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Sharp bounds on enstrophy growth in the
viscous Burgers equation
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Canada L8S 4K1

We use the Cole-Hopf transformation and the Laplace method for the heat equation to
justify the numerical results on enstrophy growth in the viscous Burgers equation on the
unit circle. We show that the maximum enstrophy achieved in the time evolution is scaled
as £%/%, where £ is the large initial enstrophy, whereas the time needed for reaching the
maximal enstrophy is scaled as £7/2. These bounds are sharp for initial conditions given
by odd C? functions that are convex on half-period.
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1. Introduction

Existence and regularity of solutions of the three-dimensional Navier—Stokes
equations are challenging problems that recently attracted many researchers
(Kreiss & Lorenz 2004; Doering 2009). One possibility to continue local solutions
globally in time is to control enstrophy of the Navier—Stokes equations during the
time evolution. Enstrophy is an integral quantity in space, which may diverge in
a finite evolution time, indicating singularities in the Navier—Stokes equations.
To control the growth of enstrophy, Lu & Doering (2008) studied bounds on
the instantaneous growth rate of enstrophy and showed numerically that these
bounds are sharp in the limit of large enstrophy. However, these bounds on
the instantaneous growth rate do not imply that enstrophy blows up in a finite
time, because solutions of the Cauchy problem associated with the Navier—Stokes
equation may deviate away from the maximizers of the bounds even if the initial
data are close to the maximizers.

To deal with this problem, Ayala & Protas (2011) looked at a toy model,
the one-dimensional viscous Burgers equation. They integrated the bounds
on the instantaneous growth rate of enstrophy in time and showed numerically
that the integrated bounds are not sharp. Limited accuracy of numerical results
did not allow them to conclude whether better estimates on the enstrophy growth
over a finite time interval can be justified within this context.
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Viscous Burgers equation 3637

To address this question, we consider the Cauchy problem for the one-
dimensional viscous Burgers equation (Burgers 1948),

Ur + 2UUy = Uyy, X €T, t€R+}

(1.1)
u|t=0=u’07 (I]ET,

where T = [—%, %] is the unit circle equipped with the periodic boundary
conditions for the real-valued function u. Local well posedness of the initial-value

problem (1.1) holds for u € H;, (T) with s> —3 L (Dix 1996). Global existence

holds in H;, (T) for any integer s> 0, and we con51der here global solutions of

the viscous Burgers equation (1.1) in H, (T). For simplicity, we will assume that

g is odd in z, which implies that u(—z,t) = —u(z, ¢) holds for all t >0 and z € T.

All L, norms with even p are monotonically decreasing in the time evolution of

the viscous Burgers equation (1.1). In particular, the energy dissipation equation
follows from (1.1) after integration by parts:

1 dK
K(u)= B Lr v’ dr = d<tU)

:J WUy — 2uu,) doe = —2E(u), (1.2)
T

where E(u) = %f u?dz is a positive definite enstrophy. For a smooth solution
ue C(Ry, H} (T)), the enstrophy changes according to the equation

dE(u)
dt

where R(u) is the rate of change of E(u). We can see from (1.3) that R(u) is
a sum of negative definite quadratic part and a sign-indefinite cubic part. The
quadratic part corresponds to the diffusion term of the viscous Burgers equation,
and the cubic part corresponds to the nonlinear advection term. It is the latter
term that may lead to the enstrophy growth during the initial time evolution.

Lu & Doering (2008) showed that the rate of change R(w) in (1.3) can be
estimated by

—J Uy (U — 2Uthgy — 2u2) da = —J (u?, + u¥)dz = R(u), (1.3)
T T

R(u) < 2E°(u), (1.4)

and illustrated numerically that the growth R(u)=O(E%?) is achieved in the
limit of large £:= E(u). If bound (1.4) is sharp on the time interval [0, 7] for
some T > 0, then integration of the enstrophy equation (1.3) with the use of the
energy dissipation equation (1.2) implies

T

BV (u(T)) — BV (ug) < %j Blu(t) di = 11K (w) ~ Ku(T)). (1)

0

Using the Poincaré inequality for periodic functions with zero mean,
1
K —F 1.6
(w) = 5 F(w), (1.6)

and neglecting K(u(7)) in (1.5), we can obtain
1 3
1/3 —
E(u(T)) < (5 A 167725) . E:=E(u). (1.7)
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Ayala & Protas (2011) showed numerically that the integral bound (1.7) is
not sharp even in the limit of large £. Instead, they obtained the following
numerical result:

T.=0(E""7), E(u(Ty)=0(E), K(u(T.)=0(E), (1.8)

where T, is the value of time ¢, at which F(u(t)) is maximal. They also wanted
to show that K(uy) — K(u(T.)) = O(EY?), so that the full integral bound (1.5)
could be useful, but numerical approximations of this quantity suffered from
large errors:

K (u) — K(u(T.)) = O(EX50%), (1.9)

In the previous work (Pelinovsky 2012), we used dynamical system methods
to study analytically the enstrophy growth in the viscous Burgers equation. Our
technique, based on the self-similar transformation and analysis of asymptotic
stability of viscous shocks in an unbounded domain, did not rely on the
remarkable properties of the viscous Burgers equation such as the Cole-Hopf
transformation (Hopf 1950; Cole 1951) of equation (1.1) to the linear heat
equation. On the other hand, a weaker version of bounds (1.8) modified by
logarithmic factors was justified as a result of this approach. No estimate on
K (up) — K(u(Ty)) has been obtained.

In this work, we shall rely on the Cole-Hopf transformation and use the Laplace
method for the heat equation. The Laplace method is typically used to recover
solutions of the inviscid Burgers equations from solutions of the viscous Burgers
equation in the limit of vanishing viscosity (Whitham 1974, ch. 2; Ablowitz &
Fokas 1997, example 6.5.2; Miller 2006, §3.6). Applications of this method to
statistical properties of the Burgers turbulence can be found in Frachebourg &
Martin (2000).

Note that the limit of vanishing viscosity corresponds to the limit of large
enstrophy in the context of our work. We shall implement the Laplace method to
justify numerical results (1.8) and to estimate K (uy) — K(u(Ty)) as € — oo. Our
main result is the following theorem.

Theorem 1.1. Consider the initial-value problem (1.1) with initial data uy(x) =
kf(x), where f € C3,.(T) is an arbitrary odd non-zero function such that f"(x) =0

for all z € [0, %]. Consider the limit k— oo and denote the initial enstrophy by

E=E(u)=0O(k?). There exists Ty > 0 such that the enstrophy E(u) achieves its
mazimum at w, = u(-, Ty) with

T.=0(E?), EBE(uw)=0(E"%), K(u,)=0(E) (1.10)

and
K(UO) —K(u*):(’)(g), (1'11)

where all bounds are sharp as € — 00.

Because fe CF (T) is an odd function with f’(z)>0 for all z €0, 31, it
implies necessarily that f(0)=f(3) =0, f(z) <0 for all z€ (0,3), and f'(y) is a
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Figure 1. Initial condition at # and numerically obtained solutions at ¢ and # of the viscous
Burgers equation (1.1) on the unit circle. (Online version in colour.)

monotonically increasing function from f’(0) <0 to f’ (%) > 0 with a unique zero
at z, such that f'(z,) =0. We will actually show that

L
E(u)=1Ef(z)P + O(k*), ask— oo (1.13)

and
() - Kw) =1 ([ P)ay= gafe) + oW, w koo (110

where the leading-order terms are all non-zero. Sharp bounds (1.12)—(1.14) rule
out the hope of using the integral bound (1.5) that follows from the instantaneous
estimate (1.4) and the balance equations (1.2) and (1.3).

As an example, we can consider f(r)=—2wsin(27wz) that saturates the
Poincaré inequality (1.6) and satisfies the conditions of theorem 1.1. Then, z, = }1,
where f'(x,) =0, and the sharp bounds (1.12)—(1.14) yield the explicit expressions
T,=1/16wk and

B(u,) = 47K + O(R?),
2 as k — o0o. (1.15)
K () ~ K(u) = "=+ O(h)

Figure 1 shows the initial condition wu(x,t) = kf(z) for t =0 and k=10 and
the numerically obtained solution u(z,t o) for t; = T/2 and t, = T\. A viscous

shock is formed at ¢t = T, where enstrophy F(u) is maximal. Dynamics for ¢ > T
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is represented by the relaxation of the solution to the zero equilibrium state,
during which enstrophy E(u) is monotonically decreasing. Note that the energy
difference K (up) — K (u) becomes visible on the figure scale.

A generalization of theorem 1.1 can be developed for any fe Cger(T) with
finitely many changes in the sign of f” on [0,%] by the price of lengthier
technical computations. On the other hand, the obtained results do not imply
that the bounds (1.10) and (1.11) remain sharp for initial conditions with limited
regularity, say for f € H).(T), for which E(u) and K(u) are still well defined for
all teR,.

2. Proof of theorem 1.1

In the remainder of this paper, we shall prove theorem 1.1. Using the Cole-Hopf
transformation (Hopf 1950; Cole 1951),

u(z, t) = —% logy(z,t), y(z,t)>0 forall (x,t), (2.1)

we rewrite the Cauchy problem (1.1) in the equivalent form

=Y, €T, teR
Vi=V. +} (2.2)
Y0]i—o=vo, x€T,
where .
Yo(z)=e” I§ t0ls)ds = g=kF (=), F(z) :J f(s)ds. (2.3)
0

If f e CF(T) is odd in z, then ¥ € Gy (T) is even in z.
Although the Cauchy problem (2.2) is posed on the periodic domain, we can
still construct the solution as a convolution of the initial data ¥, with the heat

kernel G;:R — R, defined on the entire axis,
1

Gy1)=——¢e /" geR, teR,. (2.4)
4t
The solution to the Cauchy problem (2.2) is expressed in the explicit form:
Yo t) = — Joo o MW =(e=0)* /1t qy (2.5)
4t J -
This representation is justified by the generalized Young inequality,
1 1 1
|Gy * Yollrw) < I Gell Lor) Vol Lary, 1=<p,q,m<00: » + P 1+ o (2.6)

where » denotes the convolution integral. If ¥y € L3¢ (R), then Gy %y € L3 (R)
for all teR,.

Let us define the parametrization of the time variable by ¢ =1/2ka, where
a € R, is a new parameter. The solution of the viscous Burgers equation can now
be written in the explicit form:

9 ©
u(z, ) = =~ log L(k), Iw(k)::J eHbral®) gy (2.7)

—00
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where ¢,..(y) := F(y) + 2a(z — y)*. Note that we have cancelled the t-dependent
factor in the expression (2.5) because it plays no role in the logarithmic derivative
with respect to z in (2.7).

Integral I, ,(k) in the explicit expression (2.7) can be studied in the limit & —
oo by means of the Laplace method (§3.4 in Miller 2006). We recall the main
result of the Laplace method.

Proposition 2.1. For any —oo <a < b<o0, assume that ¢ € C*(a,b) has a
global minimum at c € (a,b) such that ¢'(c)=0 and ¢"(c) >0. Then, for any
6 C*(a,b) N L' (a,b), we have the following asymptotic expansion:

I(k):= Jb 0(y) e "W dy = (M%C))m 0(c) e k() [1 +0 (%)} as k — oo.

Here and in what follows, we use the following notations. Let X be a Banach
space. We write A= 0Ox(k?) as k— oo, if there exist constants Cy such that
0<C_<C;<ooand C_E <|A|lx < CLEP. If X =R, we write A =0O(EP).

Applying proposition 2.1, we obtain the following.

Lemma 2.2. Under assumptions of theorem 1.1, the expansion
U(l‘, t) = kf(SLa) + Ongr(T)(l)v as k— oo, (29)

holds for all te€[0,t), where to:=1/2k|f'(0)|, and s,, is the unique Toot of
a(s—z)+ f(s)=0.

Proof. Under assumptions of theorem 1.1, in particular that f € Cser(’]I') is an
odd non-zero function, we compute

o) =fly)+aly—2), ;. (y)=F(y) +a. (2.10)

For every a> maxyer(—f'(y))=If(0)] and every z €T, there exists exactly
one root of f(y)+ a(y —x)=0. Let us denote this root by s,,. Conditions of
proposition 2.1 are satisfied, so that as k — 0o, we have

w0~ () o)) en

—00

= ak(sy.0 — ) (ﬁ)m e~ kPnalsa) [1 +O (%)} . (2.12)

Using these expansions, the representation w=—0,1,,(k)/IL, (k) and the
equation a(z — s;,,) = f(8;,4), we obtain the assertion (2.9) of the lemma. [

and

Remark 2.3. The result of lemma 2.2 is known in the limit of vanishing
viscosity, when a smooth solution of the viscous Burgers equation is shown to
converge to the classical solution of the inviscid Burger equation before a shock

is formed Whitham (1974, ch. 2).
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Using the representation
92 Lra(k)
I, (k)

and the Laplace method for 821, ,(k), the result of lemma 2.2 can be extended to
show for all ¢ € [0, #y) that

up(z,t) = u*(z, t) — (2.13)

af'(8:.4)
Up(x, t) = k————— 4+ O 1) as k— oc. 2.14
( ) a+ f/(sx,a,) chr(T)( ) ( )
As a result, the energy and enstrophy are expanded as k — oo as follows
1
K(u(t)) = §k2J P (50.) dz + O(k) (2.15)
T

and

E@@»:lmhfdﬁﬁﬁl_

: TP dz + O(k). (2.16)

Because f(0) = f(3) =0, we have s, , = for =0 and z = 5. Moreover, the map
T>z+ s,,€T is one-to-one and onto, and hence y = s, , gives

adx
a+f(y)

This argument gives energy conservation at the leading order O(k?) for all

tel0,t):

dy=10,8,,dz= (2.17)

KGu) =58 [ (14570 ay+ 00

=—k2J F(y)dy + O(k)
T
= K(ug) + O(k). (2.18)

On the other hand, the enstrophy grows initially but remains within the O(k?)
order for all t € [0, ¢):
1 a(f'(y))®
E u(t))z—zéj A4y 4+ ok). (2.19)
( 2" Jra+f(y)

At t=ty, that is, for a=maxyer(—f'(y))=I1f(0)], a local (pitchfork)
bifurcation occurs among the roots of f(s) + as =0 near s=0. For ¢ > {, that is,
for a < |f"(0)], we have f'(0) + a <0, so that for all z near 0, a local maximum s, ,
of ¢, exists near 0, whereas two local minima s;, and s, , of ¢, , exist for 57, €

(0,1) and 8,4 € (—1,0). Figure 2 shows roots s of the equation f(s) + a(s — z) =0
for f(s) = —2msin(2ms), a=2x” and three different values of z in [0, 3]. At z =0,
the values of roots are symmetric: s, =0 and s, , = _S(j:a' At z =12 € (0, %), the

roots s, , and s, , coalesce at z = 7y and disappear as a result of the saddle-node
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Figure 2. Roots s of the equation f(s) + a(s — ) =0 for three different values of z. (Online version
in colour.)

bifurcation. The value of 7 exists in (0, 3) for a slightly below |f'(0)| but moves
beyond (0, 3) for sufficiently small values of a.

In what follows, we consider the values of z € [0, %] and use the odd symmetry
of u(z,t) for z €[—1,0]. Note that (f)g’a(s(-{a) = ¢0,a(8,) is due to the pitchfork
symmetry. Assume for simplicity that the saddle—node bifurcation happens at z; €
(0,4). When  is increased in (0, 2p), then br.a(81,) < Pr.a(s;,) and the difference

is growing with the values of z. For z € (1, %], only one minimum of ¢, ,(s) exists

11 +

353 +.q- 10 prove these claims, we denote

in [— ]at s=s

+
0

Pr.a= ¢x,a(5;a) - ¢:C,Ll(8:,a) = %a’(s;a - Sza)(si_,a 80— 27) — J f(s)ds
(2.20)

, 1/2
Xz,0 = <m> . (221)

Sz.a

and

We have the following.

Lemma 2.4. For every t > ty, where ty := 1/2k|f'(0)|, there is 7y > 0 such that for
all x €0, 1), there exist three roots of the algebraic equation a(s— x)+ f(s) =0
i the following order:

1 _ o~ + o_1
—5<8.,<8.=0<s,<3. (2.22)
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Moreover, ¢,, and x.. are C' monotonically increasing functions of x with
©0.a=0, X0.=1 and X, ,—> +00 as v — 7. The point x5 marks the saddle-
node bifurcation among the roots of a(s — z) + f(s) =0 such that s, , = 8,4 and

a+ f'(Sn.0) =0.

Proof. The presence of three roots s, , = _30+, , and sy, =0 follows for =0
because a + f'(0) < 0 for ¢t > t; and f is an odd function. By continuity, three roots
persist and, by the implicit function theorem, the three roots are C! functions of
x as long as a + f'(s;,) > 0. We now compute

0,05.0= a(s;a — s;a) >0, (2.23)
and
_ f(sta) f"(s5.0)
e = Law(szm B (a+f’(8£a))2} =0 220

where the last inequality is due to f”(z) >0 for z € [0, %] and the fact that f” is
an odd function. In addition, we note that

+

©0,0 = %a(soja — safa)(saa + 301;) - Jfo’a f(s)ds=0 (2.25)
%0,a
and
1ot 172
X0,a = (%) =1, (2.26)
because s, , = —S(-}: , and f is odd. The statement of the lemma is proved. [ ]

Remark 2.5. When a is reduced further, additional saddle-node bifurcations
occur among the roots of f(s) + as=0 owing to periodicity of f. For all z near
0, these bifurcations give rise to new maxima and minima of ¢, , outside T, and
the values of ¢, , at new local minima are larger than the values of ¢Z,a(sf’a).
Therefore, we can simply neglect the presence of these additional bifurcations in
the applications of the Laplace method for all a € (0,[f'(0)]).

We shall apply proposition 1.2 to obtain the following.

Lemma 2.6. Let 5;&& and xy be described in lemma 1.5. Under assumptions of

theorem 1.1, for every t > ty, where ty:=1/2k|f'(0)], there is z; € (0, min{x, 5})
such that for all x € [0, x1],

f(sjfa) + Xz,af(sg;a,) e Foza

u(z, t)=k TF oo o b + Ope(0,)(1)  as k— o0 (2.27)
whereas for all x € [xy, %],
u(x,t):kf(s;a)—l—(’)m( 1 1)(1) as k— oo. (2.28)
) Z b3
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Proof. We split the integral in the explicit solution (2.7) into two parts

0 oo
L.o(k) :J e Feav) qy 4 J e~ H9ralv) qy, (2.29)
—00 0
and apply the Laplace method of proposition 1.2 separately for each integral
as k— oo:
2 i 1
T _
r=(i 2 ) e fio(1)]
ol (k(f’(sz,a) ¥ a)) ;
2 i 1
o) el
+— e Manelfna [ 14+ O = 2.30
(k(f«s;a) ¥ a)) ' (250
and

172
aZIL,(l(k;) = ak(sz_,a - .T) (m) e_kqﬁz‘“(sg-r“) |:1 + 0O (%):|

1/2
+ Clk’(S;—’a — .Z’) (W) e_k"b”*“(sza) |:1 + @ (%>i| . (231)

For =0, both leading-order terms in these expansions have equal magnitude
resulting in (2.27), whereas for any fixed z > 0, the first integral is exponentially
small compared with the second integral resulting in (2.28). |

Remark 2.7. The two different expansions (2.27) and (2.28) are asymptotically
equivalent for =1 (and near z=ux;), because ¢,,>0 for any z>0 and,
therefore, the term involving e *#=¢ is exponentially small as k — oo for any fixed
x> 0.

Using the representation (2.13) and the Laplace method for 821, ,(k), the result
of lemma 2.6 can be extended to prove for all ¢ > % and all z € [0, z;]

SXaa(f(si,) = f(s7,))% e home

Uz(ifyt)Z—l{J <1+Xzae_k(pz’a)2

+ Or=0,4)(k) as k—o00, (2.32)

whereas for all z € [1;, %],

uy(z,t) = OLOO< 1>(k:) as k— oo. (2.33)

1,5

We shall now compute the leading order of the enstrophy for t > fy:

E(u(t)) = J:l u?(z,t)dr + O(k?), as k— oo. (2.34)

Because ¢, , is monotonically growing for all z € [0, 2], we can use another version

of the Laplace method (§3.3 in Miller 2006).
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Proposition 2.8. For any c>0, assume that ¢ € C*(0,c) is monotonically
growing such that ¢'(0) > 0. Then, for any 6 € C*(0,c)N LY(0,c), we have the
following asymptotic expansion:

I(k) :=r6‘(y) e FW) qy = 0(0)) —ke(0) [1+o<k>] as k—o0o.  (2.35)

0 ke’ (0
We have computed previously: ¢, =0, x0,, =1 and
0,000 = a(so e 2a30 2f(sO .) > 0. (2.36)

Therefore, a straightforward application of proposition 2.8 yields
E(u(t)):%k3|f(saa)|3+(9(k2), as k— oo. (2.37)

For a=[f'(0)], safa =0 and the O(k?) term of (2.37) vanishes because f(0)=0.
When a is decreased from |f'(0)] to 0, the value of 30+, , grows from 0 to % and it

passes the value x,, where f'(z,) =0 and |f (sgr ,)| is maximal. The corresponding

value of a, is found from the equation s@t = @, or, explicitly, a, = |f(z)|/ 2. This

argument completes the proof of the first two bounds (1.10) of theorem 1.1 with
T, =1/2ka, = 7, /2k|f(z,)| (recall that k= O(EY?)).

Remark 2.9. An application of the Laplace method to the values of ¢ near %,
that depends on k is much more delicate. An extension of the Laplace method
for integrals with vanishing ¢”(¢) at the point ¢ of the global minimum of ¢ was
studied under the assumption that ¢”’(¢) # 0 in the pioneer work (Chester et al.
1957; see Wong 2001 for recent development). In our case, we have the situation
when both ¢”(c) and ¢”’(¢) vanish at ¢ = ¢ and z =0 that is even more delicate.
We are very fortunate that the main result of theorem 1.1 can be proved without
knowing the behaviour of the solution near t = .

To complete the proof of theorem 1.1, we need to compute the energy K (u(t))
for all ¢t > #. By lemma 2.6, we represent for all x € T:

u(z, t) = kf(s),) + a(z, 1), (2.38)

where @ is found from the asymptotic expansions (2.27) and (2.28). By
proposition 2.8, we have
1/2
K(u(t)):kQJ P(st)da+ O(F) as koo, (2.39)
0

For all a < |f'(0)], we have sara > (. Nevertheless, we still have s+ =z for z = %

The map [0 ,2] ST s . € [500, 2] is one-to-one and onto. As a result, for all
t> 1y:
2 12 2 1
K(0)=# [ £ (1+ 170 du+ o)

9U a

1/2
2 ( J Pydy+ 3—1a|f($o+,a)l3> +O(k). (2.40)

80,11
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This argument completes the proof of the third bound (1.10) of theorem 1.1. To
prove the bound (1.11), we need to show that the O(k?) term in the expansion
for K(u(t)) is different from the one for K(uy) (it can only be smaller), or
equivalently, that

o 1 1
| Py )P = S ) (241)

To prove (2.41), we define two functions F', H : [0, z,] - R by
’ 1
Gla)i=| FUdy=gaf @), H@=f@)=af(@. 42

By the conditions on f, it is clear that G e C3([0,z]) and H e C*([0, z]).
Furthermore, G(0) =0, H(0) =0 and
! 2 / 1/
G ()= 1) H(x), H(x)=—af"(z). (2.43)

Because f”(z) > 0 for all z € [0, %], H is a monotonically decreasing function from
H(0)=0to H(z) <0 for all z € (0, z]. Therefore, G is a monotonically increasing
function from G(0) =0 to G(z) > 0 for all z € (0, x,.]. Therefore, inequality (2.41)
is proved and, hence, bound (2.37) is verified. Note that (2.37) and (2.41) yield
explicit bounds (1.12) and (1.14). The proof of theorem 1.1 is complete.
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to the University of Michigan at Ann Arbor.
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