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Abstract

We consider positive and spatially decaying solutions to the following Gross—
Pitaevskii equation with a harmonic potential:

—Au+ [x)*u = wu+|uP?u  inRY,

whered > 3,p>2and w >0. Forp = % (energy-critical case) there exists a
ground state u,, if and only if w € (w,,d), where w, = 1 ford =3 and w, =0
for d > 4. We give a precise description on asymptotic behaviours of u,, as
w — wy up to the leading order term for different values of d > 3. When p >
% (energy-supercritical case) there exists a singular solution u, for some
w € (0,d). We compute the Morse index of u. in the class of radial functions
and show that the Morse index of u is infinite in the oscillatory case, is equal
to 1 or 2 in the monotone case for p not large enough and is equal to 1 in the
monotone case for p sufficiently large.
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1. Introduction

1.1. Background

We consider positive and spatially decaying solutions to the following stationary Gross—
Pitaevskii equation with a harmonic potential:

—Au+ |xPu=wu+uf?u inRY (1.1)

where d > 3, p>2and w > 0.

The stationary equation (1.1) is a classical model to describe the Bose—Einstein condensate
with attractive inter-particle interactions under magnetic trap (see [41])ifd=1,2,3 andp =4
(the cubic case) or p =6 (the quintic case). In this context, ¥(f,x) = e~ “'u(x) is a standing
wave solution of the time-dependent Gross—Pitaevskii equation

100) = —A¢ + x>y — [P inRY, (1.2)

where 1) stands for the macroscopic wave function, |x|? is an isotropic trapping potential that
confines the Bose—Einstein condensate, and the nonlinear term corresponds to attractive inter-
atomic interactions. Positive and spatially decaying solutions are called the bright solitons
in the physics literature. We refer readers to [9] for the physical backgrounds of the Gross—
Pitaevskii equation (1.2).

Since the operator —A + |x|? is compact in L?(R?), the energy-subcritical case 2 < p < 2%
can be studied by classical variational methods or bifurcation methods (see [18, 26, 36]). On
the other hand, energy-critical p = dszz and energy-supercritical p > % cases withd > 3 were
less investigated in the literature. In the energy-critical case, based on the well-known Gidas—
Ni—Nirenberg theorem (see [19]), the existence of positive and spatially decaying solutions
of the stationary equation (1.1) has been shown in [36, 37, 39] for w € (ws,d) by variational

methods, where

(1, d=3,
“s=10, d=4.

In the energy-supercritical case, the existence and uniqueness of spatially decaying solutions of
the stationary equation (1.1) is out of reach from the point of variational methods. Nevertheless,
some results were obtained in [4, 15, 38] by using shooting methods since positive and radially
symmetric solutions satisfy an ordinary differential equation.

Besides the existence and nonexistence of solutions, an interesting problem for critical
elliptic equations is to study the concentration phenomenon and the asymptotic behaviour
of solutions for the parameters close to the boundary of the existence interval. It has been
proven in [37, theorem 5], by the method of Lyapunov—Schmidt reductions, that if u; ~ buy,
where uy is the normalised ground state of —A + |x|2, b > 0 is a small parameter, and u;, is the
positive solution of (1.1), then w ~ d — w,b* withw, > 0 defined uniquely from the Lyapunov—
Schmidt projections. A more interesting asymptotic behaviour of solutions of (1.1) appear in
the limit w — w,. Such studies were initialed by Brezis et al [5-7] in the context of the fol-
lowing Dirichlet problem

(1.3)

{ —Au+a(x)u=wu+|u =y in £, (1.4)

u(x) =0, on 012,

where Q0 C R? (d > 3) is a bounded domain with smooth boundary and a(x) is a smooth weight
(see[1, 8, 12—-14, 16, 17, 21-25, 28-30, 33-35]). The concentration phenomenon of solutions
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of the Dirichlet problem (1.4) depends on the geometry of the domain 2. More precisely,
solutions concentrate around the critical points of the Robin function of the domain 2. To our
best knowledge, the concentration phenomenon and the asymptotic behavior of positive and
spatially decaying solutions of the stationary equation (1.1) in the energy-critical case p = %
have not been studied yet. Thus, the first purpose of this paper is to give a precise description
of the latter problems in the energy-critical case. Together with [37, theorem 5] as w — d—,
this result suggests how the ground state solutions of (1.1) change as w increases from w, to
d. Our results are valid for p = 6 (quintic case) and d = 3 (three dimensions) where they have
physical applications (see also [11]).

While the existence results of the spatially decaying solutions of the stationary
equation (1.1) are available for the energy-critical and energy-supercritical cases, their sta-
bility in the time-dependent equation (1.2) is determined by the Morse index, which is the
number of negative eigenvalues of the associated linearisation operator. In the energy-critical
case, the solutions of (1.1) constructed in [36, 37] by variational methods are the ground state
solutions (in the sense of definition 1.1). It is standard to show that their Morse indices are
equal to 1. However, in the energy-supercritical case, the solutions of (1.1) constructed in [4]
are obtained by using shooting methods, thus, no variational formulation can be used to com-
pute their Morse indices. Hence, the second purpose of this paper is to estimate the Morse
index of solutions of (1.1) for the entire range of energy-supercritical cases.

1.2. Main results

We shall first introduce some notations and definitions to state our main results. Let X C L*(R?)
be the form domain of the operator —A + |x|? equipped with the norm

o= ([ (9 +aflaP)ar)

2d

In the energy-critical case with p = =5, we introduce the energy space
¥ = XN L7 (RY). (1.5)
For fixed w € (w.,d), we define
_ . _ SERNTINTY) 2
Zo= it 00 bl g = 1] 10D = =l 016

By the method of Lagrange’s multipliers and the scaling transformation, u = (Iw)%v is a
nontrivial solution of the stationary equation (1.1) if v is a minimiser of the variational prob-
lem (1.6). Based on the above observations, we can introduce the following definition.

Definition 1.1. We say that u,, is a ground state of the stationary equation (1.1) if v, € Y isa

minimiser of the variational problem (1.6) such that ,,(v,,) = Z,, and u,, := (Iw)#vw.

Let

d—2

d—2 d—2 1 2
UE(X):EZ[d(d—Z)]4<5W) 5 5>O (17)

be a family of the algebraic solitons (also called the Aubin—Talanti bubbles [2, 40]) which
satisfy the elliptic problem
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—Au=u, weD2(RY), (1.8)

where D'#(R?) denotes the space of closure of C3°(R¢) under the norm ||V - || 2 (ra).
For the sake of simplicity, we also denote U.—; by U. It is well known (see [2, 40]) that U,
for every € > 0 attains the best constant of the Sobolev embedding
_1
lull e, <STHIVallges),

(RY)

where S is given by

— 7 2 . —
s= it (19 s Il g, =1} 19

By the scaling transformation, if v is a minimiser of the variational problem (1.9), then
u:=(S )(14;2\1 is a solution of the elliptic problem (1.8) given by the family of algebraic solu-
tions (1.7) up to spatial translations in R?.

Since the operator —A + |x|?> — w, is positive in X by (1.3), we can define the unique solu-
tion of the following inhomogeneous equation

d+2

—Au+ (| —w)u=U", ueX, (1.10)

denoted by PU.. Moreover, since U. > 0, by the positivity of the operator —A + |x|> — w, and
the maximum principle, we know that PU. > 0 in R
Let G be the Green function of the positive operator —A + |x|2 — Wy,

{ ~AG+ (|x? —w.)G=(d—2)[S" sy  inRY,

G(x) =0 as |x| = +oo0, (I.1D)

where dy is the Dirac measure supported at x =0 and [S?~!| is the Lebesgue measure of the
unit sphere in RY. This gives the unique normalisation of the Green function such that G =
|x|>~¢ — H, where H is a regular part of G satisfying the following equation

{ —AH+ (|x]* = w)H = (]x* — w.) x> in RY,

H(x)—0 as |x| — +oo. (1.12)

By uniqueness of solutions to the elliptic problems (1.11) and (1.12), G and H are radially

symmetric. Our main results in the energy-critical case p = dZsz can be stated as follows.

Theorem 1.1. Let d >3, p= %, and u,, be the ground state solution of the stationary

equation (1.1) for w € (w«,d), where w, is given by (1.3). There exists €, > 0 such that

o u,=PU., +i, for3<d<6
o u,=U., +it, ford=T,

with £, — 0 and ||ii,||x — 0 as w — wi. Moreover, T, < S for w € (ws,d), I, — S as

w — w, and there exist positive constants ag, by and c; which only depend on the dimen-
sion d, such that the concentration rate €, and the ground state energy I, satisfy

o ford=3

lim Cw b= lim 5L,
— d — ’
w1 (@ = DG gy wott (W= 1[G} gsy)?

ag =
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o ford=4,
_ wlloged|  w|log(s - 7.) ~ tog (caHO)| Ul s )|
ag= lim ——————— b;= lim 3 ,
w=0t HO) U35 sy w0t HO)[[U[1}: g
e ford=3,
: ol ) -z
; HO)|U| - I,
HOI, e (monwr} ) -z
ag = lim 5 , bd: lim 5 3 ,
w—0t ||U||L2(R5)w w—0t ||U||L2(]R5)w
e ford=6,
1 : 1 ~T.,
as = lim %, by= lim %,
w0+ ||U||L2(]R5)w w0+ ”U”LZ(RG)W
o ford>1,
1 . ||'XUHi2(]Rd)€?u . HXU”%Z(W) (§-1.)
7= m —s—, b;= lim 1 >
2 w—0t HU”LZ(Rd)w w—0+ HUHLZ(]Rd)w

Remark 1.1. Theorem 1.1 is the first result on the concentration phenomena and the asymptotic
behaviour of solutions of the stationary equation (1.1) in the energy-critical case p = %. It
is worth pointing out that a formal and brief calculation on the upper bounds of Z,,, is obtained
in [36, section 5] to ensure the existence of minimisers of Z,,. These upper bounds of Z,, are
calculated in a standard way by choosing the Aubin—Talanti bubbles as test functions of Z,,,
as that in [6]. However, the main difficulty in proving theorem 1.1 is to obtain a good lower
bound of Z,, which will match the upper bound generated by the Aubin-Talanti bubbles up
to the leading order terms. To achieve this, we need to further employ the ideas in literature
[7, 13, 14, 16, 17, 21, 22, 34, 35], that is, splitting of u,, into two parts in X and estimating of
these two parts precisely up to the leading order term. We remark that, due to the growth of
the harmonic potential at infinity and the unboundedness of R?, the regular part of the Green
function of the operator —A + |x|2 — wy is no longer bounded for all d > 3. Thus, we need to
modify the arguments of the proofs in a nontrivial way to capture the leading order terms of €,
and Z,, for all d > 3, which also makes the concentration phenomena of positive solutions of
the stationary equation (1.1) to be more complicated than that of the Dirichlet problem (1.4).

Remark 1.2. One can use parameter ¢ in the family of algebraic solitons (1.7) to parameterise
the family of the ground states (w, u,,) of the stationary equation (1.1). It follows from theorem
1.1 that the asymptotic behaviour of the mapping € — w as € — 0 depends on the dimension
d > 3 and satisfies

€ ford =3,
|loge|~! ford = 4,
W— Wy ~ 15 ford =35,
e2|loge] ford = 6,
g? ford >17.
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This asymptotic dependence for d > 5 was recently confirmed by the outcomes of the shooting
method in [32]. However, the asymptotic expressions for d = 3,4 were not recovered with the
shooting method in [32].

Proceeding now with the energy-supercritical case, we will fix p = 4 to simplify the compu-
tations similarly to what was adopted in [4, 31] since this case has more physical applications
(see [9]) and solutions in the energy-supercritical case are less sensitive to the nonlinearity
power p compared to the energy-critical case. The energy-supercritical case for p =4 corres-
ponds to d > 5 and the stationary equation (1.1) is reduced to

—Au+|xPu=wu+u®, inRY (1.13)

It has been proved in [38] (see also [4] for a different proof), that there exists a singular radial
solution uy, of the stationary equation (1.13) for some wy, € (d — 4,d) satisfying

oo () = 7“|1x|3 [1+O(xP)] as x| 0. (1.14)
Moreover, by [4, theorem 1.1], for every b > 0, there exists a positive radial solution u;, of the
stationary equation (1.13) for some wj, € (d —4,d) satisfying u;(0) = b. By [38, theorem 1.2],
it is known that u;, — u strongly in 3 and wp, — wo as b — +o0, where X is given by (1.5).
The precise asymptotic behaviour of wj, as b — +o0 is obtained in [4, theorem 1.3] under some
nondegeneracy assumptions. By [4, theorem 1.3], wy, is oscillatory around w, as b — o0 for
5 < d < 12 and wy, converges to ws, monotonically as b — +oo for d > 13. Moreover, it was
proven in [31, theorem 1.2] that the Morse index of u;, in the class of radial functions is equal
for large b to the Morse index of u, in the monotone case d > 13. It was also conjectured in
[31] based on numerical evidences that it is equal to 1 for the monotone case d > 13, where
the definition for the Morse index of the singular solution u., in the class of radial functions
is the following.

Definition 1.2. Let u., be the singular radial solution of the stationary equation (1.13) for
some weo € (d —4,d) satisfying (1.14) and consider the linearised operator

Loo := —A+ |x|* — weo — 302

o0

in Xroq := {f € X : fis radial}. The Morse index of u., denoted by m(u.,) is the number of
negative eigenvalues of L., in Xjqq.

The following theorem states that the Morse index of u. in the class of radial functions
is infinite for the oscillatory behavior with 5 < d < 12 and finite for the monotone behaviour
with d > 13. In the latter case, we give a precise estimation of m(u, ).

Theorem 1.2. Let p=4, d > 5 and uy, be the singular radial solution of the stationary
equation (1.13) for some woo € (d — 4,d) satisfying (1.14). Then

00, 5<d<12,
M) = 1or2, 13<d< 15,
1, d>16.

Remark 1.3. To prove theorem 1.2 for 5 < d < 12, we shall mainly follow the ideas in [20].
The oscillation of wj, around wo, as b — +o00 is obtained in [4, theorem 1.3] under some nonde-
generacy assumptions, which are hard to verify. In order to avoid making these nondegeneracy
assumptions, we need to modify the arguments in [20].
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Remark 1.4. In proving theorem 1.2 for d > 13, we consider the limiting spectral problem

3(d-3)

—Au+ |xPu— BE

u=ou, u€ Xpq, (1.15)

whose eigenvalues {0, },cn are completely known in the literature from the confluent hyper-
geometric equation [42]. We compare wq, + 3ugo and o3 + 3(‘%2) to control m(u.,) by the
Morse index of the radial eigenfunctions of the spectral problem (1.15). As a by-product, we
also prove that u, is nondegenerate for d > 16, this avoids the nondegeneracy assumptions of
[31]. See remark 3.3 for more details.

Remark 1.5. As pointed out in [31], if Morse index of the solution u., is equal to 1, then
the Vakhitov—Kolokolov stability criterion can be used to show orbital stability of u., in the
time evolution of the Gross—Pitaevskii equation (1.2). By theorem 1.2, m(uo,) = 1 in Xyyq for
d > 16. However, the Morse index of u.. in the general case of non-radial functions in X is still
an open problem. We conjecture that in the monotone case with d > 13, there are no negative
eigenvalues of L, for non-radial functions so that the Morse index of u, in X is equal to
m(uoc) in Xiad-

Remark 1.6. By [38, theorem 1.1], the positive radial singular solution u, for general p beha-
viours like |x| ~iT near |x| = 0. Our method in estimating Morse index of the positive radial
singular solution also works for general p and the result can be stated as follows. For fixed d,
there exists p; > p, in the case of d > 11, where p, :=2/(d — 4 — 2+/d — 1) was introduced
in [27], such that m(us, ) = oo for 3 < d < 10 and

o0, 2 <p<p.,
m(Uso) = 1or2, P« <P < Pd,
1, Pa<p

ford > 11.

1.3. Notations

Throughout this paper, C and C are indiscriminately used to denote various positive constants.

Notation a < b means that there exists C > 0 such that a < Cb. Notation a = O(b) means

that there exist C,C’ > 0 such that C’b < a < Cb. Notation a = o(b) means that ;in})a/b =0.
—

Notation a ~ b as b — 0 means that ;in}) a/b =1 (the same convention is used if b — c0).
—

2. The energy-critical case

2.1. Preliminaries

It has been proved in [36, section 5], without the statement of theorems, that 7, is attained
for w € (wx,d). On the other hand, by the Pohozaev identity, see, e.g. [4, proposition 2.2], we
know that the stationary equation (1.1) has no solutions in ¥ for w < 0 which implies that
7., can not be attained for w < 0. Moreover, since d is the first eigenvalue of —A + |)c|2 in X,
by multiplying (1.1) with the first eigenfunction of the operator —A + |x|? on both sides and
integrating by parts, see, e.g. [4, proposition 2.1], we know that the stationary equation (1.1) has
no positive solutions for w > d. This implies that Z,, can not be attained for w > d either since
minimisers of the variational problem (1.6) are positive and radially symmetric. In addition, by
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[37, theorem 3] or [39, theorem 7], the stationary equation (1.1) also has no positive solutions
for w < 1 in the case of d = 3. Thus, we know that Z,, is attained if and only if w € (w.,d).

Since Z,, is attained for w € (w.,d), it can be proven in a standard way that 7, is strictly
decreasing for w € [w.,d] with Z,,—,,, = & and Z,,—; = 0, where S is the best constant of the
Sobolev embedding given by the variational problem (1.9). The monotone property was first
pointed out by Brezis and Nirenberg in [6, remark 1.5]. The detailed proofs were recently given
in [10, lemma 2.1] and [44, lemma 3.3]. Hence, we have

0<Z,<8=1, foralw e (w.,d). 2.1)

Let v, be the minimiser of the variational problem (1.6) for w € (wy,d). Then, u,, :=
(Iw)% v, 1s the ground state solution of the stationary equation (1.1). Since we are interested
in w — w, with w, < d, it is standard to show that {u,,} is bounded in X. By the compact-
ness of the embedding from X to L?(R?) due to the harmonic potential |x|?, we may assume
that there exists u, € 3 such that u,, — u, weakly in ¥ and u,, — u, strongly in Lz(Rd ) as
w — w;. We claim that u, = 0. Indeed, if u, # 0, then u, € X satisfies

—Au, + |x|2u* =Wl + \u*|ﬁu* (2.2)

in the weak sense, which, together with (2.1), implies

2d 2d.
d—2 d—2
2d

Lo, () = |75 <l
Ld-2 (R4) L3-2 (R4)

Fo(1) = Lo () +o(1) < L. () + o(1).

(2.3)

Thus, u,. corresponds to the minimiser v, with I, (v.) = Z,,, by u. := (Z,,) T, so that u, is
positive and radially symmetric. This contradicts the previously reviewed results, from which
no positive and radially symmetric solution of the stationary equation (2.2) exists in X with w,
given by (1.3). Therefore, we must have u, = 0 and u,, — 0 weakly in X and u,, — 0 strongly
in Lz(Rd) as w — w;. Moreover, since v,, is the minimiser of the variational problem (1.6)

and u,, = (Z,,) T v, by (2.1) and (2.3),

75 d = d
ol s oy = ) Ml i, =82 H0(1) a5 w—wll 2.4)

Since u,, is also the ground state solution of the stationary equation (1.1), by multiplying (1.1)
with u,, on both sides and integrating by parts, we also have

2d
2 _ 2 i _ cf +
o = ol e + el 75, =S +0(1) 2 w—el o @5)

since u,, — 0 strongly in L?(R9) as w — w;. On the other hand, it follows from(1.9), (2.4),
and (2.5) that

1Vtolizey > Sl o, = SHF (1) =8 +o(1) a5 w—wl,

which implies that

||xuw||i2(Rd) =o(l) as w—w. (2.6)

2.2. Expansions of u,,

Since u,, is a ground state solution of the stationary equation (1.1) related to a minimiser of the
variational problem (1.6), the moving-plane method (see [19]) or the Schwarz symmetrisation
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(see [45]) imply that u,, is radial, positive and strictly decreasing in r = |x|. The following
lemma clarifies the construction of PU. from solutions of the inhomogeneous equation (1.10).

Lemma 2.1. Let 3 < d <6, then
PU.=U. 7 [d(d-2)TH-n., |1 2.7)
and
d+2

PU.(x) Se>

x|~ for x| 2 1, (2.8)

where H is defined by (1.12) and the correction term 1. satisfies

[0:ll ooy S €7 for3<d <5, 2.9)
and

el 2.3 gy S €° ford =6. (2.10)
Moreover,

H(0)+%\x|+0(lx|2>, d=3,
H(x)=1{ H(0)+0(x|), d=4,5,
—%10g|x|+(9(1), d=6
near |x| =0 and
5w3%/wc;2dx+0(53;0), d=3,

2 _
1PUe, |72 (ray = 8S3|2 |loge,,| + o(|e2 | logew ), d=4,

5i||U||iZ(R5)+0(Ei)7 d>s,
where a € (0,1) and o > 0 is a fixed constant which is sufficiently small.

Proof. Since it follows from (1.7) that
Uc(x) ~e T |x24 for x| 2 1, @2.11)

the classical LP-theory of elliptic equations and the Sobolev embedding theorem imply
that the unique solution of the inhomogeneous equation (1.10) exists and satisfies PU. €
L (RN\{0}). In particular, PU. < 1 for |x| > 1 and € < 1. Since

= A TED 4 (6 =) x| 7D~ x TCHD for [x] 2 1,
it follows from (2.11) that e+ |x|~(4*4) is a supersolution of equation (1.10) for |x| > 1. Now,
by the fact that PU. < 1 for |x| > 1 and £ < 1, the fact that PU. — 0 and £°%" [x|~(+9 — 0
as |x| — 4o and the maximum principle, we obtain (2.8).
To obtain (2.7), we write

e := U, — PUq, 2.12)
then by (1.8) and (1.10), . is the unique solution of the following equation:

—Au+ (|x* —wu = (]x —w)U., ueX. (2.13)
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By (1.3) and the maximum principle, . > 0 in R? for d > 4. For d = 3, since PU. > 0in R3,
there exists a unique ry > 0 such that (. is strictly increasing with respect to r = |x| in [0,79)
and is strictly decreasing in [ry, +00). Moreover, it follows from (1.11) by using the maximum
principle that

IG(x)| S e P for some o > 0, (2.14)

so that H(x) = |x|>~¢ + O(e*""“z) as |x| — oco. Thus, by (1.3) and the classical L”-theory of
elliptic equations, we know that H € leu’f_(R”’ )for1l <s<3inthecaseof d=3,1 <s < 400
inthecase of d=4and 1 <s < i in the case of d > 5. It follows from the Sobolev embed-

(R9) for 3 < d<5and0<a<1andH€L* J(R6)f0r

loc

ding theorem that H € L= (R%) N C{*

loc

d=6and 1 < s < 3. Next we define
d=2 2
Ne:=pe—¢ 2 [dd—2)] 3 (2.15)
It follows from (1.12) and (2.13) that 7. is the unique solution of the following equation:

{ 1Au+ﬂﬂ2—wgu=s”Tﬂd—2H“7hP—wn&~ inR,

x)—=0 as |x| = 4o0,
where g. = (2 + |x[2) " — |x|>~¢ satisfies
_|x|2_d’ |x| < %7
<(x) ~ _ / (2.16)
(%) {—éhlﬂ > 2

As in the previous estimates, by the classical L”-theory of elliptic equations, the Sobolev
embedding theorem and the maximum principle, we obtain

()| S R~ for x| 2 1. 2.17)
Lethe =7 [d(d — 2)]F (] — w,)ge. It follows from (2.16) that

SHi: d=3
el ray S { S 4<a<e. (2.18)
Thus, by (2.17) and the classical L”-theory of elliptic equations, we know that 7. € W?**(R%)
for 1 <s<3inthe case of d=3, 1 <5< 400 in the case of d =4 and 1 <s< g _d_ inthe

case of d > 5. The Sobolev embedding theorem implies that 7. € L>(RY) N C{ (Rd) for 3 <

loc
d<S5and0<a<landn. € L (R%) ford=6and 1 < s < 3. Representation (2.7) follows
from (2.12) and (2.15). Estimates (2.9) and (2.10) follow from (2.17) and (2.18), the classical
L7-theory and the Sobolev embedding theorem by choosing s =2 for d =3 and s = ﬁ for
d =4,5,6. By the regularity of H for d = 4,5, H(x) = H(0) + O(]x|%) near |x| = 0. Ford =3
and d = 6, we need to expand H(x) as done in [17]. We define ¢ = H(x) — % |x| for d =3, then
by (1.12), v satisfies

A (P~ Dy = (- ) in R

Since the data HZEC ‘ ° belongs to Wloc (R?). Thus, by the classical regularity theory, v €
c> "Y(R?) for some a € (0, 1), which, together with 9 being radial, implies V)(0) = 0. It fol-

loc
lows that

H(0) = H(0) + 31+ O(x?)  near || =
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for d=3. For d=6, since A(log|x|) = ﬁ in R® in the sense of distributions, it follows

from (1.12) that H := H + %log |x| satisfies the following equation:
—AH+ |x]*H = |x|*log|x| inR®,

in the sense of distributions. Since |x|?log|x| € W;;>°(RS), by the classical elliptic regularity,

He G} (RY). It follows that H = — 1 log|x| + O(1) in B for any R > 0. The computation of
IPU., Hiz(Rd) is standard (see [16, 17]), so we omit it here. O

By (2.6) and Lions’ theorem (see [43, theorem 1.41]), there exists {e,,} C R, such that
u, — U._ strongly in D'?(R?) as w — w. Since u,, — 0 strongly in L>(RY) as w — w, itis
easy to see that €, — 0 as w — w;. The following lemma specifies a precise decomposition
of u,, near U,.

Lemma 2.2. As w — w], there exists ., > 0 such that

| PU., +u, for3 <d<6,
too = { U, + i, ford>"1, (2.19)
where g, — 0 and i, — 0 in X as w — w] and

P (o —)PU,, + ity + for3 <d<6,
C (o = D) Ue, + it ford>1,

with o, — 1 and it » € ML defined by

M. — {PUEw,ﬁewPUgwaXlPer,...,ax[,PUgw} for3 <d<6,
“ {U.,,0:,U;,,0,Uec,,...,00,U_} ford >,

and the orthogonality holds simultaneously in X and L*(R?).

Proof. It follows from the explicit formula (1.7) for d > 7 that

/ x?U2dx = * / |x[>U”dx, / U2dx = &2 / U2dx. (2.20)
R R4 R4 R4

Moreover, for all d > 3,

_ d
/ Uldx = 0= / Uldx forg > = 2.21)
Rd R4 —

and
d_
/ 77 dx ~ 7| loge|. (2.22)
B

Thus, by the fact that u,, — U, strongly in D'*(R?) as w — w and (2.6), we have for d > 7

luy —Ue |3 =0 asw— wl (2.23)

*

On the other hand, since H,7., € L®(RY)NC2.(RY) for 3<d<5 and 0<a <1 and

Hne, € L%S(RG) for d=6 and 1 < s < 3 by lemma 2.1, it follows from (2.7)-(2.10) that
PU., — U._ strongly in D"2(R%) as w — w. Thus, it is also easy to see for 3 < d < 6 that

uy, —PU. |2 =0 asw—w. (2.24)
w X *
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Now, we define

inf R||uwfaPUEH)2( for3<d<6,
S

L e€eRy
ew) = inf  |ju, — U} ford>17.
eeRy,a€R

By (2.23) and (2.24), it is standard (see [3, 17, 35]) to show that e(w) = 0,,(1) is attained by
some &, satisfying ,, — 0 as w — w;", which implies that (2.19) hold with &, — 0 in X as
w — w;. The orthogonality conditions in X for i, . € M are obtained from

0
50t = aPUc|Rle=cs 0=a, =0 for3<d <6,
- ,

[ty — O‘PU€||)2(|6:6W04:0W =

de

and

[ty — O‘Ua‘|§(|e=€w,a=aw = ety — 0¢U8|‘§(|E=Ew,a=aw =0 ford>T7.

de da

The orthogonality conditions in L?(R?) follows from the fact that the eigenfunctions of —A +

|x|* form an orthogonal basis of L?(R?). O

2.3. Estimates on .,

By [35, appendix D],

2 * 2% -2 2
| (9F =@ = ez 2p)as> 2 [ s 2.25)

for all v € DV2(R?) satisfying
VWU, dx= [ VvwWO, U, dx= [ VvWO,U. dx=0
R? R? R?
where [=1,2,...,d. By lemma 2.2, we have
Vi, VU, dx= | Vi V0. U, dx= [ Vi .VO,U., dx=0(1)
Rd R4 R4

foralll/=1,2,...,d as w — w,. Thus,

. 4
/ (|vaw7*|2 — @ = ) i 2) dx > ( +0(1)> g Pdx  (2.26)
R4 R4

d+4

for d > 7. On the other hand, by (1.3), (2.7)—(2.10), (2.25) and i, . € ./\/lj, it is also standard
(see [35, appendix D]) to show that

[ (Wit Pt (o ol = 27 = PO 2 2 [ P @27
R4 Rd
for 3 < d < 6. For d =3, we need to use the fact that w, = 1 and A =3 is the first eigenvalue
of the operator —A + |x|? in L*(R?).

The following lemma gives the asymptotic estimate on the X norm of i,,. The proofs are

simpler for d > 7 but get more technically involved for 3 < d < 6.

3695



Nonlinearity 36 (2023) 3684 D E Pelinovsky et al

Lemma2.3. Letd > 3, Then as w — w,

1
(w—=1)ed +¢, Sford=73,
= g
it lx < (wJ|Myw%3+54 ford<d<s
w52|logsw|s tet=o ford—=6,
OJ€u1_+'5uz fb/'ti;? 77

where o > 0 is a small fixed constant.

Proof. For 3 < d < 6, we obtain from (1.1), (1.10), and (2.19) that i, satisfies

— Aty + (|52 = Wity — H2(PU. )™ ity = Eu + Nu(ity)  inRY,
i, (x) =0 as |x| = 0

where the inhomogeneous term is

2

Eui= (w—w.)PU., +(PU.)#5 — UL
and the nonlinear term satisfies

N (i) S (PU,) 2 i P+ v | 5.
It follows from (2.8) and (2.11) that

Eul St (@ —wn x|~ @0+ [ =C+)  for|xf 2 1.

For |x| < 1, it follows from (2.7) for 4 < d < 6 (for which w, = 0) that

d—2 6—d
Bl S wUe, + UL (0 [H) + e, ) + UL (2 HP + ey ) + 207 111553 4 o,

(2.28)

(2.29)

(2.30)

(2.31)

(/2
)

where we have used the fact that ¢, > 0 which is given by (2.12) and (2.15). By lemma 2.1,

we obtain from (2.21) and (2.22) for 4 < d < 5 and R > O sufficiently large,

—2(Br)

b [ U (P e )
Br
d+2 d
b [ (T I e ) s
Bg

A
S (0l +25 ) Wl

+/ Uéle (€f|H‘+|n€w|) |ﬁw,*|dx
Br

6—d
+ / UL (=2 HP + e, ) it o |dx
Br
d—2 d—2 da+2 .
S (weu logeul T ) w2ty g + Ml
d _
Eford—4,5,6and

where we have use the fact that d +2

_4 d—2 . 6;;/ - R
— [ 0 (V) ) o [ O (P e )
Br Br
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Note that H, 7., € L“(Rd) for4 <d<5and H,n., € L5+ (R?) ford =6 with 1 <5< 3 by
lemma 2.1. Since aa 4 > d 5 for 4 < d <5, it follows from (2.9) and (2.21) that

_4 6—d
a—2

d—2
< ~ 2 -~ d—2 ~
|I| Ngw HUsw 17 Si (B )Huw,* LLIij (BR) +Ew ” EM|L251d(Z6 :{) (BR)Huw’*HL%(BR)
<e = i
<1 + ||Ua || 41 +U(BR)> ||Mw,*||L% (Br)
S il 2, g

and for d = 6, it follows by (2.10) that

] §5wHU€ded+2

+6( )H’:‘w,* ||L3(BR) + Sini‘w,* ||L3(BR)

S Ew H”M*HU(RJ)-

It follows from (2.31) and (2.32) that for4 < d < 6,
d—2 _
<w87\10g5w|d72 +ai—2) [ d=4,5,

/ Ewﬂw,*d"‘ﬁ . LI (R ’ (2.33)
R (wai|log5w|§—|—5i_”) it |l oy, d=6.

For d = 3, the estimates are similar to that of d = 4,5. The difference is that w, = 1 and we do
not know if ¢._ > 0 in R?. Thus, we write

Eo| S (w—1)U., + UL (fw\HI+|naw|)+in(5le|2+Inawlz)
+ 3 HP + e, + (w — 1)352|H] + (w — D], |,

which implies that

1
Ew’:tw,*dx’ ,S <(w - 1)5(3; +5w) ||’:tw,*HL‘J(]R3) (234)
R4

for d =3. By multiplying (2.29) with PU. , and integrating by parts, we can use lemma 2.2
and similar estimates as above to show that

472 d=3,45,
4

7, d=0,

which together with lemma 2.1 and (2.27), (2.29), (2.30), (2.33) and (2.34), imply (2.28) for
3<d<6.Ford>"7, we obtain from (1.1), (1.8), and (2.19) that i, satisfies

3
ot = 1] S Nl el + (@ = wi)|PUe, |22 gey + { .

_Al:lw"’(lxlz_(JJ)l:l d+2U5dw2A —E +N (l/lw> in Rd, (235)
i, (x) =0 as |x| = 0,

where E,, := (w — [x[*)U.,, and

N ()] S Jite| 2. (2.36)
It follows from (2.21) and the fact that 24 > 245 for d > 7 that
[ Bt 5 (W0, g+ 0l )l

< (wed, + &) it |l 2 Ry - (2.37)
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By multiplying (2.29) with U, and integrating by parts, we can use lemma 2.2 and similar

estimates as above to show that
N 2z 4 2
‘Oéw - 1| S./ ||L{w,*||§72 +Ew +w‘€w’

which, together with (2.26) and (2.35)—(2.37), implies (2.28) ford > 7.

2.4. Asymptotic behaviors of T,, and e, as w — w;

It follows from (1.1) and (1.6) that if u,, = (Z,) %vw, then

it = ol 2 g i
w = 5 = ||uw|| 24 )
ol 2ty L7 (RY)

which yields

N[N}

To = (ol — ol 2 s )

(2.38)

The following four lemmas give details of estimates for different values of d > 3. The estimates
are simpler for d > 7 and become computationally challenging for 3 < d < 6 due to different
leading order terms in the expansion of Z,, and due to different regularity of the non-singular
part H of Green’s function. Some similar computations can be found in [5, 6, 16, 17, 35] for

d>4andin[13, 14, 17, 21] for d = 3.
Lemma 2.4. Ford > 7, we have

d—2 ||U||22(Rd) 2

Z,=8-8 7 +o(w?)
4||xUHi2(]Rl,)
and
||U||i2(Rd) )é |
tw=|—pn——w]| +o(w?)
<2||XU|i2(Rd)
asw — 0t.

Proof. By (2.19), (2.20) and the estimates of lemma 2.3,

1t 1% = Wt |72 ety = U Nz = w0l | Ul ey + 0(wel, +€4,)
+2 [ VU Vi, + (]x]* — w)U._ i1, dx
Rd
By (1.8) and the estimates of lemma 2.3,
d+2
VU, Vi, + (|x? —w)U. i,dx = [ U i,dx+ o(we? +¢*).
Rd R

By (2.35) and the estimates of lemma 2.3,

VU, Vii, + (|3C|2 —w)Ue, i, dx = W€i|| U”iZ(R”) = |lxUe, HiZ(RI’)
Rd
d+2 d+2

+——= | UZa,dx+o(we: +).

d—2 Jg
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It follows from (2.38) and (2.41)—(2.43) that

2

d
7, = (|U€w|§—wsiv|izm Fo(we? +s:t>)

o

d
= (83 +5 (efJHanw ||i2(Rd) — W&i“UH%Z(Rd)) + o(we?, +<€i)>
=S+ 8_% (EinUlliz(Rd) - w&'i H UHiz(Rd)) + O(UJEZ) + Ei) (2.44)
On the other hand, by using {U. }.~¢ as a test function of Z,, for d > 7, we obtain

1Ue|% — wllUe ||22(R4)

7, <
’ 1T
L2 (RY)
—5+8 % (54||xU|\§2(Rd) —wel U\|§2(Rd)) . (2.45)
Minimising the right hand side of (2.45) in terms of ¢ implies that
= U1 g
I, <S§-8 7 MMy ””;R') 2 (2.46)
4||XUHL2(]Rd)
Thus, combining (2.44) and (2.46), we have (2.39) and (2.40). O

Lemma 2.5. For d =6, we have

||U||iz Rd w? w?
I,=85-8 ® Bl 2.47
8 x 242|S3||logw| to logw (247)

_ U] iZ(Rd)W %+ w : 2 48
o\ 2% 242S5||logw| ) " 7\ \Jlogw] (248)

Proof. With d = 6, expression (2.38) becomes

and

asw — 01,

1
3
T = (ol — o llal e )
By lemmas 2.2 and 2.3 and similar arguments as that used in the proof of lemma 2.4, we have
= el =3 |02 PUdx=20PUe e
= 3w[[PUe,, 172 ge) + 0(we?, + e |logew)
=83 +722 /R U2, Hdx —3w|[PU.., ||} ge)

+ o(we? + €% |logey|). (2.49)
By (2.22) and lemma 2.1,

1
/Uszdx:—Z/ U§w10g|x|dx+0</ Uﬁwdx>
By B Br

= 144|S%|€2 |loge,, | + O(e319),
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where R > 0 is sufficiently large. This, together with (2.49) and lemma 2.1, implies
T, =S+ 8726 x24°|S°|? |loge,, | — we?

wl

2o ol [logeu| +wed)).  (2.50)

On the other hand, by using W. := (U. — 24e’H)$g, where ¢g € [0,1] is a smooth cut-off
function such that ¢z = 1 for |x| < R and ¢g =0 for |x| > R+ 1, as a test function of Z,, for
d =06, we have

IWell% — @l WellZ2 2o

||W HLZ* R" ,

1, <

which implies
T, < S+ 8726 x 24%|S°|*|loge| —w52||U||%2(R6) + o(|e*|loge| +we?)). (2.51)

Minimising the right hand side of (2.51) in terms of ¢ implies that

4. 2 2
L,<S-87 J|ZJLL§§F);gw| +0< 15@ ) (2.52)
Thus, by combining (2.50) and (2.52), we have (2.47) and (2.48). O
Lemma 2.6. Ford =4,5, we have
3V3H(0) HUHZ3(Rd) 1
S 2V2SPHO) Ul =7 Fole d), d=4,
- S—8§3 S:LHUHEZ E) Y to(w?), d=5, =
686 > 152 (H(O )IIUII‘ Rd))
and
73fﬂ<o)uunz3(Rd> 1
e 4|57 +o(e™w), d=4,
o ; 1533||l;”z;|$;|)| wHo(w), d=5 234
x 153 H
L3 ()
asw— 07T,

Proof. The proof is very similar to that of lemma 2.5. The only difference is that by lemma 2.1,

42 442 a2 4t
| viina—no) [ vliero [ viinea)vof [ vlia
Br B B Br\B,

P P

a +a
’d-i” + 9] (Ew’, ) 5

Ld 2 (Rzl)

— e H(0)||U

where « € (0,1) and p < R are two positive constants. Now, by similar arguments as that used
for lemma 2.5, we obtain (2.53) and (2.54). O

Lemma 2.7. For d =3, we have
7
33 ‘|GH22(R3)

7,=8-81
807

(w—1)240((w-1)% (2.55)
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and
31)1GII2,
_ ®) B
€y = 20m (w=1)4+o(w-1) (2.56)
asw— 11,

Proof. The main idea of the proof is still similar to that of lemmas 2.4-2.6. However, a sig-
nificant difference for d = 3 is that by similar arguments as that used for lemmas 2.4-2.6, we
have

1 1
Z,=8—CH(0)e +o(ed).
It follows from (2.1) that H(0) > 0. On the other hand, by using W. := (U. — v/3’H)¢x,

where ¢g € [0,1] is a smooth cut-off function such that ¢g =1 for |x| <R and ¢g =0 for
|x| = R+ 1, as a test function of Z,, for d =3 and w = 1, we have

1 1
T, <S— CH(0)eE +0(ed),

which, together with (2.1), implies that H(0) < 0. Hence, we have H(0) = 0 and we need to
expand

3 1
= ey = 5 [ U2, PULd= 5 IPUL. e

3
- §w||PU5w ||22(R5) +o((w—1)eu+¢el)

3 1 15v3 3
_s3 +/ (4\4@55Ung+ fswU;‘wH2> dv = Jw[|PU., 172 g2
]R3

2
+o((w—1e,+el). (2.57)
By lemma 2.1,
/B US_ Hdx = %ﬂH(O) el - 4?%52 4o (ai| loge.|) (2.58)
and
/B Ut Hldx=H(0)’ %, + O (2 |loge,|) - (2.59)
;

Now, by using (2.57)—(2.59) and similar arguments as that used in the proof of lemma 2.5, we
obtain (2.55) and (2.56). O

Remark 2.1. We note that H(0) is a global minimum of H(x) in R3. Indeed, by the maximum
principle, it is easy to see that there exists ro > 1 such that H(r) is strictly increasing in [0, ry]
and is strictly decreasing in [rg, +00). Thus, by H(0) = 0 and H(x) — O as |x| — 400, we have
that H(0) is actually a global minimum of H(x).

The proof of theorem 1.1 follows immediately from lemmas 2.4-2.7. g
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3. The energy-supercritical case

3.1. Preliminaries

Let u., be the singular solution of the stationary equation (1.13) for some wo, € (d —4,d)
satisfying (1.14) for d > 5. Let L, be the associated linear operator given by
Loo = —A+ |x]* — weo — 31

Since s (r) = O(r~1) as r =0, us € C*°(0,00), and uo, () — 0 exponentially fast as r —
+00, we consider L, in the form domain X,,q := {f € X : f is radial}. The singular potential
is controlled in the form domain by using the following Hardy inequality for every d > 3:

_ 2
- 1fHLZ(JRd) < mHVfHLZ(]R")v Vf € D'2(RY). 3.1)

where D'?(IR?) is the same as in (1.8).

In order to justify the definition of Morse index m(u. ) according to definition 1.2, we show
that the linear operator L., has a compact resolvent, which implies that the spectrum of L, in
X:aa 1s purely discrete and consists of (isolated) simple eigenvalues.

Lemma 3.1. For every d > 5, the linear operator Lo, has a compact resolvent in X, 4.

Proof. Consider the following variational problem:

o Jra(IVOP A+ (1 — 302, )[6)dx
71 = inf 3
HEXraa fRd |o|>dx
Since F(r) :=rus(r) is monotonically decreasing (see [4, 38]), we have F(r) < F(0) =

v/d—3, which implies that u.(r) < ¥4=2 for every r > 0. By Hardy’s inequality (3.1), we
obtain

3(d—3) 12(d - 3)
2 24y < N pPde g L 2 .
/]Rd3“oo|¢| dx\/Rd [x[? 9 dx < (d-2)? 1V&llizcee

By classical variational arguments and the fact that X is compactly embedded into L?(R?), we
can see that 7; > —oo is attained. Since the linear operator

Loo+woo—T14+1=—A+x?=3u> -7 +1
is strictly positive in X;,q4, the linear equation
“AY+ (|x? =3’ — 1+ )Y =¢ in X, (3.2)

is unique solvable for every ¢ € Xuq. Let {y, }nen be bounded in X4, then it follows by the
compactness of the embedding from X to L2(R?) that ¢, — ¢, as n — oo strongly in L?(IRY).
Since the equation (3.2) is linear, we may assume that ¢, = 0. By the positivity of L, +
Weo — T1 + 1in Xpoq, the sequence of the corresponding solutions of (3.2) given by {, }ren is
bounded in X,,4. Since ¢, — 0 strongly in L?>(R?) as n — 0o, then v, — 0 as n — oo strongly
in X;aq. Therefore, L, + woo — 71 + 1 has a compact resolvent in X;,g, and so does L. ]

Remark 3.1. The mapping d — 1(2(1(i;)32) is monotonically decreasing ford > 5. Since 1(251(55)32) <

1 for d > 13, we have 7; > 0 for d > 13. However, 71 < 0 for 5 <d < 12.

Let m(u, ) be the Morse index of #o, in X,q according to definition 1.2. It is well-defined
ford > 5 because L, has a purely discrete spectrum of (isolated) simple eigenvalues by lemma
3.1
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3.2. Morse index in the oscillatory case

The following lemma shows that the Morse index of u, is infinite for 5 < d < 12, for which
wp, oscillates near wq, as b — oo.

Lemma 3.2. For5 < d < 12, we have m(uo,) = oc.

Proof. We consider the following two cases:

(1) There exists b, — +00 as n — oo such that wp, —w, > 0.
(2) wp < woo for b > 0 sufficiently large.

Case (1). By using equations (5.4), (6.30), and (6.47) from [4], we obtain

d—3 wed—3 ;
Uoo (1) = " 4d—10 r+0O(r) (3.3)
and
Vd—3
ty, (r) = S+ C(wp, —w)r ™" sin(alogr+8) + OB, (7 + &%), (3.4)

for r=O(b "), where |wp, — woo| = O(abn_ﬁ(l_a)), CeR, § R, £>0 is sufficiently
small, a € (0,1) and

gd=4 V- F16d—40
T2 - 2 '

Let ¢p, := Uoo — Up, . Since uy, (0) = b, and wj,, — weo > 0, it follows from (3.3) and (3.4) that
there exists 7, — O such that g, (r) > 0for r € (0,rp,) and py, (11,) = 0. It follows from (1.13)
that ¢y, satisfies for » € (0,r,,):

— Ay, + 1P op, = (Woo + U )ipn, — (U, — Ul + wh, — Woo ),
= (Woo =+ 312 ), — (2ug — ooy, — Uj, )Ph, — (Wh, — Woo ),
< (Weo + 3120y, - (3.5)
Let

~ ©b, O<r<n,
(phn =
0, r=rp,.

Then by multiplying (3.5) with ¢, on both sides and integrating by parts, we have

[ 098P+ WPz P ar < [ (w32 50, P
R4 R4
Since 5, — 0 as n— oo, {@p,} is linearly independent up to a subsequence. Hence,
m(Ueo) = 00.
Case (2). We follow the idea in [20]. Let W, = up(e’) and Wy, = uoo(€'), then Z, = v‘%
satisfies
!/

2W,
Z,' + (d— 2+ W"O) Z} +e¥Zy(wp — woo + W2 (Z2 — 1)) = 0. (3.6)

oo

It follows from the convergence u;, — U, in 3 by [38, theorem 1.2] that Z;, (1) — 1 as n —
+o0 for every fixed . Moreover, by classical elliptic regularity, we also have u, — 1o in
C (RA\{0}) as b — +oo. We claim that there exists b, — +00 as n — oo such that 1 — Z, (1)
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has at least n zeros, say 1, , < ... <t , <t ,, such thatt, , — 0 as n — 4-occ. In other words,
we claim that Z;, is oscillatory around 1 as n — oo on (—00,0), in agreement with (3.4).

Suppose the contrary. Then for every sequence {b, } satisfying b, — +0o0 as n — oo, there
exists N >0, independent of n, such that 1 — Z;, (¢) has at most N zeros for all n. Since Z,(¢) =
O(e') as t — —oo by [4, (3.9)] for every b > 0 there exists o > 0, independent of n, such that
0<Zp,(r)<1forallt<tyand n. If V), =1 — 2, then 0 < V}, (#) < 1 for 7 < #. Moreover,
by (3.6), V},, satisfies

4

2
Vi, + (d 2ty - ) Vi, — ¥ Zy, (wp, — Woo — Wae(Zs, +1)V3,) = 0.

oo

Since up,, — oo in Cllff (RY\{0}) as n — oo, we know that Z, (t) — 1 as n — oo uniformly
in every compact set of the interval (—oo,fy]. Note that we also have e?W2  — (d —3) as
t — —o0, thus, there exists #, < fo which is independent of n, such that e* W2 = (d — 3) + o(1)
for 1 < 1 where o(1) — 0 as 7; — —oo. Thus, without loss of generality, we may assume that
€7y, W2 (Zy, + 1) = 2(d — 3) + o(1) uniformly in every compact set of the interval (—oo,#{],
where o(1) could be arbitrary small if necessary by taking #} sufficiently close to —oo and n
sufficiently large. Note that by (3.3),

2W. (1)
Woo (1)

— =2, as t— —oo.

Since we have wj,, < wso by assumption, we can write the equation of V;, as follows:
Vy +(d—4+0(1))V, +(2(d—3)+0o(1))Vs, <0

in every compact set of the interval (—oo, #}] by taking #; sufficiently close to —oo if necessary.
Since 5 < d < 12, the fundamental solution of the linear equation,

¢"+(d—4)¢'+2(d—3)p =0,

is given by ¢ = Ce="'sin(at+ J) for some C € R and 6 € R. By the Sturm-Liouville the-
orem, V}, must have zeros in a sufficiently large compact set of the interval (—oo,7;]. But
this contradicts the assumption that V,, (¢) > 0 for all # < j. Thus, there exists b, — +oco as
n — oo such that 1 —Z, (f) has at least n zeros for r < —1. We denote the zeros of Z, by
O0<ai,<ay,<...<ay,, with k, > n. For the sake of simplicity, we also denote ay , = 0.
Then we can define

0, O<r<ai—1,
Pn,j = Uoo — Up,, aj—1,n <r< Ajn,y
07 ’.;Z Ajn

and by the convexity of 3 for t > 0, we have
09802 PGP dr < [ (o 3201 .

It follows from &, — oo as n — oo that m(us, ) = oco.
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3.3. Morse index in the monotone case

By theorems 1.1 and 1.2 in [31], the Morse index of u, is finite for d > 13 for which wy
converges to w,, monotonically as b — co. Here we will give a more precise estimates on
m(ue) ford > 13.

Let us consider the confluent hypergeometric function, which is also called Kummer’s func-
tion, given by

> a), x"
Aﬂmh@=§:&i!,

where (), = a(a+1)...(a+n— 1) are Pochhammer symbols. It is well known (see [42])
that M(a; b; x) is a solution of the confluent hypergeometric differential equation, which is also
called the Kummer equation:

d? d
xa’:nL(b—x)au +au=0.

n=0

Let
2 d
Wai(r) =rle™TM (a;l+ 2;r2> :

then it can be directly verified that W, ; satisfies

d—1_, I(+d—2)

“War———Was+ Wai+ P Wy = (d —4a+20)Wq,.

72
Let
2—d+Vd®—16d+40
I — T (3.7)
2
then W, ;, satisfies
3(d—-3
_Ath,lj: + |x|2Wll,li - (|x|2)Wd7[i = (d —4a+ Zli)wa_’[i . (38)

Remark 3.2. It is easy to see that b = [ + g #0,—1,-2,.... Otherwise, we have

d* — 16d + 40
%_102:0

for some p € Z, which implies
d=2(4++/p>*+6)€N.

It follows that (£)? — p* = 6 for some ¢ € Z. Thus, either ¢ — p = 2k or £ + p = 2k for some
k € N, which implies 4k*> 4-4pk = 6. But this is impossible since 2k* is even but 3 & 2kp is
odd.

Ifa+#0,—1,-2,...then

. d - l+47ar2n = :
M(a,li+§,rz)~;ni 2 722

n!

If —a € N, then M(—n; 15 + ;7%) = P,(+?) is a polynomial of order 2n. Therefore, W, ;, €
L?(RY) if and only if —a € N. On the other hand, if W, ;. € L*(R?) is a eigenfunction of the
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operator —A + |x|* — 3(@3) in L*(RY), then W,;, € L7 (RY) by the Hardy inequality for

d > 13. However, as r — 0,

2 d . .
rle_zM(—n;l +2;r2> |2~ ~

d dy/d? —16d+40 d
r o dr T > o

Thus, by (3.8),
2 d
W_n7l+ = Vl+€77M (n;l+ —+ 2,}"2)

is the only eigenfunctions of the operator —A + |x|?> — 3(|‘i|_23) in Xpoq with eigenvalues (d+

4n+21,), for all n € N. By (3.7), the third eigenvalue o3 is given by

o3 =10+ V/d* — 16d + 40 (3.9)

and the fourth eigenvalue o4 is given by

04 = 14+ \/d* — 16d + 40. (3.10)

The following lemma gives the estimate on m(u, ) for d > 13.

Lemma 3.3. Ford > 13, we have

_ 1or2, 13<d< 15,
moe) =94 . d > 16.

Proof. Case d > 16. Since F(r) := ruq,(r) is monotonically decreasing (see [4, 38]), we have

F(r) < F(0) = v/d—3, which implies that uo(r) < ¥4=3 for every r> 0. Note that wu, €
(d —4,d) by [4, theorem 1.2]. Then by o3 > d for d > 16, as is clear from (3.9), we have

d
Woo 4+ 3u%, < 03+3 in RY for d > 16. (3.11)
o0

)
Since Lo, has a compact resolvent in X;,q by lemma 3.1, the spectrum of —A + |x|> — 3u%_ in
Xraa consists of (isolated) simple eigenvalues {7;};cn such that 7; — oo as j — oco. For each

simple eigenvalue 7;, there exists a unique eigenfunction ¢; € Xr,q (up to scalar multiplication)
which satisfies

~A¢; + |x[*¢; — 3ud by = Ty inRY

Moreover, ¢; has exact j — 1 zeros. Since

/ (|Vuoo\2+|x|2uio)dx:/ (wmuio+uio)dx</ (woott, + 3ul,) dx,
RY RY RY

we have m(uso) > 1 so that 71 < we.. Suppose that 7 < weo, then it follows from (3.11) that

d
™+ 3, < o343 in R? for d > 16. (3.12)

72

Recall that ¢, has exact one zero on (0,00) so that we can define

0<r<r, 0 0<r<r,
¢2f: ¢)27 X us and d)ZZ: ) X us
’ 0, r>ru7 ’ ¢27 r>ru7

where r, is the unique zero of ¢,. Then by (3.12), we have
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/(‘V¢l‘2+|x|2¢%)d¢f:/ (71+3ui0)¢%dx</ <02+3d}’23)¢%dx,
R4 R4 Rd

d—3
/]R (|V¢27f|2+|x|2¢%)f)dx:/ﬂkd(72+3uio)¢§’fdx</]Rd <a3+3r2) ¢35y dx

d

and

d-—3

/ (IVéaa* + [x[43,)) dx = / (124 3ul. ) p3, dx < / <a3 + 32> 5, dx.
R4 R4 Rd r

Since ¢ is sign-constant and ¢, r and ¢ ; share the unique zero at r,, the functions ¢, ¢» ¢

and ¢, ; are linearly independent. Indeed, if there exists ¢y, ¢; rand ¢, ; such that

11 + oo p+caipr =0 in RY,

then by ¢ £(r,) = ¢2,(r,) = 0, we have ¢; = 0. On the other hand, since ¢ s, ; = 0, then we
also have ¢, = ¢ ; = 0, which implies ¢, ¢, and ¢, ; are linearly independent. However, o3
is the third eigenvalue of the operator —A + |x|> — 3‘%3 in Xqq, thus, m(W_5;, ) = 2, which
is a contradiction. Therefore, 7 > wy, for d > 16, which implies m(us,) = 1.

Case 13 < d < 15. We use the same idea to show that 1 < m(us) < 2. Indeed, since o4 >
Weo for 13 < d < 15, as follows from (3.10), we have

d,
Woo +3u% <04 +3=—= inRfor 13<d <15, (3.13)
If i3 < woo, then by (3.13),
d_
T3+ 3ul, <o4+3—— inRYfor13<d < 15. (3.14)

I%

The third eigenfunction ¢3, corresponding to 73, has exact two zeros 7y < 7;. Moreover, by the
Sturm-Liouville theorem, it is well known that 7, < r, <7;. Let

(;53 — ¢3a O<r<7fa (b?l: 07 0<r<7l7
! 0) rz ¢, v ¢37 r}}’h
and
0, 0<r<7f,
G3m=19 3, rp<r <y,
0, r>71.

Then by similar arguments as used above, we can show from (3.14) that m(W_3 " ) > 6, which
contradicts the fact that m(W_3;, ) = 3. Thus, we must have 73 > w for 13 < d < 15, which
implies that m(us.) < 2.

O

Remark 3.3. As a by-product, the proof of lemma 3.3 shows that 7} < wo, < 7 for d > 16.
Therefore, the homogeneous equation L..Z = 0 has only trivial solutions in X;,q for d > 16.
This implies that u, is nondegenerate in X;,q for d > 16 in the following sense. The radial

. . 2 .
solution Z satisfies Z= O(r*“~~"%~7) as r — +oo and there exists L_ # 0 such that
Z=L_ "~ 4+0(/+,/~1%) asr—0.

This argument verifies the non-degeneracy assumption 2.2 in [31] for d > 16. It is not clear if
this assumption can be verified for 13 < d < 15.

The proof of theorem 1.2 follows immediately from lemmas 3.2 and 3.3. g
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