′ − ωs

k
Ψ = 0,

which recovers (2.2) due to (2.3) with C1 = 0.

By using the representation Ψ(ξ) = A(ξ)e
icξ
2 , we obtain the profile (U,A) from the

system (2.5). The profile (U,A) is a critical point of the action functional

Λ(U,Ψ) = H(U,A) + cP (U, 0)− ΩQ(A)

=
1

2

∫ (
(U ′)2 + cU2 − 1

3
U3 +

2s

k
(A′)2 − 2sUA2 − 2Ωs

k
A2

)
dξ, (2.12)

with Ω = ω+ c2

4
. Indeed, the representation Ψ(ξ) = A(ξ)e

icξ
2 transforms Λ(U,Ψ) in (2.11)

to the form (2.12), variational derivatives of which generate the system (2.5).
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The following theorem gives the main result of this work.

Theorem 1. Assume c > 0, Ω < 0, and s = sgn(k). If s = −1 or if s = 1 and Ω < Ωc

with

Ωc = − c

16

(√
1 + 48|k| − 1

)2

, (2.13)

then the uncoupled soliton (2.7) is a local minimizer of the constrained energy H for fixed
momentum P degenerate only by the translational symmetry. If s = 1 and Ω ∈ (Ωc, 0),
then the uncoupled soliton (2.7) is a saddle point of the constrained energy. Furthermore,

for |k| > J(J−1)
12

with J ∈ N, there exist a sequence {Ω(j)
c }Jj=1 of pitchfork bifurcations

(either super-critical or sub-critical) with

Ω(j)
c = − c

16

(√
1 + 48|k| − 2j + 1

)2

, 1 ≤ j ≤ J, (2.14)

such that new families bifurcate from the family of uncoupled solitons. The family with
j = 1 is a local minimizer of the constrained energy H for fixed momentum P and mass Q
degenerate only by the translational and rotational symmetries, whereas the families with
j = 2, . . . , J are saddle points of the constrained energy.

Remark 3. We use s = sgn(k) to ensure that the second variation of the action functional
(2.12) at the family of the solitary waves with the profile (U,A) be bounded from below
(but not from the above).

Remark 4. In the case of the local minimizers of the constrained energy, the orbital
stability of either the uncoupled soliton (2.7) or the coupled solitary wave for perturbations
(w, z) in H1(R,R) × H1(R,C) follows from a general argument in Theorem 2.8 in [11].
However, for the case of the saddle points of the constrained energy, the orbital instability
does not follow immediately unless the spectral instability can be proven, see Theorem 2.4
in [11]. We do not have the spectral instability of the uncoupled soliton (2.7) since the
KdV equation is quadratically coupled to the solution of the linear Schrödinger equation
in the KdV–LS system (1.2). Hence, we are not able to conclude on the orbital instability
of the uncoupled soliton (2.7) if s = 1 and Ω ∈ (Ωc, 0).

2.3. Schematic illustration and the road map. Figure 1 presents the bifurcation
diagram for the three families of solitary wave solutions of the system (2.5) with s = 1,
k = 1

2
, and a fixed value of c > 0. The bifurcation parameter is Ω < 0. The family of

uncoupled KdV solitons in the form (2.7) corresponds to the horizontal line and defines
the primary branch for pitchfork bifurcations. In Proposition 1, we show that the Morse

index n(L̂) (the number of negative eigenvalues of the Hessian operator constrained by
two symmetries of the KdV–LS system) for the primary branch is 0 for Ω < −c, 2 for
−c < Ω < − c

4
, and 4 for − c

4
< Ω < 0 (if k = 1

2
). For Ω < −c, the family of uncoupled

KdV solitons is a local minimizer of the constrained energy H for fixed momentum P and
mass Q, hence it is orbitally stable in the time evolution of the KdV–LS system (1.2).

Bifurcations of new secondary families of coupled solitary waves occur at Ω = −c and
Ω = − c

4
when the nullity index (the multiplicity of the zero eigenvalue of the Hessian
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operator) exceeds the number of symmetries. In Proposition 2 and Figure 3, we show
that the first bifurcation is a supercritical pitchfork bifurcation (if k = 1

2
). Furthermore,

in Propositions 3 and 4, we show that the Morse index of the bifurcating family is 0 so
that it is a local minimizer of the constrained energy H for fixed momentum P and mass
Q. The exact solution (2.9) gives a global continuation of this bifurcation (but in the case
k = 1

6
).

Finally, in Proposition 5 and Figure 5, we show that the second bifurcation is a subcrit-
ical pitchfork bifurcation (if k = 1

2
). Furthermore, in Propositions 6 and 7, we show that

the Morse index of the bifurcating family is 2 so that it is a saddle point of the constrained
energy H for fixed momentum P and mass Q. The exact solution (2.10) bifurcates from
the primary branch for this exact value of k = 1

2
. However, it is globally extended in the

form (2.10) for different values of k in
(
0, 1

2

)
that depend on the bifurcation parameter Ω,

see Figure 4.

Figure 1. Schematic bifurcation diagram for s = 1 and k = 1
2
, which shows

how the families of coupled solitary waves generalizing (2.9) and (2.10) are

connected with the family (2.7) of the uncoupled KdV solitons. L̂ denotes
the Hessian operator constrained by two symmetries of the KdV–LS system

(1.2) and n(L̂) is its Morse index.

Remark 5. According to the reversibility symmetry in Remark 2, we obtain secondary
branches in subspaces of the Sobolev space H2(R) of functions with even and odd parities.
We denote these subspaces by H2

even(R) and H2
odd(R), respectively.

3. Stability and bifurcations of the uncoupled KdV solitons

3.1. Hessian operator for the solitary waves. The variational formulation of the
solitary waves with the profile (U,A) by using the action functional (2.12) relates the
system of differential equations (2.5) with the three conserved quantities of the KdV–
LS system (1.2) given by (1.3), (1.4), and (1.5). We use this construction to define the
Hessian operator for the solitary waves. The Hessian operator plays the central role in
the analysis of stability and bifurcations of the solitary waves.
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Lemma 1. Let (U,A) ∈ H1(R)×H1(R) be a critical point of the action functional (2.12).
The corresponding Hessian is expressed by the linear operator L : (H2(R))3 ⊂ (L2(R))3 →
(L2(R))3 given by

L = −

∂2
ξ + U − c 2sA 0

2sA 2s
k

(
∂2
ξ + kU + Ω

)
0

0 0 2s
k

(
∂2
ξ + kU + Ω

)
 . (3.1)

Proof. Adding a perturbation (w, z) to the profile (U,Ψ) in the augmented energy func-
tional (2.11) and using the traveling wave coordinate ξ = x− ct, we obtain the following
expansion:

Λ(U + w,Ψ + z) =

∫ (
1

2
(U ′ + w′)2 − 1

6
(U + w)3 +

s

k
|Ψ′ + z′|2 − s(U + w)|Ψ + z|2

)
dξ

+ c

∫ (
1

2
(U + w)2 +

is

2k
[(Ψ + z̄)(Ψ′ + z′)− (Ψ + z)(Ψ

′
+ z′)]

)
dξ

− ωs

k

∫
|Ψ + z|2dξ.

Since (U,Ψ) is a critical point of Λ(U,Ψ), we get the expansion

Λ(U + w,Ψ + z) = Λ(U,Ψ) +
1

2
Q2(w, z) +

1

6
Q3(w, z),

where Q2 and Q3 are quadratic and cubic terms in (w, z). To compute the Hessian
operator, we only collect the quadratic terms in

Q2(w, z) =

∫ (
(w′)2 − Uw2 +

2s

k
|z′|2 − 2sU |z|2 − 2sw(Ψz + Ψz)

)
dξ

+ c

∫ (
w2 +

is

k
(z̄z′ − zz′)

)
dξ − 2ωs

k

∫
|z|2dξ.

By using the variables

Ψ = Ae
icξ
2 , z = (z1 + iz2)e

icξ
2 , (3.2)

with real A and (z1, z2), we rewrite Q2(w, z) in the form

Q2(w, z) =

∫ (
(w′)2 − Uw2 +

2s

k
[(z′1)2 + (z′2)2]− 2sU(z2

1 + z2
2)− 4swAz1

)
dξ

+ c

∫
w2dξ − 2Ωs

k

∫
(z2

1 + z2
2)dξ,

where Ω = ω + c2

4
. Representing Q2(w, z) as a quadratic form for L acting on (w, z1, z2)

in (L2(R))3 yields the Hessian operator L in the form (3.1). �
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It follows from (3.1) that L is block-diagonalized into a 2×2 matrix Schrödinger operator
LJ : (H2(R))2 ⊂ (L2(R))2 → (L2(R))2 given by

LJ =

(
L1 −2sA
−2sA L2

)
with

{
L1 = −∂2

ξ + c− U,
L2 = 2s

k

(
−∂2

ξ − Ω− kU
)
,

(3.3)

and a scalar Schrödinger operator L2 : H2(R) ⊂ L2(R) → L2(R). Since U and A decays
to zero at infinity exponentially fast and we have assumed that c > 0 and Ω < 0, Weyl’s
theorem implies that the continuous spectrum of L is a union of the continuous spectra
of L1 and L2, which are given by [c,∞) and 2s

k
[|Ω|,∞), respectively. The continuous

spectrum of L is strictly positive if and only if

s = sgn(k),

which is assumed from now on, see Theorem 1 and Remark 3.
The main task of the stability analysis by using the Lyapunov theory is to compute the

Morse index (the number and multiplicity of negative eigenvalues) and the degeneracy
index (multiplicity of the zero eigenvalue) of the Hessian operator L. To achieve the task,
we recall the following well-known result, see [10].

Lemma 2. Let T : H2(R) ⊂ L2(T)→ L2(R) be the scalar Schrödinger operator given by

T = −∂2
x − γ sech2(x), γ > 0.

The continuous spectrum of T is σc(T ) = [0,∞), whereas the point spectrum of T depends
on γ and consists of simple eigenvalues:

σp(T ) =

{
−
(

1

2

√
1 + 4γ − n− 1

2

)2

, n = 0, 1, 2, . . . , N

}
\{0}, (3.4)

where N = b1
2
(
√

1 + 4γ − 1)c with bac denoting the floor of a positive number a.

Remark 6. If b1
2
(
√

1 + 4γ − 1)c = 1
2
(
√

1 + 4γ − 1), then 0 is the resonance of the
Schrödinger operator T at the end point of σc(T ) = [0,∞). It is excluded from σp(T ) in
(3.4), which then consists of N negative eigenvalues. If b1

2
(
√

1 + 4γ− 1)c < 1
2
(
√

1 + 4γ−
1), then σp(T ) in (3.4) consists of (N + 1) negative eigenvalues.

3.2. Characterization of the uncoupled KdV solitons. Lemmas 1 and 2 give the
necessary ingredients to study the variational characterization of the uncoupled KdV soli-
ton with the profile (U, 0), where U is given by (2.7). Since A = 0 for the uncoupled KdV
soliton (2.7), the mass conservation Q plays no role in the variational characterization.

Proposition 1. Assume c > 0, Ω < 0, and s = sgn(k). If s = −1 or if s = 1 and Ω < Ωc

with

Ωc = − c

16

(√
1 + 48|k| − 1

)2

, (3.5)

then the uncoupled KdV soliton with the profile (2.7) is a local minimizer of the constrained
energy H for fixed momentum P degenerate only by the translational symmetry. If s = 1
and Ω ∈ (Ωc, 0), then the uncoupled KdV soliton is a saddle point of the constrained
energy.
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Proof. For the uncoupled KdV soliton with the profile (2.7), the Hessian operator (3.1)

is diagonal with (L1, L2, L2), where L1 and L2 are defined in (3.3). Putting y =
√
c

2
ξ, we

convert L1 and L2 to the form used in Lemma 2:{
L1 = c

4

(
−∂2

y + 4− 12sech2(y)
)
,

L2 = c
2|k|

(
−∂2

y + 4|Ω|
c
− 12ksech2(y)

)
.

(3.6)

By Lemma 2, the normalized operator T1 = −∂2
y + 4 − 12sech2(y) has three eigenvalues

−5, 0, 3 isolated from the continuous spectrum on [4,∞). Therefore, L1 has a simple
negative eigenvalue and a simple zero eigenvalue with the eigenfunction spanned by U ′

due to the translational symmetry.

If s = −1, the normalized operator T2 = −∂2
y + 4|Ω|

c
+ 12|k|sech2(y) has no isolated

eigenvalues from the continuous spectrum on
[

4|Ω|
c
,∞
)

. If s = 1, the normalized operator

T2 = −∂2
y + 4|Ω|

c
− 12|k|sech2(y) has the smallest eigenvalue at

4|Ω|
c
− 1

4

(√
1 + 48|k| − 1

)2

.

For Ω < Ωc, where Ωc is given by (3.5), it is strictly positive, whereas for Ω ∈ (Ωc, 0), it
is strictly negative.

We conclude that for s = −1 or if s = 1 and Ω < Ωc, the Morse index of the uncoupled
KdV soliton with the profile (U, 0) in (2.7) is exactly 1 and the degeneracy index is exactly
1. By Theorem 2.7 in [11], (U, 0) is a local constrained minimizer of energy H subject
to fixed momentum P degenerate only by the translational symmetry if and only if the
slope condition is satisfied:

d

dc
P (U, 0) > 0.

This is true since

P (U, 0) =
9c2

2

∫
R

sech4

(√
cξ

2

)
dξ = 12c

3
2 (3.7)

so that d
dc
P (U, 0) > 0 and the statement is proven. If s = 1 and Ω ∈ (Ωc, 0), the Morse

index of the uncoupled KdV soliton with the profile (U, 0) in (2.7) is at least 3. By
Theorem 2.7 in [11], (U, 0) is a saddle point of the constrained energy. �

Remark 7. Operator L2 in (3.6) admits zero eigenvalues at {Ω(n)
c }Jj=1, where Ω

(j)
c is given

by (2.14) with Ω
(1)
c ≡ Ωc and J defined by the largest integer such that |k| > J(J−1)

12
. At

Ω = Ω(j), the primary branch of the uncoupled KdV solitons undertakes a local bifurcation
and a new secondary branch of the coupled solitary waves appears. In Section 4 and 5, we
study the first two bifurcations, for which the new secondary branches include the exact
solutions (2.9) and (2.10), respectively.
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4. Bifurcation of the coupled solitary wave at Ω
(1)
c ≡ Ωc

4.1. The bifurcating branch of coupled solitary waves. By Proposition 1, the first
bifurcation along the family of the uncoupled KdV solitons occurs at Ω = Ωc, for which
the first positive eigenvalue of the Schrödinger operator L2 : H2(R) ⊂ L2(R)→ L2(R) for
Ω < Ωc passes through zero and becomes negative for Ω > Ωc. The first eigenvalue of L2

corresponds to the following eigenfunction:

g(ξ) = sechp
(√

c

2
ξ

)
, p =

√
1 + 48|k| − 1

2
. (4.1)

Note that Ωc = − c
4

and p = 1 if |k| = 1
6
, for which the profiles U in (2.7) and g in (4.1)

coincide with the profile (U,A) of the coupled solitary wave given by (2.9) for Ω = Ωc.
Since s = 1 implies k = 1

6
, the solution family (2.9) exists for Ω ∈ (Ωc, 0).

The following result shows that the intersection of the branch of coupled solitary waves
(2.9) with the branch of uncoupled KdV solitons (2.7) at Ω = Ωc is not a coincidence but
the outcome of a local pitchfork bifurcation which is valid for every k > 0 near Ω = Ωc.

Proposition 2. Assume c > 0, Ω < 0, and s = sgn(k) = 1. Let U0 be given by (2.7)
and g be given by (4.1). Assume that 〈g2, L−1

1 g2〉 6= 0, where L1 is defined in (3.6). For
every Ω near Ωc such that sgn(Ω− Ωc) = −sgn(〈g2, L−1

1 g2〉), there exists a unique family
of solutions with the profile (U,A) ∈ H2

even(R)×H2
even(R) satisfying

‖U − U0‖H2 ≤ C|Ω− Ωc|, ‖A‖ ≤ C
√
|Ω− Ωc|,

for some Ω-independent constant C > 0.

Proof. We represent the system of equations (2.5) as the root finding problem for the
vector field

F(U,A,Ω) : H2(R)×H2(R)× R→ L2(R)× L2(R), (4.2)

with

F(U,A,Ω) =

(
−U ′′ + cU − 1

2
U2 − sA2

2s
k

(−A′′ − (Ω + kU)A)

)
,

where c > 0 and k > 0 are fixed and s = sgn(k) = 1. The Jacobian of F at (U,A) is
given by the matrix Schrödinger operator LJ : (H2(R)2 ⊂ (L2(R))2 → (L2(R))2 in (3.3).
Evaluating LJ at (U,A,Ω) = (U0, 0,Ωc) with U0 given by (2.7) and using perturbation
(w, z, δΩ) to (U0, 0,Ωc) yields the expansion

F(U0 + w, z,Ωc + δΩ) = F(U0, 0,Ωc)︸ ︷︷ ︸
=0

+

(
L1 0
0 L2

)(
w
z

)
+

(
−1

2
w2 − sz2

−2swz − 2s
k
δΩz

)
, (4.3)

where the explicit form of the Schrödinger operators L1 and L2 is given in (3.6) for Ω = Ωc.
The root-finding problem for F can be rewritten in the form(

L1 0
0 L2

)(
w
z

)
=

(
1
2
w2 + sz2

2swz + 2s
k
δΩz

)
. (4.4)
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We recall that kerL1 = span(U ′0) and kerL2 = span(g), where U ′0 is odd and g is even in
ξ. To eliminate the translational symmetry, we consider the implicit equation (4.4) on
the subspace of even functions (w, z) ∈ H2

even(R) × H2
even(R), for which L1 is invertible

with a bounded inverse. The implicit equation (4.4) is closed on this subspace, thanks
to the reversibility symmetry of the system (2.5), see Remark 2. Therefore, we use the
orthogonal decomposition(

w
z

)
= a

(
0
g

)
+

(
w1

z1

)
, such that 〈g, z1〉 = 0, (4.5)

with a ∈ R being a (small) parameter defined by the orthogonality constraint with the
standard inner product 〈·, ·〉 in L2(R). The implicit equation (4.4) is rewritten in the
form: (

L1 0
0 L2

)(
w1

z1

)
=

(
1
2
w2

1 + s(ag + z1)2

2sw1(ag + z1) + 2s
k
δΩ(ag + z1)

)
. (4.6)

Orthogonality of the second equation of system (4.6) to kerL2 = span(g) yields the solv-
ability condition

δΩa‖g‖2
L2 + k〈g, w1(ag + z1)〉 = 0. (4.7)

Under the constraint (4.7), L2 is invertible with a bounded inverse on a subspace of L2(R)
orthogonal to kerL2 = span(g). This allows us to rewrite the implicit equation (4.6) in
the final form:(

w1

z1

)
=

(
L−1

1 0
0 L−1

2

)( 1
2
w2

1 + s(ag + z1)2

2sw1(ag + z1)− 2s(ag + z1) 〈g,w1(ag+z1)〉
a‖g‖2

L2

)
. (4.8)

By the implicit function theorem, there exists a unique solution (w1, z1) ∈ H2
even(R) ×

H2
even(R) to (4.8) such that 〈g, z1〉 = 0 for every (sufficiently small) a ∈ R and the

mapping a 7→ (w1, z1) is C∞. Let us denote the unique solution as (w1(a), z1(a)). It
follows from the principal terms of the system (4.8) that the mapping satisfies

‖w1(a)‖H2 ≤ Ca2, ‖z1(a)‖H2 ≤ C|a|3, (4.9)

for some C > 0 uniformly for small a ∈ R. For precise computations, we need the
following transformation

w1(a) = a2w2 + w2(a), ‖w2(a)‖H2 ≤ Ca4, (4.10)

where the a-independent function w2 ∈ H2
even(R) is given by w2 = sL−1

1 g2. Substituting
(w1(a), z1(a)) satisfying (4.9) and (4.10) into (4.7), we obtain

δΩ = −|k|a2 〈g2, L−1
1 g2〉

‖g‖2
L2

+O(a4), (4.11)

which shows that sgn(δΩ) = −sgn(〈g2, L−1
1 g2〉). This completes the proof. �
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4.2. Characterization of the bifurcating branch. We first compute the Morse index
and the nullity index of the bifurcating branch in Proposition 2.

Proposition 3. Let (U,A) be the profile of the bifurcating branch for Ω near Ωc given
by Proposition 2. Then, its Morse index is equal to 1 if 〈g2, L−1

1 g2〉 < 0 and to 2 if
〈g2, L−1

1 g2〉 > 0, whereas the nullity index is equal to 2 in both cases.

Proof. We use the construction of Proposition 2 with the profile

U = U0 + w1(a) and A = ag + z1(a), (4.12)

where (w1(a), z1(a)) ∈ H2
even(R)×H2

even(R) satisfy the bounds (4.9). The parameter a > 0
parameterize the bifurcating branch, in particular, we have Ω = Ωc + δΩ(a), where δΩ(a)
is given by the expansion (4.11) with sgn(δΩ) = −sgn(〈g2, L−1

1 g2〉). The Hessian block
LJ defined by (3.3) can be expanded by using (4.12) as follows:

LJ =

(
L1 −w1(a) −2s(ag + z1(a))

−2s(ag + z1(a)) L2 − 2sw1(a)− 2s
k
δΩ(a)

)
=

(
L1 0
0 L2

)
+ a

(
0 −2sg
−2sg 0

)
+ a2

(
−sL−1

1 g2 0

0 −2L−1
1 g2 + 2

〈g2,L−1
1 g2〉

‖g‖2
L2

)
+O(a3)

= L
(0)
J + aL

(1)
J + a2L

(2)
J +O(a3),

where we have used the leading-order terms for w1(a) and δΩ(a) from (4.10) and (4.11).
We are now looking at the eigenvalues and eigenvectors of the eigenvalue equation LJv =

λv. Since 0 is a double eigenvalue of L
(0)
J , we are looking for the splitting of the zero

eigenvalue by using the perturbation theory. We write

v = v(0) + av(1) + a2v(2) +O(a3), λ = aλ(1) + a2λ(2) +O(a3),

where

v(0) = c1

(
U ′0
0

)
+ c2

(
0
g

)
for some (c1, c2) ∈ R2.

At the order of O(a), we obtain

L(0)v(1) + L(1)v(0) = λ(1)v(0).

Writing in the component form, we obtain

v1 =

(
f1

g1

)
:

{
L1f1 − 2sg(c2g) = λ(1)(c1U

′
0),

L2g1 − 2sg(c1U
′
0) = λ(1)(c2g).

Since even g2 is orthogonal to U ′0 and odd gU ′0 is orthogonal to even g, we obtain by
Fredholm’s theory for linear inhomogeneous equations that λ(1) = 0. This yields the
exact solution in the form

f1 = 2sc2L
−1
1 g2, g1 = 2sc1L

−1
2 gU ′0,
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where L−1
1 is uniquely defined in the space of even functions and L−1

2 is uniquely defined
in the space of odd functions. Differentiating of (−∂2

ξ − Ωc − kU0)g = 0 in ξ yields
L2g

′ = 2sU ′0g, which ensures that g1 = c1g
′.

At the order of O(a2), we obtain

L(0)v(2) + L(1)v(1) + L(2)v(0) = λ(2)v(0).

Writing in the component form, we obtain

v2 =

(
f2

g2

)
:

{
L1f2 − 2sgg1 − s(L−1

1 g2)(c1U
′
0) = λ(2)(c1U

′
0),

L2g2 − 2sgf1 +
(
−2L−1

1 g2 + 2
〈g2,L−1

1 g2〉
‖g‖2

L2

)
(c2g) = λ(2)(c2g).

Taking the inner product of the first equation with U ′0 ∈ Ker(L1) and also taking the
inner product of the second equation with g ∈ Ker(L2), we get the linear system for
(c1, c2) ∈ R2:

−4c1〈gU ′0, L−1
2 gU ′0〉 − sc1〈(U ′0)2, L−1

1 g2〉 = λ(2)c1‖U ′0‖2
L2 ,

−4c2〈g2, L−1
1 g2〉 = λ(2)c2‖g‖2

L2

where we have used the explicit expressions for f1, g1. Since the linear system is diagonal,
we get two different solutions related to the subspaces (c1, c2) = (1, 0) and (c1, c2) = (0, 1).

For the subspace (c1, c2) = (1, 0), we prove that

4〈gU ′0, L−1
2 gU ′0〉+ s〈(U ′0)2, L−1

1 g2〉 = 0, (4.13)

which yields λ(2) = 0. This is consistent with the fact that the zero eigenvalue λ = 0 is
preserved along the solution branch with the profile (U,A) by the translational symmetry.
To verify (4.13), we derive from

U ′′0 = cU0 −
1

2
U2

0 ,

(U ′0)2 = cU2
0 −

1

3
U3

0 ,

that

L1U0 = −U ′′0 + cU0 − U2
0 = −1

2
U2

0 ,

L1U
2
0 = −2U0U

′′
0 − 2(U ′0)2 + cU2

0 − U3
0 = −3cU2

0 +
2

3
U3

0 .
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Hence we obtain

〈(U ′0)2, L−1
1 g2〉 = c〈U2

0 , L
−1
1 g2〉 − 1

3
〈U3

0 , L
−1
1 g2〉

= c〈L−1
1 U2

0 , g
2〉 − 1

3
〈L−1

1 U3
0 , g

2〉

= − c
2
〈L−1

1 U2
0 , g

2〉 − 1

2
〈U2

0 , g
2〉

= c〈U0, g
2〉 − 1

2
〈U2

0 , g
2〉.

On the other hand, since L−1
2 gU ′0 = s

2
g′, we also obtain

4〈gU ′0, L−1
2 gU ′0〉 = 2s〈gU ′0, g′〉

= −s〈U ′′0 , g2〉

= −cs〈U0, g
2〉+

s

2
〈U2

0 , g
2〉.

Substituting these computations into the left-hand side of (4.13), we obtain the zero result.
For the subspace (c1, c2) = (0, 1), we get

λ(2) = −4
〈g2, L−1

1 g2〉
‖g‖2

L2

which shows that λ = a2λ(2) + O(a3) > 0 if 〈g2, L−1
1 g2〉 < 0 and λ = a2λ(2) + O(a3) < 0

if 〈g2, L−1
1 g2〉 > 0. Since L1 has only one negative eigenvalue at U = U0, the splitting of

the double zero eigenvalue is clarified above, and the other eigenvalues of L(0) are strictly
positive, the continuity of eigenvalues in a implies that the Morse index of LJ is 1 if
〈g2, L−1

1 g2〉 < 0 and 2 if 〈g2, L−1
1 g2〉 > 0.

Referring back to the Hessian operator L given by (3.1), it follows that the operator

L2 = −2s

k
(∂2
ξ + kU + Ω)

admits a simple zero eigenvalue due to the rotational symmetry with L2A = 0. The rest
of L2 at U = U0 and Ω = Ωc is strictly positive, hence the Morse index of L2 is 0 for small
a. This yields the claim on the Morse index of L. On the other hand, L has a double zero
eigenvalue associated with the translational and rotational symmetries, and the splitting
of the double zero eigenvalue clarified above shows that the kernel of L is exactly double
for small a. This yields the claim about the nullity index of L. �

We next clarify the constrained minimization properties of the bifurcating branch by
using information about the Morse and nullity indices from Proposition 3.

Proposition 4. Let (U,A) be the profile of the bifurcating branch for Ω near Ωc given
by Proposition 2. If either 〈g2, L−1

1 g2〉 < 0 or 〈g2, L−1
1 g2〉 > 0, the bifurcating branch is a

local minimizer of the constrained energy H for fixed momentum P and mass Q degenerate
only by the translational and rotational symmetries.
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Proof. We use again the decomposition (4.12) with Ω = Ωc+δΩ(a), where (w1(a), z1(a)) ∈
H2

even(R)×H2
even(R) satisfy the bounds (4.9) and δΩ(a) is given by the expansion (4.11).

Hence, we compute

P (U, 0) =
1

2
‖U0‖2

L2 + 〈U0,w1(a)〉+
1

2
‖w1(a)‖2

L2 ,

Q(A) =
s

k

(
a2‖g‖2

L2 + 2a〈g, z1(a)〉+ ‖z1(a)‖2
L2

)
.

By using the variational characterization, we recall the action functional (2.12) rewritten
as

Λ(U,Ψ) = H(U,A) + cP (U, 0) + |Ω|Q(A)

To incorporate the constraints of fixed momentum P and mass Q in the minimization of
energy H, we consider the Hessian operator L on the constrained subspace of (L2(R))3

with two constraints:

〈U,w〉 = 0 and 〈A, z1〉 = 0,

where w is the perturbation to U and z1 + iz2 is the perturbation to A according to (3.2)

in the proof of Lemma 1. The constrained Hessian operator is denoted by L̂. By Theorem
3.2 in [11], the Morse index n(L̂) and the nullity index z(L̂) are computed as

n(L̂) = n(L)− p0 − z0,

z(L̂) = z(L) + z0,

where p0 and z0 are the number of positive and zero eigenvalues of the matrix D given by

D =

(
∂P (U,0)
∂c

∂P (U,0)
∂|Ω|

∂Q(A)
∂c

∂Q(A)
∂|Ω|

)
For the bifurcating branch, we use parameters c and a2 with the dependence Ω = Ωc +
δΩ(a) expressed in even powers of the small amplitude a. Hence, we introduce the function
(c,Ω)→ a2 by solving the implicit equation Ω = Ωc + δΩ(a) for Ω close to Ωc. By using
the chain rule, we obtain

D =

(
∂P (U,0)
∂c

+ ∂P (U,0)
∂a2

∂a2

∂c
−∂P (U,0)

∂a2
∂a2

∂Ω
∂Q(A)
∂c

+ ∂Q(A)
∂a2

∂a2

∂c
−∂Q(A)

∂a2
∂a2

∂Ω
,

)
It follows from (4.11) that

∂a2

∂c
=

‖g‖2
L2

sk〈g2, L−1
1 g2〉

dΩc

dc
+O(a2),

∂a2

∂Ω
= −

‖g‖2
L2

sk〈g2, L−1
1 g2〉

+O(a2),
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where 〈g2, L−1
1 g2〉 6= 0 is assumed. By using (3.7) and the expansion (4.12), we obtain

∂P (U, 0)

∂c
= 18

√
c+O(a2),

∂P (U, 0)

∂a2
= 〈U0, w2〉+O(a2),

∂Q(A)

∂c
= O(a2),

∂Q(A)

∂a2
=
s

k
‖g‖2

L2 +O(a2).

Computing detD yields a simpler formula

detD =
∂a2

∂Ω

[
∂P (U, 0)

∂a2

∂Q(A)

∂c
− ∂P (U, 0)

∂c

∂Q(A)

∂a2

]
=

18
√
c‖g‖4

L2

k2〈g2, L−1
1 g2〉

+O(a2).

If 〈g2, L−1
1 g2〉 < 0, then detD < 0 for small a and D has one positive and one negative

eigenvalues. By Proposition 3, we have z(L) = 2 and n(L) = 1 in this case. Since z0 = 0
and p0 = n(L) = 1, Theorem 3.2 in [11] implies that the bifurcating branch is a local
minimizer of the constrained energy H for fixed momentum P and mass Q.

If 〈g2, L−1
1 g2〉 > 0, then detD > 0 for small a and since the second diagonal entry is

positive,

−∂Q(A)

∂a2

∂a2

∂Ω
=

‖g‖4
L2

k2〈g2, L−1
1 g2〉

+O(a2) > 0,

D has two positive eigenvalues. By Proposition 3, we have z(L) = 2 and n(L) = 2 in this
case. Since z0 = 0 and p0 = n(L) = 2, Theorem 3.2 in [11] implies that the bifurcating
branch is a local minimizer of the constrained energy H for fixed momentum P and mass
Q.

In either case, the local minimizer of the constrained energy is only degenerate due to
the translational and rotational symmetries of the coupled KdV–LS system (1.2). �

Remark 8. We have two different cases of the pitchfork bifurcation.

• If 〈g2, L−1
1 g2〉 < 0, the bifurcating branch exists for Ω > Ωc and it inherits the

minimizer property of the constrained energy from the branch of uncoupled KdV
solitons, which becomes a saddle point of the constrained energy for Ω > Ωc by
Proposition 1. This bifurcation is classified as the subcritical pitchfork bifurcation.
• If 〈g2, L−1

1 g2〉 > 0, the bifurcating branch exists for Ω < Ωc, where the branch of
uncoupled KdV solitons is also a minimizer of the constrained energy by Proposi-
tion 1. This bifurcation can be classified as the supercritical pitchfork bifurcation,
but it differs from the standard supercritical pitchfork bifurcation in the absence of
symmetries, where the bifurcating branch is usually unstable.
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Examples of pitchfork bifurcations where both the primary and bifurcating branches can
be stable or unstable for the same parameters were given for a generalized NLS equation
in [25].

Remark 9. By using the exact solution (2.9) for k = 1
6

and s = 1, we compute

P (U, 0) = 96|Ω|3/2,
Q(A) = 144(c− 4|Ω|)|Ω|1/2.

This yields the expression for D in

D =

(
∂P (U,0)
∂c

∂P (U,0)
∂|Ω|

∂Q(A)
∂c

∂Q(A)
∂|Ω|

)
=

(
0 144|Ω|1/2

144|Ω|1/2 72|Ω|−1/2(c− 16|Ω|)

)
(4.14)

Since detD < 0, D has one positive and one negative eigenvalue. At the same time,
Morse index for the exact solution (2.9) is equal to 1, see Lemma 3 below, hence the
computations in the proof of Proposition 4 are in agreement with (4.14). Furthermore,
since

k =
1

6
: Ω = − c

4
+

a2

12c
+O(a4)

and

〈U0, w2〉 =
24√
c

∫
R
W (y)sech2(y)dy = − 6√

c

we obtain

∂P (U, 0)

∂c
+
∂P (U, 0)

∂a2

∂a2

∂c
= 18

√
c+ 3c〈U0, w2〉+O(a2) = O(a2),

in agreement with the first diagonal term of D in (4.14) being zero.

4.3. The Hessian operator for the exact solution (2.9). Here, we verify that the
Hessian operator L at the exact solution (2.9) for k = 1

6
and s = 1 has a simple negative

eigenvalue and a double zero eigenvalue for the entire existence interval Ω ∈ (Ωc, 0),
where Ωc = − c

4
. Due to the exact computation of D in (4.14), see Remark 9, this

suggests that the exact solution (2.9) is a local minimizer of the constrained energy H
for fixed momentum P and mass Q degenerate only by the translational and rotational
symmetries. This result recovers the orbital stability proven in [17] and extends the results
of Propositions 3 and 4 beyond the local bifurcation limit along the exact solution (2.9).

Let k = 1
6

and s = 1. By using (2.9), we compute the block LJ of the Hessian operator
L given by (3.3) explicitly:

LJ =

(
−∂2

ξ + c− 12|Ω|sech2(|Ω|1/2ξ) −4
√

3|Ω|(c− 4|Ω|)sech(|Ω|1/2ξ)
−4
√

3|Ω|(c− 4|Ω|)sech(|Ω|1/2ξ) 12
(
−∂2

ξ + |Ω| − 2|Ω|sech2(|Ω|1/2ξ)
)
.

)
The exact solution (2.9) exists for Ω ∈

(
− c

4
, 0
)
. With a change of variables

η =
√
|Ω|ξ, γ =

c

|Ω|
,
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we get LJ = |Ω|LJ(γ), where LJ(γ) is given by

LJ(γ) =

(
−∂2

η + γ − 12sech2(η) −4
√

3(γ − 4)sech(η)

−4
√

3(γ − 4)sech(η) 12
(
−∂2

η + 1− 2sech2(η)
)
.

)
(4.15)

The only parameter γ > 4 parametrizes LJ(γ) and the result of Proposition 3 suggests
that for small |γ − 4|, LJ(γ) has a simple negative eigenvalue near −5, a simple zero
eigenvalue, and at least two positive eigenvalue (one is close to 0 and the other one is
close to 3) below the essential spectrum on [γ,∞) ∪ [12,∞).

Figure 2. The lowest three eigenvalues of LJ(γ) versus γ.

By using the finite difference numerical method, solutions of the spectral problem

LJ(γ)

(
w
z

)
= λ

(
w
z

)
(4.16)

can be approximated numerically. Figure 2 shows the first three eigenvalues of LJ(γ)
versus γ for 4 ≤ γ ≤ 20. The numerical approximation suggests that the Morse and
nullity indices of LJ(γ) do not change for all γ > 4. This fact is confirmed analytically as
follows.

Lemma 3. The linear operator LJ(γ) admits simple negative and zero eigenvalues for
every γ > 4.

Proof. We recall that LJ(γ) in (4.15) admits a zero eigenvalue for every γ > 4 due to the
translational mode

LJ
(
U ′

A′

)
=

(
0
0

)
, (4.17)

which exists for every Ω ∈
(
− c

4
, 0
)
. To prove the assertion, we show that the zero

eigenvalue of LJ(γ) remains simple for all γ > 4. This implies by continuity of eigenvalues
in γ that LJ(γ) admits a simple negative eigenvalue for every γ > 4 since this is true for
small γ & 4.

By looking at the solution of (4.16) with (4.15) for λ = 0, we take w = 4
√

3(γ − 4)υ
and rewrite (4.16) in the equivalent form:{

L1(γ)υ = sech(η)z,
L2z = 4(γ − 4)sech(η)v.

(4.18)
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where L1(γ) = −∂2
η + γ − 12sech2(η) and L2 = −∂2

η + 1 − 2sech2(η) are two self-adjoint

Schrödinger operators in L2(R) with the domains in H2(R). Due to the translational
mode (4.17), we can find one decaying solution of (4.18) in the form

υ0 = tanh(η)sech2(η), z0 = (γ − 4) tanh(η)sech(η). (4.19)

The operator L1(γ) : H2(R) ⊂ L2(R)→ L2(R) is invertible for every γ ∈ (4, 9)∪(9,∞).
This implies that for every z ∈ L2(R), there exists a unique υ = (L1(γ))−1sech(η)z in
H2(R) so that the system (4.18) can be rewritten as the generalized eigenvalue problem

L2z = µKz, K = sech(η)(L1(γ))−1sech(η), µ = 4(γ − 4). (4.20)

The linear operator K : L2(R)→ L2(R) is self-adjoint and compact due to the exponential
decay of sech(η) as |η| → ∞ [13, Section 5.6]. Furthermore, L2 : H2(R) ⊂ L2(R)→ L2(R)
is non-negative with a simple eigenvalue at 0 for the eigenfunction sech(η). Consequently,
the generalized eigenvalue problem (4.20) admits the zero eigenvalue µ = 0 with the
eigenfunction sech(η). We claim that µ = 0 is algebraically simple for every γ ∈ (4, 9) ∪
(9,∞). By the Fredholm theorem, the simplicity of µ = 0 implies that

〈Ksech(η), sech(η)〉 6= 0, (4.21)

where
〈Ksech(η), sech(η)〉 = 〈(L1(γ))−1sech2(η), sech2(η)〉.

Indeed, if γ = 4, we have the explicit formula, see (4.26) below,

(L1(4))−1sech2(η) =
1

4
(η tanh(η)− 1)sech2(η),

which yields

〈(L1(4))−1sech2(η), sech2(η)〉 = −1

4
.

Because
d

dγ
(L1(γ))−1 = −(L1(γ))−1 d

dγ
L1(γ)(L1(γ))−1 = −(L1(γ))−1(L1(γ))−1,

it follows that
d

dγ
〈(L1(γ))−1sech2(η), sech2(η)〉 = −〈(L1(γ))−1(L1(γ))−1sech2(η), sech2(η)〉

= −‖(L1(γ))−1sech2(η)‖2 < 0.

Hence, 〈Ksech(η), sech(η)〉 is monotonically decreasing for γ ∈ (4, 9) and remains nega-
tive. Since L1(9)sech3(η) = 0, it is clear that limγ→9±〈Ksech(η), sech(η)〉 = ±∞. Then,
〈Ksech(η), sech(η)〉 is monotonically decreasing for γ ∈ (9,∞) and remains positive be-
cause L1(γ) is strictly positive for γ > 9. Thus, the Fredholm condition (4.21) for sim-
plicity of µ = 0 is proven for every γ ∈ (4, 9) ∪ (9,∞).

Under the condition (4.21), the two-term decomposition

z = z⊥ −
〈Kz⊥, sech(η)〉

〈Ksech(η), sech(η)〉
sech(η), 〈z⊥, sech(η)〉 = 0
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reduces (4.20) to the form

Π0L2Π0z⊥ = µK⊥z⊥, K⊥z⊥ = Kz⊥ −
〈Kz⊥, sech(η)〉

〈Ksech(η), sech(η)〉
Ksech(η) (4.22)

where Π0 is an orthogonal projection from L2(R) to L2(R)|{sech(η)}⊥ . Since Π0L2Π0 is
self-adjoint, strictly positive, and invertible with a bounded inverse in L2(R) and K⊥ is
self-adjoint and compact in L2(R), the spectrum of the generalized eigenvalue problem
(4.22) is purely discrete and consists of real eigenvalues µ 6= 0. Due to the translational
mode (4.19), the set of eigenvalues includes the eigenvalue µ0(γ) = 4(γ − 4) with the
eigenfunction z0 = (γ − 4) tanh(η)sech(η), for which K⊥z0 = Kz0.

Each eigenvalue µ of the generalized eigenvalue problem (4.20) is geometrically simple,
because there is at most one linearly independent eigenfunction z ∈ H2(R) convergent
to a one-dimensional subspace spanned e−|η| as |η| → ∞ due to the exponential decay of
sech(η) in K. Moreover, each eigenvalue µ 6= 0 of (4.20) with the eigenfunction z ∈ H2(R)
is algebraically simple since

〈Kz, z〉 =
1

µ
〈L2z, z〉 6= 0

since z for µ 6= 0 cannot be spanned by sech(η), the eigenfunction of (4.20) for µ = 0.
This can be checked explicitly for µ0(γ) = 4(γ − 4) by using (4.19):

〈Kz0, z0〉 = 〈υ0, sech(η)z0〉 = (γ − 4)

∫
R

tanh2(η)sech4(η)dη =
4

15
(γ − 4) > 0. (4.23)

Hence, the eigenvalue µ0(γ) = 4(γ−4) is algebraically simple for every γ ∈ (4, 9)∪(9,∞).
To include the exceptional case γ = 9, we note that L1(9)sech3(η) = 0 and L2sech(η) =

0. By using the decomposition

υ = asech3(η) + υ⊥, z = bsech(η) + z⊥, 〈sech3(η), υ⊥〉 = 〈sech(η), z⊥〉 = 0,

we obtain a and b uniquely from projections of the right-hand sides of the system (4.18)
to the orthogonal complements of the kernels of L1 and L2 to obtain

a = − 〈sech2(η), w⊥〉
〈sech2(η), sech3(η)〉

, b = − 〈sech4(η), z⊥〉
〈sech4(η), sech(η)〉

.

Inverting L1(9) on the orthogonal subspace spanned by sech3(η), we obtain v⊥ = Π1(L1(9))−1Π1sech(η)z⊥,
where Π1 is an orthogonal projection from L2(R) to L2(R)|{sech3(η)}⊥ . Substituting v⊥ to
the equation for z⊥ yields a generalized eigenvalue problem

Π0L2Π0z⊥ = µK⊥z⊥,
with µ = 4(γ − 4) and

K⊥ = Π0sech(η)Π1(L1(9))−1Π1sech(η)Π0.

The spectrum of the generalized eigenvalue problem is again purely discrete and each
eigenvalue is geometrically simple. For the eigenvalue µ = 4(γ − 4)|γ=9 = 20, the eigen-
function z0 is odd in η, hence a = b = 0 and 〈K⊥z0, z0〉 = 〈Kz0, z0〉 6= 0 as in (4.23).
Hence, µ = 20 remains algebraically simple at γ = 9. �
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4.4. Numerical approximation of 〈g2, L−1
1 g2〉. Here, we check numerically the value

of 〈g2, L−1
1 g2〉, which appears in Proposition 2 to separate the supercritical and subcritical

pitchfork bifurcations, see Remark 8.
To compute 〈g2, L−1

1 g2〉, we use the scaling transformation

L−1
1 g2 =

4

c
W (y), y =

√
c

2
ξ,

and obtain W (y) from solutions of the linear inhomogeneous equation

−W ′′ + 4W − 12sech2(y)W = sech2p(y). (4.24)

Two solutions of the homogeneous equations are given by

W1 = tanh(y)sech2(y), W2 =
5

8
+

1

4
cosh2(y) +

15

8
sech2(y)(ytanh(y)− 1)

which are computed due to the symmetry mode U ′0 being in the kernel of L1, see also
(4.17). The expression for W2 has been normalized with the Wronskian of W1 and W2

being equal to 1. We obtain by using the variation of parameter formula that

W (y) = W1(y)

∫ y

y0

W2g
2dy −W2(y)

∫ y

y1

W1g
2dy, (4.25)

where y0 and y1 need to be defined from the condition that W ∈ H2
even(R).

For the first term in (4.25), since W2g
2 is even and W1 is odd, we can set y0 = 0 to

ensure that
∫ y

0
W2g

2dy is odd and W1

∫ y
0
W2g

2dy is even. Moreover, for |y| � 1, we have

W1(y) ∼ e−2|y|, W2(y) ∼ e2|y|, and g2(y) ∼ e−2p|y| so that W1(y)
∫ y

0
W2g

2dy ∼ e−2p|y|

decays to 0 exponentially.
For the second term in (4.25), we note that

∫∞
−∞W1g

2dy = 0 since W1 is odd and g2 is

even. Hence, we set y1 = −∞, which yields the exponential decay of W2(y)
∫ y
−∞W1g

2dy ∼
e−2p|y| to 0 for |y| � 1. Moreover, we show that G(y) := W2(y)

∫ y
−∞W1g

2dy is even since

G(−y) = W2(−y)

∫ −y
−∞

W1(y′)g2(y′)dy′ = W2(y)

∫ +∞

y

W1(−y′)g2(−y′)dy′

= −W2(y)

∫ +∞

y

W1(y′)g2(y′)dy′ = W2(y)

∫ y

−∞
W1(y′)g2(y′)dy′ = G(y).

Thus, W in (4.25) is even if y0 = 0 and y1 = −∞. Moreover, W (y) → 0 as |y| → ∞
exponentially so that W ∈ H2

even(R). The expression (4.25) was used for the numerical
calculation of ∫

R
g2Wdy =

√
c3

8
〈g2, L−1

1 g2〉,

which is plotted in Figure 3 versus p. It follows from Figure 3 that the value of 〈g2, L−1
1 g2〉

is positive for very small values of p and negative for larger values of p. Due to (4.1), the
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values of p are proportional to the values of k, where s = sgn(k) = +1 implies that k > 0.
In the special case k = 1

6
, we have p = 1, for which we obtain the exact solution of (4.24):

W (y) =
1

4
(ytanh(y)− 1)sech2(y). (4.26)

Computing the integral yields
∫
R g

2Wdy = −1
4

for p = 1, in agreement with Figure 3.

The value p = 1 correspond to the minimum of 〈g2, L−1
1 g2〉 with respect to p.

Figure 3. Numerical approximation of
∫
R g

2Wdy versus p.

5. Bifurcation of the coupled solitary wave at Ω
(2)
c

5.1. The bifurcating branch of coupled solitary waves. By Proposition 1, the sec-

ond bifurcation along the family of the uncoupled KdV solitons occurs at Ω = Ω
(2)
c , see

(2.14), which we denote as

Ω̃c = − c

16
(
√

1 + 48|k| − 3)2, |k| > 1

6
. (5.1)

The restriction |k| > 1
6

is due to the existence of the second isolated eigenvalue of the
Schrödinger operator L2, see (3.4) and (3.6). The second eigenvalue of L2 corresponds to
the follwoing eigenfunction:

g̃(ξ) = sechq
(√

c

2
ξ

)
tanh

(√
c

2
ξ

)
, q =

√
1 + 48|k| − 3

2
. (5.2)

Since we require s = sgn(k) = +1, we have k > 0. The exact solution (2.10) for the
coupled solitary wave is recovered from this bifurcation if k = 1

2
for which q = 1 and

Ω̃c = − c
4
, so that the profiles U in (2.7) and g̃ in (5.2) coincide with the profile (U,A) of

the exact solution (2.10) for Ω = − c
4
. The exact solution (2.10) exists for k ∈

(
0, 1

2

)
at

the specific value of Ω = Ωexact(k, c) given by

Ωexact(k, c) = − ck

3− 2k
. (5.3)

Because Ω is required to be in
(
− c

4
, 0
)
, the exact solution (2.10) does not exist if k > 1

2
.

The dependence of Ω̃c in (5.1) and Ωexact(k, c) in (5.3) is shown versus k for fixed c = 1
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in Figure 4 by black and red color, respectively. The exact solution (2.10) exists for

Ωexact(k, c) < Ω̃c, which suggests the subcritical pitchfork bifurcation for |k| ∈
(

1
6
, 1

2

)
.

Figure 4. The existence curve Ωexact(k, c) in (5.3) (red) and the bifircation

curve Ω̃c (black) versus k ∈
(

1
6
, 1

2

)
for c = 1.

The following result describes the bifurcating branch of coupled solitary waves at Ω =

Ω̃c.

Proposition 5. Assume c > 0, Ω < 0, and s = sgn(k) = 1. Let U0 be given by (2.7)
and g̃ be given by (5.2). Assume that 〈g̃2, L−1

1 g̃2〉 6= 0, where L1 is defined in (3.6). For

every Ω near Ω̃c such that sgn(Ω− Ω̃c) = −sgn(〈g̃2, L−1
1 g̃2〉), there exists a unique family

of solutions with the profile (U,A) ∈ H2
even(R)×H2

odd(R) satisfying

‖U − U0‖H2 ≤ C|Ω− Ω̃c|, ‖A‖ ≤ C

√
|Ω− Ω̃c|,

for some Ω-independent constant C > 0.

Proof. The proof is analogous to the proof of Proposition 2 but the vector fields F in (4.2)

is now expanded near Ω̃c. The operator L2 in (4.3) is now defined by (3.6) with Ω = Ω̃c

and δΩ = Ω− Ω̃c. The decomposition (4.5) is performed with g replaced by g̃, from which
we obtain the implicit equation(

L1 0
0 L2

)(
w1

z1

)
=

(
1
2
w2

1 + s(ag̃ + z1)2

2sw1(ag̃ + z1) + 2s
k
δΩ(ag̃ + z1)

)
, (5.4)

subject to the solvability condition

δΩa‖g̃‖2
L2 + k〈g̃, w1(ag̃ + z1)〉 = 0. (5.5)

Since kerL1 = span(U ′0) is odd and kerL2 = span(g̃) is odd in ξ, we consider now the
implicit equation (5.4) on the subspace of functions (w1, z1) ∈ H2

even(R) × H2
odd(R), for

which w1 is even and z1 is odd in ξ. The implicit equation (5.4) is closed in this subspace
thanks to the reversibility symmetry of the system (2.5), see Remark 2. The solvability
condition (5.5) is needed because the second equation of the system (5.4) contains L2

acting on odd z1 with odd kerL2 = span(g̃).
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By the implicit function theorem for the system (5.4), we obtain the following solution
for the bifurcating branch

U = U0 + a2sL−1
1 g̃2 + w2(a), A = ag̃ + z1(a),

where (w2(a), z1(a)) ∈ H2
even(R)×H2

odd(R) satisfy

‖w2(a)‖H2 ≤ Ca4, ‖z1(a)‖H2 ≤ C|a|3.

Expansion of the solvability condition (5.5) then yields

δΩ = −|k|a2 〈g̃2, L−1
1 g̃2〉

‖g̃‖2
L2

+O(a4),

which shows that sgn(δΩ) = −sgn(〈g̃2, L−1
1 g̃2〉). This completes the proof. �

5.2. Characterization of the bifurcating branch. We first compute the Morse index
and the nullity index of the bifurcating branch in Proposition 5.

Proposition 6. Let (U,A) be the profile of the bifurcating branch for Ω near Ω̃c given
by Proposition 5. Then, its Morse index is equal to 3 if 〈g̃2, L−1

1 g̃2〉 < 0 and to 4 if
〈g̃2, L−1

1 g̃2〉 > 0, whereas the nullity index is equal to 2 in both cases.

Proof. Following the same steps as in Proposition 3, we find that the double zero eigen-
value of the Hessian block LJ split into a simple zero eigenvalue due to translational
symmetry and a nonzero eigenvalue λ = aλ(1) + a2λ(2) +O(a3) with

λ(1) = 0, λ(2) = −4
〈g̃2, L−1

1 g̃2〉
‖g̃‖2

L2

.

Due to the splitting of the zero eigenvalue of LJ for small a, the Morse index of LJ is
2 if 〈g̃2, L−1

1 g̃2〉 < 0 and 3 if 〈g̃2, L−1
1 g̃2〉 > 0. In addition, the Schrödinger operator L2

has a simple negative eigenvalue and a zero eigenvalue for small a. Referring back to
the Hessian operator L which is block-diagonalized into LJ and L2, we obtain the Morse

index of L being equal to 3 if 〈g̃2, L−1
1 g̃2〉 < 0 and to 4 if 〈g̃2, L−1

1 g̃2〉 > 0 for Ω 6= Ω̃c,

whereas the nullity index of L is 2 for Ω 6= Ω̃c due to the simple zero eigenvalue of LJ
and the simple zero eigenvalue of L2, which are preserved due to the translational and
rotational symmetries of the KdV–LS system (1.2). �

We next clarify the constrained minimization properties of the bifurcating branch by
using information about the Morse and nullity indices from Proposition 6.

Proposition 7. Let (U,A) be the profile of the bifurcating branch for Ω near Ω̃c given
by Proposition 5. If either 〈g̃2, L−1

1 g̃2〉 < 0 or 〈g̃2, L−1
1 g̃2〉 > 0, the bifurcating branch

is a saddle point of the constrained energy H for fixed momentum P and mass Q with
exactly two negative eigendirections and degenerate only by the translational and rotational
symmetries.
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Proof. We follow the same steps as in the proof of Proposition 4 and obtain the same
determinant formula with g replaced with g̃:

detD =
18
√
c‖g̃‖4

L2

k2〈g̃2, L−1
1 g̃2〉

+O(a2).

If 〈g̃2, L−1
1 g̃2〉 < 0, then detD < 0 and D has one positive and one negative eigenvalue.

Hence p0 = 1 and z0 = 0. Since n(L) = 3 and z(L) = 2 by Proposition 6, Theorem 3.2 in
[11] implies

n(L̂) = n(L)− p0 − z0 = 3− 1 = 2,

z(L̂) = z(L) + z0 = 2.

If 〈g̃2, L−1
1 g̃2〉 > 0, then detD > 0 and since the second diagonal entry of D is again

positive for small a, D has two positive eigenvalues so that p0 = 2 and z0 = 0. Since
n(L) = 4 and z(L) = 2 by Proposition 6, Theorem 3.2 in [11] implies

n(L̂) = n(L)− p0 − z0 = 4− 3 = 2,

z(L̂) = z(L) + z0 = 2.

In either case, L̂ has exactly two negative eigenvalues so that the bifurcating branch is
a saddle point of the constrained energy H for fixed momentum P and mass Q with
exactly two negative eigendirections. In addition, L̂ has a double zero eigenvalue due to
the translational and rotational symmetries of the coupled KdV–LS system (1.2). �

Remark 10. Since the primary branch of the uncoupled KdV solitons is spectrally stable

at Ω = Ω̃c (and for every Ω), we do not know if the bifurcating branch of the coupled

solitary waves is spectrally unstable for Ω 6= Ω̃c. Therefore, we cannot use Theorem 2.4
in [11] to conclude on the orbital instability of the saddle point of the constrained energy
given in Proposition 7.

5.3. Spectral instability of the bifurcating branch. Further to Remark 10, we show
here that the spectral stability problem associated with the bifurcating branch of Propo-
sition 5 admits a pair of neutrally stable eigenvalues of the negative Krein signature, see
Lemma 4 below, embedded into the continuous spectrum of the positive Krein signature.
The result holds in a range of the values of k which include the interval

[
1
6
, 1

2

]
in Figure

4, and hence the exact solution (2.10) at the bifurcation point.

Remark 11. It follows from the general theory (see, e.g., [12] and [9]) that the embedded
eigenvalues of the negative Krein signature split into unstable eigenvalues in the contin-
uation of the bifurcating branch past the bifurcation point. However, to be able to claim
this splitting, we need to compute a scalar quantity for Fermi’s Golden Rule, which is
computationally complicated. We postpone further proof of the spectral instability of the

bifurcating branch near Ω = Ω
(2)
c , and near Ω = Ω

(j)
c for any j ≥ 2, for a future work.
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To formulate and prove the claim, we first derive the spectral stability problem for the
coupled solitary waves with the profile (U,Ψ). We use the decomposition

u(x, t) = U(ξ) + w(ξ, t), ψ(x, t) = e−iωt[Ψ(ξ) + z(ξ, t)]

where ξ = x− ct, and obtain the linearization of the KdV–LS system (1.2):{
wt + (Uw)ξ + wξξξ − cwξ + s(Ψz̄ + Ψ̄z)ξ = 0,

izt + zξξ − iczξ + ωz + k(Uz + Ψw) = 0.
(5.6)

By using now the variables (3.2), we get
wt = ∂ξ [L1w − 2sAz1] ,

z1t = k
2s
L2z2,

z2t = − k
2s

[−2sAw + L2z1] ,

(5.7)

where L1 and L2 are given in (3.3) with Ω = ω+ c2

4
. Separating the variables by using the

exponential functions eλt in the linearized equations (5.7), we obtain the spectral stability
problem:

λ

wz1

z2

 =

∂ξ 0 0
0 0 k

2s

0 − k
2s

0

 L1 −2sA 0
−2sA L2 0

0 0 L2

wz1

z2

 ≡ JLλ
wz1

z2

 , (5.8)

where L is the Hessian operator in Lemma 1 and J is the skew-adjoint operator satis-
fying J ∗ = −J in (L2(R))3. The continuous spectrum of (5.8) is found from the limit
U(ξ), A(ξ)→ 0 as |ξ| → ∞ exponentially fast. The continuous spectrum consists of three
spectral bands: iR, i [|Ω|,∞) and i (−∞,−|Ω|]. There exists no spectral gap near λ = 0
due to the KdV part of the system (5.7) and there exists a spectral gap i (−|Ω|, |Ω|) due
to the NLS part of the system (5.7).

Lemma 4. Let (U,A) be the profile of the bifurcating branch for Ω near Ω̃c given by
Proposition 5. If k ∈ (k−, k+), where

k− =
8− 5

√
2

12
≈ 0.077, k+ =

8 + 5
√

2

12
≈ 1.256, (5.9)

then the spectral stability problem (5.8) admits a pair of eigenvalues λ = ±iω such that
ω ∈ (−∞,−|Ω|] ∪ [|Ω|,∞) with the corresponding eigenvector ~w = (w, z1, z2) ∈ (H2(R))3

satisfying 〈L~w, ~w〉L2 < 0.

Proof. For the uncoupled KdV solitons (2.7), we have A = 0 and the spectral stability
problem (5.8) is uncoupled. The first component satisfies

λw = ∂ξL1w, (5.10)

which is the stability problem for the KdV solitons. Since KdV solitons are spectrally,
orbitally, and asymptotically stable [24], then λ ∈ iR for the spectral problem (5.10). The
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second and third components are diagonalized by the transformation z± = z1± iz2, which
satisfy the uncoupled spectral problems

λz± = ∓ ik
2s
L2z±. (5.11)

For any isolated eigenvalue of L2 in the set {λn}Jn=1, where J ∈ N satisfies |k| > J(J−1)
12

,
there exists a pair of purely imaginary eigenvalues λ = ±iωn of the spectral problem

(5.11), where ωn = |k|
2
λn. The corresponding eigenvector ~w = (w, z1, z2) ∈ (H2(R))3

satisfies 〈L~w, ~w〉L2 < 0 if λn < 0 and 〈L~w, ~w〉L2 > 0 if λn > 0.

For the bifurcating branch at Ω = Ω̃c, we have λ1 < 0, λ2 = 0, and the remaining

eigenvalues (if N ≥ 3) are strictly positive. The eigenvalues λ = ±iω1 with ω1 = |k|
2
λ1

belong to the continuous spectrum i(−∞,−|Ω|] ∪ [|Ω|,∞) if and only if λ1 < Ω̃c. This

leads to the constraint |Ωc| > 2|Ω̃c|, rewritten explicitly as

(
√

1 + 48k − 1)2 > 2(
√

1 + 48k − 3)2.

Expanding yields
1 + 48k − 10

√
1 + 48k + 17 < 0,

which is satisfied for
5− 2

√
2 <
√

1 + 48k < 5 + 2
√

2.

Further expansion yields k ∈ (k−, k+) with k−, k+ given by (5.9). �

5.4. Numerical approximations of 〈g̃2, L−1
1 g̃2〉. For the numerical approximations of

〈g̃2, L−1
1 g̃2〉, we use the scaling transformation

L−1
1 g̃2 =

4

c
W̃ (y), y =

√
c

2
ξ,

and obtain W̃ from solutions of the linear inhomogeneous equation

− W̃ ′′ + 4W̃ − 12sech2(y)W̃ = sech2q(y) tanh2(y). (5.12)

For q = 1, the solution of (5.12) can be computed explicitly as

W̃ (y) =
1

12
sech2(y)(3ytanh(y)− 1),

which yields ∫
R
g̃2W̃dy =

1

60
.

For other values of q, we obtain W̃ from (5.12) numerically by using the same represen-
tation (4.25) with g replaced by g̃. The numerical approximation of the integral∫

R
g̃2W̃dy =

√
c3

8
〈g̃2, L−1

1 g̃2〉

is plotted in Figure 5 versus q. It follows from Figure 5 that the value of 〈g̃2, L−1
1 g̃2〉

is positive for q < 2 and negative for q > 2. This also agrees with the exact value∫
R g̃

2W̃dy = 1
60

for q = 1 and with the type of the subcritical pitchfork bifurcation
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(Ω < Ω̃c) suggested by the exact solution (2.10) for k ∈
(

1
6
, 1

2

)
which corresponds to

q ∈ (0, 1).

Figure 5. Numerical approximation of
∫
R g̃

2W̃dy versus q.

Appendix A. About integrability of the system (2.5)

It follows from the Lagrangian (2.12) that the system (2.5) has the first invariant:

H(U,A) =
1

2
(U ′)2 − c

2
U2 +

1

6
U3 +

s

k
(A′)2 + sUA2 +

Ωs

k
A2 = E, (A.1)

where E is constant along solutions of the system (2.5). The first invariant (A.1) gives
the energy of the degree-two Hamiltonian system expressed by (2.5). If the system admits
the second invariant, then it is Liouville integrable [14]. In particular, in the case when
k = 1

6
, the system (2.5) is obtained from the integrable Melnikov system (2.8) and hence

it is expected that the reduction (2.5) with k = 1
6

of the integrable Melnikov system (2.8)
is also Liouville integrable with two conserved quantities.

However, we show below, based on the generalized symmetries, that there is no second
conserved quantity in the system (2.5) for all possible values of its parameters. We shall
use the following elementary result.

Proposition A. If a smooth differential expression R(x, u, u′, u′′, v, v′, v′′) can be writ-
ten as a total derivative of another smooth differential expression F (x, u, u′, v, v′),

R(x, u, u′, u′′, v, v′, v′′) =
d

dx
F (x, u, u′, v, v′), (A.2)

then we have
δ

δu
R = 0,

δ

δv
R = 0 (A.3)

Proof. Assume u, v ∈ C2(R) and consider h(x), g(x) ∈ C∞0 (R), smooth functions with a
compact support. If (A.2) holds, then we obtain∫
R
R(u+ εh, v+ εg)dx =

∫
R

d

dx
F (u+ εh, v+ εg)dx = [F (u+ εh, v + εg)]∞−∞ = [F (u, v)]∞−∞
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which implies that
d

dε

∫
R
R(u+ εh, v + εg)dx = 0.

On the other hand, by using integration by parts, we obtain

0 =

(
d

dε

∫
R
R(u+ εh, v + εg)dx

) ∣∣∣
ε=0

=

∫
R

(
δ

δu
R

)
hdx+

∫
R

(
δ

δv
R

)
gdx

Since h(x), g(x) are arbitrary functions in C∞0 (R), we conclude that R satisfies (A.3). �

Based on Proposition A and the generalized symmetries, we show that there is only
one integrating factor for the system (2.5) which gives the first invariant (A.1).

Let (φ(ξ, U, U ′, A,A′), ψ(ξ, U, U ′, A,A′)) be an integrating factor for the system (R, S) =
(0, 0), where

R(U,U ′′, A) = U ′′ − cU +
1

2
U2 + sA2,

S(U,A,A′′) =
2s

k
(A′′ + (Ω + kU)A).

This means that for any functions U,A ∈ C2(R), we have

φ(ξ, U, U ′, A,A′)R(U,U ′′, A) + ψ(ξ, U, U ′, A,A′)S(U,A,A′′) =
d

dξ
F (ξ, U, U ′, A,A′),

where F (ξ, U, U ′, A,A′) is the conservation law. By Proposition A, we have for any U,A ∈
C2(R),

δ

δU
(φR + ψS) = 0,

δ

δA
(φR + ψS) = 0.

This yields

δ

δU
(φR + ψS)

∣∣∣∣
(R,S)=(0,0)

= (U − c)φ+D2
ξφ+ 2sAψ = 0, (A.4)

δ

δA
(φR + ψS)

∣∣∣∣
(R,S)=(0,0)

= 2sAφ+
2s

k
(Ω + kU)ψ +

2s

k
D2
ξψ = 0. (A.5)

Let us introduce the prolongation of the symmetry operator X̂ = φ∂U +ψ∂A to derivatives
by using

PrX̂ = φ∂U + ψ∂A + (Dξφ)∂U ′ + (Dξψ)∂A′ + (D2
ξφ)∂U ′′ + (D2

ξψ)∂A′′ + . . .

The action of prolongation of X̂ to the system (R, S) = (0, 0) is:

(PrX̂R,PrX̂S) = (φRU + ψRA + (D2
ξφ)RU ′′ , φSU + ψSA + (D2

ξψ)SA′′).

The symmetry condition (PrX̂R,PrX̂S)
∣∣∣
(R,S)=(0,0)

= 0 is equivalent to the equations

(A.4)–(A.5) satisfied by the integrating factor (φ, ψ). We note that for any variational
system, integrating factors (and more generally multipliers associated with divergence
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expressions) form a subset of infinitesimals associated with the symmetries of the system
[4].

We have searched for the local symmetry of order one and found only one point symme-
tryX = ∂ξ for the system (2.5). The characteristic form ofX = ∂ξ reads X̂ = U ′∂U+A′∂A.
Using the only integrating factor of the form (U ′, A′), we obtain

U ′(U ′′ − cU +
1

2
U2 + sA2) +

2s

k
A′(A′′ + (Uk + Ω)A) = 0,

which yields the only conserved quantity (A.1).
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