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1. Introduction

We consider the Cauchy problem for the cubic focusing NLS (nonlinear Schrodinger)
equation on R:

iy + e +2ulPu =0, u©) = up. (1.1)
The Cauchy problem (1.1) is globally well posed in L?(R), by the following result due to
Tsutsumi [1].

Tueorem 1.1 Given ug € Lz(R), then there exists a unique solution

ut) e COR, LXR)) N L} (R, L>®(R))

loc

of the integral equation

. A t . Iy
u(t) = "% ug + 2i / AR 1y (1) Purydr . (1.2)
0
We have ||u(t)|l;2 = lluoll2. Furthermore, if ug, — uo as n — 00 in L2(R) and u, (1)

is the solution of the NLS equation with u,(0) = uoy, then, as n — oo, for any t € R we
have u, (t) — u(t) in L*(R).

Remark 1.2 An important class of solutions of the NLS equation is the solitons, defined
by

Poyw(t. X — x0) 1= e H@IHY sech (@ (x — 2ur — x0)). (1.3)
We are interested here to the question of their asymptotic stability, when ug is close to ¢y, 1 v
for a particular (w, y, v).
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Notations The following Hilbert spaces are the closures of the space C§°(IR) with respect
to the following norms, where (x) := /1 + |x|?:

L (R) defined with [[u]| 2.y = 1 (X)*ull 12m):
H*(R) defined with ||| ®) ‘= I1xI'%ll 2y where @ is the Fourier transform;

H®(R) defined with [lu ]| s Ry := [|(x)°@ll ;2z), such that H*(R) = H*(R) N LA(R).

We set & := H*(R) N L?*(R). Our aim is to prove the following result.

Tueorem 1.3 Fixs € (1/2, 1]. Consider the NLS soliton @u,, v, (0, x — x0). Then, there
exist positive constants €y = go(wg, vo), T = T (wo, vo), and C = C(wy, vo) such that if
ug € LZ’S(R) and if

€= ”(pa)o,]/o,vo (O’ T XO) - uO”LZ»-‘(R) < €0, (14)

then there exist two ground states Qu, v, v, (t,x — x+) such that for the solution of the
Cauchy problem (1.1) provided by Theorem 1.1, we have

[(w1, Y+, v1, X+) — (w0, Y0, Vo, X0)| < Ce (1.5)

and, forall £t > T,
_1
lu(t, ) = Qoryro @t - —x)|lLo®) < Celt| 2. (1.6)

In general the two ground states @,y v, (f, X — x+) are distinct, see Lemma 4.5 at the
end of the paper.

A key ingredient for the above result comes from the methods of the inverse scatter-
ing transform (IST) theory, found in references [2—6]. In particular, we use the steepest
descent method and the auto-Backlund transformation discussed in [7]. Theorem 1.3 is an
analog of the results about the asymptotic behavior of solutions decaying to 0, obtained in
[4-8]. Compared to these references, we do not reproduce in Theorem 1.3 the asymptotic
expansions of the solution u for large values of ¢, but we ease the restrictions on the initial
data by allowing ug € L>*(R) for s € (1/2, 1] and not just for s = 1.

Theorem 1.3 should be contrasted to the results for nonintegrable systems, where the
orbits of the solitons which attract the solution u (¢) are presumably not the same as t — +00
and t — —oo, see [9-11] for early results. In the case of the cubic NLS equation, it turns
out that the selected asymptotic soliton is simply defined by the eigenvalue of a spectral
problem supported by the initial datum u but it has a different reflection coefficient, which
is zero for the solitons (1.3) and nonzero for a generic ug.

Another feature of nonintegrable systems is that the rate of decay in the right hand side
of (1.6) is generally slower, because of metastable states which are not present for the cubic
NLS equation. The theory how to treat these metastable states was initiated in [12,13] and
for recent developments and further references, we refer to [ 14—16]. Obviously, the absence
of metastable states for the cubic NLS equation simplifies the discussion. Notice that [17]
conjectures the nonexistence of metastable states in integrable systems.

Theorem 1.3 appears to be out of reach of the perturbative methods initiated in [9-11]
and developed in a number of papers using a similar framework. This is because of the
“strength” of the cubic nonlinearity in the cubic NLS equation. This strength is responsible
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for the fact that the classical result in [18] on the dispersion of small solutions of L?
subcritical equations does not apply to the cubic NLS equation, although it was proved
also for the cubic NLS equation a decade later in [8], with an approach similar to [18]
but with an additional normal form argument. The results in [8,18] are based on invariant
fields which exploit symmetries of the equations not present in the case of the linearization
of an NLS at a soliton. And while [18] has been partially extended to settings without
translation symmetry in [19], so far the approach in [8,18] has never been applied directly
to the problem of asymptotic stability of the solitons.

Mizumachi and Pelinovsky [20] proposed to treat the orbital stability of solitons of
the cubic NLS equation by using an auto-Bicklund transformation which transforms a
soliton in the zero solution and preserves the equation. They proved that the Béacklund
transformation is a homeomorphism in L2. The Bicklund transformation can then be used
to transfer Theorem 1.1 into a statement about solutions close to the soliton in LZ(R), in
particular proving that solitons of the cubic NLS equation are orbitally stable in L2 (R), thus
transposing to L2(R) the classical result of orbital stability proved for the space H'(R) in
[21]. In [20], a discussion was initiated on the possible use of the same transformation to
transfer the dispersion scattering result for small solutions in [8] to an asymptotic stability
result for solitons in X;. However, it is an open question whether or not the Bicklund
transformation in [20] is a homeomorphism in Xj.

The inspiration for the present paper comes from a paper by Deift and Park [7], where
there is a particularly simple and explicit Béacklund transformation, see (4.3) later. Using
the steepest descent method of Deift and Zhou [22], it is possible to bound all the terms
of formula (4.3) and prove Theorem 1.3. Specifically, by means of direct scattering, it is
possible to derive the spectral data associated with the solution u of the Cauchy problem
(1.1). Then, from mapping properties of the inverse scattering transform proved in [3,5],
which are similar to mapping properties of the inverse Fourier transform, the solution u
is expressed by means of the transformation formula (4.3) as the sum of a pure radiation
solution # and an appropriate fraction of Jost functions associated to the potential u. The
results in [5-7] are applied directly to the pure radiation solution . Also Jost functions and
their fraction can be easily analyzed using other results from [5—7]. This yields Theorem
1.3. Notice that Theorem 3.1 in Section 3 extends the result in [5,6] to initial data in L2 (R)
forall s € (1/2,1].

We do not make any particular claim of originality, since Theorem 1.3 is a natural
corollary of the previous works [5-7,23]. Nonetheless, we feel that it is important that
Theorem 1.3 be stated explicitly and proved.

The paper is organized as follows. Section 2 gives details of the direct and inverse
scattering transforms for the cubic NLS equation. Section 3 contains a review of the
asymptotic scattering theory for the pure radiation solution. Section 4 explains the arguments
needed to prove the asymptotic stability of solitons formulated in Theorem 1.3.

2. Direct and inverse scattering transforms

The Cauchy problem (1.1) for the cubic NLS equation can be solved through the direct and
inverse scattering transform.

Consider a function u(x) € L'(R) and recall that L>* (R) is embedded into L' (R) for
any s > % The spectral system associated with the cubic NLS equation takes the form:
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Vx = —izozy + Qu(x) ¥, 2.1

o= (L ) =6 )

Sete; = (1, O)T and e; = (0, 1)T. According to the direct scattering theory[24], for
any fixed z € C4 (i.e. Imz > 0) there exists a unique C2 valued solution ¢ (x, z) of the
spectral system (2.1) such that

where

lim ¢(x,2)0e* =¢; and  lim ¢(x,2)e™ = a()e, (2.2)
X—>—00 x— 400

where a(z) is an analytic function in C;, continuous in C with lim,_, » a(z) = 1. We call
a(z) the scattering function. The following result is well known (see, i.e. [2,24]).

LemMa 2.1 There exists an open dense set G C L' (R) such that, foru € G, the scattering
Sfunction a(z) has at most a finite number of zeros forming a set 2+ = {zy, ..., zn} in C4,
with a(z) # 0 for all z € R and a’'(zx) # O for all k. The cardinality u — $Z is locally
constant near u in G and the map G > u — (21, ..., zy) € C is locally Lipschitz.

We denote by G, the open subset of G formed by the elements such that 12, = n.

Remark 2.2 We call the potentials in G generic. G| contains the solitons (1.3). Notice that
small L'-perturbations to the solitons are in G;. See [25] for other integrable equations
where this is not true.

There exists a unique C? valued solution ¥ (x, z) of the spectral system (2.1) satisfying
lim ¥ (x,2)e ™ =e. (2.3)
xX—>—+00

Ifu € Gand Z, # 0, then for each zx € Z, we have ¢ (x, zx) = YV (x, zx) for some
v € C, := C\{0}. Set ¢y = yx/a’(zx) and call it the norming constant.
For z € R, the solution of the spectral system (2.1) with the boundary value

lim ¢(x, 2)e™ = e (2.4)
X—>—00
satisfies the scattering problem
lim [¢(x, €™ — a(z)e; — eZixzb(z)eg] —0, 2.5)
xX—>+00
where b(z) is a continuous functiononR. Setr(z) := % and call it the reflection coefficient.

We consider now the Jost functions defined by the Volterra integral equations, see [24],
+ e 0 +
my(x,2) =e + 0 Rz O (y))my (v, 2)dy,
+o0 €

X —2i(x—y)z
my (x,2) = e+ L (e . ?) Qu(y)my (y. 2)dy. 2.6)

The functions m| (x, z) and m; (x, z) are analytic for z € C,4, whereas the functions
m, (x, z) and mT(x, z) are analytic for z € C_, [24].
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Remark 2.3 Interms of functions ¢ and w introduced in (2.2) and (2.3), we have m| (x, z)
= ¢(x, 2)e"* and mJ (x, 2) = Y (x, 2)e % for z € Cy.

From the scattering problem (2.5) and the Wronskian identities for the spectral system
(2.1), we have for z € R,

a(z) = det[m] (x, 2), mJ (x, 2)] .7

and
b(z) = det[m] (x, 2), e 2¥m] (x, 2)], (2.8)

where matrices [, -] are defined in the sense of column vectors and the Wronskian determi-
nants are x-independent. The following result is obtained with a minor modification of the
argument in Theorem 3.2 [5].

Lemma 2.4 Lets € (%, 1]. Foru € L**(R) NG we have r € H*(R). Furthermore, the
map L*>(R)NG 5 u — r € H*(R) is locally Lipschitz.

Proof We make the following claim: for any fixed k¢ > 0 there exists a positive constant
C such that if |lu| 2.5 gy < ko, then we have for j =1, 2:

||m;(x, z) —ejllas®) = Cllullg2sgy forallx <0

||mj(x, 2) —ejlus@ < Cllull 25 forallx > 0. (2.9)
Let us assume (2.9) for a moment. Then b € H®(R) because

b(z) = det [m[ (0, 2), m} (0, 2)]
= det[m{(0,2) — e1, m} (0,2) — e1]
+det [m](0,2) — ey, e1] + det[er, m] (0,2) —ei], (2.10)

where we recall that H*(R) is a Banach algebra with respect to pointwise multiplication

for any s > % Similarly, (@ — 1) € H*(R) because

a(z) = det[m; (0,2), m3 (0, 2)]
= det[m] (0,2) —er, m; (0, 2)] + det [e1, m3 (0, 2) — e2] + det ey, e2]
=1+det[m](0,2) —e;, mj (0,2) — 3]
+det [e1, m3 (0, 2) — ex] + det [m[ (0, 2) — e, e2]. (2.11)
We conclude that if u € L>*(R) N G then r € H*(R). So this shows that we have a map
L>(R)NG > u — r € H*(R). We skip the proof of the fact that the map L>*(R) N G >
u — r € H*(R) is locally Lipschitz.

We now prove (2.9). It suffices to consider the case j = 1 and the minus sign only. The
proof is based on the fact that if there is s € (0, 1] such that for an f € L?(R) we have

1fC+h) = fOll2g) < ClRI, VheR, (2.12)

then f € H'(R) = H*(R) N L3(R) and there is a positive constant ¢ independent of f,
such that || fl gs g, = ¢ C.
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Let us define

N
Kf(x,z):= / (0 ezi(xo—y)z> Q) f(y,2)dy.

—00

By Theorem 3.2 [5] (see also [24]), we have
IKeall oo 2Ry = Nl L2w)
and for any x¢ < 400,

< oV2lullr

la-x <
L?"((—OO,XO)»Lg(R))—>L§°((—OO,X0),L§(R))

Furthermore, for x < 0 we have

X
||m;(x, Z) — eZ”L%(]R) < eﬁl\ul\Ll / eZI(X—y)Zﬁ(y)dy
—00 L2(R)
. 1/2
Seﬁwu<f @WW@W@) (x)~
—00
< eﬁl\ul\Ll ||u||L2~S(]R) (x)7". (2.13)

To complete the proof of (2.9) for j = 1 and the minus sign it is enough to prove and estimate
of the form (2.12) with C < lull 25 (w)- Define n(x, z) :== my (x,z + h) — m (x, 2) for
h € R. We have

(0 0 -
U—DML@=/‘(Oewkmwm_gwaQWUMmM%@—mﬂy

—00

x 0
+ /_Oo ((ezi<xy)(z+h) _ eZi(xy)z)ﬂ(y)> dy. (2.14)

Using the Fourier transform F, we have for x < 0,

X
‘ / (eZi(x—y)(Z+h) _ eZi(x_y)z) u(y)dy

=7 TuC +x)xr_ 1z +h) = Flu +0)xr_1@) 2
< CIF Tl + ) xr 1@ s @)A1 = lluly +X)||Lg.s(R7)|hls < llull2s@|hl® (2.15)

and, using estimate (2.13),

X

MMmmm&@mmsfﬂW/ PO M]3, 2) = e2ll2@ydy  (2.16)

—00
X

sfﬂW%MUWMmm/ VI ()~ lu)ldy < 2'S1hfS et | o gy el 1
o

Then, by (2.14)~(2.16) we get [[m (x,z + h) — m| (x, z)||L§(R) < Clhl*llull 25 w) for
x < 0, where C is a fixed constant for |u|| L25(R) = KOs for a preassigned bound «q. This
implies that for all x < 0 we have [[m| (x, z) — e ||st ®) = Cllull 25 ) for some positive
constant C. Combined with (2.13) this yields the claim (2.9) for j = 1 and for the minus
sign. The other cases are similar. O
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Lemma 2.4 provides the direct scattering information we need. Now we recall a number

of facts about inverse scattering. The spectral data in the space
Se,n)={r( e H*®), (1,....z) €CL, (c1,...,e) €CL}  (217)

are used to recover the potential # in matrix Q(u) of the spectral system (2.1). Set

1+ |r(2)|? e—2iXZ7(z)>

€2ixzr(z) 1 (2.18)

Vi(2) := <
and consider the following Riemann—Hilbert (RH) problem:
(i) m(x,-) is meromorphic in C\R;
(ii) m(x, -) has continuous boundary values m 4 (x, -) on R satisfying
my(x,z) = m—_(x,2)Vi(2);
(iii) lim m(x,z) =1;
=0
(iv) m(x, z) has simple poles in Z = Z, U Z_, where Z_ = {z1,...,2,}in C_, and
for each z;x € Z; and z; € Z_, we have

Res;—; m(x,z) = lim m(x, z) Vy(zx),
=2k

Res;—z,m(x, z) = lim m(x, z) Vi (zx), (2.19)
T—>Zk
with
0 0 _ 0 —e 2ixug
Vi(zk) = (ezikaCk 0)’ Ve (@k) = <0 ¢ 0 C"). (2.20)

From the solution of the RH problem (i)-(iv), the potential u in the matrix Q(u) is found
by means of the reconstruction formula:

u(x) =21 lim zmr(x, 2). (2.21)
7—> 00

Remark 2.5 In terms of the analytic functions mftz introduced from the Volterra integral
Equations (2.6), we have the equalities

my(x,z) = [a(z)_lml_(x, 2), mj (x, z)], m_(x,7) = [mf(x, 2),a(@~'m; (x, z)] )

We introduce now the Cauchy operator Cg acting on functions 4(z) € L*(R),

1 h
(€@ = 5 /R %dg, L€ C\R, (2.22)

with the boundary values

+ T L/ h(&)
e =tm o [ O ac zer

The solution m(x, z) of the RH problem (i)—(iv) is given by the following formula:
M)V, 1 M V() —1
m(x,z):l—ZM+ () (Vx(Q) )dg“

-z 271 Jp ¢ —z

, (2.23)
teZ
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where M, (z) is defined for z € R U Z in the space M».2(C) of complex 2 x 2 matrices
and satisfies system (2.24)—(2.25) written below.

Lemma 2.6 below implies that the map G, N L>*(R) — S(s, n), which is defined
by Lemmas 2.1 and 2.4, is one-to-one. This result is due to Zhou [3], but we prove it for
completeness, following the argument in Lemma 5.2 [7].

LEmMMmA 2.6 Letr € H*(R) withs > 1/2. Then, for any x € R there exists and is unique
a solution My : RU Z — M>«»(C) of the following system of integral and algebraic
equations:

My =1 - Y MOV g, L[ MO0 D

¢, zeR (2.24)

fez {—z e\O02mi Jg ¢ —(z—1¢)
and
M, x 1 M, (0) — 1
My =1- Y MOWE@ 1 [ MOUO =D,z o
cez\z) -z 271 Jr -z

such that (My(z) — 1) € L2(R).

Proof  For the operator Cy, defined by Cy h := C~ (h(V, — 1)), the system of integral
and algebraic Equations (2.24) and (2.25) reduces to

(I—CVX)(MX—I)—i—Z%V;(C):CV 1, zeR (2.26)

X
teZ

and

M+ Y MOV 1 M) Z DV D,

) {—z 271 Jr ¢ —z
1 o=D,

. € Z. 227
2mi R {—z ¢ ( )

By Lemma 5.2 [7], there exists a fixed ¢ s.t. for ||r||zo~®) = p the operator 1 — Cy, is
invertiblein L?(R) and ||(1—Cy,) ™"l ;2_, ;2 < c(p)?.Itiseasy to conclude by the Fredholm
alternative that the inhomogeneous system (2.26)—(2.27) admits exactly one solution if and
only if f = 01is the only solution f : RU Z — M>,>(C) with fjr € L?(R) of

F@OV(@)
(l—CVx)f‘F;EEZ?—O, zeR
FQ)Ve(C) 1 FQOW(@)—-1)
f@+ E . o RTdC—O, z€Z. (2.28)

ceZ\{z}

We set for z € C\(Z UR)
e 3 LOUO | 1[IV,

2.29
-z 271 Jp ¢ —z ( )

LeZ
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Notice that

Vi _
m4@=—2}ﬂ149+C(ﬂw—ny (2.30)
ez ¢z

By C™(f(Vy — 1)) =Cy, f and (2.28) we get m_(z) = f(z) for z € R. We have

Ve
tez
Vi
teZ §
= m_ @)+ m_ @V — D) = m_(@)Va(2). 23D

We have

0= /Rcﬂf(vx — ) (CT(f (Ve = 1))

_ fOV:©) F@OVa©)
—/R(m+(z)+z p— )(m(z)+2 . )d

(eZ teZ
d —(2)d
= [memtaz+ 3 [ O v + Z/ S HOYAl)
R teZ ceZ
+ Ve(Q)V —_— 2.32
Yo Y fOVOVE© S (5)/ - )(E—z) (2.32)

Ae{+,—} t.EeZy

The A = + term in the last line cancels with the following:

d ct v -1 d
3 / m+ (@) Zv O f* @) = Z/ (f( - D@Ly ) (0

teZy =
B e OnOVOr©
Cezz gezz/ 3 —Z)(é
. e e
;ggz/(f—z)(g_ SFOROVIOS @),

We have, by Res(m, £)V¥(¢) = f(O V(O VI(©) = —FQ VIOV =0,

> [ voro= 3 [ (m+(z) Res(’"’_“) B,

(eZ_ (eZ_ —¢ {—z

=2 v Ve(@E)V] =
Ty fOVEOS O+ Y Y fE V@) (;“)f(;“)

fez- (€2-tez \(1) 0 E

=27 Y FOVIQO Q). (2.33)

teZ_
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Here, we have used the fact that for all ¢ € Z by (2.28)—(2.29) we have

R V(L'
lim (m( ) - w) —cvi—mo - Y LENE e

/I _
¢ ¢'eZ\{¢} ¢t
The following term cancels with the A = — term in the last line of (2.32):
ES
d C(f(Vy — D)*
( 3 / ) ZV*(C)f*(;‘)) S FOV (c)[ €Y=,
teZ_ teZ_ £—z
- Z/ f(;)vx(ov Ef &)
ez ¢ - z)(§ :|
> f@)vx(;)v:(s)f*(s)f S —
iz R (& —2)(¢—2)
(2.34)
We have

*

d
3 / ) Zv O @)

feZy

(5 f o tmD) 00,

teZy - { é‘ -z
=2 Y rovior©| =—2mi Y f oo ©. @39
(€2 (€2,

The terms from (2.33) and (2.35) cancel out in (2.32) because of V (E) = —V¥(¢). Then,
by m4 = m_Vy, (2.32) yields

0= / m_(2) Vi (2)m* (2)dz. (2.36)
R

Since Vi (z) is strictly positive, this implies m_(z) = f(z) = 0 for z € R. But then by
(2.30) we have also f(¢)V,(¢) = 0for ¢ € Z.Then f(z) = 0for z € Z by (2.28). So, we
have completed the proof that if f solves (2.28) then f = 0. O

We now recall another result due to Zhou [3] on the inverse scattering, which we state
in Lemma 2.7 below. This result is only stated for the case of pure radiation solutions of the
cubic NLS equation with n = 0. We need Lemma 2.7 in order to establish the fact that the
map Go N L>*(R) — S(s, 0) is not only one-to-one but also onto.

Lemma 2.7 Letr € H*(R), Z = (, and consider the potential u defined by the recon-
struction formula (2.21). Then u < L?*(R). Furthermore, for any positive kg, there is a
constant C such that for ||r||Lemw) < ko, we have |lull 25wy < ClIr |l Hs @r).-
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Proof We only sketch the argument, referring to references [3,5,7] for more information
and details. We first sketch u(x) € L“(RJF). We factorize the matrix in (2.18) writing
Vi(2) = Vx__1 Vi, where

_ ,—2ixz
Vit (2) :=( ! ?) , Ve (2) = ((1) ¢ | r(Z)>. (2.37)

e2ixzr (Z)

Setnow Cy h := CT(hwy_) + C~ (hwyy) for wyy := £(Vyx — 1). Then we consider a
function py € 14 L2(R) such that

(I =Cu)(ux)(z) = 1. (2.38)
For wy(¢) := Vi4+(¢) — V(&) we get that the m(x, z) in (2.23) (in the case when all the

¢;j = 0) can be expressed also as

m(x, z) =1+L./ B Owi) (2.39)
271 Jr L —z

For x > 0, by the argument in Lemma 3.4 [5] for a fixed ¢; we have
IC*( = Vig@)ll 2@ < e lIrlms @)
(notice that x < 0 in Lemma 3.4 [5], because of the different definition of the operator in
(2.1)). This implies immediately
1Cu, Ul L2y < 265(x) "I | s ®)-
We consider
Uy — 1= (1 — wa) Cy, 1

and correspondingly
-1
s = gz < 1= Cu) ™ 2o 2201 Cun Tl 2

We have || (1 — wa)_l 202 < c{p)* by Lemma 5.2 [7] for a fixed ¢, where p :=
[l 1l oo (®). We conclude that for x > 0 and for any kg there is a constant C such that

lex = iz < C&) 7P MIrllas @)

for p < «o. Finally, the argument in Theorem 3.5 [5] yields |lull 25w, ) < ClIrllHs ®)-
In order to prove u(x) € L?%(R_) we consider instead the decomposition

1 O 1 + r(z 2 O e—2ix27(z)
Vx = (eZixzr(Z) 1) ( |0( )| 1 l 1+|r(2)|2 .
1Hr )2 Hr@r /) \0 1

We then consider the RH problem with matrix Vx =87 V)C(SJ:U3 for §(z) the solution of the
problem (3.1) with zp = +o0c introduced later in Proposition 3.3. Correspondingly, we get
estimates [|u]| 25y < ClIFllms@) < cllr || s, for a function i associated to7 :=résd_
and for fixed ¢ when p < ko, by proceeding as above. Finally, ¥ = u. For more details
see [5]. O

We now discuss the representation of the solutions of the Cauchy problem (1.1) in terms
of the inverse scattering transform. We recall the following result, see [26].
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TueoREM 2.8 Givenug € H'(R), then there exists aunique solutionu(t) € C*(R, H'(R))
N LY (R, L®(R)) of the integral Equation (1.2).

loc

The solution of Theorem 2.8 is the same of Theorem 1.1.

Suppose that ug € H L(R) N L%5(R) for fixed s € (% 1]. Then the solution remains in
u(t) € H'(R) N L>*(R) for all t € R, by standard arguments (see p.1072 in [18], which
can be extended to noninteger s by Lemma 2.3 in [8]). For the solution of the cubic NLS
Equation (1.1) withug € H 1(R) N L%*(R), the time evolution of the scattering data is well
defined, according to the following result (see p.39 in [24]):

LemMA 2.9  For an initial datum ug € HY(R) N L5 (R) N G we have u(t) € HL(R) N
L>*(R) NG forallt € R and the spectral data S(s, n) in (2.17) evolve as follows:

() € HYR), (z1,....z0) € T, (e¥0cy, ... eMle,) e C. (2.40)

Remark 2.10  To recover the solitons (1.3), we take the spectral data:
r=0, z1=a+if1eCy, e ¥l eC,. (2.41)
Then, we obtain

u(x, 1) = —2ify e Hax =4t @ =B —1Vogech (28, x + 8ra; 1 — o), (2.42)

where §p = log (lzc_é,‘> and Yo := arg(ci). Note the correspondence: w = 2f; and

v = —2ua1, for solitons in (1.3).

3. Dispersion for pure radiation solutions

Elements of G such that Z = ¢ generate pure radiation solutions of the cubic NLS equation.
These solutions satisfy the following asymptotic behavior.

TueoreM 3.1 Fixs € (1/2,1]. Letug € G N L>%(R) such that Z = (. Then there exist
constants C(uo) > 0 and T (ug) > 0 such that the solution of the cubic NLS Equation (1.1)
satisfies 1

lu(t, HllLomwy < Cluo)lt|™2 for all [t| = T (uo).
There are furthermore constants Co > 0, To > 0 and small ¢9 > 0 such that for
luoll 25wy < €0, we can take C(uo) = Colluoll 2.5y and T (uo) = To.

Remark 3.2 In [8], the result of Theorem 3.1 is proved with L>*(R) replaced by X for
any s > %, only in the case of small ug with [[ug||x, < €o. In the case of the defocusing
NLS Equation (1.1) (that is, with +2|u|?u replaced by —2|u|?u), Theorem 3.1 for s = 1
is proved in [4,5]. For the focusing NLS Equation (1.1), Theorem 3.1 for s = 1 is proved
in [7]. Notice also that all these references contain proofs of the asymptotic expansions for
the solution u at large ¢, which we do not discuss here.

In the rest of Section 3 we prove Theorem 3.1. With minor modifications, we follow
closely the proof in [6], which involves the d operator, where 9 := %(ax +1idy). Here we
extend the result in [6], valid for s = 1, to any s € (1/2, 1].
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3.1. Proof of Theorem 3.1

The proof starts by assuming additionally that uy € H'(R). Fix zo € R. First of all we
consider the scalar RH problem

81(2) =8 ()1 +Ir@P) forz <z G.1)
81(2) =8-(2) forz >z '

with 8(z) holomorphic in C\R and §(z) — 1 as z — oo. The following statement is in
Proposition 5.1 [7] and is elementary to prove.

ProrosiTioNn 3.3  We have

2mi

2 2
3@ =P, y(@ = L/ 0 wa@.
o —

For z £ zo we have §(z) = 8(2) and (p)~" < 18(2)| < (p) where p = |Ir|[L=); for
FImz > 0 we have |8 (2)| < 1.

The function y (z) has an expansion

v (2) =1v(z0) log(z — z0) +1iv(z0)(z — z0) log(z — z0)
—iv(z0)(z — z0 + D log(z — z0 + 1) + B(z, 20) (3.2)

where in the r.h.s. the main term is the first, and where
1
v(z0) = 5 log(1 + |7(z0)[%) and for x (£, 20) = X{zg—1,201()( — 20 + 1)

0 2 2 g
pezo) = [ [log(1+ @) ~tog(1 + Ir(ao) ) et e

Let .
6(z) :=2(z — 20)> — 21(2) with zg := 1 3.4)

Then we consider the RH problem (i)—(iii) with

2 ,2ith5
va (@) = <1+|r(z)| e r(Z))_

eZiter (Z) 1
We factorize

o — WrWg forz > zg
LX) ULUgUR  forz < zo

1 —2i197(z)> ( 1 0 1 0
WL = < , Wr=1 aie L UL = | i,z
0 1 er(z) 1 o) 1

(372”97(1) 1+ 2 O
Up = <(1) 1+|rl(z)|2> Uy = ( '6(Z)| L. (3.5)

1+r(2)?

for

Q

We end Section 3.1 with an estimate on the function B(z, zp).
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LEmmMA 3.4 LetLy = 20+e YR = {z = 20+e Puuc R}. Considerthes € (1/2, 1]
in Theorem 1.3. Then there is a fixed C(p, s) s.t. for any zo € R and any ¢ € (0, )
1B, 20l s ®) < C (o, Il s my (3.6)
1
1B(2,20) — B(z0.20)| < C(p, ) Irllms@lz —zol'"2  forallz e Ly.  (3.7)
Proof  Firstof all these estimates hold for s = 1, and are a consequence of [|Cr f || g7 (L,) <
C: | f Il =@y for T = 0, 1, which are proved in Lemma 23.3 [27]. We obtain (3.6) for 7 = s

when s € (0, 1) by interpolation. The estimate (3.7) is a consequence of (3.6) and of the
following elementary estimate when s € (1/2, 1]:

£ = FO)] < Csll flls@lx — yI* ™2 forallx,y € Rand f € H*(R) for a fixed Cy.
(3.8)

This is an elementary consequence of f(x +h) — f(x) = \/%7 f e¥E (¢ths — 1)f(§)d§ for
y = x + h. Then for any « > 0 we have for a fixed C;

1 1
d 2-2s )7 1 ( iy )i
h —_ —_— d R —_— d s
(e + ) f(’“"fm%sx's' £) sl + o= /lwm &) 1fln

32 1-25
= Cs (1672 +672 ) Il

The r.h.s. equals 2CS|h|S_%||f||Hs fork = |h|~ L. O

3.1.1. The model RH problem
We consider the RH problem

Panalytic in C\Xp
PO =1+ 4+0¢™?) as¢— o0 (3.9)
Pir(§) =Py () Vp(g)inZp

where Xp = UﬁZIE; with E}, = ei%I&_, E% = e_i%R_, E?, — ¢i7R_ and E‘;, =
e it R inheriting the orientations of R4. The matrix Vp(¢) is defined by
1 0 |
rOC_ZiUOei§2/2 1 f0r{ € EP

1 7o §.2ivoe—i{2/2 s
(O 1+ro|? | for e &y

Vp(¢) = (3.10)
1 0 " 3
—2ivn ir? or¢ e
1+|”;)0)‘2§- 211)061{ /2 1 ¢ P
— . 2ivg ,—ic2/2
<(1) ro¢ Ole ) for ¢ € X%

where r is a free parameter that we fix in (3.15) and vy = v(z¢). The solution of this RH
problem can be worked out following word by word [4,p.54-57]. Set

—i /zn.ein/4e—nv0/2 Vo

ki : = —
! rol (—ivp) 2Tk

@3.11)
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Consider for Im ¢ > 0 the matrix W (¢) with

W) = e IADy (e W) = ™D (e )
Wih() = ™ (—ika) 1(3«0 g (e 0)) — ﬁD w0<e"f/4c>)
\112+1 (¢) = e 3m0/4(jfy) ! <3c (DiUO(efi3n/4€)) + 3Div0(ei3"/4§)> .

Consider for Im ¢ < 0 the matrix W™ (¢) with

Wi (0) = €Dy (7) W5 (0) = e Dy, (7))
W5 () = e 70 (—iky) 7! (a;<D_iv0<ei3”/4c)> - %D_iuo (e””/“;)) :

Wy, (¢) = ™A (iky) ™! (a;(Divo(ei”/“c)) + %Divo(ei”/“;)) .

Here D, (¢) is the unique entire function solving
L peer+ (L= E 1a) puey =0
a2 PO gy TPl =
that for | arg(¢)| < 37 /4 satisfies

Da(f) ~ e~ /4¢a <1+Z( 12"

n=1

and such that D;(f) + %Da &) =aDy,—1(2), (3.12)

= (5 -0 1>)(-—(J—1/2))>

nlc2n

see Chapter 16 [28]. If we introduce the angular sectors

Q={¢:arg¢ € 0, w/4}, Qo ={¢:arg¢ € (nw/4,3m/4)},
={¢:arg¢ € Br/4, )}, Qu={¢:arg¢ € (w,57/4)},
Qs={¢:arg¢ € (m+5n/4,Tn/4)}, Qe={¢:arg¢ e (Tn/4,2n)},

then, following,[4] see also [7], we have
n L0\ iy ic2oy/4
P@ =@ _ | )eT0mel Mt forg e,
—r0

P(¢) = WH (@) e/ forc e ),

0

P(E)=¥"(0)

%o
P(£) =¥ () <1 1+|’0|2> ~iW0030i8%03/4 for £ e Qg

) —ivgo3 ei§'20'3/4 fOI'{ e 94
1+|f0\2

P(£) = W () "%/ for ¢ e Qs

P() =V (C) (é 710) 031703/ for e € Qg (3.13)
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The fact that P (¢) satisfies the model RH problem (3.9) can be seen by direct computation
(specifically, it solves an equivalent RH with an additional jump matrix 1 over R: this fact

. L i e (110> Fo
can be checked directly by exploiting the fact that W (¢) = W™ (¢) p | and
0

the monodromy properties of z” like in [4,p.48]).
By elementary computations which use (3.13) and (3.12), see [4], we have

lim [WE(e)"09318%03/4 _ {1 = Py with Py = 0 ki) (3.14)
Cy3¢—00 ky O

Exploiting the rapid convergence to 1 as ¢ — oo of the extension of (Vp)|s1 to 1,
of (Vp)|2% to Q3, of (Vp)|213° to Q4 and of (Vp)|24}3 to g, it is easy to conclude that
lim; 5 00¢ (P (¢) — 1) = Py in each sector €2;. In each sector we have det P(¢) = 1, see [4,
p.54].

With respect to the analysis in [4], we need to add few more remarks of quantitative
nature on P (¢). We fix

=~ ivg log(81)—4irz2

ro i= Toe and 7 1= r(zg)e V0 2h0<0), (3.15)

By |rol = |r(z0)| < Cslirllgs®) < C(uo) there is a C(up) such that by (3.3) and (3.11) we
get k1| + |ka| < C(up). Furthermore the following is true.

Lemma 3.5 Let p = ||r| L= mw). Forany pg there exists a C such that for p < pg we have

|P(¢)| < C forall¢ ¢ R and (3.16)
|P(¢) —1—Pi/¢| < Cple|™2 ifalso |¢| > 1. (3.17)

Proof We focus only on (3.17), since (3.16) follows by (3.17) and by the fact that D, (¢) is
an entire function in (a, ¢). The proof of (3.17) is based on formulas for Dj,,(¢) for which
we refer to Chapter 16 [28].

Recall that Dy, (¢) = 2WT()+%§’%W%+1 1 (%), where for | arg(z)| < 37 /2 we have
2 t1-1

F(g_lﬂ)r 1_1\)0
Wivo 1 1 (Z) = e_z/2ziv70+% 1— Z_l 2 2 ( 2 )
2 +i-3 r (% — 1”7(’) r(-i%)

1 1 +ioo—7 c 1 o m
+ F— i | s ')l —§+§—17 F(—g—lE)dS'
O3 -ig)r(-ig) 2
To bound the integral we use:

12| = |z|Re© 732 for ¢ = Re(c) + it;

K
T'(2)| < \/2n|zz’% |eRe@ for Rez > 0 and for K > 0 the constant in [28,p.249];

r 2
F(g):ﬂ
[SANSY
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Then the absolute value of the integral is bounded by

-1 -1

e G
R 2 2
i Y . Y
x )i ) [ i (14 2 L+ m(3-i0+1) B i+ %)‘m

(1108

3 k 3 (3
< Cylz| 2 / e BRI ()3 gr < O3z (z” - |arg<z)|>
R

for fixed constants which depend on pg and for | arg(z)| < %rr. This and the identity (3.12)
yield inequality (3.17) if ¢ is outside a union of preassigned small cones containing X p.
Near the cones we can proceed by estimating similarly the r.h.s.’s of the identities

B V2r o ig .
Dy (2) = e " Dy (—¢) + mﬁz(lvo+l)nD—iVO—l(_1§) )
V2T g .
Divo({) — evoﬂDivo(_é-) + F(_lvo)e 2(1v0+1)aniv071(1§) .
This completes the proof of Lemma 3.5. O

3.1.2. The 9 argument

We follow closely the argument of Dieng and McLaughlin [6] which have a simpler
discussion than in [4,5,7] as to how to localize the RH to the model RH problem. We
modify slightly [6] to allow the case s € (1/2, 1) in Theorem 3.1.

We fix a smooth cut-off function of compact support, with x(x) > 0 for any x and
fxdx = 1. For ¢ # 0 let x.(x) = s_lx(s_lx). For z € C and for the convolution
f*xgx) = f f(x —y)g(y)dy, we define r(z) as follows:

r(Rez) for Imz=0

Ximz *r(Rez) for Imz # 0, (3.18)

r(z) = {
The first step is the following proposition.

PrOPOSITION 3.6 Set 7y = r(zg)e 2V@0)=28(0:20) g4g jn (3.15). Fix Ao > 0 and assume
7l as < Ao for a preassigned s € (1/2, 1]. Then there exist functions R; defined in Qj for
j =1,3,4,6 and a constant ¢ such that the following properties hold:

Ri(z)=r(2) forz—zo€Ry, |
Ri(2) = fi(z — 20) :==To(z — 20) 2V @82(2)  forz —z0 € €' TRy;

R3(z) = 1+7\;2)|2 forz—zp e R_,
R3(@) = f3(z = 20) = 5,857 (0 = 2007672 (@) forz —z0 € Ry
Ri(z) = 9 forz—z0eR_,

TP _ -
R4(z) = fa(z — z0) = H—\:#)P(Z —20) " HVGROS2(2)  forz —zp € TR,
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Re(2) =7(2) fOVZ—Eo e Ry, ' |
R6(2) = folz — 20) :=T0(z — 20) " 2V§72(z)  forz —z0 € e 7Ry

Vje{l,3,4,6},VzeQ;+zoandfor p(x) = —x(x) — xx'(x), we have for a fixed ¢
— 3
10R; ()] < cllrllms @z — 20”2 + cldrer (@] + c|m2) ' gm- * r(Rez)|  (3.19)

Proof The Rj(z) can be defined explicitly. For j = 1, 3 in particular, we set for z — zg =
u +ivand b(x) = cos(2x),

Ri(z) = b(arg(u +iv))r(z) + (1 — b(arg(u + iv))) f1(u +iv),

r(z)
R3(@) = cosQarg(z = 20) = ) s
+ (1 — cos(2(arg(z — zo) — m))) f3(u +iv). (3.20)

The other R;(z)’s can be defined similarly. This yields functions with the desired boundary
values. Now we prove the bounds, and for definiteness we consider case j = 1 only. We
have

9R1 = (r — f1)db + gmmz *r'(Re2) +i(m2) ™ g * r(Re2)),
with ¢ (x) = —x(x) — xx'(x). Notice that (0) = 0. Then we have the bound
0R1| < [xtm: * ' (Re2)| + |(Im 2) ™ gim ; # r(Re2))|
C(r@ = rGl + /1)~ rGol).

+
|z — zol

To obtain the desired estimate for |9 R;| we need to bound the last line. By (3.8) we have

1
[r(z) —r(zo)| < Clz — zol* " 2||r|l ms- Next, we have

S1(z) — r(z0) = r(zo) x [exp (2iv(z0)((z — z0) log(z — z0) — (z — z0 + 1) log(z — z0 + 1))
+2(B(z, z0) — B(z0,20))) — 1].

By Lemma 3.4 we have B(z, z0) — B(z0, z0) = C(p, $)|Ir|las|z — ZO|S’%. Since for z close
1

to zg both (z — z0) log(z — zo) and (z — zo + 1) log(z — zo + 1) are O(|z — 701°72), we get

the desired estimate for |0R{|.

‘We now extend as follows the matrices in (3.5):

1 0 ) 1 e 20R .
WR=< 1) mQH-Zo,UR:( ¢ 3) in 23 + 2o,

eZit@ R 0 1
10\ . 1 e 2"Rg\ .
UL = <62it9 R4 1) m 94 + 20, WL = (O 1 m Q6 + 20- (321)

We set
mW];l in Q1 + zo,
m  in (222 U Qs) + z0,
A= mUg"' inQ3+ 20, (3.22)
mU;  in Q4 + 20,
mWr  in Q¢ + 20.
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We set B := A§~73, obtaining a new function with jump relations B4 (z) = B_(z)Vp(z)
with jump matrix defined by

! 0 in /4
(621’9R1(1)8_2(z) 1) forz € zo + "/ Ry,

<1 —e M1 R3(2)87%(2)

Vp(z) := <0 1 !

0 Sim /4
62”9R4(Z_)572(Z) 1) forzezg+e R+,
(1 _672119R6(Z)82(Z)

) for z € zo + 37/AR,,

0 1

) for z € zo + e /4R,

Set now E(z) := B(z)P~'(v/8t(z — 20)). By the choice (3.15) of the parameter r( in
(3.10), the jump matrices of B(z) and of P(\/g(z — z0)) coincide. This is elementary to
check and holds for the same reasons of [6]. As a consequence, E(z) does not have jump
discontinuities. We now reverse the construction, we define E using Corollary 3.8 below
and define B(z) by B(z) = E (z) P(+/81(z — z0)). First though, we have the following
auxiliary lemma, see [6].

Lemma 3.7 Let ||r|lgs < Ao for a preassigned s € (1/2,1]. Consider the following
operator

1 [ H(c)W
JH@) = — C%dA(g) (3.23)

with, for ¢ = ~/81(z — z0),

0 0\ .,
P(¢) <e2it08—2(z)§Rl(Z) O) P7() forz e,

_ 2itbs—2,7
P@) (8 < O(Z)8R3(Z)> P@) forze s,

0 0
2195 2(2)dR4(z) 0

_2iths2, N7
P@) (8 ‘ ‘SO(Z)aRG(Z)) P forze 6

(0 forZGQQUﬂs).

W(z) = P@)

N

) P Y¢) forze Qa,

Then, we have J : L°(C) — L% (C) N C°(C) and there exists a C = C(Ag) s.t.
1 |2 (Cyo Lo < Ct 5 forallt > 0. (3.24)
Proof For definiteness let H € L°°(£21). Then

) |aR1 (5)e?1?)
7| JH@)| < [1H| 11872 Loy ng). (3.25)
Q — <
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We have ||8*2||Loo(gl) < 1 by Proposition 3.3. By (3.19) to bound (3.25) it is enough to
bound /; for j =1, 2, 3 with

X (£)e?"?|
1 =/ 2T A, X1(2) 1= dRe.r(2),
Q |§ - Z|
3 _
X2(2) == Irllm®lz — 20”2,  X3(z) := (Im2) " 'oim * r(Re 2). (3.26)

The estimates are like those in Section 2.4 [6]. We have, for ¢ — z9p = u + iv and for
z—z0=a+ip,

Stuv 00 8tuv
- / Bur(o)le™™ / / 1ur(S)le*
Q1 |§ - Z| |§ - Zl
< /0 dve™ " 19, )2 1w — )2 + 0 = B 12000 (3.27)

By elementary computation we have ||((u — a)2 + (v — ;8)2)_1 ||L5(v’oo) <Clv— ﬁ|_%,
see (3.33) below. By Plancherel we have for fixed C

[0 (e, V) 12

119, /R Vx0T = 0)yr(ndtll g = I1EXVETE) 2
VTHETS R E) ellrllgs < Cv il ps. (3.28)

IA

So
I Clila [ dve™ o~y - pit
R
1=2s _gu2,, 53 g3
< Ct 7 |lrllps | dve™ (V72 + v = ViBI'72) (3.29)
R
< <3C/ e PR dv) st
R
For the last inequality we used the fact that for any ¢ € R
/ 9_8“2|v — c|s_%dv < / 6_8”2|v|5_%dv +/ e_g(”_c)2|v — c|5_%dv
R v|=lv—c| v|=lv—c|
< 2/ B P 3y, (3.30)
R
The estimate for /3 is similar after replacing (3.28) with

=2 f e~ w—0)rdi) 2 = v ETPOOETE) 2
VETGE) I lIrllgs < CV T irllas,  (3.31)

where the latter bound holds since ¢ is a fixed Schwartz function with ¢(0) = 0. Proceeding
like in (3.27), we finally consider

O g2 _3 _
125/ e dvllls — 201" 2l r o0 s — 21l La (w,00) (3.32)
0
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with an appropriate pair 1/p + 1/q = 1. By [6] we have

1_
e =z ey < Clv — Bl (3.33)

and

3
s — 2o’ 2l Lr(v,00)

1 1

o0 7 oo §—3 P

</ lu+iv|"“‘3)d“>l =( <u2+u2>"2‘43d“>p
v

S—. o0 s —3
=T (/ ? + 1)1’Tdu> . (3.34)
1

<= =

So by (3.32) and using again (3.30), we obtain

2 253

;[T g2 B340 1 ;[ g2 23 1-2s
12§C/ e VT Trv — Bla dv§3C/ e vz dv<Ct % . (3.35
0 0

The proof that J (L)  C° can be seen by the above estimates using standard facts, like
dominated convergence, is skipped here. Il

Taking E as solution of E = 1 + J(E) we obtain the following result.

CoroLLARY 3.8 Fix g > 0and assume ||r||gs < ro. Then there exist a constant T such
that fort > T there exists a E(z) continuous in C and satisfying the following additional
properties:

(1) E(2) is continuous in C,

(2) E solves the system 0E = EW,

3) E(z) — 1forz — oc. N
Claim (3) in Corollary 3.8 can be replaced by the following sharper result.

LemMa 3.9 There exists eg > 0 such that for ||r||gs < &g there exist constants T and ¢
such that fort > T and for z € Q3 U Qs

E| 5
E@=1+—+0G")
L ot
|E1| < cllugllp2st™ * fort > T. (3.36)
Proof We have Ej = L [ EWdA, so |Ej| < IEl=y" Jo, IWIdA. We bound the

integrals using a decomposition as in (3.26) and for definiteness we consider only j = 1.
For ¢ = 1, 3 we have by (3.28) and (3.31) and starting as in (3.27), using

00
—8tuv _ —8qtuv a _ -1 —8qtv2
I l d (8qrv) 7
e LZ(V,OO) = : e u = q e B
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we have

. S — _
/ 1Xe(0)e*|dA < |Irll s / Ve 1, o)V
0

Q

/, —

<C't

D=

o0
/ Ve dvrllgs = Gt Il (337)
0
For £ = 2 we use (3.34) and the elementary bound

o0
2i16 -3 —8¢
/ [X2(5)e”! |dAS||r||H5/ s = z0l" 2 llLrw,00) lle™ "Il L4 () o) dV
Q1 0
1 311 2 2541
< C|rllast "/ VT i dy < Gt T ||rllgs. (3.38)
0

Then we get (3.36) by [|r|lgs < Cllug|| 2+ for a fixed C by the Lipschitz continuity of
Lemma 2.4. O

Theorem 3.1 follows by m(t, x, z) = E(z) P(~/8t(z — 20))8%3 (z) in 23 + z0, with

m@) =1+ + 0E?) withmy = E +i+<51 0)
= - 1= L£] m 0 —51 s

where by (2.21) and Proposition 3.8 for t > T'(s, Ag) and a fixed C = C(s, X9) we have

2541

k
u(t, x) — 2i—=| < Clt|~"%" and |u(t, x)| < Clt|"7,

NET
where we recall that we have fixed s € (1/2, 1]. The time reversibility of the NLS (1.1)
(see also later in Lemma 4.5) yields the same estimates also V t < —T (Ap). This proves
Theorem 3.1 for ug € H'(R) N L%*(R).

Consider ug € L>*(R) butug ¢ H'(R). Let u(¢) be the solution, provided by Theorem
1.1, of the corresponding Cauchy problem (1.1). Consider a sequence ug, € L>*(R) N
H'(R) such that ug,—>uq in L>*(R). Then for the reflection coeffic ients we have r,—>r
in H* by Lemma 2.4.

We can assume ||r,||gs < 2|r| gs for all n. By the discussion developed so far, there
is a fixed C, which depends only on Ag, where Lo > ||7| gs, such that for |f| > T (Ag) we
have |u, (t, x)| < CItl_% for almost any x. By Theorem 1.1 we know that for any ¢ we
have u, (1)—u(r) in L2(R). This implies that for almost any x we have u, (f, x)—u(t, x).
In turn, we can conclude that |u(z, x)| < C |t|’% for almost any x. This completes the proof
of the statement in Theorem 3.1 also in the case when ug € L>*(R) but ug ¢ H'(R).

3.1.3. Several remarks

Lemma 3.7 yields [|E — 1] o) < C t%. However we will need the following lemma.

Lemma 3.10 Let z; € Cy. Assume ||u0||Lz,S(R) < &o. Then there areagy > 0, ac > 0
anda T > 0 such that

2s+1
N—EG@DI<ct™F uollpg fort=T. (3.39)
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Proof The argument is like in Lemma 3.9. We have |E — 1| < ”E”"" Z fQ 7=z LA,

¢—z1l
Once again, we estimate only the term with j = 1. Using the notatlon in (3 26) and
proceeding like in (3.27), for z; = o +1B; we have for ¢ = 1,3
. B1
|Xg(§)€2”0| 5 ) e—8tuv
—————dA < |Irlus[A1 + A2], Ay = v 22 (v,00)4V
/Q. s —zl 0 g — | 0

e—StuU

dv. (3.40)

<

Ay = Vi~
27 Ju
2

As in (3.37) we have

ls —z1 L2 (v,00)

= —8tuv
Al =/ Vs dv
0 Jut s —a?ro-p2|,

25+1

Pl
2
< C'(B1) /0 VT e o, gy dv < Cs, BT

By (3.33), using # > 1 and e’gtv2 < e‘”’lze*“”2 for v > %, and using bounds similar to
those for (3.29), we have

R P 1 8?51 .
Ay < /;11 eV T s = 21T 2 ,00)dY < Cﬁ e "V T v — By 2dv
2

1
2
B N P 1 ' ip?
5ce—fﬁ1/ ey — B 2dv < Cle AL (3.41)
0

Turning to the case £ = 2, we similarly have

/ |X2(g)e2i'9|
z1

|
—8tuv —8tuv
B, :—/ / e —zol3 dv. By —f / e —zol3
ls — z1l |§_Zl|

Then B; < C(fBy, s)z‘_z%rl by (3.38) and by |¢ — z1| > B1/2. We have by (3.32)—(3.35)
and using t > 1

dA < |Irllgs[B1 + B2l

o
—8rv? -3 -1
Bzfﬁl e ls =20l 2 llLrw.ooyllls — 217 L w.00)dV
2

2 [ 4y 2 2s 2
< Ce”ﬂI/ e |v—,31|4 Ydv < Cye™1. (3.42)
0
O

Lemma 3.11  Fix z; = o1 + 181 with B1 > O. There is &g sufficiently small such that for
[[uoll L25(R) < €0 there is a constant C such that

_ 2 .
11— Wr(zD| < Ce™ ™ ug|l 2.5 gy if 21 € Q1 + 20
_ _ 1842 .
11— Ug' Dl < Ce ™ |lugll 2wy if 21 € Q3+ 20. (3.43)
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P}"OOf By (320) we have that ||RJ ”LOQ(Q]""ZO) < C/”I’”HS(]R) < C”M()”LZ,s(R) forj = 1, 3.
. x 2

If 21 € Qi + zo we have ; + 37 > f and so le=210| < o 8ltiph < o—18B7 |f

21 € Q3 + zo we have similarly |e??] < ¢~"8B7  This yields (3.43). O

Lemma 3.12 Fixzy = o +iBy with B1 > 0. Fix pg > 0. Let p := ||r|| L(r) and assume
p < po. Then there exists a constant C independent from zq such that

18z1) — AGDI < ClIrl7,

1 [ log(l 2
where A(z1) := exp <% / W@ . (3.44)
—00

Fix K > 0. Then for |z0 — a1 < K/ /1 there exists a constant C such that
C

18(z1) = AGz1)| < log(1 + p?). (3.45)
ViBi
Proof By Proposition 3.3, we have for a fixed ¢
L[ log(1 + |r()[%) 1 0 log(1 + |r(s)]?) c
‘y(zl)——.f e T e | = — f 2 T g < =
271 J s—z 27 |Joy s —oa1—ifi B

This yields (3.44) since the bound |§(z)| < (1 + p?) is independent from zg. Similarly
(3.45) follows from

1 Tog(1+ Ir()I) 1| [ log(1 +1r(s)1»)
v(z1) — =— ———ds| = — ————dg
271 J_ o ¢ — 71 2 |Joy, ¢ —a1 —ipy
70— o
< Mlog(l + p?).
These yield Lemma 3.12. O

We will use the inequalities in Section 3.1.3 for the proof of Theorem 1.3. Notice that
similar inequalities are also in Lemmas 5.18-5.21 [7].

4. Proof of Theorem 1.3

Recall by Remark 2.10 that solitons (1.3) belong to G; (see under Lemma 2.1). Since G is
an open subset of L!(R), see Lemma 2.1, if the value of &9 > 0 in the bound (1.4) is small
enough, then the initial datum ug belongs to G;. Notice also that the positive constant &g
can be taken independent of (yy, x¢). Indeed, when we replace ug(x) with ug(x — x¢), their
scattering function a(z) is the same, while ey (x) describes a compact set in L5 (R) as
yp varies in R,

We consider now an initial datum uq satisfying the bound (1.4). The scattering datum
associated with the initial datum ug, which by Lemma 2.1 and Remark 2.10 belongs to
the space S(1, 1) defined in (2.17), is close to those of the soliton ¢, v, (0, x — xo) by
Lemmas 2.1 and 2.4. By Lemma 2.4, we know that uy € L5 (R) implies r € H*(R).
Furthermore, by the Lipschitz continuity of u¢y — r and the fact that the soliton has » = 0,
we have |7 || gs@®) < Ce, with C = C(wo, vo) and the value of € is given in (1.4).
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We define now a map
G1 x C4 x Cy 3 (uo, 21, ¢1) = up € Go 4.1)

by means of the transformation

7(2) :i=71r(2) 4.2)

Z—12

2—71
By its definition, 7 € H*(R) if r € H*(R) and there is C > 0 such that ||F| gs®) <
Cllr|l #s ). We then define g € Go N L*5(R) by the reconstruction formula (2.21), after
the corresponding RH problem (i)—(iii) is solved for the scattering datum in S(1,0) =
(F € H*(R)}, see (2.17). By Lemma 2.7, we know that iy € Go N L>*(R) with norm
litol 2y < CIFlascey < Ce.

We now assume also that ug € H'(R), to define the time evolution of the scattering
datain S(1, 1) and S(1, 0). Let 7i(¢) € Go N L>*(R) N H'(R) be the solution of the cubic
NLS equation with the initial datum %y and u(r) € G; N L>*(R) N H'(R) be the solution
of the cubic NLS equation with the initial datum uy.

Denote the solution of the RH problem (i)—(iv) associated to u(¢) by m(z, x, z). The two
solutions u(¢) and u(¢) are related by the auto-Bécklund transformation formula, which we
State now.

Lemma 4.1  We have

- b1b,

u(t,x)=u(t,x)+B, B:=4Im(z))——s——, 4.3)
(1) =l ) YTor12+ 62 (
where

) t,x, ixz)+4irz3

by i=e M my (1, x, 21) — coma a ae , 4.4)
2iIm(zy)

) X,z ixzy+4irz?

by = ¢ i (1, x, 1) — S22 X 20 . @.5)

2iIm(zy)

Proof Notethat (b, b2)7 is a solution of the spectral system (2.1), and hence the transfor-
mation formula (4.3) is a particular example of the general auto-Bécklund transformation
formula used in [20] (after the transformation z — —u and by — —b;, which leaves (2.1)
invariant). The particular expressions (4.4)—(4.5) were used in [7] and we give a sketch of
the proof of this transformation formula from Appendix A in [7].

We denote by m (resp. m) the solution of the RH problem (i)—(iv) associated to u
(resp. u). We set = me~193¥2 Then consider the function @ (x,2)

¥ (x,2) 1= a@)p@a Y, D @),
(2= 0
n@) = < 0 Z —21>

1 o
a1 (x) = Y (x, 21) <_> L aan) = Y 2) () .

Z1—21 1

where

and a = [ay, ap] with
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By symmetries of the spectral system (2.1) we have a; = <(l) _01
a; = (by, by)T is glven by (4.4) and (4.5).

The function w(x z) has poles only at z; and z1; m(x, z) = w(x 2)el73¥7 gsatisfies
(2 19)—~(2.20) for k = 1. Furthermore, 1 (x, z) satisfies (i)—(iv) of the RH problem involving

Vx (z) = e~lo3xz (z)V(z)e“’“‘Z with

) . Notice that

L R SO
V@ =07 P (. 2) = @Y™ (W4 (. D" (@) = (1 Tl r(Z)>,

7(2) 1

where

) = r(z) !
=

All these formulas are in [7], with a different notation (our reflection coefficient r(z) is
equivalent to 7(z) in [7], whereas our z is —z/2 in [7]). It is clear by the uniqueness of the
inverse problem that m = .

We have expansions m(x, z) = 1 + m‘T(x) +oz Handm(x,z) =14 "”T(X) +o(z™h.
By an elementary computation, we have m; = m| — apja + @1, where

(21 O
Fr=V\o z )
Therefore, the reconstruction formula (2.21) yields

u =iloz, myl;p =iloz, my — apraliz,

which proves (4.3). O

Remark 4.2 The soliton in Remark 2.10 is obtained for # = 0 and m(x, z) = I, when

by =e ™ and by = — =Ll
2iTm(z))

By Theorem 3.1, we know that there exist constants Co > 0 and 7" > 0 such that for
all [t] > T, we have

lw(t, Loy < Coelt|™2

since there is a constant C > 0 such that ||u || 2R < Ce.
To prove Theorem 1.3 we need to focus only on B. From the proof, we will see that the
(w1, v1) of the statement of Theorem 1.3 are those of the soliton with spectral data (z1, c1).
We will consider only positive times, focusing on 7 >> 1. We know that

E(z1)P(v/8t(z1 — 20))8% (z1)WRr(z1) ifz1 € Q1+ 20,
m(t,x,z1) = { E(z1)P(V/8t(z1 — 20))8%(z1) ifz1 € Q2+ 20, (4.6)
E(z1)P(V81(z1 — 20))8% (z1)Ug ' (z1)  ifz1 € Q3+ 20

We have the following estimate.
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LemMA 4.3  Fix g > 0. Thenthereisa C > 0and a T > O such that for ||| gs®) < Ao
we have fort > T

_ ~ Lo _am1
Imin(t, x, 21) = 8| + Imaa(t, x,21) = 87 @I < CllFl g1yt 2 (IFll sy +17 %)

§ Nznk 3(z1)ka ~ _2stl
mia(t, x,z21) — W + |ma1(t, x, z21) — W =Clrllas@e™ * .
71— 20 71— 20

Proof By Lemma 3.10, we have E(z1) = 1 + 0(||7||H;(R)t’¥). By Lemma 3.11, we
have similar expansions for Wg(z1) and Ug(z1). We furthermore know by Proposition 3.3
that |8%(z1)| < 1 + p? for p = 71l oo (m). From Section 3.1.1, we recall the expansion

Py ~ 1
P(VB8i(zi —20) =1+ ————— + O(Fl @t
V8t(z1 — 20)
where the O-term depends on a fixed C = C()¢) and Pj is given in (3.14). We also recall
that |k1| + |k2| < C||7]l s ). These observations yield Lemma 4.3. O

Now we start to analyze the term B in (4.3). Consider the following inequalities:

i 4itz?
4 cimia(t, x, zp)e T
le™™ myy (t, x, z1)| > 10 ( - ; (4.7)
2iIm(z;)
i 4it73
. cim(t, x, zp)e™ T
10]e Yl (t, x, )| < - (4.8)
2iIm(z;)

LemMA 4.4 Giveney > Osmall, there exist T (g9) > 0and C > Osuch that, if |F|| gs (&) <

eo and if (t, x) is such that at least one of (4.7)—(4.8) is false, then we have |B| < Ct_%e
fort > T (g9).

Proof Letus start by assuming that for (¢, x) inequality (4.7) is false. We are only interested
to the case when ¢ is large. For the € of (1.4) and p = ||7| Lo®), Lemma 4.3 implies for
t Z T?

25+1

1
Imia] < (1 + p2)|k1|t72 + Cet™ "4

_1 1 2 —1 1-2s
<t 2eK E(l—i-p) —Ct™ % —Ce
<t 2K |mpl, (4.9)

for a fixed and sufficiently large constant K. Then, if (4.7) is false and # > T', both terms in
(4.7) are bounded from above by

cima (1, x, 7)o 4
2iIm(zy)

For t > T by the same argument of (4.9) we have also

. 1 .
le ™ ma (1, x, z1)| <t72eK|e ™ myy (1, x, z21). (4.10)
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We conclude that for t > T and if (¢, x) is in the domain where (4.7) is false, we have for
some fixed K

P T PU R POe) )
mlzelle 41tz1m226 ix7) —4irz]

_ glml €K

B| < K , , = <
|m2261xz1+41tz%|2 |mos| \/;

4.11)

So now we assume that (¢, x) is such that (4.7) is true. Notice that by (4.10) and (4.7) we
have for a fixed K

(b mor| o e my e mar| o marl CK_
[ O le=2my|2 lmul = it

Since we are assuming that (¢, x) is such that (4.7)—(4.8) are not both true, we assume now
that (4.7) is true and (4.8) is false. Then by (4.12), for a fixed K

4.12)

ixz1
Iblbzl< [bie M21|<CK

[B] < 4|Imz| < < —e¢. 4.13)

62 612 NG
The above inequalities prove Lemma 4.4 for values of (¢, x), for which (4.7)—(4.8) are not
both true. O

We assume now that (4.7)—(4.8) are true. Then, by the last inequality in (4.11) and by
1
(4.12), up to terms bounded by Ct™ 2 €, what is left is the analysis of

.efllemuglm—ne—vcu—htzl
—2i 3 . 4.14)
6]
Set now
. . 2
) ixz)+4irz?
b2 = e 4 cymoge 1
2ilm(zy)
and expand

1617 =82 (14 0 (b7 [cumzei™ 4

) + O (bfl ‘m21€7ile

Then the quantity in (4.14) is of the form

—ix7| —4irz2
b2

X <1 + 0 (b—l ‘Clmlzeile-‘rﬁlitz%

. cimpe
— 2ie ¥ lmyy

) + 0 (b_l ‘m21e_ixz'

)) . (4.15)

We claim that the quantity in (4.15) equals
—ixz1 g 3 1= —ixZ—4irZ}
YR EIC UGG G S(1+ O(et™ 1)), (4.16)

. 5 ¢ eile +4irz% 1
le™* 18 (zD)1° + | “gmEy 9 @)
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. . . i _1
To prove this claim, we observe that since m;; = §~D'(z)) + O(et™2) and 6% (z1)| >
(p)_z, we have
. . 2
ixz) +4irz?
—i cie 1 _ 1
b? = e ™ 5(z)) + | e8| (1 + O(er™2)).
2iIm(zy)
s62 1
We have O ( c1m12e"‘11+4"11 ) = O(et"2) by
ixz) +4irz?
. . mize 1
bfl‘clml2elle+41tz% < ‘ |m12| < Céti%.
‘mzzeile+4itz% |m22|
P 1
We have O (b_l|mz1€1le |) = O(et™2) by
. mo e ¥
b—l‘mzle—lle < } 21 | |mo| < Cét_%.
Impe=iva| — my|

Hence (4.16) is proved.
Now we look at the term in (4.16). For z1 = o1 i1, di = log(5, led 1) and 9 = arg (c1),

dropping the factor (1 + O(et_%)), for A(z) defined in (3.44) and msertmg trivial factors
A/A =1and A/A =1, the expression in (4.16) equals

VT —Dia x—4it (@ —B2)—iv 8(z1) Alz) Az1)

Aipre RN

4.17
e2Prt8ie pr—di| SEL| A (2))] 4 e~ @Prxt8ieafi—d)| 2EU | A ()| -1 i

Fix now a constant ¥ > 0. Then (4.17) differs from the soliton solution
—2if e Henx—4it (e} =) =101 +2iare (A1) gech (2 By x + 8tary By — dy +log(|A(z)])) (4.18)

by less than c;ct_%e. To prove this claim we observe that the difference of (4.17) and (4.18)
can be bounded, up to a constant factor C = C(wy, vg), by the sum of the following two
error terms:

i((ll)) ;(Zl) _
1) 8(z1)
= (4.19)
eSPutlzo =l (1 4 |[F|F s ) !
and
sech (881(—z0 + a1) — di + log(|A(z1)])
16(z1)]
—sech | 881¢(—z0 + a1) — d1 +1og(|A(z1)]) + log AGD] . (4.20)
1

We bound first (4.19). For |z10 —aq| > Kl_% formula (4.19) is bounded by Ce 8Picvie by
(3.44). For |z9 — 1| < kt™ 2, for a fixed K and using (3.45) we bound (4.19) by

C 1
<410 (1+ 112 )5 Kt~ 1e2.
77108 (14 Pl

8G) AG) ‘

~i2
(1 + ||r||L°°(R)) Az1) 3(z1)
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By Lagrange Theorem, (4.20) is bounded by

Csech (8,81t(—zo 4+ a1) —dy +log(|A(z1)]) + clog <||Z((Zzll))|| )) 'log <||Z((Zzll))|| ) ‘

for some ¢ € (0, 1). This satisfies bounds similar to those satisfied by (4.19).

To complete the proof of Theorem 1.3 when ug € H'(R) N L>*(R), we need to show
that when one of (4.7)—(4.8) is false, then the function in (4.18) is O (et_%). By Lemma 4.3
the fact that (4.7), resp. (4.8), false means that for a fixed C = C(pp) > 0 we have

: =2 1
|e—21le—41tzl| — 62(ﬂ1x+4ta]/31) < Cet™2

and
|ezixz.+4izz%| — o 2Bt B) < Cep3
Any of these yields our claim that the function in (4.18) is O(Et_%).

This completes the proof of Theorem 1.3 for ug € H'(R) N L>*(R). Notice that for
t > T(ep) the soliton in formula (1.6) is given by formula (4.18).

When ug € L>*(R) but ug ¢ H'(R), we consider a sequence u,, € H'(R) N L>*(R)
with u, — up as n — o0 in L“(R). Then the sequence of spectral data from {u,}
converges to the spectral datum of uq. This implies that for r > T (g9) we have

_l
lun(t.) =@, o (t.-—x{) L@ < Cet™ 2, 4.21)

Wns Y4 5 Un

with a fixed constant C, since C can be made to depend only on values of ¢ and (wy, vg) in
Theorem 1.3. The sequence {(wj,, v,)} converges to the parameters of the soliton with spec-
tral datum (z1, c1) obtained from the spectral datum (z1, c1, r) of ug. Finally, {(yf_”), X "))}
is a convergent sequence, as can be seen in (4.18) from their continuous dependence on the
spectral data. This means that for almost any x and for any # > T (g9), we have

(n)

nlingo (un(t, X) — (pwn,yi"),vn (t,x —xy )) =u(t, X) = Puwy,yp v (€, X — X4p).

Hence, bound (4.21) implies that for any t > T'(gg), we have
_1
||M(t, ) — Py, y4,v (tv T x+)||L°°(]R) <Cet 2.

The proof of Theorem 1.3 is complete. O

We end the paper explaining the remark that the ground states @, v, (f, X — x4) in
the statement of Theorem 1.3 are in general distinct. The + ground state has been computed
explicitly in (4.18).

LemMa 4.5 The — ground state is given by formula (4.18) but with A(z1) replaced by

o] 2
A(z1) = exp (L/ wd§> . 4.22)

Zﬂi [*31 ¢ —21

Proof We know that if u(z, x) solves (1.1) then v(z, x) := u(—t, x) solves the NLS with
initial value #((x). By standard arguments which can be derived from (2.6), if (v (2), z1, ¢1)
are the spectral dataof ug € Gy, then we have ug € G with spectral data (r(—z), —z1, —¢1).
Using the latter, by (4.18) we then get for —t 7 oo

V(—t, x) ~ 2if eHenx Hit (el =D+ -2 arg(AC)) sech (28 x + 8ty By —di +log(IA (z1)]))
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with A(z1) defined in terms of its complex conjugate (the following is simply (3.44) for the
spectral data of ()

) o
A(z1) == exp (L/ log(l + |r(=¢)| )dg) .

27 J_oe ¢+ ap —if)

Then (4.22) is true. Using u (¢, x) = v(—t, x) and so taking the complex conjugate of the
above formula, we obtain for t — —o0

U(t, x) ~ —2i e derx it @i =Dt +2arg(AGD) sech (28, x + 8tary B —di +log(|A (21)]))

thus completing the proof of Lemma 4.5. [l
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