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Coupled-mode systems are used in physical literature to simplify the nonlinear Maxwell
and Gross—Pitaevskii equations with a small periodic potential and to approximate localized
solutions called gap solitons by analytical expressions involving hyperbolic functions.
We justify the use of the 1D stationary coupled-mode system for a relevant elliptic problem
by employing the method of Lyapunov—Schmidt reductions in Fourier space. In particular,
existence of periodic/anti-periodic and decaying solutions is proved and the error terms are
controlled in suitable norms. The use of multi-dimensional stationary coupled-mode systems
is justified for analysis of bifurcations of periodic/anti-periodic solutions in a small
multi-dimensional periodic potential.
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1. Introduction

Gap solitons are localized stationary solutions of nonlinear elliptic problems existing in
the spectral gaps of the Schrédinger operator associated with a periodic potential. In
particular, gap solitons have been considered in two problems of modern mathematical
physics, the complex-valued Maxwell equation
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and the Gross—Pitaevskii equation
iE, = —V*E + V(x)E + o|EE, (1.2)

where E(x,7): RN x R—>C and V2 = & +---+ & . For applications of the complex-
valued Maxwell equation (1.1), E is a complex amplitude of the electric field vector,
¢ is the speed of light, and n(x, |E|*) is the refractive index. The scalar equation (1.1)
is valid in the space of one and two dimensions (N = 1,2) for so-called TE modes
but not in the space of three dimensions (N = 3), where the system of Maxwell equations
for a vector-valued function E must be used [17]. For applications of the Gross—
Pitaevskii equation (1.2), E is the mean-field amplitude, o is the scattering length,
and V(x) is the trapping potential. The scalar equation (1.2) is the mean-field model
valid in the space of three dimensions (N =23) and it can be used in the space of one
and two dimensions (N = 1, 2) under additional assumptions [16].

Stationary solutions of the Maxwell and GP equations are found from the elliptic
problem

VU 4 U + eW(x)U = o|U)*U, (1.3)

where U(x): RV +— C and (o2, €, 0) are parameters. The elliptic problem (1.3) is related
to the GP equation (1.2) by an exact reduction £ = U(x)e"“"z’ , where the potential V(x)
is represented by V' = —eWW/(x). The same problem is related to the Maxwell equation
(1.1) with the refractive index n(x, | E|?) = (1 + pW(x) + V| E|?) by the exact reduction
E = U(x)e /™ where parameters are related by € = w?u and 0 = —?v.

Let us consider the elliptic problem (1.3) with a real-valued bounded potential W(x),
which is periodic in each variable x;, Vj. The associated Schrédinger operator L =
—V? — eW(x) is defined on CSO(IRN ) and is extended to a self-adjoint operator which
maps continuously H*(RY) to L*(R"). Therefore, the spectrum o(L) is real. Suppose
that the absolutely continuous part of the spectrum of L has a gap of finite size
on the real spectral axis. For parameters inside the spectral gap, localized solutions
of the elliptic problem (1.3) were proved to exist in the relevant variational problem [19].
(Earlier works on bifurcations of gap solitons can be found in [2,10,18].) According
to Theorem 1.1 of [19], there exists a weak solution U(x) in H'(R"), which is (i) real-
valued, (ii) continuous on x € R and (iii) decays exponentially as |x| — oo.

We investigate more precise information on properties of the gap soliton U(x) by
working with the asymptotic limit of small e. When € =0, the purely continuous
spectrum of Ly = —V? is nonnegative and no finite gaps of o(Lg) exist. However,
when N=1 and 0 # ¢ « 1, narrow gaps of o(L) diverge from a sequence of resonant
points on a real axis and gap solitons may bifurcate inside these narrow gaps.
The coupled-mode system has been used in the physical literature since the 1980s to
characterize this symmetry-breaking bifurcation of the spectrum o(L) and to approxi-
mate 1D gap solitons of the problem (1.3) [22]. Therefore, our work deals mainly
with the case N=1. We consider the potential function W(x) according to the following
assumption.

AssumpPTION | Let W(x) be a smooth 2m-periodic real-valued function with zero mean
and symmetry W(—x) = W(x) on x e R.
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According to Assumption 1, the function W(x) can be represented by the Fourier
series

) 1
W(x) = Z wa,e"™,  such that Z(l + }712)S|wz,,1|2 <00, Vs> 3 (1.4)

meZ meZ

where wy = 0 and w»,,, = w_p,, = Wo,,, YmeN.

It will be clear from Proposition 2 that the sequence of resonant points of o(L) for
L =—& — eW(x)is located at ® = w, = n/2, n€Z, so that a small gap in the spectrum
o(L) bifurcates generally from each point w = w,, n€N and a semi-infinite gap exists
near w = wy = 0. A formal asymptotic solution of the elliptic problem (1.3) near a
resonant point w = w,, n €N, is given by

U(x) = Ve[a(ex)e™* + blex)e ™ + O(e)], o* = %2 +eQ + 0(e), (1.5)

where the vector (a,b): R— C’ satisfies the coupled-mode system with parameter
QelR

(1.6)

ind + Qa+ wy,b = o(|al* + 2|b>)a,
—inb' + Qb 4+ wr,a = o(2|al® + |b]?)b,

and the derivatives are taken with respect to y = ex.

The coupled-mode system (1.6) can be used for analysis of bifurcations of periodic
and anti-periodic solutions near narrow gaps in the spectrum o(L). When the solutions
(a, b) of system (1.6) are y-independent and the representation (1.5) is used, the solution
¢(x) of the elliptic system (1.3) at the leading order is periodic in x for even n €N and
anti-periodic for odd n € N. It follows from system (1.6) that a general family of y-inde-
pendent small solutions (a, b) near the point (0, 0) has the form a = ce” and b = Fce®,
where ¢ € R, 6 € R, and the nonlinear dispersion relation holds in the form

Q+wy, — 30¢? = 0. (1.7)

The dispersion relation (1.7) with ¢=0 shows that the eigenvalues for periodic/
anti-periodic solutions in the linear spectrum of the operator L = —3 + eW/(x) diverge
from the point w> = n*>/4 and result in a narrow gap in the spectrum o(L) which lies in
the interval

n? , n?
T lews,| < w” < ?—i— lew,]. (1.8)

The nonlinear dispersion relation (1.7) with ¢ # 0 shows that the nonlinear periodic/
anti-periodic solutions bifurcate to the right of the boundaries Q2 = +w», for o = +1
and to the left for o0 = —1. We justify the persistence of the leading-order results (1.7)
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and (1.8) by using the method of Lyapunov—Schmidt reductions in the discrete weighted
space A(Z') equipped with the norm

2
Uel@): IUBg = (1 ; ) UnP (1.9)

meZ

Here Z is a set of either even or odd numbers and U is a set of Fourier coefficients
{Un}mez in the Fourier series

27
U)= e Y Une™?, Up=>—— e f U(x)e "™ dx, (1.10)

meZ

where the factor /e is introduced for convenience. The function U(x) is periodic if the
set Z' is even and it is anti-periodic if Z' is odd. By the Sobolev inequality, if U € A(Z')
with s > 1/2, then the series (1.10) converges absolutely and uniformly in the space of
bounded continuous functions C(,))(IR) according to the bound

1/2
2\§ 2
z/|vm|§(zl<1+m>|um|) (z/(umz)) ceo. (I
meZ meZ meZ

where we have used the Cauchy—Schuwarz inequality. Our main result on bifurcations
of periodic/anti-periodic solutions is summarized below.

THEOREM 1 Let Wi(x) satisfy Assumption 1 and wy, 20 for a fixed neN.
Let o* =n? /4 + €Q, where Q € R. The nonlinear elliptic problem (1.3) with N=1 has a
nontrivial solution U(x) in the form (1.10) with Uelz(Z) for any s> 1/2 and
sufficiently small € if and only if there exists a nontrivial solution for (a,b) eC? of the
bifurcation equations

Qa -+ wyb — o(lal* + 2|b1*)a = eA(a, b),

(1.12)
Qb +w_s,a — o(2lal* + |b|*)b = €Bc(a, b),

where A.(a,b) and B.(a,b) are analytic functions of € near € = 0 satisfying the bounds

Viel <€, Vial+1b] < 8:  |A(a,b)| = Cy(lal +1b]), |Be(a,b)l < Cp(lal +1b]), (1.13)

for sufficiently small €y > 0, fixed § >0, and some constants C4,Cp > 0 which are

independent of € and depend on 8. Moreover, Ac(a,b) = Bc(b, a), ¥(a, b) € C* and

Viel <e€: | U(x) — Ve(ae™* + bem™ 72| @S ce?. (1.14)
b

for some e-independent constant C > 0.

CoROLLARY 1 The coupled system (1.12) admits a symmetry reduction a = b, where the
value of a € C satisfies the scalar equation

Qa + wana — 3olal*a = €Ada, a). (1.15)

Under the reduction, the solution U(x) is real-valued.
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The results of Theorem 1 and Corollary 1 justify the use of the y-independent
coupled-mode system (1.6) for bifurcations of periodic/anti-periodic solutions of the
nonlinear elliptic problem (1.3) with N=1. In particular, the only nonzero solutions
of the scalar equation (1.15) occur for either a € R or a € iR, when the scalar equation
(1.15) is reduced to the extended nonlinear dispersion relation

Q £ wy, — 3olal* = eAw(lal), (1.16)

where A.(la|) = (1/a)A(a,a) is a bounded, real-valued term for sufficiently small €
and finite value of |¢| € R. Note that the values of AL are real-valued due to the
gauge invariance of the coupled-mode system (1.12) inherited from the gauge invariance
of the elliptic problem (1.3).

The newly formed gap (1.8) of the continuous spectrum of L = —3> + eW(x)
corresponds to the interval |Q2| < |wy,|. For instance, let 0 = +1 and w,, > 0, then
the localized solution of the coupled-mode system (1.6) can be written in the exact
form [6,22]

NG w3, — Q2
V3 an — 2 cosh(ky) + iv/wa + Q2 sinh(ky)’

where k = /w3, — @2/n. The exact localized solution can easily be found for o = —1 and
wy, < 0. The trivial parameters of translations of solutions in y and arg(a) are set
to zero in the explicit solution (1.17), such that the functions a(y) and b(y) satisfy
the constraints a(y) = a(—y) = b(y).

a(y) = b(y) =

(1.17)

Definition 1 The gap soliton of the coupled-mode system (1.6) is said to be a reversi-
ble homoclinic orbit if it decays to zero at infinity and satisfies the constraints
a(y) = a(=y) = b(y).

We justify the persistence of the gap soliton (1.17) of the coupled-mode system (1.6)
in the nonlinear elliptic problem (1.3) by working with the Fourier transform of U(x)

U(X)z% /R Ulk)e™dk, Ugk) = U(x)e **dx, (1.18)

e

where again the factor /€ is introduced for convenience. We develop the method of
Lyapunov—Schmidt reductions in the continuous weighted space L;(R) equipped with
the norm

0 e LY®): |10l ym = /(1 + )0k dk < . (1.19)
R

By the Riemann—Lebesgue Lemma, if Ue L;([R) for some ¢ > 0, then the n-th derivative
of the function U(x) is bounded and continuous for 0 < n < [¢] and it decays to zero at
infinity, ie., Ue Cj(R) and limyy_.o U"(x) = 0. Indeed, for any G(x) = U"(x) and
G e L'(R), it follows that

16 comy < CIGE 11 ) (1.20)
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for some C > 0. In addition, the Schwartz space is dense in L'(IR{) such that there is a
sequence {Gj(k)};cn in the Schwartz space which converges to G(k) in L'-norm, and
therefore, there exists a sequence {G;(x)};cn Which converges to G(x) in C{’b([R)-norm,
such that limy_, o G(x) = 0.

Related to the coupled-mode system for (a,b) in variable y, we shall also use the
Fourier transform for (a,b) in variable p, where y = ex and p = k/e. We note that
the norm L'(R) is invariant as follows:

~ 1. /k ~ o
U(k) :E”(Z> 10Ul L @y = M2l o1 y- (1.21)

This invariance explains the choice of the space L ([R) in our analysis (see also [21]).
Since ||U||L2(R) < ||U||L1(R) for any ¢ > 0, we understand that Ue HY(R) if Ue Lq(R)
Our main result on the existence of gap soliton solutions is summarized below.

THEOREM 2 Let Wi(x) satisfy Assumption 1 and wy, 20 for a fixed neN. Let
o =n*/4 + €Q, such that |Q| < |wy,|. Let (a,b) be a reversible homoclinic orbit of the
coupled-mode system (1.6) in the sense of Definition 1. There exists €y, C > 0 such that
for all € €(0,€), the nonlinear elliptic problem (1.3) with N=1 has a nontrivial solution
U(x) and

1UG) — Ve[aex)e™ + aex)e™ ]|y < CE°, (122)

for any q > 0. Moreover, the solution U(x) is real-valued, continuous on x €R, and
lithoo U(x) =0.

The results of Theorem 2 give more precise information about gap solitons of the
elliptic problem (1.3) with N=1 compared to the general result in Theorem 1.1 of
[19], since the leading-order approximation of U(x) is given by the exponentially
decaying solutions (1.17) of the coupled-mode system (1.6). On the other hand, we
do not prove in Theorem 2 that U(x) decays exponentially.

Rigorous justification of the approximation (1.5) and the time-dependent extensions
of the coupled-mode system (1.6) were developed in [12] for the system of cubic
Maxwell equations and in [21] for the Klein—Fock equation with quadratic nonlinearity.
A bound on the error terms was found in the Sobolev space H'(R) in [12] and in the
space of bounded continuous functions CI?(IR) in [21]. The bound is valid on a finite
interval of the time evolution, which depends on €. The error is not controlled on the
entire time interval 7€ R and, in particular, the formalism cannot be used for a proof
of persistence of the leading-order approximation (1.5) and (1.17) for the stationary
solutions of the nonlinear elliptic problem (1.3). The results of our Theorem 2 are
more precise than Theorem 1 of [12] and Theorem 2.1 of [21] in this sense, since the
error bound of the leading-order approximation is controlled independently of 7€ R.
In a similar context, the justification of the nonlinear Schrédinger equation for the
nonlinear Klein—-Gordon equation with spatially periodic coefficients is reported in [4].

The method of Lyapunov—Schmidt reductions for periodic solutions was used in
[8,11]. The work [8] deals with a 2D lattice equation for the nonlinear wave equation
when ecigenvalues of the relevant linearized operator accumulate near the origin.
In this case, the Nash—-Moser Theorem must be used for the infinite-dimensional part
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of the Lyapunov—Schmidt decomposition. In our case, the linearized operator for the
1D lattice equation has eigenvalues bounded away of the origin and the Implicit
Function Theorem can be applied without additional complications. This application
of the technique is similar to the one in [11], which deals with the periodic wave
solutions in the system of coupled discrete lattice equations. Other applications of the
method for periodic wave solutions in equations of fluid dynamics can be found in [5,7].

Persistence of modulated pulse solutions was considered in [13,14] in the context
of the nonlinear Klein—-Gordon equations. (Earlier results on the same topics can be
found in [3,9].) Methods of spatial dynamics were applied to a relevant PDE problem
for modulated pulse solutions, the linearization of which possessed infinitely many
eigenvalues on the imaginary axis. The local center-stable manifold was constructed
for the nonlinear Klein—-Gordon equations after normal-form transformations and
the pulse solutions were proved to be localized along a finite spatial scale, while
small oscillatory tails occur generally beyond this spatial scale. In contrast to these
works, we will not reformulate the ODE problem as an extended PDE problem and
avoid the construction of the local center-stable manifold. This simplification is only
possible if the variables of the time-dependent problems (1.1) and (1.2) can be separated
and modulated pulse solutions are described by the reduction to the elliptic problem
(1.3). We note that the basic equations of electrodynamics, such as the real-valued
Maxwell equation (of the Klein—-Gordon type), would not support the separation of
variables and the modulated pulse solutions do not generally exist in the real-valued
Maxwell equation [3].

The article is structured as follows. The proof of Theorem 1 is given in section 2,
where the technique of Lyapunov—Schmidt reductions in /2(Z') is developed for
bifurcations of periodic/anti-periodic solutions. The proof of Theorem 2 is given in
section 3, where the technique of Lyapunov—Schmidt reductions in L}]([R) is extended
for persistence of decaying solutions. Section 4 discusses applications of similar meth-
ods for the justification of multi-dimensional multi-component coupled-mode systems
with N > 2.

2. Lyapunov—Schmidt reductions for periodic/anti-periodic solutions

Let the potential W(x) and the solution U(x) to the elliptic problem (1.3) with N=1 be
expanded in the Fourier series (1.4) and (1.10) respectively. By using the Fourier series,
we convert the elliptic problem (1.3) with N=1 in the space of bounded, continuous,
periodic/anti-periodic solutions U € C,?([R{) to a system of nonlinear difference equations
in the discrete Sobolev weighted space U € 2(Z') for some s > 1/2. The nonlinear differ-
ence equations are written in the explicit form

2
B m =y /
(a) -7 )Um +€ E Wi, U, = €0 E E Un Uy Uiy —mys  YMEZ,
my e meZ meZ
2.1)

which can be casted in the equivalent matrix-vector form

(L + W)U = eaN(U, U, U). (2.2)
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Here U is an element of the infinite-dimensional vector space /(Z') with the norm (1.9),
elements of matrix operators £ and W are given by

mz ! !
Lm.k = (wz - T)Sm,ka Wm,k = Wm—k, V(ma k) eZ x7Z,

and N(U, I_J, U)=Ux RU % U consists of the convolution operator with the elements
(UxV),, =3 c7 UcViu_i and the inversion operator with the elements (RU),, = U_,,.

m

We shall verify that the nonlinear vector field associated with the difference equa-
tions (2.1) is closed in space Ue2(Z') with s> 1/2 (Lemma 1). Working in this
space, we shall apply the Implicit Function Theorem in two cases w # R\{n/2},.7
and w = w, = n/2 for some neN. The first case is nonresonant and the Implicit
Function Theorem guarantees existence of the unique zero solution U = 0 of system
(2.2) near U =0 and € = 0 (Lemma 2). The second case corresponds to a bifurcation
of nonzero periodic or anti-periodic solutions of system (2.2) and it is analyzed by
using the Lyapunov-Schmidt decomposition. To prove Theorem 1, we will prove
that there exists a unique smooth map from the components (U,, U_,) to the other
components U,,, Ym e Z'\{n, — n}. Projections to the components (U,, U_,) yield the
coupled-mode equations (1.12), while the bounds on the remainder terms (1.13)
follow from the bounds on the vector U in space lf(Z’). Representation (1.14) and
symmetry reductions of Corollary 1 follow from the technique of Lyapunov—Schmidt
reductions.

Lemma 1 Let WeA(Z) for all s> 1/2. The vector fields Wx and N map elements
of B(Z') with s > 1/2 to elements of 2(Z).

Proof The space /(Z) with s > 1/2 forms a Banach algebra. Therefore, there exists
a constant 0 < C(s) < oo such that

1
YU,V e 2(2): IUxVipz) < COIUIezIVIpz), Vs> ok (2.3)

This property was proven in [8] and it is similar to the one in the continuous H*(R)
spaces. The maps W« U and UxRU U act on Ue P(Z'), where Z' is a set of either
even or odd numbers. Both convolution operators transform a vector on Z to a
vector on Z'. Therefore, 2(Z') forms a linear subspace in the vector space 2(Z) with
the same algebra property (2.3). As a result, both W x U and N(U, U, U) map elements
of A(Z') with s > 1/2 to elements of A(Z). [ |

LEmMA 2 Let Welg(Z) with s > 1/2 and weR\{n/2},.7 for neZ. The nonlinear
lattice system (2.2) has a unique trivial solution U = 0 in a local neighborhood of U = 0
and € = 0.

Proof 1f w e R\{n/2}, .z, the operator L in system (2.2) is invertible and

-1
1Lz Siminlwz ) = P <00 Vs > 0.
|07 =T
me”Z
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It follows from the estimate (1.11) that )", ., [wy_i| < oo for any me Z' and s > 1/2.
Therefore, the matrix operator W is a relatively compact perturbation to £. By the
perturbation theory [15], there exists an e-independent constant 0 < p < oo such that

IL+eW) Npmp <p. Vs=0,

for sufficiently small e. By Lemma 1, the vector field on the right-hand side of system
(2.2) is closed in A(Z') for s > 1/2. Moreover, it is analytic with respect to U € A(Z') and
€ € R. The zero solution U = 0 satisfies the nonlinear lattice system (2.2) for any € € R.
The Fréchet derivative of system (2.2) at U = 0 (which is just the operator £ + ¢W)
has a continuous bounded inverse for sufficiently small €. By the Implicit Function
Theorem, the zero solution U = 0 is unique in a local neighborhood of U =0 and
e=0. |

Proof of Theorem 1 1f @ =n/2 for some n €N, the operator £ is singular with a 2D
kernel

Ker(L) = Span(e,,e_,) C 2(Z),

where e, is a unit vector in /A(Z). The straightforward decomposition of
E(Z') = Ker(L) @ Ker(£)" is nothing but the representation

U=uae,+be_,+g, 2.4)

where
geKer(L)" = {gel(Z): gn =g, =0}. (2.5)
Let P be the projection operator from 2(Z') to Ker(£)" at > = n”/4. It is obvious that
PLP is a nonsingular operator at o’ =n’>/4. By using the same argument as in
Lemma 2, we obtain that there exists an e-independent constant 0 < p < oo, such that

I(P(LA+NP) Npsp <o ¥s=0 (2.6)

for sufficiently small €. The inhomogeneous problem for g is written in the explicit form

2 —
m 75 +n: < 2 + eQ)gm +€ Z Win—k8k
keZ\{n,—n}
— €0 Z Z Um| l_]—ﬂlg Um—mI—mg = —e(aw,,,_,, + bwm-ﬁ—n)a (27)

meZ meZ

where U, = g + adm.n + b8, —». By Lemma 1, the vector field of system (2.7) is closed
in A(Z') for s > 1/2 and any (a,b) € C2. Moreover, it is analytic with respect to g € E(Z)
for all (a, b) € C* and € € R. By the bound (2.6) and the Implicit Function Theorem there
exists a unique trivial solution g = 0 of system (2.7) for (a,b) = (0,0) and any € € RZ.
It is also obvious that the zero solution exists for any (a,b)€ C* and € = 0. For all
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(a,b) # 0, the Fréchet derivative of system (2.7) at g = 0 is different from the matrix
operator P(L + eW)P by the additional terms

—ea(|al® + 1B,k + abS k20 + @S k-21],  V(m,k)€Z x Z.

For sufficiently small € and finite (a, b) € C?, these terms change slightly the bound p in
(2.6), such that the Fréchet derivative operator of system (2.7) at g = 0 still has a contin-
uous bounded inverse for €] < €y, where ¢ is sufficiently small. By the Implicit Function
Theorem, there exists a unique map G : C’— Ker(£)* A(Z'), which is analytic in €
with the properties G.(0,0) =0 and Ggy(a,b) = 0. Therefore, the map G, admits the
Taylor series expansion in €. For instance, the first term of the Taylor series is

Ge(a.b) = €[ag, + bg, + a’bg, + ab’g,] + O(e).
where nonzero components of vectors g, ,, . , in the constrained space (2.5) are

AWy 4Wm+n o 408711, 3n

40’5,44’ _3n
(gb)m = m2 — n2 5 (gc)m - mz — H2 s (gd)m =

&) =

e 2’ m> —n*’

Let |a| 4+ 16| < 8 and § is fixed independently of €. Due to the analyticity of G¢ in ¢,
there exists an e-independent constant C > 0 such that

Viel <€ [Ge(a, D)llpz) < €C(lal + 1D]). (2.8)

The projection equations to the 2D kernel of £ is found from system (2.1) at m = £n
in the explicit form

Qa+wyb—o Z Z Uml U*)ﬂg Uﬂ*mlflﬂg = — Z Wn—k8k»
meZ meZ keZ\{n,—n}
- , 2.9
Qb +woa—o Z Z Uml U—ﬂlz U—n—ml—mz = - Z W_n—k8k
meZ meZ keZ\{n,—n}

where U, = ab,, , + béy,—n + g» and the map g = Gg(a,b) is constructed above.
At € =0, we obtain that g =0 and

Z Z Um[ Ufmz Un*ﬂll*mz = (|a|2 + 2|b|2)a5
mp EZ’ nyp EZ’

Y Un U Uonomm = (2lal” + 1b)b.

meZ meZ

This explicit computation recovers the left-hand side of system (1.12). The right-hand
side is estimated from the bound (2.8) on the map G(a,b) in A(Z') with s > 1/2 to
yield the bound (1.13).

To prove the last assertion of Theorem 1, we shall prove that the map G¢(a, b) has the
symmetry (G,),,(a,b) = (G)_,,(b, @). Indeed, since W(x) is real-valued, its Fourier coef-
ficients satisfy the constraint w_,,, = w,,, Ym € Z. The systems of equations (2.7) and
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(2.9) are symmetric with respect to the transformation (a,b,g,)— (b,a,g_.).
By uniqueness of solutions of system (2.7) in a local neighborhood of € =0, we
obtain that (G,),,(a,b) = (G¢)_,,(b,a), YmeZ'. Then, it follows directly from system
(2.9) that A.(a,b) = B.(b, a). [ |

Proof of Corollary 1 Due to the property Ac(a,b) = Be(b,a), system (1.12) has
the symmetry reduction b = a, which results in the scalar equation (1.15). The
vector U is given by the decomposition (2.4) with b=a and (G.),(a,a) =
(Ge)_,,(a, a). Therefore, the solution U(x) recovered from the Fourier series (1.10) is
real-valued. |

3. Lyapunov—-Schmidt reductions for gap solitons

Let the solution U(x) to the elliptic problem (1.3) with N=1 be represented by the
Fourier transform (1.18), while the potential W(x) is given by the Fourier series (1.4).
The elliptic problem (1.3) with N =1 is converted to the integral advance-delay equation
for the Fourier transform U(k):

(a)2 — kz) U(k) + € Z Wom 0(k — m)

meZ

= ea / f Ok Ulkn) Ok — k1 + ko)dkydks  Vk €R. 3.1)
R JR

Working in the Fourier space Ue L}](IR), where the vector field of the integral advance-

delay equation (3.1) is closed (Lemma 3), we decompose the solution ﬁ(k) into three
parts

U(k) = U (k) xge, (k) + U_(k) xge () + Uo(k) xge (), (32)

where x(,, (k) is a function of compact support (it is 1 on k € [a, b] and 0 on k € R\[a, b])
and the intervals R, R” and R{ are

R, = [0, — € 0, + %], R.=[-w,— € —w,+7], Ry=R\(R, UR").
(3.3)

Here w, =n/2 is a bifurcation value of @ and the components ﬁi(k) represent the
largest part of the solution U(k) near the resonant values k = +w,, which is
approximated by the solution of the coupled-mode system (1.6) in coordinates y = ex
in physical space and p = k/e¢ in Fourier space. The intervals surrounding the resonant
values k = +w, have small length 2¢*/3, where both the constant ¢ =2 and the scaling
factor r = 2/3 are fixed for convenience. In fact, we could generalize all proofs for
any constant ¢ > 0 and any scaling factor 1/2 <r < 1.

In order to prove Theorem 2, we shall apply the method of Lyapunov-Schmidt
reductions in spaceAL}I(IR)A with ¢ > 0. First, we prove the existence of a unique
smooth map from (U.(k), U-(k)) to Up(k) (Lemma 4). The solutions for the compon-
ents (Uy(k), U_(k)) are then approximated by the suitable (exponentially decaying)
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solutions (a(p), l;( p)) of the coupled-mode system (1.6) rewritten in Fourier space
(Lemma 5). The approximation yields the desired bound (1.22). The reduction to the
real-valued solutions U(x) becomes obvious from the decomposition of the
Lyapunov—Schmidt reduction method. Continuity and decay conditions on U(x)
follow by the Riemann—Lebesgue Lemma.

LeMMA 3 Let We P2, (Z) for all s> 1/2 and q > 0. The vector field of the integral

S+q
equation (3.1) maps elements of L o (R) with g = 0 to elements of L /(R).

Proof  The convolution sum in the integral equation (3.1) is closed due to the bound

VUeL)R), YWel, (Z): | > wy Uk —m)

meZ

= ||U||L1([Ra)||w||11(z) = ||U||L1([Ra)||VV||12 @)

s+q

LyR)

for any ¢ > 0 and s > 1/2, where the inequality (1.11) has been used. The convolution
integral is closed due to the bound

VU,V e LY(R): H / Ulky)V(k — ky)dk,
R

= ClUInw IV L)
LIR)

for any ¢ > 0 and some C > 0, which occur in the inequality
1+ (ki +ko)* < C(1 4+ KD+ i)

for all (ky, ky) € R>. [ |

LemMA 4 Let Assumption 1 be satzsfzed and w = n2/4 + €2, where neN and Q e R.
There exists a unique map Ue: L (IR ) x L} (R/ )HL (Ry) for any q >0, such that
Uo(k) = U(U,4, U_) and

Viel < eo: 106wy < 61/3C(||0+||L;/(R;) + 10 Iyw. )), (34)

where € is sufficiently small and the constant C > 0 is independent of € and depends on §
in the bound ||U+||L‘1]([Rr+) + ||U—||L},(RL) < 8 for a fixed e-independent § > 0.

Proof We project the integral advance-delay equation (3.1) onto the interval k € [Ry:

2 A A
(% +eQ — k2> Uo(k) + € Z W Xy, (K)U(k — )

meZ

= coxwy(®) [ [ 0060000k ~ i + )k,
RJR

where U(k) is decomposed by the representation (3.2). Since

2
min |— — k% 23,

> Cye
keR,
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for some C, > 0, the linearized integral equation at € = 0 is invertible such that

) ~1
s

The linearized integral equation on Uo(k) for € # 0 is given on k € R by

<
LR = L (Ry)

(3.5)

s

n2 R ~
(Z +eQ — kz) Uo(k) + € Y wamx, (k) Ug(k — m)

meZ

_ eaxg%(k)f / [0+(k1)l7—(k2) + U+(k1)0—(k2)] Uo(k + ky + kz)dkdk
R, Jr

— eoxm, (k) f / O () U () Dok — Ky + ko) i
R, Jr,

—conm® [ [ Otk ) Dotk — o + ke

Recall that €*/* > ¢ for sufficiently small e. If WeZ, (Z) and Urel! y(RL) for all
s>1/2 and ¢ >0, the convolution sums and 1ntegrals are closed by Lemma 3.
Fix ||U+||L1(R/)+||U ”L‘(R’) < § for some e-independent §. Then, the linearized
operator is contmuously invertible for all |e| < €. The integral equation is analytic
in € and admits a unique trivial solution Uo(k) =0 if Ui(k) =0 on kel or if
e=0. By the Implicit Function Theorem, there exists a unique map
U L ([R{ ) X Ll([R/ )r%L (Ry) for |e| <€y, such that Uy(U;,U-)=0 and
U (0, O) =0. Due to the analytlcny of the integral equation in € and the bound (3.5)
on the inverse operator, the solution ﬁo(k) = 05((74-, U_) satisfies the desired
bound (3.4). |

LeMMA 5 Let Assumption 1 be satisfied. Fix neN, such that ws, #0. Let
w=n*/4+ e, such that || < |wyl|. Let a(y) = b(y) be a reversible homoclinic orbit
of the coupled-mode system (1.6) in the sense of Definition 1. Then, there exists a solution
of the integral equation (3.1), such that U()(k) U (U+, U_ ) is given by Lemma 4 and

Vel < € H U, (k) ——a(k w")

€

o -2i(2)

< e
Ly(R)

< Cpe'’, (3.6)

€ LYR.)

for sufficiently small €y > 0, e-independent constants C,, Cp > 0 and any g > 0.

Proof Let us use the scaling invariance (1 21) and map the intervals R, for Ui(k)
to the normalized interval Ry = [—e~'/3,¢71/3] for A(p) and B(p) given by

0,k = 1 (k_e“’) f/(k):lé(M). 3.7)

m



Downloaded By: [McMaster University Library] At: 21:03 24 September 2007

1030 D. Pelinovsky and G. Schneider

The new functions /i( p) and 1§( p) have a compact support on Ry and
||U+||L}I([R’+) < Clllpwy) < C||A||L}[(|Rz0)> ||U—||L}i([Reg) < CIIBllpwy < C”B”L}/(Ro)

for some C > 0 and any ¢ > 0. The integral equation (3.1) is projected to the system
of two integral equations on p € Ry:

@=m(p-+wab(p) =0 [ [ [Ap0r)+ BonBon]do—pi-+pipdp,
0 0
_Gf / A(p1)B(p2)B(p —p1 +p2)dpidps = p* A(p) + €' P Ry(A, B, U4, B)), (3.8)
®, JR,

@+ bip)+ =0 [ [ [aGndcen) +Bo0Bp | Bo—pi+pdpp:

~

_C’/ / B(p)A(p2)A(p = p1 +p2)dpidpy = p” B(p) + €' Ry(A, B, U4, B),  (3.9)
Ry /Ry
where R, and R, are controlled by the bound (3.4) in Lemma 4 such that

1Rallyey < Co(IlAlymy + 181wy ) 1 Rlmy < Co(I14ll g + 181 ye)

for some C,, C, > 0 and any ¢ > 0. The linear terms p>A( p) and p? B(p) are controlled
by the bounds

el AP ywy < € IAD Ly €lp By < € 1B(D)I|Lm,)-

Therefore, system (3.8)-(3.9) is a perturbed coupled-mode system (1.6) in Fourier space
with a compact support on p € Ry, where the remainder terms are of the order O(e'/?)
measured in space LI(I]SQO) for any ¢ > 0. (Note that system (3.8)~3.9) is not closed on
L;(IR) as the terms p?A(p) and p>B(p) represent a singular second-order perturbation
of the first-order coupled-mode system.)

If wy, # 0 and |Q| < |wy,|, the coupled-mode system (1.6) has a reversible homoclinic
orbit a(y) = b(y). The Fourier transform a(p) of the exponentially decaying solution
a(y) given by (1.17) decays exponentially as |p| — oo, such that convolution integrals
of the Fourier transform of |a|*a evaluated on p € R\R, are exponentially small in e.
Therefore, we first consider solutions of system (3.8)—(3.9) on the entire axis p € R in
space L}I([R) for any ¢ > 0. Let A= (/i,é,/i,B)T and denote the system on peR
by an abstract notation N(/&) = ﬁ(/&), where N({\)A: 0 represents the coupled-mode
system (1.6) after the Fourier transform and R(A) represents perturbation terms

controlled in L;(IRO). IfA=4a+ 1&, then A solves the nonlinear problem in the form

A

[A=F@A), [ =D;N@&), FA) =R@E+A) - [N(ﬁ FA) - iA], (3.10)
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where L is a linearized operator and ﬁ(ﬁ + 1&) — LA is quadratic in A. The linearized
differential operator associated to the coupled-mode system (1.6) in the physical
space is given by the self-adjoint 4-by-4 Dirac operator:

ind, + Wy —od? Way, — 20ab —2cab
L=| —od? ] —ind, + Wy —20ab W, — 20ab , G.11)
Wo, — 20ab —2cab —ind, + Wy —obh?
—2oab Way — 20ab —ob? ind, + Wy

where Wy = Q — 20(|al* + |b|?). By Theorem 4.1 and Corollary 4.2 in [6], the linearized
operator (3.11) is block-diagonalized into two uncoupled 2-by-2 Dirac operators, each
having a 1D kernel. The 2D kernel of the linearized operator (3.11) is related to the
translational symmetries in y and arg(a) with the eigenvectors [d'(y), b'(y), @' (y), Yo"
and [ia(y), ib(y), — ia(y), — ib(y)]". The zero eigenvalue of the linearized operator
(3.11) is bounded away from the continuous spectrum and other eigenvalues on the
real axis [6]. The coupled-mode system in the abstract form (3.10) is only solvable if

the right-hand-side IA?‘([&) lies in the range of the linearized operator L.

The nonlinear elliptic problem (1.3) with real-valued symmetric potential
W(x) = W(—x) = W(x) has two symmetries: the gauge invariance U(x) — ¢®U(x)
for any o € R and the reversibility U(x) — U(—x). The new system in the form (3.10)
inherits both symmetries, such that it is formulated in a constrained subspace
orthogonal to the kernel of the linearized operator (3.11). As a result, the linearized
operator is continuously invertible in the constrained subspace of space L(II([R, C* for
any ¢ > 0. By the Implicit Function Theorem, there exists a unique reversible solution

in the form A = L'F(A) such that |A| < C|R(3)|| in norm on L}]([R, C* for some

C >0 and any ¢ > 0. In application to the original system (3.8)—(3.9) extended on
p €R, this implies that

Vel < €: H/i(p) - &(p)HLI(R)S Cue'?, Hf?(p) - l;(p)HLI(R)S Cpe'3, (3.12)
7 0

for sufficiently small ¢y > 0, any ¢ > 0, and e-independent constants C,, C > 0.
We can now consider system (3.8)—(3.9) on p € Ry, which is different from the system
in the form (3.10) by the convolution integrals evaluated on p € R\Ry. We need to
show that these terms introduce perturbations of the same or higher order '3 as the
reminder term R(a) in system (3.10). This fact follows from the bounds

A F-faye 7] N, 1A i 5 (A 5173
VA=L F(A)ELq(R>C ) ”A”LJ,H(R\RO’CA) = ||A”L:,+|(R’C4) = C”R(a)“L}I(R,C“) <Ce / 5

for some C,C > 0. Here we have used the fact that the inverse operator L~! in the
constrained subspace is a map from L}]([R, CY to L;H([R, C*) for any ¢ > 0 induced
by the unbounded differential Dirac operator (3.11). The bound (3.6) on the truncated
domain p € R, follows from bound (3.12) on the entire axis p € R. |
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Remark 1 1If wy, > 0 and Q = w»,, the exact solution (1.17) describes an algebraically
decaying reversible homoclinic orbit of the coupled-mode system (1.6). Since the
continuous spectrum of the linearized operator (3.11) touches the zero eigenvalue in
this case, persistence of algebraically decaying reversible homoclinic orbits cannot be
proved in Lemma 5.

Remark 2 The symmetry condition on the potential W(—x) = W(x) in Assumption 1
is important for the proof of persistence of homoclinic orbits in the nonlinear elliptic
problem (1.3) since it ensures that the set of homoclinic orbits of the nonlinear problem
(1.3) includes the symmetric (reversible) homoclinic orbits U(—x) = U(x). Lemma 5
can not be proved if the right-hand-side of the extended coupled-mode system is not
in the range of the linearized operator (3.11), which may occur when a homoclinic
orbit of the coupled-mode system (1.6) is positioned arbitrarily with respect to the
general potential function W(x). Nonpersistence of such homoclinic orbits is usually
beyond all orders in the asymptotic expansion in powers of € and it is typical that
the gap solitons persist at two particular points on the period of the potential W(x)
(see [20] for details). In our article, we avoid the beyond-all-orders problem by imposing
a symmetry condition on W/(x) which is sufficient for existence of a reversible homocli-
nic orbit centered at the point x =0.

Proof of Theorem 2 When the solution U(x) is represented by the Fourier transform
U(k), both scaling transformations of Lemma 4 and 5 are incorporated into the
solution, and the bounds (3.4) and (3.6) are used, we obtain the bound

e oo W) L

which implies the desired bound (1.22) in original physical space. It remains to
prove that the solution U(x) is real-valued. This property follows from the symmetry
of the map Uy(k) = U (U+, U_ ) constructed in Lemma 4 with respect to the interchange

< Ce'3, (3.13)

Ly(R)

of U+(k — wy,) and U,(k + w,) and the complex conjugation. As a result, system (3.8)—
(3.9) has the symmetry reduction d@(p) = b(p), which is satisfied by the solution of the
truncated system. When the partition (3.2) is substituted into the Fourier transform
(1.18) with the symmetry l7+(k —wy) = (},(k + w,), the resulting solution U(x) is
proved to be real-valued. |

4. Lyapunov—Schmidt reductions in multi-dimensional potentials
Let us consider the elliptic problem (1.3) in the space of two dimensions (N =2).

Let the potential W(x) be periodic in both variables with the same normalized
period, such that

W(x1 + 21, x2) = W(x1, X2 + 2m) = W(x1,x2),  ¥(x1,x2) € R%. 4.1)

We shall justify the use of multi-component coupled-mode systems for the analysis
of bifurcations of 2D periodic/anti-periodic solutions of the elliptic problem (1.3).
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We use the Fourier series for the potential W(x) and the solution U(x):

W(x) = Z w2meim-x’ U(x) = \/E Z Umeim-x/z, 4.2)

mez? meZ,xZ,

where m - x = mx; + max; and the sets Z| and Z, are even or odd if the solution U(x)
is periodic or anti-periodic in the corresponding variable x; and x,. The elliptic problem
(1.3) with N=2 transforms to a system of nonlinear difference equations, which is
similar to system (2.1):

|m|
<w2_T) U, +e¢ Z Win—my, ml—éO’ Z Z Uml U—Iﬂ') m—my—ny» (43)

my €Zy xZ) my €ZyxZymy €2y xZ)

for all me Z, x Z,. The nonlinear lattice system (4.3) is closed in the space 2(Z] x Z5)
with s > 1 thanks to the Banach algebra property:

YU VER@): U Vigg = COIUIea Vigz), Ys>1,  (44)

for some C(s) > 0. Under the same constraint s > 1, the double Fourier series (4.2)
converges absolutely and uniformly in C{(R?).

The system (4.3) takes the same abstract form (2.2), where U is an element of the
vector space 2(Z) x Z,) with s> 1. An extension of Lemma 2 tells us that no
nontrivial solution U of the system (4.3) exists in a local neighborhood of U = 0 and
€ =0 unless w = w, = |n|/2, where n = (n,n;) € Z? and |n| = J/nt+n3. Bifurcations
of nontrivial solutions occur only in the resonant case w = w, and the number of
bifurcation equations (leading to the coupled-mode system) is defined by the dimension
of the resonant set S, in

Sy ={mezZ xz,: |m|*=n]*}. (4.5)

Here again the set Z| is even/odd if n; is even/odd and so is the set Z, with respect to ..
LEMMA 6 The set S, admits the following properties:

(1) 0 < Dim(S,) < co.

(1) Ifn =0, the zero solution m = 0 is unique.

(iii) If' m = (my,0), then Dim(S,) > 2 if n; is odd and Dim(S,,)) > 4 if n; is even.

(iv) If n = (n,m) €N?, then Dim(S,) > 4 if ny — ny is odd and Dim(S,) > 8 if n; — n»
is even and nonzero.

Proof (i) follows from the bound |m|*> < oo on the space of integers and from the
existence of the solution m =n. (ii) is obvious from |m|> = 0. (iii) follows from
the existence of particular solutions (&n;,0) and (0, ;) of |m|* = n? (if ny is odd,
the solutions (0, £ ;) do not belong to the space Z, of even numbers). (iv) follows
from the existence of particular solutions (&n;,+n;) and (&m, +n;) of
Im|*> = n% + n% (if n; — ny is odd, the solutions (+n;, & n;) do not belong to the space
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Z, x Z, of the opposite parities and if n; = n,, the solutions (£n,, £ny) are not
different from (+n;, + ny)). |

ProrosiTioN | Let W e X(Z%) for all s > 1 and o = |n|* /4 + €2 for some neN* and
QeR. Let the set S, be defined by (4.5) with ds = Dim(S,). The nonlinear lattice
system (4.3) has a nontrivial solution U e P(Z, x Zy) for any s> 1 and sufficiently
small € if and only if there exists a nontrivial solution for acC%h of the bifurcation
equations

Qa_l‘m + z : }vm_"7lq/nyl -0 : : : : Cl_/nyl Cl_/—niz ajrn—m]—mz = 64/}11~€(a)’ Vm e S”’ (4‘6)

my €S, myeS, —mes),

where j,, is an index of m in the set S,, the set S, is a subset of S,, such that
m—m; —myeS,, AJ(a) eC% depends analytically on € near € =0. Moreover, there
exists constant C > 0 which is independent of €y > 0 and depends on § > 0 such that

V|€| < €0, V”a”p(C’S) <34 ”Ae(a)”[l(C/S) = C”a”]l(CffS)a (47)

where € is sufficiently small and § is fixed independently of €.

Proof The proof repeats the proof of Theorem 1 due to the fact that the factor |m|* — |n|?
is bounded away from zero for meZ; x Z,\S,. The Lyapunov—Schmidt reductions are
performed after the decomposition U=} ¢ a;, e,+g, where g, =0,YmeS,. u

Example 1 The resonant value w, o) = 0 corresponds to the single-mode bifurcation,
like in the one-dimensional problem (N=1). The next resonant value
w(,0) = w(o,1) = 1/2 corresponds to the two-mode bifurcation, which has the same
coupled-mode equations as in the one-dimensional problem (N=1) due to the
separation of the periodic Fourier series in one variable and the anti-periodic Fourier
series in the other variable. Finally, the next resonant value w( 1) =1 /2 gives the
first example of the nontrivial four-component coupled-mode equations in the space
of two dimensions (N =2). The coupled-mode equations (4.6) can be rewritten
explicitly for the components (ay, a2, a3, as) which correspond to the Fourier modes
for the resonant set S, 1) = {(1,1); (=1, — 1); (1, — 1);(—1, 1)} at the selected order:

Qay + w2 2ar + wo a3 +wa0as = o((Jar* + 2las|* + 2|as|* + 2]as)ar + 2dazas),
Qay + w_a, 2ar + w_0a3 + wo, 2as = o(2la1|* + |az|* + 2|az|* + 2las*)az + 2a1asas),
Qas + wa, a4 + wo, 21 + wa,0a2 = o(Q2lar|* + 2lax|* + as* + 2lasl)as + 2asa1az).

Qay + w_s2a3 + w_s 0a1 +wo 202 = o(2lar|* + 2lax|* + 2las* + |aalPas + 2a3a1a2),

where we set wo o =0 for convenience. This system (with the derivative terms in
y1 = ex; and y, = €x,) was derived in [1] by using asymptotic multi-scale expansions.
Higher-order resonances for w, with larger values of n €N’ may involve more than
four components in the coupled-mode equations (4.6), and the count of dg versus n is
not available in general.

Remark 3 Additional resonances were considered in [1], which correspond to an
oblique propagation of the resonant Fourier modes, e.g. ¢?¥1/2 and /(P+2m)xi+2mx2)/2
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with p = —(m? + m3)/m, ¢ Z. These resonances can be incorporated in the present

analysis by using the transformation U(x) = ¢?1/2U(x).

Remark 4 Existence of two-dimensional (N =2) gap solitons cannot be proved with
the approach of section 3 for small values of € when w is close to w,. Indeed, if the solu-
tion U(k) is split into a finite number of parts compactly supported near the points of
resonances (ky,k;) = (m,my)/2 and the remainder part Uy(k), then the operator
|k|* — @? with @ = |n|*/4 is not invertible in a neighborhood of the circle of the
radius |k| = |n|/2. Since only finitely many parts of the circle are excluded from the
compact support of Up(k), the Implicit Function Theorem cannot be used to prove exis-
tence of the map from the finitely many resonance parts of the solution U(k) to the
remainder part Uy(k). This obstacle has a principal nature as it is related to a generic
nonexistence of gap solitons in the systems without spectral gaps. Indeed, the operator
L = —V? — eW(x) has no gaps for sufficiently small € in the space of two dimensions
(N=2) [17].

Remark 5 The conclusions of Proposition 1 and Remark 4 can be extended to N > 3.
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