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1. Introduction

The massive Thirring model (MTM) in laboratory coordinates [25] is an example of the nonlinear Dirac equation arising in two-
dimensional quantum field theory [16,17], optical Bragg gratings [7], and diatomic chains with periodic couplings [1]. This model received
much of attention because of its integrability [19] which was used to study the inverse scattering [13-15,18,23,29,30], soliton solutions
[2-4,22], spectral and orbital stability of solitons [6,12,24], and construction of rogue waves [8].

Several integrable semi-discretizations of the MTM in characteristic coordinates were proposed in the literature [20,21,26-28] by dis-
cretizing one of the two characteristic coordinates. These semi-discretizations are not relevant for the time-evolution problem related to
the MTM in laboratory coordinates. It was only recently [11] when the integrable semi-discretization of the MTM in laboratory coordinates
was derived. The corresponding semi-discrete MTM is written as the following system of three coupled equations:

dUy 2i y= -
4i— + Qny1+ Qn + F(antl —Rp) + Uy (Ry + Ruy1)

dt
—Un(1Qns112 +1Qnl? + [Rns11? + [Rnl?) — 2U2(Qny1 — Q) =0,

y
—f(QnH — Qu) +2Un — [Un*(Qns1 + Qu) =0,

ih
Rnt1+ Ry —2Up + 3|un|2(Rn+1 — Rp) =0,

where h is the lattice spacing of the spatial discretization and n is the discrete lattice variable. R, and Q, denote the complex conjugate of
R, and Q, respectively. Only the first equation of the system (1) represents the time evolution problem, whereas the other two equations
represent the constraints which define components of {R},c7z and {Qn}ncz in terms of {U,},c7z instantaneously in time t.
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In the continuum limit h — 0, the slowly varying solutions to the system (1) can be represented by
Un(t) =U=hn,t), Rn(t)=R(x=hnt), Qn(t)=Qx=nh,t),

where the continuous variables satisfy the following three equations:

oU .OR 25 2 2
21¥+15+Q+U R-U(QI*+IRI") =0,

ad

S22 Ly ke =o, @
X

R—-U=0.

The system (2) in variables U(x,t) =u(x,t —x) and Q (x,t) = v(x,t — x) yields the continuous MTM system in the form:

(22 =
at  dx B '

3)
(v _ 9 +u=uv
at  dx B '
It is shown in [11] that the semi-discrete MTM system (1) is the compatibility condition
d
aNn()») = Prp1 (M) Np(R) — Nn(2) Pn(2), (4)
of the following Lax pair of two linear equations:
2i [ 1+ihU P2 2U,
Bt () = Ny Dr (). Ny(h) = Aty (1—;h\un\2) 1—$h|U, 2 (5a)
n+1 = Nn n\A), n = _Zl_fn 2 1+%h\Un\2 ’
1= 3h|Un 2 o 1= 3h|Un/?
d i A2 —|Ra>  ARy—Qua7!
— &, (X)) =Pr(M)Dp(A), Ph(d) == - = , 5b
e ®n() = Pa()®n(2). Pa(h) z(mn—anl oL —5o2 (5b)

where @, (1) € C? is defined for n € Z and A is a spectral parameter.

Because the passage from the discrete system (1) to the continuum limit (3) involves the change of the coordinates U(x, t) = u(x,t — x)
and Q (x,t) = v(x,t — x), the initial-value problem for the semi-discrete MTM system (1) does not represent the initial-value problem for
the continuous MTM system (3) in time variable t. In addition, numerical explorations of the semi-discrete system (1) are challenging
because the last two constraints in the system (1) may lead to appearance of bounded but non-decaying sequences {R;},c7z and {Qn}lncz
in response to the bounded and decaying sequence {Up},c7. On the other hand, since the semi-discrete MTM system (1) has the Lax pair
of linear equations (5), it is integrable by the inverse scattering transform method which implies existence of infinitely many conserved
quantities, exact solutions, transformations between different solutions, and reductions to other integrable equations [10]. These properties
of integrable systems were not explored for the semi-discrete MTM system (1) in the previous work [11].

The purpose of this work is to derive the one-fold Darboux transformation between solutions of the semi-discrete MTM system (1). We
employ the Darboux transformation in order to generate one-soliton and two-soliton solutions on zero background in the exact analytical
form. By looking at the continuum limit h — 0, we show that the discrete solitons share many properties with their continuous counter-
parts. We also construct one-soliton solutions over the nonzero background. Further properties of the model, e.g. conserved quantities and
solvability of the initial-value problem, are left for further studies.

The following theorem represents the main result of this work.

Theorem 1. Let &, (A1) = (fn, )T be a nonzero solution of the Lax pair (5) with A = A1 and (Un, Rn, Q) be a solution of the semi-discrete MTM
system (1). Another solution of the semi-discrete MTM system (1) is given by

il = _2i()_»1|fn|2 + M_lgnlz)Un —hix IZEM | fal® + 211galHUn + 2i(?»_% __)_\%)fngn (62)
2i( [ fal? + Mlgal?) — hIM PGl fal? + Mlgal?) + h(A — A7) fagnUn
R’[11]:_(5»1|fn|2+)»1|gn|2) Rri-i-()»%—)_»%) fngn, (6b)
Al fal? 4 2118012
PP (alfal® +1lgn”) Qn + (A1 = 41) fun. (65)

1121l fal? + A1lgnl?)

Theorem 1 is proven in Section 2 using the Lax pair (5) and the dressing method. One-soliton and two-soliton solutions on zero
background are obtained in Section 3. One-soliton solutions over the nonzero background are constructed in Section 4. Both zero and
nonzero backgrounds are modulationally stable in the evolution of the semi-discrete MTM system (1). A summary and further directions
are discussed in Section 5.
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2. Proof of the one-fold Darboux transformation

The one-fold Darboux transformation takes an abstract form (see, e.g., [9]):

ol =Tmo M), (7)
where T (%) is the Darboux matrix, ® () is a solution to the system (5), whereas ®!'()) is a solution of the transformed system
d
1 1 1 1 1
ol =Nyl e, ey = PrlGyey ), (8)

with N,E”(A) and P,[l]](k) having the same form as Nj(A) and P,(A) except that the potentials (Un,Qn,Rn) are replaced by

(U,[.,”, Q,E”, R,[f]). By substituting (7) into the linear equations (8) and using the linear equations (5), we obtain the following system
of equations for the Darboux matrix T()):

Tni1(MN(L) = N OO TR (1), (9a)
%Tn (W) + T Pa(h) = PY GO TR (). (9b)

Because (5a) represents the Darboux transformation of the continuous MTM hierarchy [11,28] and (9a) represents permutations of two
Darboux transformations, the Darboux matrix T,()) takes the form similar to the Darboux matrix N, (A). Therefore, we are looking for the
Darboux matrix T (1) in the following form (used in [31] in the context of the semi-discrete nonlocal nonlinear Schrédinger equation):

[11]
oy (et b ) (10)
Cn dn)h-f—%

where the coefficients {ay, by, ¢y, dy} are to be computed by using the dressing method from Appendix A in [5]. To do so, we use the
symmetry properties of the Lax pair (5). This allows us to find simultaneously both the coefficients of T(A) and the transformations
between the potentials (U, Q, R) and (U™, Q! RIM).

Lemma 2. Let ®(1q) = (f, 2)T be a nonzero solution of the Lax pair (5) at . = 1. Then,

[<1>(L>]n=szn<_—g"), [@(—xmn:(—n“(_f”), [<1>(—X1>]n=<—1>”szn(5">, (1)
fa &n fn
are solutions of the Lax pair (5) at > = X1, A = —A1, and A = —Xq respectively, where Q,(t) satisfies:
1+ 1hu, 2
Qni1=—SaS%, Spi=—2 ", (12a)
n+1 nsén n 1—%h|Un|2
dQ i/- -
= Mu@, M= 5 (33 =377 41l — [RaP). (12b)

Proof. It follows from (5a) that components of ®(Aq) satisfy the system of difference equations:

fnt1= ()»l + %Sn) ot %gn,
(13)
gn+] lhIU szn (h)r] )"ls )g?ﬁ
whereas components of ®(;) satisfy the system of difference equations:
Qn+lgl’l+1 = ()Ml + = S ) Qngn ‘h T i 2 nfm
IU |

] - i (14)

Qi1 forr = =757 @n&n + (A —MSn )ann~
—3hlUnl

Dividing (14) by 2,41 and taking the complex conjugation yields (13) if and only if © satisfies the difference equation (12a). Similarly, it
follows from (5b) that components of ® (1) satisfy the time evolution equations:

% = 1 [63 = IR fo+ G Ra = 57" Qg y

%= 3 [0aRe =T Q0 fa+ (272 4 1 QP& e
whereas components of ®(X;) satisfy the time evolution equations:

g+ @ % = £ [ G2 = IRuP)Run — GaRo = 17" QT .

U fo+ Y = § [~ GaRa = 17! Q)@ + (<372 + 1 QP Ta . e

Taking the complex conjugation of (16) yields (15) if and only if 2 satisfies the time evolution equation (12b). The other two solutions in
(11) are obtained by the symmetry of the system (5) with respect to the reflection A — —A. O
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Lemma 3. Let (A1) = (f, g)7 be in the kernel of the Darboux matrix T (A1) and ®(r1) = Q( -8, f)T be in the kernel of T (A1). Then, the coefficients
of T(A) in (10) are given by

An (A1 — 1) faln (A1 =A3) fagn An
Ay A . W=, (17)
A” An An An

where Ay := A1 fnl? + A118n|2. Furthermore, ®(—x1) and ®(—x1) in (11) are in the kernel of T(—A1) and T (—A1) respectively.

s bn=_

an = — n=

Proof. We rewrite the linear equations for T(A1)® (A1) =0 and T(x1)®(%1) =0 in the following explicit form:

(A1 +ani1) fn +_bngn =0,
Cnf_n + (dnh1 + Xl)gn_= 0,
-+ an)hlzgn + bnfn =0,
—Cn&n + (dnh1 + A1) fn =0,

where the scalar factor Q2 has been canceled out. Solving the linear system (18) with Cramer’s rule yields (17). Then, it follows from (10)
and (17) that T,(1) can be written in the form:

(18)

02 =2H(2 =D .

Tn(k)= WA Tn()t)a (19)

where

N 1 g 1 —8n 1 o - 1 " -
TH(A)ZA—M (?«n)(gn —fn)‘l'm( ff )(gn fn)‘i‘)\_}—t](_fgn)(fn gn)+l+}_»1 (gﬂ)(_fn gn)-

It follows from (19) that

Tn(m(g):(g), Tn(—)»l)<_g£n>=<g>, Tn(i1><_f‘§”>=(8>, Tn(—il)<]—cn>=(8>,

hence T(£A1)®(£x1) =0 and T(+r)P(£A)=0. O

QI
3

Lemma 4. Let the Darboux matrix T (1) be in the form (10) with the coefficients given by Egs. (17). Then, the determinant of T (1) is given by
(A =2D G2 =19 An

detT,(A) = — 2 A
n

Proof. Expanding det T, (%) given by (10) yields
det Ty(%) = dph® + andn[A11? — bncp + 2117 + anl2a]*2 72, (21)

Since A1 and 4 are the roots of det T(1), we obtain (20) by substituting (17) into (21). O

For A # #X; and A # X1, we define

2112 (22)

dop+ M2 _p, )
—Cp At+an 5

adT, (1) = detT, (W) [To(M)] ™' = (

and obtain adT, (%) from (10) and (17) in the form:

(W2 =2H(A? -1d
2)An

(PR w) e (B ) Goa)

1 &n ) 1 (én )
+ = r - - +—\ 3 - .
}\—)\1(—fn ( &n fn) o1 \fa (gn fn)
New potentials N,E”(A) and P,E”(A) are derived from Eqgs. (9) by using the Darboux matrix T (X). Assuming A % 4X; and A % 441, we
obtain from (9) and (23) that

adT,(A) = adT,(n), (23)

where

adT, () =

1 A A
N @) = anH (MNp(M)adTy(2) = — A Tny1 (M Np(R)adTy (R) (24)

and

Moy—_ + [4 __ ][4 7
Py (A) = detT, () [dt Th(X) + Tn()‘)Pn()\)] adT,(A) = 2An |:Clt Th(M) + Tn(A)Pn(A)i| adT, (%), (25)
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where the expressions (20) and (23) have been used.
First, we compute the products in the right-hand side of Eq. (24). By Lemma 2 and direct computations, we obtain

fn _ an _ 1- hM S“ ‘O (fn)
wor(B) (B ) e (B0 )(2) .
fn _ —fn+1 1+hu Sn 0 fn
Nn()»)< gn>_< gni1 )‘i‘()\‘i‘)\])( 0] %—Sn)(_gn>’ (26b)
1
= _ 8n+1 _x 1- hu iy S 0 < &n )
Nn()&)( fn>_ Sn<_fn+l>+()h A])( 0 _hi)-iq Sn> _fn s (26C)
Nn()»)(fn>—sn<fn+l>+()»+)»l)< 01 hii] ) (26d)

where S, is defined in Eq. (12a). By using this table, we compute the first product in (24):

A 1 - 1 — _
Np(AM)adT, (L) = m (fn+1 ) (—fn &n ) + m ( g':rj:] ) (fn gn)

&n+1
U_l—X]S"(—E;:l)(g“ fn)+wi—hsn<%:i:)(gn —fn)+ﬁ<5”(f" —OAn)'
By Lemma 3 and direct computations, we obtain
Tn(k)<f">:(k—k1)< gnﬁl dnE_Tl)(g), (27a)
Tn()»)< j;,n>=(x+m)(Hg"%1 dni%><_fgn>, (27b)
wn(5)nn 3 0 (%)
mm(%) (A+A)<1+g”kk_l dnﬁ% (%’:). @7d)

By using this table, we compute the second product in (24):

- (fn+1 fn - 5n§n+1gn) - (}_ﬂfn-i-lgn + SnA18n+1 fn)
% (ilgn+1fn + Sn)ﬂfn+1gn) dn+1 (gn-HEn - Sn]_cn+1 fn)

LA (it bl bnt1 <5nA,1 0 )
hala? Cn+1 dnp1h + ll\]l 0 —An

Tn1 (W Na(VadTp (1) =2

Substituting this expression into (24), we finally obtain

2i

NGy = (SOA ‘(’;3551 2 i254)\> , (28)
where
8o = fnfn-H —_Sngngn—H _ 2 SnAf ,
Ap h 12112 An
5 = _an+1_5n Ap 7
Ap
5 = M fnt18n + Snt18n+1fn | 2ibnis ,
Ap h|)\1 |2

83 = _)_vlgn+1 jn +_sn)\1];n+1gn _ 2iCn+1SrlAn

Ap hia1|? An
Sa=— 2idnt1 duit 8n+18n — Snfn+1 fn

hla1|? An

It follows from substitution of (13) and (14) for fu+1, gn+1, fn+] and gp4+1 that
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2iS,Ap
hir1]?

fnfn-H — Sn&n&n+1 = An +

and

2iA,

gn+1gn—5njn+1fn— SnAn+h|A 2

As a result, we verify that o =1 and §; = 84. We represent N,[I]]()\) in (28) in the same form as N, (1) in (5a), therefore, we write

1+ ShW, 2Yy, 27,
1=—, H=——"——, =—--—7—
1- %hWn 1-— %hwn 1-— %hWn
for some Yy, Z,, and W;. Using Eqs. (17) for ant1, bnt1, and cp41 and solving Eq. (29) for Wy, Yy, and Z, yield
2i(AnAn+l - SnAn-H An)
h(AnAn+1 + SnAn-t,-l An) '
h|Aq |2An+1 ()Llsnfngnﬂ + Alfn+1gn) + 21(k2 -1 )Anfn+1gn+1
h|)\1 |2(AnAn+1 + SnAn—H An)
hixq |2An+l (AlsnfnJrlgn +}\1 fngn+1) + Zi()\z )\Z)SnAnfn+1gn+1
h|)\1|2(A AnJrl + SnAnHAn)
Substituting Eqgs. (13) and (14) into Egs. (30b)-(30c) simplifies Y, and Z, to the form:

n=

n——

Zn=—

_ hia 12AnUp — 2i (A% = 22) fugn — 2iA0Uy
" h ()\% - X%) fngnun —h|A[2An + 2iA,
P AnUn — 2i (13 — 32) gn fr + 21800,
" h(R2=22) fagaUn — R 2A, - 2iA,

(29)

(30a)

(30b)

(30c¢)

(31a)

(31b)

It follows from Egs. (31) that Y, = Z,. We have checked with the aid of Wolfram’s MATHEMATICA from Eq. (30a) that W, = Y, Z,

is satisfied. As a result, we conclude that N,[,l](k) in (28) is the same as that of N,(A) in (5a) with the correspondence: U,[1
ulM =z, =V,, and [UM 2 =W, = |Y,|2. Thus, Eq. (6a) follows from the transformation formula (31a).

= Yn.

Next, we use Eq. (25) and derive the transformations for R, and Qj in Egs. (6b) and (6c). Again, using Lemma 2 and direct computa-

tions, we obtain

Pr(2) ( Jn >

i (

(fn’t>+()» A1)H1(A)<f”>
8n,t

=( foe >+(A+A1)H2(A>< fn )
—8&n,t &n
En,t &n g
M, ) —i1)Hs(h :
( fm)+ ( fn>+( v 3”( fn)
En.t &n g
M, (< A+ A1) Ha(h
(fnt)+ <fn>+( +A1) 4()<fn)

where My, is defined in Eq. (12b) and matrices Hq 2 3,4(1) are given by

o

3

~

>~

N
/e
;.,l gm
Ss—

I

O i A+ A Rn+,\]TlQn
! T2 Rn‘i‘)\lT]Qn );:2'_;21 ’
; A—A Q
1 1 n— )LM n
Hy(W) == - _
2() 2 (Rn_)jT]Qn )
i A+ A A}\ Qn
H3(M) =51 5 ~
2 Rn+ﬁQn );;_;21
i k_)_ﬂ L Qn
1 )\)\
Hi =31 1 !
n— 55, n

Based on the results in Eqs. (32), the product in the right-hand side of Eq. (25) can be obtained as

(32a)

(32b)

(32¢)

(32d)
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d N
[a Th(A) + Tn()»)Pn()»)] adTn(2)

o (B s

[n()( )](i &n)

1 n _ 1 &n _
+)\_7|:Tn()\)< —Fa >:| —&n fn) P |:Tn()\)<f > fn
+Tn(A>H1<A>( )( )+Tn(k>Hz<x>( )(f n)

+ Tn(A)H3 () ( ) —fn) + Ta(MHa(3) <% ) (gn —fn)
1 &n 1 &n
+ My [an()\) ( —J;n) (—gn —fn ) + Nt in Ta(2) ( f ) (gn —fn )] .

Expanding the above equation and substituting it into (25) gives

P[l](}») _ 1 _ilfn @n f)r — X18n (@n8n); A (fngn,t - fn,tgn)
" - _n Adp (fngn,t - fn,tgn) Alfnfn,t +)\1gngn,t
2 2 bn Ap an
i A%+ A1) an+m( Qn |M|2A fngn> _( MHZ)QH MM‘Z

+ —
2 1 Adn Ap )‘ 1 (dn+cnQn)
)\.Cn‘}_(x‘i‘ \M\Z)< Qn Ml‘zA gnfn) a2 2112

)n1| 2 A 5
- 18nl . fn&n
+Ma | S " : (33)
" < _A)Ln fn&n —gln|fn|2

where we have used Eq. (17) in obtaining the last term. Thus, P,[I]] can be formally written in the form

i A2—mms  mr—mrT!
P = T ). (34)
2 \ w3k — g~ T4 — A~

Comparing Egs. (33) and (34) and using Eqs. (17) together with (15), we can express m;’s (1 <i <4) as
AnRn+ (32 = 1%) fa8n

T =- A , (35a)
n
|)L1|ZAnQn+()\%—)_\%) fn&n 35h
B A2A ’ (35b)
n
AnRy+ (A2 —23) f
3= — nRkn (i 1)fngn, (350)
n
Ta=— IM12AnQn + ()_L_% - )\%) fngn (35d)
|)h1|2An '

where Wolfram’s MATHEMATICA has been used for simplification. It is obvious from (35) that 7y = 3 and 7 = 4. As a result, we
conclude that P,[11]()\.) in (33) is the same as that of P,(1) in (5b) with the correspondence: R,[f] = and Q,E” = my. Thus, Egs. (6b)-(6¢)
follow from the transformation formulas (35a)-(35b). Theorem 1 is proven with the algorithmic computations.

3. Soliton solutions on zero background

Here we use the one-fold Darboux transformation of Theorem 1 and construct soliton solutions on zero background. Hence we take
zero potentials (U, R, Q) = (0, 0, 0) in the transformation formulas (6) and obtain

ulll=— _ 2104 - X%)f"g_” (36a)
21011 fal? + 2118012) — hIA1 12 (M1 ful? + 2118a1%)
22 =23 f8
R = _“Z—Qf”g”z, (36b)
Al fal® + X11gnl
)\.2 _12 5
n_ (A1 = A7) fn&n (360)

APl fal2 4+ 2118012

where ®, (A1) = (fa, g2)T is a nonzero solution of the Lax pair (5) with A = A1 at the zero background. First, we prove that the zero
background is linearly stable in the semi-discrete MTM system (1). Next, we construct Jost solutions of the Lax pair (5) at the zero
background. At last, we obtain and study the exact expressions for one-soliton and two-soliton solutions.
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3.1. Stability of zero background

Linearization of the semi-discrete MTM system (1) at the zero background is written as the linear system

dup 2i
4i— +qnt+1 +qn + — (1 — 1) =0,
dt . h (37)
Gn+1 — qn + ihuy =0,
Tm+1 + 1 — 2up =0.
Thanks to the linear superposition principle, we use the discrete Fourier transform on the lattice,
1 b
Up=— / 1(0)e"do, nez, (38)
2
-

invert the second and third equations of the differential-difference system (37), and obtain the following differential equation with pa-
rameter 6 € (—m, w)\{0}:

di (h¥el? +1 e —1) .
ha=<zew—_1‘m v 9

Separating variables in i = {ig(0)e~t®® yields the dispersion relation for the Fourier mode fig(6):

9) = ! b 1 he 1 0 0 0 40
w( )_hsine [<Z+ >+<Z_ )cos ] € (—m,m)\{0}. (40)

Since w(0) € R for every 6 € (—m, w)\{0}, the zero background is linearly stable. Note however that |w(f)| — oo as 6 — 0 and 6 — +7.
Divergences of the dispersion relation in (40) as § — 0 and 6 — =+ are related to inversion of the second and third difference equations
in the linear system (37).

3.2. Solutions of the Lax pair (5) at zero background

Lax pair (5) at the zero background is decoupled into two systems which admit the following two linearly independent solutions:

ir2 _ i
[¢+@HAD:HX(é>uiETQ [¢7MHM0::ﬁ(?>uiezﬂﬂ (41)

where «, 8 € C\{0} are parameters and

)= 21 +A
Pl i= =%
We say that @ (1) is the Jost function if A € C yields either |, (A)| =1 or - =1, in which case one of the two fundamental solutions
in (41) is bounded in the limit [n| — oco. Constraints |p+(1)| =1 for A = |1|e?/2 in the polar form are equivalent to the following equation:

4
|A|% £ — sin(®) +

_ 42
h h2[A 2 (42)

Roots of Eq. (42) in the complex plane for A € C are shown on Fig. 1 for h < 4 (left) and h > 4 (right). For every A on each curve of the
Lax spectrum, there exists one Jost function in (41) which remains bounded in the limit |n| — oco. On the other hand, thanks to the time
dependence in (41), Jost functions remain bounded also in the limit |t| — oo if and only if 2> € R. No such Jost functions exist for h < 4
as is seen from the left panel of Fig. 1. In other words, all Jost functions diverge exponentially either as t — —oco or as t — +oo if h < 4.

3.3. One-soliton solutions

Fix A1 € C such that p+(r1) #0 and )»% ¢ R. Taking a general solution for ®(A1) = (f, g)T, we write f and g in the form:

fa(®) = a1t ® gy () = pre™ ), (43)
where
2i i 2i it
&1,n(t) =nlog (M + m) + EK%I, N1,n(t) 2”103(_11 + W) - ﬁ, (44)

and a1, B1 € C\{0} are parameters. Without loss of generality, we set A1 = §;e11/2 with some §; > 0 and 6; € (0, 7r). Substituting Eq. (43)
into Egs. (36) yields the exact one-soliton solution in the form:
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2 2
1 1
= =
E E SN—""
-1 -1
_2 1 1 _2 | Il
-2 -1 0 1 2 -2 -1 0 1 2
Re(\) Re())

Fig. 1. Solutions to the transcendental equation (42) in the complex plane for h =2 (left) and h =6 (right). Each curve encloses a point Ao where either w4 (1g) =0 or
fi—(ho) = 0.

UUJ _ 4i810[1/§] sin91e191/2 .
|B117 (2 + ihsTel® e —¢1n 4 oy |2 (2e 4 iho?)e~Ta+éin”
2i810t1 B1 sin O ei?1/2
R = 10181 e’ -
|ﬂ1 |ze'71,n—§1,n + |a1 |26_7ll,n+$1.n+191
2iae1 B1 sin By el?1/2
QM= _ 181 1 -

i = £ ’
81(1B1|2eMma—s1n 01 4 |orq |2e =M1 +E1n)

where

2 —ihs2el® )

£10(0) — a0 =nlog (3=
1

i 1 1 1, .
+ 5(812 + Q)coseﬂ — 5(8]2 - g)smelt.

Fig. 2(a)-2(c) presents the one-soliton solutions (45) for a1 =1, g1 =1+1, 81 =2,01 =2w /5 and h=1.
Let us check that the discrete solitons (45) recover solitons of the continuous MTM system (2) in the particularly simple case §; = 1.
By defining x, = hn, n € Z and taking the limit h — 0, we obtain for §; = 1:

2iC{] ,51 sin 61 ei cos 01 (t—x)

[1] _
Upn = U 0= lory |2esin91x+i91/2 +1B1 |Ze—sin01x—i01 /27 (46a)
2iaq B sin Oy el 0501 (E=%)
[1] _ 1P1 1
Ry” — R(x,0) = oty |Zesin hx-+ib1/2 | 181 |26_ sin @1 x—ifq /2’ (46b)
2icq By sin By el 05 1E—x)
Q> Q. =- 1F15n (46¢)

|0l1 |Zesin91x—i01/2 + |,31 |2e— sinf1x+i01/2°

which agree with the stationary MTM solitons in the continuous system (2). Parameters a1, 81 € C\{0} determine translations in space
and rotation in time, whereas 61 € (0, 1) determines the frequency wi := cos6; € (—1,1) of the stationary MTM solitons. In the limit
w1 — 1 (67 — 0), the MTM soliton (46) degenerates to the zero solution, whereas in the limit w; — —1 (01 — ) and o1 = B, it
becomes the algebraic soliton:

—i(t—x)

x—i/2°

Ui, t) = Ug(x,t) = — (47)

Discrete solitons (45) enjoy the same properties as the continuous solitons. In particular, let us recover the discrete algebraic soliton
for the case o1 = B and §; =1 in the limit 6; — m. By setting 6; = 7 — € and expanding to the first order in €, we obtain from (45a)
4(e + O(e?))e it

- T oy [ 2=ihtie+i /240 )\ 5 i o 2\, [ 2=ih—ie@+ih)2+0(€2) \"
(2 —ih—€eh+O(e ))(2+ih+ie(27ih)/2+0(52)) 2 —ih —2ie + O(e ))<2+ih7ie(27ih)/2+0(ez)>

uly)

This expression yields in the limit € — O the discrete algebraic soliton

4e~it 2+ih\"
UM = [Uglh = — ( ) : (48)

8nh—ih) _ -: 2_i
BT 2i+h ih

If x, = hn, n € Z, the discrete algebraic soliton (48) reduces in the limit h — 0 to the continuous algebraic soliton (47). Similarly, one can
prove that the discrete soliton (45) degenerates to the zero solution in the limit 6; — 0.
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(b)

Y L)
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10 -10
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Fig. 3. An example of the two-soliton solutions.
3.4. Two-soliton solutions

In order to construct the two-soliton solutions, one needs to use the one-fold Darboux transformation (6) twice. Fix A1, A2 € C\{0} such
that p+(A12) #0, A% 5 ¢ R, Ay # +Xq, and Ay # +Aq. A general solution of the Lax pair (5) with A =7 and A = A, at zero background is
written in the form

E1.n(t) &2.n(t)
(DO (0) = <§j§ni,n@ ) L [P0 = (,‘;‘j;;m ) , (49)

where &; , and n;, with j=1, 2 are given by (44) for A1 2, and a1 2, B1,2 € C\{0} are parameters.

By using the one-fold Darboux transformation (6) with zero potentials, A = A1, and ® = ®()11), we obtain the one-soliton solutions
Wi RN QM) in the form (45). The transformed eigenfunction ®[1(A2) = TI1(1,)®(Ay) satisfies the Lax pair (5) with the potentials
(U,[.,”, R,E”, Q,E”) and A = Ay. By using the one-fold Darboux transformation (6) with (Up, Ry, Qn) replaced by (U,[,”, RE,”, Q,E”), Aq replaced
by A2, and @ (A1) replaced by ®[1(1;), we obtain the two-soliton solutions (U,[lz] , R,[12] , Q,?]) in the explicit form (which is not given here).

Fig. 3(a)-3(c) shows the two-soliton solutions for oy =1, f1 =141, aa =1, fo =1, 81 =+/3, 0 =7/3, 8 = /5, 6, = arctan 2, and
h = 1. The two-soliton solutions feature elastic collisions of two individual solitons with preservation of their shapes. Such collisions are
very common in integrable equations including the continuous MTM system (3).

4. Soliton solutions over the nonzero background

Here we use the one-fold Darboux transformation of Theorem 1 and construct soliton solutions over the nonzero background
(U,R,Q) = (p, p, p”), where p > 0 is a real parameter. Similarly to Section 3, we prove that the nonzero background is linearly sta-
ble in the semi-discrete MTM system (1) for every p > 0, construct Jost solutions of the Lax pair (5), and then finally obtain the exact
expressions for one-soliton solutions.

4.1. Stability of the nonzero background

Linearization of the semi-discrete MTM system (1) at the nonzero background (U,R, Q) = (p, p, p~!) with p > 0 yields the linear
system of equations:

duy , 1 ihp?\ [ 2i _ ihp?\ ([ 2i -
41?-1-2 P T2 up + 1+T 3kt~ ot ) = I—T E"n"“]n =0,

ihp2\ _ ihp2\ . .
(1 + —'0) Qnt1 — (1 - T'O) Gn +ihup, =0, (50)

.h 2 .h 2
(1+%>rn+1 +<1—%>rn—2un=0.

By using the discrete Fourier transform on the lattice (38), we close the linear system (50) at the following differential equation with
parameter 6 € (—m, 7):
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. 2c0sf — M0 in®  sin? 4 " cos?
ihd—u—i-E( 2_%>ﬁ h_cos2 hzz sin 3 _smz—i—hzzcosz Qo 51)
a2 1Y 4sin%+%cos% cos § — "= sin g

The dispersion relation following from linear equation (51) is purely real, which implies that the nonzero background is linearly stable
for every p > 0. Note that the linear equation (51) does not reduce to equation (39) in the limit p — 0 because the nonzero background
(U,R,Q)=(p, p, p~ ") is singular in this limit, hence the variable q in the linearized system (37) is replaced by g in the system (50).

Note that (u,v) = (p, p~!) is also the nonzero solution of the continuous MTM system (3). However, computations similar to those in
(50) and (51) show that the nonzero background for any p > 0 is modulationally unstable. This is different from the conclusion that holds
for the semi-discrete MTM system (1).

4.2. Solutions of the Lax pair (5) at nonzero background

Solving Lax pair (5) with the potentials (U, R, Q) = (o, p, o~ '), we have two linearly independent solutions:

(D4 ()In(6) =t ( o ) wret G o om0 = p (2 ) ur et () (52)

where o, 8 € C\{0} are parameters and

2i
H—(A) = — +A.

ihp2 ’
11— o

. ihp?
21_)\ 1+T
ha

My (A) := (—

Similarly to the case of zero potentials, we say that ®(2) is a Jost function if A € C yields either |;t ()| =1 or |iu—(1)| = 1. Interestingly,
the constraints |u+(1)| =1 with A = |A|ei?/2 yield the same equation (42). Hence, any point on each curve of the Lax spectrum shown on
Fig. 1 gives one Jost function in (52) which remains bounded in the limit |n| — oco. The function of ®, (}) is always bounded in the limit
|t| = oo since p > 0. On the other hand, ®_ (%) is bounded as |t| — oo if and only if A2 € R, and no such Jost functions exist for ®_ (1)
if h <4.

4.3. One-soliton solutions

Fix A1 € C such that 4 (A1) #0 and A% ¢ R. Let ®(11) = (f, g)T be the general solution of Lax pair (5) with (U, R, Q)= (p,p,p 1)
and A = Xq. We write f and g in the form

f1,n=a1pem’”(t)—i—ﬂ])»leu”‘(t), gl,n=—O€1)~1€'u1'"(t)+,31,0€'U1’"(t), (53)
with
5 2
2i 1+82 0 g 2i i 1
t)y=nlo ) —2 = —p%)t, viat)=nlog| A —_— B ¥ t,
a0 =nlog (m] 1)1_”152 +2<p2 p) 1n(0) g<1+m])+2 -

where o1, 1 € C\{0} are parameters. Substituting Eq. (53) into Egs. (6), we obtain the one-soliton solutions over the nonzero background
in the form:

y_ 1 [ pAihy, X169 +1B112 pAthy, x1e7O1n + @1 B1|A1[2hy (A2 — Af)e~ Bt

” o1 Ak, X1€91n + | B112A1hy, x1e7O1n — @1 By phy (A2 — Af)e~ Ein (54a)

gl _ _leaPpia e + 81 P pripe O —@npila P63 —ipet e (54b)
et 22 X190 + |1 20 x1e~O1n + G rp (A5 — 2 B

i leaPxedt + g e O tanfip’ @] — Apel S (54¢)

plr11? [lor|2h1 X190 + |B112h1 X1e~O1n — g B p(AF — A3)el E1n ]’

where

O1n=Re(1n—v1n), Ern=Im(U1n— Vi),
xi=p2 423, xi=p°+2i, hy=-2i+ha, hy =-2i+ha}, h,=2i+hp’

Due to the presence of the oscillatory terms el €1 and e~1Z1n solutions (54), in general, exhibit localized solitons which oscillate period-
ically both in n and t. Fig. 4(a)-4(c) illustrates the one-soliton solutions (54) over the nonzero background for ;1 =1, B1=1+1i, p=1,
§1=2,0=m/4, and h=3/4.

No periodic oscillations occur in the one-soliton solutions (54) if and only if 21, = 0. In this case, solutions (54) describe traveling
solitons illustrated on Fig. 5(a)-5(c) for a1 =1, B1 = 1+1, p = 23/4/7V/4, 8, =7'/4/6Y/4, 9, =57 /6, and h = /3.

We show that the one-soliton solutions (54) feature no periodic oscillations if the modulus and argument of A; are given by

1 /2 1 1-—p4
|)~1|=; b arg(k1)=§arccos 2hm (55)
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Fig. 5. An example of the one-soliton solutions (54) without periodic oscillations.

in the two regions described by
. 2 2
e1therh>ﬁ,p<1,or0<h<ﬁ,p>1. (56)

Note that the two regions intersect at p =1, h =2, for which |A1| =1 whereas arg(i1) is not determined. In fact, we show that arg(i1) €
(%, %). The existence region for non-oscillating one-soliton solutions (54) on the (h, p) plane is displayed in Fig. 6.
In order to verify (55), we note that the condition 21, =0 is equivalent to the system of two equations

2 22—+ Ly Lo,
,o4p2 3 5 o ;11 );31 h2 (57)
TR +F(ﬂ+i>(1_7)=o’

subject to the constraint

4 5 h?p* 5 (M M
<—h2|A1|2_|A1| >(1——4 )—Zp E—i—i > 0. (58)

i01/2

By using the polar form 11 = §1e with 81 > 0 and 6; € (0, ), we rewrite the constraints (57)-(58) in the form:

1 2 1 2
F_’O +(§—81)c059120,

(59)
8th?p? + 52 (h?p* — 4) cos 6y — 4p* =0,
subject to the constraint
(81h? — 4) (n?p* — 4)
—4p? cosf; > 0. 60
45212 P (60)
Let us first assume that §1 # 1, in which case the first equation in (59) gives a unique solution for 6;:
2_ -2
cosb = '02—'0 (61)
8% =8
Substituting (61) into the second equation in (59) yields the following equation
88h2pt — 51 (h%p8 +4) +4p* =0
with two roots 87 = p* and §{h?p* = 4. Since §; = p implies cos#; = —1 in (61), which is not admissible, we only have one positive root

for 81 given by
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Fig. 6. Region on the (h, p) plane given by (56).

81 = —— (62)

which implies
1-p
4—h2ph
thanks to (61). Solutions (62) and (63) are equivalent to (55). The constraint (60) with the solutions (62)-(63) is rewritten in the form
(1 p*)0?p* + 472
2hp2(h2p4 —4)

from which the two regions in (56) follow. In the exceptional case, §; = 1, we have from the first equation in (59) that p =1 whereas
cos6; is not determined. Then, the second equation in (59) implies that h = 2 since cos6; = —1 is not admissible. The constraint (60)
yields cos6; < 0 so that 6; € (5, 7).

cosfq =2h (63)

>0,

5. Conclusion

We derived the one-fold Darboux transformation between solutions of the semi-discrete MTM system using the Lax pair and the dress-
ing method. When one solution of the semi-discrete MTM system is either zero or nonzero, the one-fold Darboux transformation generates
one-soliton solution on zero or nonzero backgrounds, respectively. When the one-fold Darboux transformation is used recursively, it also
allows us to construct two-soliton solutions and generally multi-soliton solutions. We showed that properties of the discrete solitons in
the semi-discrete MTM system are very similar to properties of the continuous MTM solitons.

Among further problems related to the semi-discrete MTM system, we mention construction of conserved quantities which may clarify
orbital stability of the discrete MTM solitons, similar to the work [24]. Another direction is to develop the inverse scattering transform
for solutions of the Cauchy problem associated with the semi-discrete MTM system, similar to the work [23]. Since numerical simulations
of the semi-discrete MTM system (1) present serious challenges, it may be interesting to look for another version of the integrable
semi-discretization of the continuous MTM system (3).
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