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Abstract '

We consider homoclinic orbits in the fourth-order equation v'™ + (1 — e’ —
e2v = v + y(Quv” + v?), where (y,&) € R’ Numerical computations

[CGY97,CO1] show that homoclinic orbits exist on certain curves y (¢) in the
parameter plane (y, ¢). We study the dependence y (¢) in the limit ¢ — 0
and prove that a curve y (¢) passes through the point (yy, 0) only if s(yp) = 0,
where s(y) denotes the Stokes constant for the truncated equation (with ¢ = 0).
The additional condition s'(yy) # 0 guarantees the existence of a unique curve
y (¢) passing through the point (yy, 0). Every homoclinic orbit is proved to be
single-humped for sufficiently small ¢.

Mathematics Subject Classification: 34M40, 34M30, 35Q53, 37C29

(Figures in this article are in colour only in the electronic version)

1. Introduction

We address existence of homoclinic solutions to the fourth-order equation
v @+ (1= (@) — (@) =@ +yQun @)+ (@) (LD

in the limit e — 0, where (y, ¢€) are real parameters. This problem is equivalent to the problem
of persistence of the homoclinic solution

3
X)=—"——F—— 1.2
) 2 cosh?(x/2) (12
to the differential equation
Y —y=y (13)
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that undergoes a singular perturbation

ey + (1 =€)y —y =y +e2y @y + (1)), (1.4)
Indeed, equations (1.1) and (1.4) are related through the change of variables (rescaling)

v(z) = &7y (x), x=ez—c, (1.5)

where the arbitrary constant ¢ € C is at our disposal.

Persistence of homoclinic solutions for various singularly perturbed problems, including
the problems related to dendrite crystal growth, flows in Hele-Shaw cells, solitary waves in
the presence of small surface tension, bending losses in optical fibres and shock waves in
combustion problems (see [STL92] and references there), has been discussed in the literature
during the last two decades. The main difficulty in all such problems is the fact that the
difference between perturbed stable and unstable solutions becomes exponentially small in
the perturbation parameter. Significant progress in overcoming this difficulty is associated
with the paper [KS91] that outlined the approach known nowadays as asymptotics beyond
all orders (the preprint of the paper appeared in 1985). This approach was formally applied
in [PRG88,GJ95] to show non-existence of homoclinic solutions to (1.4) with ¥ = 0 for small
& > 0. The first rigorous proof of non-existence was obtained in [AM91] by a completely
different method (see also an earlier paper [HM89]). In the framework of the asymptotic
beyond all orders approach, the proof of non-existence was obtained in [TOO].

The asymptotic beyond all orders approach to a singularly perturbed problem, for example,
to (1.4), consists of three major steps: (a) reduction of (1.4), called the outer equation, to (1.1),
called the inner equation, (b) analysis of solutions vy (z) of the truncated inner equation

v (2) +1"(2) = v?(2) + Y Qu(2)v"(2) + v (2)) (1.6)

that tend to zero as |z| — oo in the right or left half-planes of the complex z-plane, respectively,
(c) transition from equation (1.1) to (1.6), i.e. the proof that in the limit ¢ — 0 stable
and unstable solutions of (1.1) approach solutions vy (z) of (1.6), respectively. Then the
coincidence of solutions v,(z) = v_(z), i.e. the fact that (1.6) has a nontrivial solution v(z)
analytic at z = 0o and satisfying v(co) = 0, becomes a necessary condition for persistence of
homoclinic solutions to (1.4). Existence of solutions analytic at infinity and their relation with
Stokes constants for analytic nonlinear ordinary differential equations was discussed in [T94b].
It was proved in [T00] that v, (z) # v—_(z) for equation (1.6) with y = 0. Thus, in the case
y = 0 equation (1.1) has no homoclinic solutions for small &. However, there are homoclinic
solutions for other values of y. For example,

3e2(4+6%) ez
TSCCh (?) s (17)

v(z,8) = — y(e) =

4 +¢2
is a homoclinic solution to (1.1) with y = y(g). It corresponds to the smallest real zero
s(%) = 0 of the Stokes constant s(y).

The main results of the present work are listed as follows.

1. Equation (1.1) has homoclinic solutions in a neighbourhood of the point (yy, 0), 1 € R,
only if the Stokes constant s(y) of equation (1.6) vanishes at y = yy.

2. If s(y9) = O but s'(y9) # 0, then there exists a unique smooth curve y (&) passing through
the point (yp, 0) in the parameter space (y, €), so that equation (1.1) with y = y(¢) has
homoclinic solutions for all sufficiently small €. Such curves in the parameter space will
be referred to as homoclinic solution curves.
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3. Each homoclinic solution curve corresponds to a single-humped homoclinic orbit in a
neighbourhood of the point (yy, 0) in the parameter space (y, ¢).

4. First zeros of s(y) are approximated numerically on a rigorous basis of a numerical
algorithm.

Our technique is based on the results of [T94b, T94c, TO0] for the asymptotic beyond all
orders approach, applied to equation (1.1). The related problem of distribution of zeros of
s(y) for large y is beyond the scope of this paper.

Our paper is structured as follows. Motivations of our studies of equation (1.1) are
described in section 2. The truncated inner equation (1.6) and the Stokes constant s(y) are
analysed in section 3. Analysis of the outer equation (1.4) is developed in section 4. Analysis
of the inner equation (1.1) is reported in section 5. Numerical computations of homoclinic
orbits are described in section 6. Technical proofs can be found in appendix A and appendix B.

2. Motivations

Our work is motivated by the connection of the fourth-order ODE (1.1) to the equation
describing travelling waves of the fifth-order Korteweg—de Vries (KdV) equation. Indeed,
the transformation

7z = wt, v(z) = —%u(t), 2.1

reduces (1.1) to the general form
u™ 4 (0 — k" — K2?u+au® + BQuu” +u’?) =0, (2.2)

where o, B, w and k are real parameters. The ODE (2.2) is a travelling wave reduction
of the fifth-order KdV equation, which models gravity water waves on a surface of finite
depth [CGY94]. Note that this equation is not a reduction of the integrable KdV hierarchy and
it is not integrable unless it is a linear equation with @« = B = 0. The fifth-order KdV equation
leading to the ODE (2.2) generalizes the Kawahara equation (8 = 0), for which there exists
a proof that no homoclinic connection to the zero equilibrium state exists [AM91, HM89].
Unfortunately, these proofs were very specific to the ODE (2.2) with 8 = 0 and did not allow
a direct generalization to a wider class of problems, such as, for example, equation (2.2) with
B #0.

When « = 0, the linearization of the zero equilibrium state in the ODE (2.2) admits two
purely imaginary eigenvalues A = +iw and the double zero eigenvalue A = 0, which is referred
to as the 0%iw resonance. This dynamical system has the vector normal form, given in [IA98]
(exercise 1.22 and problem 7). Using the formal polynomial transformation, the scalar ODE
(2.2) is transformed to the vector normal form [CO1]. Non-persistence of homoclinic orbits
in the general vector normal form was considered in connection with the original water wave
problem by Iooss and Kirchgassner [IK92]. Analysis of exponentially small Melnikov integrals
was developed by Lombardi [L99], who derived a criterion for persistence of homoclinic orbits
in the vector normal form. Lombardi [LOO] also proved that a general vector normal form for
the 0% w resonance admits homoclinic connections to exponentially small periodic orbits and
generally no homoclinic connections to the zero equilibrium states.

Altogether, these results do not exclude that there may exist values of parameters of
the ODE (2.2) when the true homoclinic orbits exist. Finding such curves numerically
happens to be very difficult because one has to distinguish between homoclinic connections
to exponentially small periodic orbits and true homoclinic connections. These numerical
studies of homoclinic orbits in the scalar ODE (2.2) were undertaken by Champneys [CO1]
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(see also [CG97]). The numerical results reveal families of multi-pulse homoclinic orbits
along bifurcation curves of co-dimension one in a two-parameter plane (see figure 12 in
[CGY97]). Formal applications of the Lombardi’s results for the vector normal forms [L99,1.00]
undertaken in [CO1] has indicated existence of infinitely many multi-pulse homoclinic orbits
of the ODE (2.2) for sign(«f) = 1 and non-existence of homoclinic orbits for sign(aef) = —1.
However, this formal application cannot be directly applied to the scalar ODE (2.2), because
the order of the normal form truncation is not controlled (see remark 7.1.17 in [LOO]).

It was further suggested in [CO1] that the families of homoclinic orbits intersect the line
k = 0 at a set of points w = {w,}32,, according to zeros of a Bessel function, where

. T [o

nlinolo(a)n*-l —wy) = Z ﬁ (2.3)
The numerical approximations are inaccurate in the limit « — 0 and the numerical values
of w, are not computed to any precision except for the case n = 1 (see figure 1 in [CO1]).
Nevertheless, there is strong numerical evidence that a sequence of values of w, does indeed
exist, that is consistent with the distribution (2.3) [CO1]. In the case n = 1, the explicit analytic
solution follows from (1.7) and it gives the exact value of w;. All other (n # 1) homoclinic
solutions to (1.1) seem to have no explicit expressions. At least, as it is proved in our paper,
they cannot be represented by a rational function of sech?(sz/2). We also show that each
homoclinic solution curve in the parameter space represents a single-humped homoclinic orbit
near the point k = 0 and w = w,. Therefore, splitting of pulses occurs far from the limiting
point (all homoclinic orbits represent multi-pulse solutions in the opposite limit w — 0 [CO1]).
These results are in agreement with the concept from [KCBS02] that homoclinic orbits of the
ODE (2.2) are special and could not be treated as bound states of individual pulses.

We will show that the necessary condition for a bifurcation of the homoclinic orbit from
the point k = 0 is the zero of the corresponding Stokes constant which may occur for discrete
values of w. Moreover, the sufficient condition for existence of a single curve in the parameter
space (k, w) under fixed values of («, ) is that the zero of the Stokes constant is simple. The
first result (based on [T00]) is of the same type as the one obtained by Lombardi for the 0% w
resonance. The proofs are very different although both proofs are based on a careful description
of the analytic continuation of solutions in the complex plane. The second result was expected,
but, to our best knowledge, has never been proved before. Moreover, theorem 3.10 in our paper
justifies an algorithmic way to compute the Stokes constant numerically. We shall compare
our numerical results with previous numerical computations in [CG97], which were carried
by different numerical algorithms.

Analysis of this paper can be generalized to the ODE (2.2) with different nonlinear terms
or to the general vector form for the 0%iw resonance considered in [LO0]. Most proofs admit
straightforward generalizations. However, in order to locate zeros of the Stokes constant
numerically, one needs to develop individual numerical computations for each given nonlinear
function. An example of such numerical computations for a class of differential advance-delay
equations was reported recently in [OPB06].

3. The truncated inner equation and the Stokes constant

In this section we study the existence of a solution to the truncated inner equation (1.6) that is
analytic at z = oco. Equation (1.6) has the formal series solution
>«
n k
V(z) = T 3.1

k=1
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where the coefficients {a}72, satisfy the recurrence equation
k) 2k + 1) 2k +2)( 2k + 3oty + 2k + 2) 2k + 3)atgs

k+1 k
=D e +4y D mOm +k + 2)en a1 k € N*, (3.2)
m=1 m=1
starting with oy = 6. The first coefficients a5, o3, and a4 can be found from the recurrence

equation (3.2) as

o = 184y —5),

a3 = 184y — 5)(16y — 31),

ay = 24y — 5)(496y* — 2308y +2759). (3.3)
Resolving (3.2) for .1, we obtain
2k — DRk +6)oy; = — (k) 2k + 1) 2k +2) 2k + 3)

k k
+ D O + 4y Y mm ke + 2) o s k € N*, (3.4)
m=2 m=1
where o = 6. The main question to be addressed here is whether the formal power series

(3.1) converges for finite large values of z. The analysis of convergence is based on the Borel—
Laplace transform method (see, for example, [T94b]). The inverse Laplace transform £~!
converts the truncated inner equation (1.6) into the convolution equation:

*+5HV(s) = V() x V(s)+y[2V(s) % (s2V(s)) + (sV(s)) % (sV (s))], (3.5)

where s is a dual (Borel) variable, V (s) = [£™'v](s) and F(s) x G(s) = f(; F(s—1)G(r)dr.
We shall prove the equivalence between convergence of the formal series (3.1), continuations
of two analytic solutions v, (z) and v_(z) of the truncated inner equation (1.6) and zero values
of the Stokes constant s(y) (see corollary 3.5).

Lemma 3.1. The formal series solution (3.1) with oy = 6 and {ox};2, satisfying (3.4) is
the only non-trivial formal power series solution to (1.6) in powers of z7>. Moreover, if
y =y = %, then all a = 0 fork = 2,3, ..., sothat 0(z) = 6/z2. If y # y1, then, there is

no ko = 2, such that oy, # 0 but o = 0 for all k > k.

Proof. It is straightforward to check that the leading term of any formal power series solution
to (1.6) in powers of z=2 is 6/z>. Then for any k € N* there exists a unique value of a1,
computed from values {am}’;:] in the recurrence equation (3.4). If y = y; = 451’ it is clear
from (3.3) that oy = a3 = a4 = 0. By induction, assuming that oz = 0 for 2 < k < kg, we
prove that o1 = 0. If y # y, we assume that there exists ky > 2, such that all oy = 0 for
k > ko. The recurrence equation (3.4) with k = 2k — 1 results in

k0(3k0 +1) 2
= _— 0_ 3-6
0ok, y(ko+1)(4k0—3)ak° a (3.6)
The contradiction proves that there is no ky > 2. U

Remark 3.2. Lemma 3.1 shows that v = 6/z2 and y = y; = % is the only possible (up to a
translation) nontrivial solution to (1.6) that is polynomial in inverse powers of z. Combined with
results of section 5, it shows that the only possible nontrivial solution to the inner equation (1.1)
that is polynomial in e2sech?(ez/2) is the explicit solution (1.7), which matches the solution
v==6/z2wheny =y, = % and ¢ = 0. Moreover, the following lemma implies that the same

solution (1.7) is the only solution to the inner equation (1.1) that is rational in e2sech®(ez/2).
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Lemma 3.3. The truncated inner equation (1.6) has a nontrivial rational solution only if
y=y = %; this solution is unique (up to a translation) and given by v(z) = 6/z°.

Proof. Any nontrivial rational function v(z) should have at least one finite pole at z = zg.
Direct calculations show that the leading term of the Laurent expansion of v(z) at z = zo is

15 . 8! 4 .
—(z — z20) if y #£0 and —(z—20) if y =0. 3.7
2y 4!

We show that the Laurent expansion of v(z) at z = zo contains only even powers of z — zg.
Indeed, in the case y # 0, let v(z) = (15/2y)(z — z0) 2+ w(2) + vk (z — z0)* + O ((z — 20)**1),
where w(z) contains only even powers of z—zp and k > —2isodd. Substituting this expression
into (1.6) and equating the coefficients of the leading odd power term (z — z9)**, we obtain

k(k — 1)(k — 2)(k — 3)vx = 15(k> — 3k + 6)vy. (3.8)

It is easy to see that k(k — 1)(k — 2)(k — 3) > 15(k*> — 3k + 6) if k > 7 and that
k(k — 1)(k — 2)(k — 3) # 15(k> =3k +6) if k = —1,1,3,5. Thus, vx = 0 for all odd
k > —2. In the case y = 0 equation (3.8) becomes k(k — 1)(k —2)(k —3)vy, =8 -7 -6 Svy.
Since k is odd, it also implies vy = O for all odd k > —2. Thus, the Laurent expansion of
v(z) at z = zo contains only even powers of z — zp and v(z) is symmetric with respect to any
finite pole z = z¢. So, the assumption that v(z) has two different finite poles would imply that
v(z) has infinitely many poles. Thus, the only possible rational solution (up to a translation)
isv(z) = 6/22 withy =y = 2. O

Theorem 3.4. Foranyy € C, the convolution equation (3.5) admits a unique nontrivial power
series solution in odd powers of s. This solution defines a function V (s) that is analytic at
the whole s-plane except, possibly, two vertical cuts: from s = i upwards and from s = —i
downwards. The function V (s) may grow at most exponentially (has exponential order 1)
along any nonvertical ray in the cut s-plane.

This statement is a particular case of the main theorem of [T94b], which is valid for
systems of convolution equations that are inverse Laplace transforms of so-called ‘level one’
systems of ODEs.

Corollary 3.5. Let v+ (z) be defined by

+oo
v1(z) = / e “V(s)ds. 3.9)
0

These functions are the only analytic solutions of the truncated inner equation (1.6) that satisfy
v+(z) ~ 0(2) asz — 00, <z € Si, (3.10)
where S1 are sectors
S, ={z:|argz| <}, S_={z: |largz — 7| < 7}. 3.11)
Moreover,
v,(2) —v_(z) = —2mis(y)e“ (1 + o(1)), asz — oo, 0<argz <, (3.12)
where the constant s(y) is determined through

s(y) = linill(s +1)V (s). (3.13)
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Proof. The Taylor expansion of V (s) at s = 0 can be obtained by applying the inverse Laplace
transform (Borel transform) to the formal series v(z). The function V(s) is analytic on a
Riemann surface that has possible branch points of the logarithmic type at s = ik, where
k € N. The statement on behaviour of V (s) at the singularity s = i follows from theorem 2.2
in [T94c]. The uniqueness of solutions v4 (z) satisfying (3.10) follows from theorem 3.4 and
properties of the Laplace transform. (|

Definition 3.6. The constant s(y) in (3.13) is called the Stokes constant for the truncated inner
equation (1.6).

Proposition 3.7. For a given y € C the following three conditions are equivalent: (i) the
formal power series solution (3.1) has a positive radius of convergence; (ii) s(y) = 0 and

(iii) v,.(z) = v_(2).

Proof. The fact that (i) implies (iii) is obvious. The inverse statement follows from the fact
that v(z) = v4(z) = v_(z) implies that the function v(z) is single-valued near infinity and has
asymptotic expansion v(z) in the full neighbourhood of infinity (see [W76]). It is also clear
that (i) implies (ii), since in this case £~!9(s) is an entire function. Suppose now s(y) = 0.
Since V (s) is real-analytic on R, we obtain that V (s) = o(1/(s — i)) as s — i. That means,
according to corollary 2.2 in [T94c], that v, (z) coincides with v_(z) in both lower and upper
z half-planes. Thus (ii) implies (iii). O

Remark 3.8. The constant s(y) is related to the limiting behaviour of the coefficients in the
formal power series (3.1). In order to show this relation, we define a new sequence {B};2, by

o = (=D 2k — DB, k e N*. (3.14)
Then the recurrence equation (3.4) becomes
k
B 6B« (2m — 1)!(2k — 2m +3)!
Prot = B = Qk—1)(k+3) 202k — 1)(k+3 2:: 2k +1)! B2
k
y (m+k+2)2m)!(2k — 2m + 1)!
- o B 15 3.15
(2k—1)(k+3>m§ 2k +3)! Pubimer, G-15)

where k € N*, and 8; = 6.

Proposition 3.9. The series ¥(z) is divergent and, consequently, s(y) # 0 for y < 0.

Proof. It follows from the recurrence equation (3.15) that the sequence {f;};2, is positive
and, consequently, the sequence {o}72 ; is sign-alternating if y < 0. To prove the lemma by
contradiction, we suppose that the series 9(z) is convergent Then the solution

oo

k=1p 2k—1
Vi(s) = Z(Zk— Z( D*! Bes (3.16)
of the convolution equation (3.5) is an entire functlon. Therefore, the left-hand side of (3.5)
is zero at s = —i. On the other hand, i V (s) is positive along the negative imaginary axis, so

that V(s) x V(s) < 0 and the expression in the square brackets in (3.5) is positive there. Since
y < 0, that means that the right-hand side of (3.5) is strictly negative at s = —i, thus leading
to contradiction. So, the series v(z) is divergent and s(y) # 0 for y < 0. O

In the particular case y = 0 this proposition was proven in [T94c].
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Theorem 3.10. For any y € C we have

1. (=D ey
s(y) = = lim B = lim (3.17)
2 k—o0

k=00 2(2k — DI
where the coefficients {oy )7 and {By}o, are defined by (3.2) and (3.15), respectively.

Proof. Let us consider first the case when y is real and y < 0. Then all B, (y) are positive and
the sequence {Bx(y)}72; is increasing. The arguments above together with (3.13) show that

V(s) ~ M ass — —i, (3.18)
Ss+1

where 5(y) # 0. Changing the variable s = —i /&, we obtain

V(s) = —ig"? Y ()t = —ie " h(&) . (3.19)

k=1
Then, according to (3.18),
2s(y)
1-§
as & — 1. Now we can use the Hardy—Littlewood theorem ([Ti39], section 7.51) that states
that under the assumptions that all B;(y) > 0 and s(y) # 0 we have

h(&) ~ (3.20)

> Buly) ~2s(y)n (3.21)

k=1
as n — oo. Then the statement of the theorem in the case y < 0 follows from (3.21). Let us
show that B(y) = limy_, o, Br(y) exists for any € C. Using (3.15), we obtain

3b2(y) Xk: Qm—1)Q2m—2)...4

Qk+1)2k2k — 1)(k +3) Rk—1DCk—-2)...2k—2m+4)

1Bre1(¥) = Be(¥)] <

m=2
2y 1Bk +2)
6W”'(“W) 3y 16E ()
k+3)2k+1) k(2k — D2 (k +3)

- (m+k+2)2m)Q2m —1)...4
me:; Qk+ )2k —2)2k —3)... 2k —2m+2)’

(3.22)

wherek € N*and b (y) = max¢;<x |8;(y)|. Notethat |8 (y)| < Br(—|y|) Vk € N* follows
immediately from (3.15). Thus, |B8x(y)| and b;(y) do not exceed M = 2s(|y|) Vk € N*.
Taking into account that the terms in both sums of (3.22) do not exceed one, we can rewrite
(3.22) as

3SM(1+4ly])  3M*(1+2ly))
Binr(v) = Buy)| € =0 + ——

Then it is clear that {B(y)}72, is a Cauchy sequence so that B(y) = limg_, o Br(y) exists. It
remains to show that §(y) = 0 implies s(y) = 0. Assuming the opposite in the case y € R
(when b(y) € R), we see that the geometric series s(y) Z,fio £F = s(y)/(1 — &) majorizes
the series for 2(¢) given by (3.19) for all sufficiently large k € N*, ie. |s(y)| > |Bc(¥)I.
Thus, 4 (&) cannot satisfy (3.20) with s(y) # 0. So, s(y) = 0. In the case y € C the proof is
similar. O

(3.23)



Exact conditions for existence of homoclinic orbits 2285

4. Asymptotic analysis of the outer equation

We consider here the outer equation (1.4) and study stable and unstable solutions y,(x, ) and
Yu(x, &), i.e. solutions that satisfy

lim ys(x,e) =0 and lim y,(x,&) =0, “.1)
X—>+00 X——00

respectively. The unperturbed outer equation (1.3) has only one stationary point (y, y’) =
(0, 0) and it is hyperbolic with two stable and two unstable directions. There exist two different
separatrix solutions of the unperturbed equation (1.3)

3 3
T2 YT sanie)
where y;(x) is bounded on x € R and y,(x) is unbounded on x € R. However, if x is
considered as a complex variable, then the unperturbed equation (1.3) has only one (up to the
translation invariance) ‘complex’ separatrix solution since y,(x £ i) = y;(x).

In the case ¢ # 0 the outer equation (1.4) has a stationary point (y,y’,y”,y") =
(0,0, 0,0) with four eigenvalues Ay = 1, Ay = —1, A3 = i/e, and Ay = —i/e. Let us
look for the stable and unstable solutions y,(x, ¢) and y, (x, ¢) with the exponential series

yi(x) =— 4.2)

Ylre) =Y w@e ™, v e) =) wle)e, 43)
k=1 k=1

where the choice of y(¢) is arbitrary, while the coefficients {y;(¢)};2, are uniquely defined
from the recurrence equation
k—1

1
5 D (U +eyj(+h)yiE)(e). k=2,3,.... (44
j=1

(€2k2 + 1) (k> —

Yi(e) =

As in the case of complex separatrix for (1.3), the series (4.3) for y;(x, &) with y;(¢) < O
and y;(¢) > O represent both bounded and unbounded branches of the same complex
stable solution to (1.4). The same is true for unstable solutions y,(x, €). Note that the
transformation y;(¢) — cy;(¢), where c is an arbitrary constant, results in the transformation:
Vi (&) — c* vk (€), k € N. Therefore, the series (4.3) with an arbitrary y; (&) can be rewritten as

v e) =Y ch@m@e ™, yx.e) =t @weer,  yie) =6 4.5)
k=1 k=1
Here and henceforth we will always assume that y;(¢) = 6. The normalization y;(¢) = 6 is
chosen for convenience since the separatrix solution y = % sinh=2(x/2) for the unperturbed
equation (1.3) has y;(0) = 6 in the representation (4.3). Introducing x(¢) through c4(¢) =

et® we represent the series (4.5) in the equivalent form:

o0 [o¢]
yee) =Y @ D ) = Y ey e) =6 (46)
k=1 k=1
Therefore, the arbitrary parameter c4(¢) in (4.5) corresponds to the translation of the stable
and unstable solutions (4.3) by xo(g). We will prove that any stable solution y,(x, &) belongs
to a one-parameter family given by the exponential series (4.6). Moreover, if xo(¢) € R, it has
a unique minimum on x € (—pu(¢g), 00), where (—u(e), 0o) is the domain of y,(x, €). Here
u(e) < oo. Similar results hold for the unstable solution y, (x, €).

Lemma 4.1. The series (4.3) for ys(x, &) (with y1(¢) = 6) converges absolutely for Rx >
In(1 + 2|y]).
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Proof. Observe that €2/ (j +k)/(e?k*+1) < 2forallk e Nandall j = 1,2,...,k — 1.
Therefore, according to (4.4), the series (4.3) is majorized by the series

F) =) e, 4.7)

where y; = y; = 6 and the coefficients {y;};2, satisfy the recurrence equation

. _d +2ly) +

W -1 ? ViVk—js k=2,3,.... (4.8)

It is easy to check that the series y(x) satisfies the differential equation

V' =y = +2]yDy*, (4.9)

which has the exponential series solution

0 3 .
_ =y 4.1
Y = 2y sinh2 e /2) 1+2|J/| 10

Then the series y(x) = > o, ye % with y; = 6 and {)}}32, satisfying (4.8) is given by

F) =3 —In[1+2]y|]) = Y 6k(1+2]yh*Pe ™. (4.11)
k=1

That leads to the estimate
lye(e)] < 6k(1 +2]yH* ", k€N, (4.12)

which proves the statement. O

Lemma 4.2. If a stable solution ys(x, €) of the outer equation (1.4) has an extremum x = X,
then y, (xo. £) < —3.

Proof. There exists a conserved quantity for the outer equation (1.4):
e (Zy///y/ //2) + (1 _ 82)y/2 — y2 + %y:; + 2823/)’}’/2, (413)

where the integration constant is taken zero because of the zero boundary condition (4.1).
Substitution of y'(x¢) = 0 into the conserved quantity (4.13) yields

%y (x0) = 1y (x0) 2y (xo) +3). (4.14)

If 2y(xp) +3 > 0, then y(xg) = y”(x9) = 0 and y"”'(xg) # 0, since otherwise y(x) = 0. In
this case, the function y(x) is monotonic in a neighbourhood of x = x¢. Since xj is the point
of extremum, we have 2y(xp) +3 < 0. U

Lemma 4.3. Any stable solution y,(x, €) of the outer equation (1.4) has the form (4.6).

Proof. Let y(x) denote the stable solution y,(x, €) to the outer equation (1.4). Since y(x) is
small forall x € [X, co), where X is a large positive constant, y’(x) is sign-definite by lemma 4.2.
Thus y(x) is monotonic and y(x)y’'(x) < 0 for x € [X, 0c0), such that y'(x) € L[x, 00).
To show that all first four derivatives of y belong to L;[X, 00), it is sufficient to show that
vy, y",y"” approach zero as x — oco. We will follow the arguments of [AM91] to prove the
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latter statement. Indeed, integrating (1.4) once and twice, we see that there exists some C > 0
such that

1y L 1y, 1y )], 1y (0] < €A +x7) (4.15)

for all x € [X, 00) and y € E, where E is any finite segment of R. Multiplying (1.4) by e™*
with arbitrary a > 0 and taking integral over [x, c0), where x € [X, 00), we obtain after some
algebra

ey (x) +ae?y’(x) +[1 — e*(1 — a* = 2yy(x)]y' (x) = e*yay*(x)

+e f Terall = 21— Y (0 + 220 — Y0 + (L + PO dr

(4.16)

Existence of the integral in (4.16) follows from (4.15). Since the limit of the right-hand side
of (4.16) as x — o0 is zero, we obtain

g2y (x) +ae’y"(x) +[1 — *(1 — a* = 2yy(x)]y'(x) = 0 (4.17)
as x — oo. Because a > 0 is an arbitrary parameter, equation (4.17) for different values of

a implies that y'(x), y”(x), and y”(x) all approach zero as x — oo. It is now clear that all
derivatives of y(x) are absolutely integrable on [X, c0). Then

f (@) +y*()1dt = & [y"(x) — y""(®)] + (1 — eH[Y' (x) — y'(©)]

—&’y / [2y(0)y"(@0) +y? ()] dt (4.18)
shows that y(x) € L[x, co). We now rewrite the outer equation (1.4) in the vector form
0 1 0 0 0
0 0 1 0 0
Y=o o o 1|Y+|o|+venrs+y)], 419
1 2 —1 1
&2 0 g2 0 &2

where Y = Col(Yy, Y2, Y3, Ys) and ¥; = yU=D, j = 1,2,3,4. The Jordan form of the
coefficient matrix in the linear part of the vector equation (4.19)is Q = diag(—1, 1, —i /e, i/¢).
Using a linear change of variables, we can rewrite the vector equation (4.19) in an equivalent
integral form

Y(x) =e®C +efF f e 2 f(¢,Y)dr, (4.20)
B(x)

where f(¢,Y) is the transformed nonlinear part of the vector equation (4.19) and B(x) =

(B, (x)}‘}:l is a set of four contours of integration (a specific contour for each entry of the

vector integrand). We consider the contour where 8;(x) = [X,x] and B(x) = B3(x) =

Bs(x) = (00, x]. Itis easy to show that if all components of a vector ¥ (x) € C* belong to

L[x, 00), then

Y(x) = eQx/ e %Y (@)dt — 0 as x — 00. 4.21)
B(x)

For all but the first component this limit follows from definitions of (8,(x), B3(x), B4(x)). In
order to prove the limit (4.21) for the first component, we split the integral

. (x—X)/2 x
Vi(x) =e™ f + / 'Y, (1) dt. (4.22)
X (x—x)/2
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Then the limit (4.21) follows from the fact that the first integral in (4.22) does not exceed
e~ /2| Y|, [z.00) While the second integral does not exceed ||Y||1,(x—5)/2.00)- Returning
to the integral equation (4.20), we notice that the components of the integrand f(¢,Y) €
L[x, 00). Taking the limit x — oo in the integral equation (4.20), we observe that only the
first component of C can be different from zero if y(x) is a stable solution. Thus, the set of all
stable solutions of the outer equation (1.4) coincides with the one-parameter set of solutions
of the integral equation (4.20), where C = cej, ¢; = Col(1,0,0,0), and ¢ € C is a free
parameter. Then, the statement follows from theorem 3.1 in [T94a]. O

Lemma 4.4. There exists a formal power series solution to the outer equation (1.4)

Fx.e) =Y ¥ P (p), (4.23)
k=0

where Pyy1(p) are polynomials with real coefficients
P (p) = aoP + agar 1 p* + -+ ararip (4.24)
and p = p(x) = sinhfz(x/Z). All polynomials Py (p) are uniquely defined.

Proof. The polynomial P;(p) is uniquely defined by (4.2) as P;(p) = % p. Substitution of
(4.23)—(4.24) into the outer equation (1.4) yields the recurrence equation

k
D} Pei(p) — (1+3p) Pt (p) = =D} Pu(p) + DIPi(p) + Y Pj(p) Prsa—j(p)
j=2
k
+y Y _[2P;(p)D}Pi_j(p) + (Dy Pi(p))(Dy P (P))], (4.25)
j=1

where k = 1,2, ... and D, = d/dx. Itis easy to check that the identities
1
Df, k= (k <k+§)p+k2> k. D.p* = —k/1+ pp* (4.26)

hold for any k € Z. Using these identities one can prove by induction that the right-hand side
of (4.25) is a polynomial in p of order k + 1 with no constant and linear terms. The statement
follows from the observation that j(j + %) —3#0forany j € N. (|

Remark 4.5. The statement of lemma 4.4 is still valid if the outer equation (1.4) is considered
with y = y(¢), where y(¢) is a smooth function on [0, gy] for some gy > 0 that admits
asymptotic expansion

y @)~y ye* (4.27)
k=0

as ¢ — 0, where the coefficients y; are real numbers.

Remark 4.6. The coefficients of the formal series (4.23) are even functions in x. Therefore,
the formal power series (4.23) cannot capture the difference between stable and unstable
solutions (i.e. it cannot capture the breakdown of the separatrix solution) in any order of the
small parameter €. This phenomenon is called ‘asymptotics beyond all orders’ (see review
in [STL92]).
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Remark 4.7. Introducing r(x) = sech? (x/2), we observe that p(x +ip) = —r(x). Therefore,
a formal series solution to (1.4) in terms of r(x) is given by

Fr,8) =) & Pt (—r(x)). (4.28)
k=0

In fact, a stable solution y,(x, ¢) admits the asymptotic expansion (4.28) in the limit ¢ — 0.
To be more precise, we need the following definition.

Definition 4.8. Let A be any positive constant and Bj, j € Z be the Banach spaces of
continuous functions y(x) on x € [—A, 00) with the norm

lyll; = inf {M >0: [yx)| < forall x € [-A, oo)} . (4.29)

cosh? (x/2)
Itis clear that By C B; and |lyll; < lIyllk if k& > j.

Theorem 4.9. Let yy (x, ) denote the first (N + 1) terms in the formal series (4.28), where
N € N. Then there exists some A > 0 such that for every N € N we can construct a stable
solution yy (x, €) satisfying

lyn = Ins Yy = Ins Y = Is v — Inlls, = O(e*V*D)y (4.30)

as ¢ — 0 uniformly on bounded sets of y.

The proof and further details can be found in appendix A. According to lemma 4.3, every
solution yy (x, &) can be represented in the form (4.6).

Lemma 4.10. Let ¢ > 0 be sufficiently small. A stable solution ys(x,€) to the outer
equation (1.4) has a unique global minimum on (—u(¢g), 00), where (—u(g), 00) is the domain
of ys(x, &) and pu(e) < 00.

Proof. By lemma 4.3, any stable solution can be represented by the series (4.6) with the proper
shift xo(¢). Therefore, it is sufficient to prove the statement for a particular stable solution, say
vo(x, &), where yg = —% cosh_z(x/Z). By theorem 4.9,

10 = S0, ¥6 = J0s ¥6 = 30 ¥ = 35 lls, = O(e?). (4.31)
Since J;(x) changes sign at x = 0, hence y,(x*(¢), &) = 0 at some point x = x*(¢), such
that [x*(g)| = O(e?). There is only one such point x*(¢) in some finite and independent of &
neighbourhood U of x = 0. Indeed, the opposite assumption would contradict (4.31) and the
fact that 3 (x, 0) = %. Clearly, x*(¢) is a point of local minimum of yy(x, ). To complete the
proof, it remains to show that yy(x, €) has no extremal points on x € (—u(e), co) outside U.
The assumption that x; ¢ U is an extremal point of yo(x, €) leads to a contradiction. Indeed,
by lemma 4.2,

Yolxi, &) < —3. (4.32)

On the other hand, if x; > —A then theorem 4.9 implies that |yo(x;, &) — Jo(x1)| = O(g?),
which contradicts (4.32). Suppose now that x; € (u(¢), —A) and that x; is the largest extremal
point on this interval. Then yy(x, ¢) is decreasing on (x1, x*(g)), so that the requirement (4.32)
leads to contradiction again. ]

Lemma 4.10 provides us with the opportunity to ‘normalize’ a stable solution by requiring
that it has a minimum at x = 0. Here and henceforth we will denote by y,(x, &) and will
simply call stable solution (unless otherwise specified) this ‘normalized’ stable solution. The
following theorem states that y;(x, &) has asymptotic expansion y(x, €) as ¢ — 0.
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Theorem 4.11. There exists A > 0 such that the stable solution ys(x,¢) of the outer
equation (1.4), which satisfies

y,(0,¢) =0, (4.33)
possesses the asymptotic expansion as € — Q0 and x € [—A, 00):

s (x,€) ~ J(x,€) (4.34)

in By that is uniform in y € E, where E is a bounded subset of R. The exact meaning of the
latter statement is that VN € NandVy € E

ys(x,8) — In(x, &) = 2N Vr,(x, 8), (4.35)

where r, € By, r, depends on & continuously and does not depend on y, and yy(x, €) is the
Nth partial sum of the formal power series y(x, €).

Proof. According to theorem 4.9, for any N € N there exists xy(¢) € R, such that
ys(x, &) = yn(x — xn(e), &) = In(x — xn(e), &) + O(*N*D) (4.36)
uniformly in x € [—A, 00), y € E. The corresponding expressions also hold for derivatives

of ys(x,&) in x. Thus, xy(e) = O(*¥*D). This fact together with (4.36) yield the
statement. O

Corollary 4.12. The coefficient c,(¢) in the exponential series (4.5) for the stable solution
ys(x, €) has asymptotic expansion

o0
ci(e) ~ 4 Z e a1 1 ase — 0. (4.37)
k=0

where coefficients ayy . are defined in (4.24).
Proof. The statement follows from lemma 4.3 and theorem 4.11. O

Remark 4.13. When we move from analysis of the outer equation to analysis of the
inner equation, it is convenient to place the singularity of the solution of the unperturbed
equation (1.3) at the origin. Therefore, we consider a ‘deformation’ of the separatrix solution
y(x) = % sinh ™2 (x /2). Considering x € C, the line Ix = 7 corresponds to the bounded
separatrix solution y;(x) = —% cosh™(x/2). Then the inner equation (1.1) is related with the
outer equation (1.4) through the change of variables (1.5) with the shift ¢ = 0. Exponential
series solutions to the outer equation (1.4) are given by the series (4.6). Then exponential
series solutions to the inner equation (1.1) are given by

[o.¢] oo
vz, 8) =&Y ch(@)(e)e ™, vz, 8) =& )t (emle)e™, (4.38)
k=1 k=1
where yx(¢), k € N, are determined by the recurrence equation (4.4) with y;(¢) = 6. By
lemma 4.1, the series (4.38) for v, (x, &) converge for Rz > In(1 + 2|y |)/e and define 27i /e-
periodic functions of z. Taking into account the symmetry with respect to the real axis, we
restrict our attention to the strip

T
R:[zzogszg—}.
&
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By lemma 4.3, any stable solution to the inner equation (1.1) is a translation of the first series in
(4.38). Using theorem 4.11, we denote by v;(z, €) the stable solution to the inner equation (1.1)
that corresponds to the stable solution y,(x, ¢) to the outer equation (1.4) shifted by i, i.e.

vy(z, €) = %y, (ez — im, &), D. v, (1;” s) =0, (4.39)

where D, = d/dz.
Remark 4.14. Formal solution of the inner equation (1.1) can be written in terms of the new
variable

2
4z, &) = = sinh &2, (4.40)
g 2

such that lim,_,0q(z, €) = z. Since p = sinh™>(ez/2) = (2/eq)?, the formal solution
(4.23)—(4.24) can be transformed as

A = 2\’ o s
b(g,e) =&y ™ Py (£> = Hhi(g), (4.41)
k=0

k=0

where polynomials Py,1(p) = Zl;zo g1, pF 77 and their coefficients {a; } are defined in
lemma 4.4, and
. )
R 22(j—k) aji
Jj=k+1
As ¢ — 0 and ¢ — z, the solution (4.42) matches the power series (3.1) with the
correspondence o = 2% a; o, k € N.

5. Analysis of the inner equation

The main result of this section is a proof that a simple zero y, of the Stokes constant s(y)
implies a unique curve y (¢) of homoclinic solutions to the inner equation (1.1) in the parameter
space (y, €) passing through the point (yp, 0). The central part of this proof is the study of
behaviour of the stable and unstable solutions to the inner equation (1.1) in the limit & — 0.
In particular, we show that

lim vy (z, &) = v4(2), lim v, (z, &) = v_(2),
e—0 e—0

where v (z) are solutions to the truncated inner equation (1.6) (see corollary 3.5) and find the
asymptotic meaning of the formal expansion (4.41).

The exponential series solutions to the inner equation (1.1) are given by (4.38). Taking
into account the symmetry with respect to the real axis, it is sufficient to consider the strip
0 < 3z < /¢ of the complex z-plane. Let R,,, where zg € (0, /¢), denote the semi-strip
0 < Jz < /e, 0 < Nz with the cut square {Nz < zo0} N {Iz < zo}. The purpose of this cut
is to separate R, from the singularity z = 0 of ¢~'(z, &) (so that g~'(z, &) can be estimated
from above in R.,). The domain R, is shown in figure 1.

Definition 5.1. Let X be the complex Banach space of vector-valued functions W (z, €) € C*
that are analytic in z € R, and continuous in ¢ € [0, go] with the norm |Wlx = My =
infr+ M, where

(w)

_ e/ W _
< M|g73(z, &) lle” /27, H(Wj) H < Mlg ™z, 8)l,

Z€R,, £€[0, ¢l 5.1)
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inle

Figure 1. The domain R;, on the complex plane of z.

The substitutions
v(z, &) = u(z, €) + 6c(e)g (2. £) (5.2)
and U = TW, where U = Col(u, u’, u”, u”") and

1 -1 1 0
T=(,\1 —x2)®<0 1)’ (5-3)

reduce the inner equation (1.1) to the vector equation

01 0 0 0

, |amo0 0 0 0 (1 1 11 ,

Y=10 0 o 1 W‘ﬁ(; 1>W+5 o [tV =W3)" = flg. W)l (54
0 0 4 O |

where

2 2)2 2
e —1£/(1+&%)*+48
Ma = ( : )+ 487 0=V +e2)2+48¢2.  (55)
Theorem 5.2. Let c(g) be a continuous function such that there exists some B > 0 satisfying
lc(e) — 1| < Be 5.6)

forall e € [0, gy). There exists a unique solution W € X of the vector equation (5.4) such that
the function v(z, €) in (5.2) solves the inner equation (1.1). This W is a continuous function
in ¢ € [0, &9] and an analytic functioniny € E.

The statement is proved in appendix B. The proof of the particular case y = 0 can be
found in [T0O].

Remark 5.3. By corollary 4.12 and theorem 5.2, in the case c,(g) = 6¢(¢) the solution (5.2)
to the inner equation (1.1) is the stable solution (i.e. D,v(ir/¢, €) = 0), represented by the
exponential series (4.38).
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Remark 5.4. In the case

1£(q,0)| = O(*q™ + 0(q™®) (5.7)

in R;, x [0, &] the Banach space & in theorem 5.2 can be replaced by the Banach space ),
where |G (z, €)]ly = infr+ M, such that

IG @ &)l < Mg~ (5.8)

in R;, x [0, go]. This observation is also valid in a general case, described in remark B.5. In
particular, (5.7) is true when condition (5.6) in theorem 5.2 is replaced by

lc(e) — 1] < Bg? (5.9)
for some B > 0.

It is easy to show that the smoothness of c(¢) determines the smoothness of W(z, ¢) in
. To this end one can use the relation between inner and outer solutions v(z, ¢) and y(x, ¢€)
together with theorem A.1 and corollary 4.12.

Lemma 5.5. Let v(z) be defined by
6
v(z) =v(z,0) = Eh Wi(z,0) — Wi(z, 0), (5.10)

where W (z, €) is defined in theorem 5.2. The function v(z) is a solution to the truncated inner
equation (1.6) and v(z) = v4(2).

Proof. When ¢ = 0 we have ¢(0) = 1 and lim,_,9 g(z, ¢) = z uniformly on a bounded subset
of C. Then, by construction (see appendix B), the function v(z) in (5.10) solves the truncated
inner equation (1.6). Moreover, according to remark 5.4,

Wi(z,0) — Ws(z,0) = 0(z™), asz > 0o, O<argz < %, (5.11)

and the vector-function W(z, ¢) is real valued when z € R* and z > z,. Suppose that W(z, 0)
has an asymptotic expansion in z~! as z — oo in 0 < argz < /2. Then, using the symmetry
consideration, we obtain that v(z) has an asymptotic expansion in the right half-plane and
v(z) — (6/2%) = O(z*). The only formal power series solution to (1.6) consistent with
the latter condition is given by (3.1). Now the statement of the lemma follows from the fact
that v,(z) is the only solution to (1.6) that has the asymptotic expansion 0y(z) in the right
half-plane. To prove the existence of a power series for W(z) in z7' in 0 < argz < 7/2,
we notice that 8~! f(z, 0) in the integral equation (B.9) has an asymptotic expansion and the
integral operator Z, determined by (B.13) preserves this property. Thus, all W®)(z, 0) in the
series (B.15) have asymptotic expansions in powers of z~! when 0 < argz < /2, such that
W® (z,0) = 0(z*3). O

Corollary 5.6. Let c(¢) in theorem 5.2 be

c(e) =1+be+o(e), (5.12)
where b € C, and let the solution v(z, €) be defined by (5.2). Then

liII(l) v(z,€&) = v.(z+b) (5.13)

E—>

forany z € Ry,
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Proof. Inthecase c(¢) = 1 the statement follows from theorem 5.2 and lemma 5.5 immediately.
Inthe general case (5.12), the solution v(z, €) has form (4.38) by lemma4.3. Then the statement
of the corollary follows from the fact that lim._,o(Inc(¢)/e) = b. O

Remark 5.7. Since equation (1.1) is time-reversible, all the obtained results about stable
solutions can be extended to unstable solutions by making change of variable z — (i/¢e) — z.
A solution to the inner equation (1.1) is a homoclinic solution if it is simultaneously a stable
and an unstable solution. It is clear that any homoclinic solution can be turned into an even
solution by a proper translation.

Theorem 5.8. If s(y) # O then there exists a neighbourhood D of the point (y, 0) so that the
inner equation (1.1) has no homoclinic solutions when (y, ) € D.

Proof. Suppose the opposite. Then there exist a sequence {y,, €,} C D, approaching (y, 0) as
n — o0, and the corresponding homoclinic solutions vy, (z, €,) to the inner equation (1.1) with
Y = Yy, satisfying D, vy, (i /€,, €,) = 0. By corollary 4.12 and remark 4.13, v, (z, &,) can be
represented by (4.38), where c(¢,) = 1+ O (83) as n — oo uniformly in some neighbourhood
E of y. By theorem 5.2, v,,(z, &,) — v.(2) for any z € R,,. Similar statement is true for
v_(z) in the second quadrant of C. Thus, for any z € (izg, i7r/¢e), we have v,(z) = v_(z). By
lemma 3.7, the equivalence of v,(z) and v_(z) contradicts the assumptions of the theorem. [J

Remark 5.9. Let ¢(z, ¢) be defined by (4.40). The inner equation (1.1) is then rewritten in
the equivalent form,

2.2 2 2.2 2
|:<1+—8 q )D2+8—qu+1] [<1+—8 1 >D2+5—qu—52:|v
4 77 4 4 77 4
82 82q2
=0 +y |:2v (Dj + Z(qu)2> v+ (1 + T) (un)z] , (5.14)

where D; = d/dq. Equation (5.14) has three singular points ¢ = £2i/¢ and ¢ = oo in the
complex g plane. Each of these singularities is a regular singular point, i.e. the characteristic
exponentials in each singular point are trivial (see [T94a]— [T94c] for details). Thus, every
formal power series centred at g = +2i/¢ or at g = 0o and satisfying (5.14) defines an analytic
solution of (5.14). Considering, for example, g = 00, it is easy to see that the coefficient ¢ (¢)
in the power series

vig.e) =Y ¢i(e)g (5.15)
j=1
is at our disposal, whereas the remaining coefficients ¢;(¢), j = 2, 3, ..., can be determined

by substitution of (5.15) into (5.14). By lemma 4.3, any stable solution can be represented as
the series (5.15), where ¢ () = 6¢(¢). With a particular choice of ¢;(¢) = c,(¢) in (5.15),
where c, (¢) is defined in corollary 4.12, the series (5.15) determines the solution vs(g, €) of
the equation (5.14) that corresponds to the solution v(z, ¢) of the inner equation (1.1). By
theorem 5.3, the series (5.15) converges in the region |g| > 2/¢, and singularities atg = £2i/¢
are branch-points. Note that the line Iz = m/¢ is mapped by ¢ = ¢(z) onto the contour /
in the g-plane, that goes from ¢ = ioo down to ¢ = 2i/¢ along the imaginary axis, circles
around ¢ = 2i/¢ and goes back to g = ico. Thus, existence of a homoclinic solution to the
inner equation (1.1) is equivalent to the requirement that the stable solution v (q, ¢) is analytic
in a vicinity of ¢ = 2i/¢ (see [T00]). Figure 2 shows a mapping of the z-plane to the complex
g-plane and the deformation of the contour described above.
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in/e

2i/e

Figure 2. The mapping of the horizontal line Iz = 7 /e by ¢ = q(2).

Remark 5.10. Behaviour of stable and unstable solutions to the inner equation (1.1) in the
limit ¢ — O can be described through the study of collision of regular singular points g = 2i/¢
and g = oo of equation (5.14) that form in the limit ¢ — 0 an irregular singularity at ¢ = co
of the truncated inner equation (1.6). Certain results on collision of regular singular points can
be found in [G99, GO4], but they do not cover the case of equation (5.14).

Remark 5.11. On the formal level, the series (5.15) can be obtained by changing the order of
summation in the formal solution (4.41)

o0 o0
v(g, &) = Zszk+2Pk+1 (3) = Zfl;j(g)quj’ (5.16)
=0 €q j=1
where
o0
$i(e) =22 > ap s (5.17)

k=j

It is easy to show that if ¢ (¢) ~ (]31 (¢) ase — Ofor j =1, then ¢;(g) ~ quj(e) as ¢ — 0 for
all j € N*. Similarly to the formal power series solution (4.23) of the outer equation (1.4), we
shall consider the formal power series solution

(g, &) =Y " vn(q) (5.18)
m=0

of the inner equation (1.1), where vy(q) satisfies the truncated inner equation (1.6) (note that
g = z in the case ¢ = 0) and the higher-order coefficients v,,(q) satisfy nonhomogeneous
linear equations

[0 + 13, — 2v0(q) 1vm(q) = Hu(q). m> 1. (5.19)
Here H,, depends on vy, vy, ..., v,—; but not on v,. The difference between the formal
solutions v(q, ¢) and v(q, &) in (4.41) is that the coefficients v,,(g) in (5.18) are analytic

functions of ¢ (see lemma 5.12 below) whereas the coefficients 0,,(g) in (4.41) are formal
series in ¢! given by (4.42).

Lemma 5.12. Let Sy be defined by (3.11). If vo(q) = v+(q) then there exist uniquely defined
solutions v, (q) = (vy)+(q), m = 1,2, ..., to the nonhomogeneous problem (5.19) that have
the same domain of analyticity as vo(q) and such that

(W) +(q) ~ B (q), asq — 00, ¢q € Si. (5.20)



2296 A Tovbis and D Pelinovsky

Proof. The statement is proved in two steps: (i) verification that the formal series 9,,(g)
satisfies the corresponding equation (5.19) for m > 1 and (ii) application of the main theorem
in [T94b] to equation (5.19). Both steps are checked directly. |

Remark 5.13. Similarly to condition (3.12), the solutions (v,,)+ satisfy
(Wm)+(2) = (Um)=(2) = =2misu(y)e“(1+o(1)), asz—> oo, O<argz<m, (521
where s,,(y) is the Stokes constant for the solution v,,(z), which is determined through

sm(y) = lim (s + 1)L [v,](s). (5.22)
It is clear that in the new notations s(y) = so(y).

Theorem 5.14. Let Y be defined in remark 5.4. Then

oo
vz 8) ~ e (Wn)e(q(2),  ase—>0 (5.23)
m=0
in ), i.e. forany N € N there exists My > 0 such that
v (z. &) = V(g (2), &)lly < eV My, (5.24)

where Vy(q, &) = ZZ:O &2 (U)+(q).

The proof of the theorem can be found in appendix B. This theorem proves asymptotic
expansion for the inner equation (1.1).

Remark 5.15. Here we state two simple conditions, each of them equivalent to the existence
of ahomoclinic solution to (1.1). Let vy (z, ¢) be stable and unstable solutions (not necessarily
normalized) to the inner equation (1.1) that are analytic (in z) in the regions R, = R, and
R_ =in/e — R,,, respectively (see remark 5.7). By theorem 5.2, we have lim,_,o v+ (z, €) =
v+ (z), where v (z) is defined by (3.9). Solutions v (z, &) coincide and form a homoclinic
solution if and only if for any a, b, z90 < a < b < w/e, v4(z,€) = v_(z, €) on [ia, ib] (see
figure 1). The latter condition can be rewritten as

ib
Fo(y,e) = / lvi(z, &) —v_(z,€)]dz = 0. (5.25)

ia

An equivalent condition is given by the system

, (i (1T
vy (—, 8) =0, v, (—, 8> =0, (5.26)
€ £

where v'(z, €) = D,v(z, €). Indeed, if both v'(z;) = v”’(z;) = 0 at some point z;, then all odd
derivatives of v(z) are zero at z = z, so that v(z) is symmetric with respect to z = z;. The
first condition (5.25) is used in theorem 5.16. The second condition (5.26) is used in numerical
computations in section 6.

Theorem 5.16. Ifs(vo) = O for some yy € R but s'(yy) # O then there exists a unique smooth
curve of homoclinic solutions y (¢) in the parameter space (y, €) with y(0) = yo, such that
the inner equation (1.1) has a homoclinic solution in a neighbourhood of the point (yy, 0) if
and only if the parameters of (1.1) are on the curve y (¢).

Proof. Without any loss of generality we can assume v, = v;, v_ = v, in (5.25), where v,
is the unstable solution satisfying D, v, (in/e, ¢) = 0. Since v,(i7/2 — &) = v,(in/2 + §),
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& € C, hence the difference v, — v_ is purely imaginary on [izg, i7r/2]. By theorem 5.14 and
the representation (3.12) we know that

v4(z,8) —v_(z,8) #0 when z € [ia, ib] 5.27)

if s(y) # 0 and if ¢ is sufficiently small. In the case s(y) = 0 condition (5.27) still holds if
we additionally require s (yp) # 0. Then condition Fy(y, €) = 0 is equivalent to

ib
F(y,e) = / [vi(z, &) —v_(z,€)]dz = 0. (5.28)

The proof of the theorem is based on the implicit function theorem applied to (5.28), with
the special case s;(yy) = O considered later. According to remark B.5 and theorem 5.14, the
solutions v have continuous derivatives in y and in &2 for y € E, ¢ € [0, &o]. Then F(y, ¢€)
also has continuous derivatives in y and in &2 in the same region. To apply the implicit function
theorem, it is sufficient to show that

8 /
F(y,0) = k1s(vo) and WF(% &)l .00 = ka5 (¥0), (5.29)
where the real coefficients k;» = kj2(a, b) # 0. Indeed, using (3.12) for z € [ia, ib], we
obtain

F(yo,0) = 2(e ™ — e )5 (y0) (1 + o(1)), asa — 0o. (5.30)

It is clear that by choosing some sufficiently large a, b we can guarantee that k; = 2w (e™ —

e~?)(1+o(1)) # 0.

Since v(z, €) is continuously differentiable with respect to y, we obtain

ib
iF(y,e)=/ [aﬁ@,e)—ai@,s)] dz. (531)
dy ia LOY oy

Repeating the previous arguments for dv/dy instead of v, we obtain 9/dy F(yp,0) =
kosq)(vo), where ky = 2m(e™ — e ) + o(1)) > 0 and S (y) is the Stokes constant
for the solution v, (z). Thus, it remains to show that s'(y) = s(,)(y) to complete the proof.
To this end we convert (1.6) into the integral equation described in theorem 1.3, [T94c]. The
desired result follows from differentiating both sides of this equation with respect to y .

To consider the remaining case s;(yp) = 0, we start with the linear equation

v ) 5y o 0V v v _, , 0V v
L—=WD;+1)D; —&)— —2v— =2y | —Dv+vD; — +DvD,— | = ®(v)
ay < ¢ ay ay ay ay ay

(5.32)

for dv/dy, where the free term ® (v) does not depend on dv/dy. Note that dv/ds? satisfies
the same nonhomogeneous problem (5.32) but with a different free term, i.e.

v
where W (v), as well as ® (v), can be calculated explicitly. The Stokes constant of dv/dy (z, 0)
is s'(y) whereas the Stokes constant of dv/de2(z,0) = v;(z) is 51(y). Let us change the



2298 A Tovbis and D Pelinovsky

parameter ¥ = p + &2 in the inner equation (1.1), where u is a new independent parameter.
This change will not affect the truncated equation (1.6), so the Stokes constant of vy (z) remains
the same. However, the higher order equations in (5.19) will be altered. In particular, equation
for dv/de%(z, 0) = v (z) will become

La—v2 =¥ +d®W), (5.34)
de

where ¢ = 0 and © = . Then the Stokes constant of the solution dv/de2(z, 0) will be
s" (o) + s1(yo) # 0. Thus, even if s;(y9) = 0 but s'(yy) # 0, the condition F(u,e) = 0
is still equivalent to (5.25). Since dv/du(z,0) = dv/dy(z,0), we can continue as above
to prove the existence of a homoclinic solution curve w(¢), such that £(0) = ypy. Then
y(e) = u(e) + &2 O

6. Numerical computations of homoclinic orbits

We report here numerical results on computations of the Stokes constant and homoclinic
solutions of the inner equation (1.1). Our numerical results illustrate the analytical theory
developed in the paper. We focus on computations of the first five one-parameter families of
homoclinic orbits on the parameter plane (y, €).

The Stokes constant s(y) is computed from the limit of the sequence {B};2,; which
converges for any y € C according to theorem 3.10. We restricted our attention to the
case y € R. Figure 3(a) shows the coefficients B¢y, B70 and Bso in the sequence versus
parameter y. Absolute and relative errors between two subsequent elements in the sequence
|Br+1(y) — Br(y)| are shown in figures 4(a) and (b) for k = 60, 70, 80. It follows from
figure 4(a) that the truncation error of the numerical approximation is of the order of 107*.
Since the slopes s’(y) are order of O(1) near zeros of s(y), the error of approximating zeros
of s(y) by zeros of Bg(y) is also of the order of 10~*. Numerically, the first five zeros of
Bso(y) have been computed as follows:

o =1250, y»~2401, p;~3.931, p~5852, ys5~8.172, 6.1)

where the first zero is exact according to lemma 3.1.

By using the numerical approximations for a zero y,, of the Stokes constant s(y), we can
approximate the homoclinic orbit v(z) in the inner equation (1.1). Let us consider the Nth
partial sum yy(x) of the formal power series y(x), defined in lemma 4.4. The partial sum
$1(x) can be computed explicitly as follows:

y(x) = —Esech2 (f) +é2 [Msech2 (f) + wsech“ (f):| . (6.2)
2 2 4 2 8 2
Within the partial sum truncation y;(x), we can replace the value of y by its limiting value
yn = lim,_o y (¢). We also rewrite the approximation ¥ (x) in the variables (1.5) with ¢ = 0 as
1 (z). The approximation 0y (z) is shown in figure 3(b) for the first five zeros (6.1) and € = 0.2.
It is clear from figure 3(b) that the first five homoclinic orbits v(z) remain single-humped in
z € R. The width and amplitude of the homoclinic orbit increase with larger values of y.
Homoclinic orbits v(z) have been approximated in a numerical solution of the differential
equation (1.1). We solve the differential equation (1.1) by the Runge—Kutta method, starting
with the initial value:

0, V', 0", V") (L) = cao(l, €, €%, €¥)et, (6.3)

where L is a large negative number and ¢, is a small negative number, e.g. L = —50 and
Coo = —0.001. The solution of the initial-value problem (6.3) would correspond to the unstable
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Figure 3. (a) The numerical coefficients Bey, B70, and Bgo versus y from the recurrence
equation (3.15). (b) Homoclinic orbits obtained from the truncated solution (6.2) for e = 0.2.

solution v, (z). We continue the numerical solution for z > L until the first minimum point
occurs at 7 = zg such that v/(zg) = 0. The value of v”/(zq) is plotted in figure 5(a) versus
y for € = 0.2. Zeros of v”’(zp) in y give approximations of the values y, (¢) for location of
the homoclinic orbits. The homoclinic orbit solutions are shown in figure 5(b) after the shift
v(z — z0), which map all minima points to the origin. The first five homoclinic orbits are
single-humped in z € R for € = 0.2. Furthermore, the width and amplitude of the homoclinic
orbits increase with larger values of y. Figure 5(c) shows the distance between the numerical
approximation for the first zero y;(¢€) and the exact solution (1.7) for ¢ = 0.2. The absolute
error of the numerical approximation is of the order of 107°.

Figure 6 shows the five one-parameter curves y (€) which correspond to the first homoclinic
orbits v(z). These curves are obtained from numerical zeros of v’ (z() in y for different values
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Absolute truncation error

Relative truncation error

Figure 4. (a) Absolute numerical error E; (y) = |Br+1(y) — Bk (y)| fork = 60, 70, 80. (b) Relative
numerical error Ex(y) = |Be+1(¥) — Bc(W)1/1Bk(v)] for k = 60, 70, 80.

of ¢ (see figure 5(a)). The black dots in figure 6 show locations of zeros of the Stokes constant
s(y) in (6.1) (see figure 3(a))). Dotted curves show results of the first-order approximation of
the curve y (¢):

s1(Vn
y(€) = yu +7y" + 0, y = —&, (6.4)
5" (V)
where s;(y) is the Stokes constant for the formal power series of the first-order

correction:

1 ol 1 X (=D 2k —1)18"
N = —— + — = —— 4+ . 65
0@ = —3 ; =" ; = 6.5)

such that s;(y) = %limlHoo ,B,E])(y). The Stokes constant s;(y), defined by (5.21), exists
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Figure 5. (a) Dependence of v/ (z¢) versus y for € = 0.2 from a numerical solution of the inner
equation (1.1) with initial values (6.3), where zq is the first minimum of v(z). (b) Homoclinic
orbits obtained from the numerical solution v(z) after the shift v(z — zo) for the first five zeros
of v"’(z0) in y. (c) Error between the numerical solution for the first zero of v”’(zo) and the
solution (1.7).

in accordance with lemma 5.12 and remark 5.13. We note that the formal series (6.5) for
U1 (z) is obtained from the formal series (4.41)—(4.42), where ¢(z) is expanded in powers of
z in (4.40). The graph for elements of the first-order corrections /3,51) (y) looks similar to
figure 3(a), while the numerical values of y,! for the first five zeros have been computed as
follows:

D x—0316, y\"~-3374, p"~-11542, y"~ 28846, pi’~ —58.626.

The exact value for yl(l) can be computed from the analytical solution (1.7) as V1(]) = —15—6 =
—0.3125. Ttis clearly seen from figure 6 that the numerical curves y (¢) approach the asymptotic
approximation (6.4) as ¢ — 0. Nevertheless, numerical continuation of the homoclinic orbits
were stopped at € &~ (.15 as the numerical computations of the ODE solve become unreliable
for small e. This numerical problem is similar to the one observed in [CO1], where numerical

curves have been terminated before they reach the limit ¢ = 0.
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Figure 6. First five families of homoclinic orbits on the plane (y, €). Black dots show location of
zeros of the Stokes constant s () computed from data of figure 3(a). Dotted curves show asymptotic
approximations (6.4).
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Appendix A. Proof of theorem 4.9
Let Yy (x, €) denote the first (N +1) terms in the formal series (4.28), where N € N. Linearizing
(1.4) around yy (x, €) defined by lemma 4.4,

y(x, &) =In(x,8) +¥(x, &) = yn(x, 8), (A.1)
we find the equation for y(x) in the form
(€2D; + 1)(D; = Dj = 3% + >y QYD + (Dx3)*) +29n7

+26%y Iy D; + DIy Diy + D3 9n) — 2™V Ry, (A2)
where D, = d/dx and the remainder term
e?MURy = (2D7 + (D7 — Diw — I3 — &y @InDiIw + (DiIn)?) (A.3)

is a polynomial in r. Since the leading term of yy is —%r, we considered the nonlinear
equation (A.2) as a perturbed linear equation

(e?D2+ 1)(D2 = DF +3r§ = 7 + fGn. §). (A4)
where
~ ~ - _ B . 3 _
fOn.3) = ey QIDT + (D5)H) +2 (yN + zr) y

+ 28’y (Gn D25 + Dy Dy § + 5D 5y) — e*VURy. (A.5)
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Note that f (§i,0) = —e>¥*D Ry Introducing ¥ = Col(¥y, 3, V3, ¥4), where ¥; = D{”'5,
Jj =1,2,3,4, we rewrite the perturbed equation (A.4) in the vector form as

0 1 0 0 0
0 0 1 0 0
Y= o0 o o 1|Y+|o|F+s0nDI (A.6)
1 —3r g2 —1 1
g2 0 g2 0 &2

The notation f ( $n, ¥) is used to emphasize that f depends on the first three components of the
vector Y. In order to block-diagonalize the matrix in the linear part of the vector equation (A.6),
we represent this 4-by-4 matrix by direct products of 2-by-2 matrices:

IQH. +S®H_, (A7)
where

H 01 H 00 S " 21 (A.8)
*~\o o)’ -~ \1 o) =l d-3r e —-1]- .

g2 g2

The matrix S has two eigenvalues
2 — 1+ /(1 +e2)? — 1282

2g2
with the corresponding eigenvectors Col(1, 1;) and Col(—1, —A;). Using a similarity
transformation Y = T W, where

()
T = 1, (A.10)

Ao = (A9)

A=A
we transform the vector equation (A.6) to the block-diagonal form:
0 1 0 O 0
Y L W—Q—/(I I>W+1 iow = wor £, wl,
el0 0 O 1 20 \1 1 010 ’
0 x O 1
(A.11)
where

0 =+ (1+&2)2 —12¢2r. (A.12)

Equation (A.11) will be considered as a perturbation of the trivial solution to the homogeneous
linear equation

0 1 0 0
-, 1]1=3r 0 0 0] -
W = - w, (A.13)
I3 0 0 0 1
0 0 -2 0
which has the fundamental solution W = J ! V, where J = diag(1, 1, 1, &),
v U 0 0
Vi 0 vi v, O 0
V = = . . , (A.14)
0 W 0 0 ebv/e eix/e

0 0 ieix/e _ie—ix/s
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and v, are linearly independent solutions of the scalar equation v’ = (1 — 3r)v and
v (x) = v1(x) f(f (dz/ v%(t)). To study stable solutions, we convert the vector equation (A.11)
into its integral form

- o A O o (I 1
— -1 _
W(x,e) = W(x) /oo W= () |:( 0 A2> 2 (I I):| W(t, e)dt

0
1. x 1
+ W f W) o | [Wi@ ) = Waa, eN?+ fGn, W)ldt,  (A.15)
1
where
0 0
Aj = , j=12 (A.16)
(Pf 0)
and
1
pr=x — (1 =3r)=0(?, p2=A2+8—2 = 0(1). (A.17)

The latter estimates hold uniformly with respect to x € R. The vector equation (A.15) can be
written in the operator form as

W(x, &) =IR[W](x, ¢), (A.18)

where 7 is the solution operator for a nonhomogeneous equation with the homogeneous part
(A.13) and R[W] is the operator in the integrand of (A.15). We consider the solution to the
integral equation (A.18) by iterations:

WO (x, &) = ZBIWED(x, &), k=1,2,..., (A.19)
where WO (x, &) =0, AW® = w® — wk=D anqd

Wi(x,e) = Z AW®O (x, ), (A.20)
k=1

provided that the series converges.

Theorem A.1. For any N € N, any A > 0 and any bounded segment E C R, there exists
some &g such that the series (A.20) converges in B, uniformly in ¢ € [0,&0] andin y € E.
The function W (x, ) is a smooth function of (¢,y) in ¢ € [0,&0] and y € E. Moreover,
[W(x,e)lls, = 0@E>ND),

Proof. The proof consists of three main steps: (i) estimates for linear operator Z; (ii) estimates
for operator R, and; (iii) convergence of iterations.

(i) According to the representation (A.14), we block-diagonalize 7 = diag(Z;, Z,). Since
the Wronskian of v (x) and v, (x) is identically one, it is easy to see that for a given vector-
function G (x) = Col(g;(x), g2(x)) we have

1061 ([—v1 [vagadt +vs [v1gde] +[vy [vhg1df —va [v)g dt])
1 =

2 (A21)
[—v] [vagadr + V) [v1g2dr] + [V] [ g dr — v [v)g dr],
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where all integrals are taken over [x, 0o). Using explicit expressions for v{(x) and v, (x), we
can show that there exist some L > 0 (that depends on A) such that

v (O)lls,s v () lls, < L, 2 ()5, V() s, < L. (A.22)
Using (A.21) and elementary calculations, it is easy to see that the Z, is a bounded operator in
Bj when j > 2. We choose a constant K such that ||Z;|| < K in the Banach space ;. In order

to consider the integral operator Z,, we use the transformation I, = diag(e~!, )Z,diag(e, 1)
and find the representation for Z,:

v 1 (1 1 gTit=0)/e) 0 1 —i
Gl = E/; P 0 Ry 1 ; G(t)det

t—x =X
_f°° O T (a0,
u Sint_x Cost__x g2(t)
3 &
R = i((t—x/¢) .
= 5 / & [g1 (1) +ig2(1)]dt, (A.23)

where G(x) = Col(g(x), g2(x)) € B,. It is clear that 7, is a bounded operator in B; for
j = 1. We assume that the constant K, chosen above, is such that it is greater than the norm
of j-z in B,. For any four-dimensional vector W let W= diag(1, 1, e~!, 1)W. Let us choose
L > 01in (A.22) such that

R
o<, (A.24)
0 |5
where 0 is given by (A.12). Then, according to (A.19), (A.20)
WD 5, < §LKNHD. (A.25)
(i) We use (A.9), (A.10) to calculate
y =W - Ws, V=W, — Wy, V'= W — 1 Ws. (A.26)
Then, according to (A.15), (A.2), the operator R = Rp + R; + Ry + Rg, where
_ Al 0 . -1
RpW = (O eAz) diag(1, 1,7, HW,
0 (1 I
RIW = ~29 (1 I) W,

RAW = eol (Wi — W3)? + %y QW1 — W3) G Wi — 2 W3) + (Wa — W),
RrW = e[ (29y +3r + 27y i) (Wi — W3) + 262y By (Wa — Wa) + S (M Wy — A W3))],
where ey = (0, 1, 0, 1)T. We rewrite the integral equation (A.18) as
diag(1,1,e™", DW = ITRpW + Zdiag(1, 1, ™", DR, W + IRxW + IRy W, (A.27)
where 7 = diag(Z;, fz). To prove the convergence of (A.20), we need to estimate the norm of
AW® = IR, AWE D 4 Tdiag(1, 1, e~", DR AWE D + TR AWED

+ (ITRyWED _ TRy WD), (A.28)
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Lemma A.2. There exists some B > 0 such that
{IRpW 2, lldiag(1, 1, e~ DR; W2, IR Wll2} < eB||W |2, (A.29)
where W € Bs.

Proof. For operators R p, R, the statement follows from (A.9), (A.16). The factors in front
ofVW1 — W3 and W, — Wy in the expression for R are 9f the order O (¢?). Replacing W3 with
e W3 we see that the last term in Ry is of the order ¢||W ||,. The proof is completed. O

(iii) Our final goal is to prove that
LK g2(N+D
—
by induction. Suppose that this is true for all n < k for some k € N. To prove (A.30) for

n = k, we show that the norm of each term in (A.28) does not exceed (LKSZ(N+1))/4 .2k,
According to lemma A.2, the condition

1
e ——
" 8BK
guarantees the required estimate for the first three terms of (A.28). To estimate the remaining
difference we observe that the square brackets expression in Ry can be rewritten as

[1—y (1 —eH](Wi — W3)> +0(WF — W3) + &y (W — Wa)?. (A.32)
The difference
[Wl(k—l) _ W3(k—l)]2 _ [Wl(k—2) _ W3(k—2)]2

AW, < n=12..., (A.30)

(A31)

=wEP e w P o wED _wEPawf D — awih)y, (A.33)

According to our assumptions, the norm of this difference does not exceed
8((K Le*N*2)2 /2%=1) Making similar estimates for other terms in (A.32), we establish that

B B (KL€2N+2)2
[RyW*D — Ry W25, < UM =, (A34)
where M = max{1 — y (1 — &%), 0, e2y}. Thus, the condition
< mi ! ! A.35
¢S M SBK " @8MK2L)/eN) (A.33)

guarantees (A.30) for n = k. So, the series W= Yoo, W® s strongly convergent in 53, and
IWlls, < LK+, O

Appendix B. Existence of inner solutions

We start by constructing an iterative stable solution to the inner equation (1.1) that is a real
translation of v,(z, ) defined by (4.40). Our construction will have some common elements
with the corresponding construction for the outer equation, described in appendix A. The
results of [TOO], where the case y = 0 was studied, will be used.

Let us linearize the inner equation (1.1) by the substitution

v(z, &) = u(z, &) + 6¢(e)g (2, &), (B.1)
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where c(¢) is a continuous function and ¢(z, ¢) is defined by (4.40). Then the inner
equation (1.1) is reduced to the form

(D2 +1)(D? — ehu — 12 2u = u® — f(q,U), (B.2)
where U = Col(u, u’, u”, u"”) and

f(g,U)=720cqg™® —36c(1 —c+4e2)g™ —12(c — )g2u — y

X <2uu” +u? + 12¢[(6g* + €2g>)u — 2 cosh(ez/2)g u' + ¢~ 2u"]

+36¢%[16g 0 + 382(1—4]).

The vector form of equation (B.2) is

0 1 0 0 0
U = 0 o0 U+ 0 [u* — f(g, U)]. (B.3)
0 0 0 1 0
2+12¢g72 0 &2—1 0 1
The change of variables U = T W, where
T=<1 _1>®1, (B.4)
A=A
reduces (B.3) to
0 1 0 O 0
T L —9—/(1 1) f L o - w - pa . @)
0 0 0 1 20 \1 1 610
0 0 2 O 1
where

2-1x/(1+62)?2+48¢2
Ao == ( ; e) +48q 6 = /(1+62)2 + 432 (B.6)

Vector equation (B.5) is a perturbation of the linear equation

0 1 0 O

, e2+12¢g72 0 0 0
= V, B.7)

0 0 0 1

0 0 -1 0

which has a fundamental solution
V1 U 0 0

Vi 0 vp v, O 0
V= = . . . (B.8)
0 W 0 0 e® e

—iz

0 0 ie" —ie

Here vy » are linearly independent solutions of v’ = (¢2+12¢~2)v, suchthat v (z) = 6(¢ %)’ =
—12¢° cosh(ez/2) and v,(z) = vi(z) f;(dt/vi(r)). The differential equation (B.5) can be
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converted into the integral equation

B S A 0 _9_/(1 1)
W(z,e)_V(z)/ooV (t)|:<0 4, w\1 1 W(t, &) dt

N 2
+5V(z) /Oo VO | [ (Wi ) = Wa(, 8))7 — f(g, TW)ldr, (B.9)
1

where the contour of integration is a horizontal ray It = Jz, Rt > Nz,

Ajz(o O), j=12, (B.10)

pj 0

and

n=t"UD a2 gy
The vector integral equation (B.9) can be written in the operator form as

Wz, &) =IR[WI(z, ¢), (B.12)
where

IIF1=V(2) /( ) VI F @) de (B.13)

v

acts on four-dimensional vector-valued functions that are analytic in R,, and R[W] is
the operator in the integrand of (B.9). The block-diagonal structure of V(z) induces the
corresponding block-diagonal structure of Z[ F'] = diag(Z;[F]1, Z>[F 1), where Z;[ F] and Z,[ F]
act on the first (last) two components of F respectively.

Let
Wz, ) =0, W®(z, &) = IBIW*V](z, e), (B.14)
wherek = 1,2, ..., and AW® = w® — w&=1 Then
o0
Wz o)=Y AWO(z,e) (B.15)
k=1

is a solution to (B.12) provided that the series converges. We need the following statements
to prove convergence of iterations for the integral equation (B.9).

Lemma B.1. [TOO] The inequality

& .. _ 2 .
ST < g™ @1 < e (B.16)
0

holds for all z € R,, and all ¢ > 0 provided €zo < In2.

Remark B.2. Note that g(z) = —(2/¢) cosh(eMz/2) along the upper boundary Iz = 7 /e of
the region R,. Therefore, on this boundary the inequality (B.16) turns into
S < g7 @) < el . (B.17)

Based on lemma B.1, the constant &g is chosen as &9 = In2/zo. This implies that izg € R,
for any ¢ € [0, &].
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Lemma B.2. The inequality
o1l < 36lg72 e + 12477, o2l < 241977 (B.18)
holds for all z € R, and ¢ € [0, go] provided zo > 14.

Proof. According to (B.11),

487 2(e? +12¢72) 48¢72
T2@+1+62424g2) P= T30+ 1+6)
Taking into account (B.16), we obtain 48|¢ 2| < 192/z} in R,,. Thus the choice zo > 14
guarantees arg 6 < m /4, so that the denominator for p; is greater than 2 by absolute value.

This implies the second inequality in (B.18). Similar arguments can be applied for the first
inequality. |

o1 = (B.19)

Lemma B.4. [T00] If G(2) is a two-dimensional vector such that
IG@I<Ig™l o IG@I<Ig°| (B.20)

for z € R, then, respectively,

4 e/ _ _
HLG&N<EM3&meW”L 172G (2)|| < 8lg > (2)[le” /27
or

171G (2) || < 24lg~*(2)|le~ /=], 172G ()|l < 8lg > () |le™“/?7|.
Proof of theorem 5.2. By lemma B.1 and lemma B.4, there exists some M > 0, such that

) M
AWl < = (B.21)

Similarly to the proof of theorem A.1, we represent the operator R = Rp + R; + Ry + Rg,
where

RpW = (Al 0>W,

0 A
0 (I 1
RiW =—25 (1 1) W,

Ry W = eg[(W) — W3)> +y Q(W; — W3) (M Wy — A W3) + (W, — WD),
ReW = 12e0g [l — c +cy (672 + eH](W, — W3)
—12ecy[2cosh(sz2/2)g > (Wa — Wa) — g > (Wi — L Wa)],
and ey = (0, 1,0, 1)T. To prove the convergence of (B.15) we need to estimate the norm of
AWD = IRpAWED L IR AWE D + TRRAWED 4 @TRyWHD — TRy W),
(B.22)

According to lemma 5.1 from [T00], the norms of operators ZR p, ZR; : X — X are bounded
by K/zp, where K > 0 is some constant. To prove the same estimate for ZRg (K can be
increased, if necessary) we use (B.6), (B.22) and lemma B.1 to observe that the expression in
the brackets in R g W can be estimated by O(|¢g~°|) uniformly in ¢ on [0, g9]. Now the desired
estimate follows from lemma B.4. Our goal is to prove that

M
[AW®]x <

> n=1,2,..., (B.23)
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by induction. Suppose that this is true for all n < k for some k € N. To prove (B.23) for
n = k, we want to show that the norm of each term in (B.22) does not exceed M /4 - 2%, For
the first three terms that can be achieved by choosing zp > 1/8K. For the nonlinear term
IRyWE=D — TRy W*=2) of (B.22) we repeat the corresponding arguments from lemma A.2
to obtain that zp > 64M LK, where the constant L > 0 depends on y, yields the necessary
estimate on this term. Then convergence of the series (B.15) follows by induction. |

Remark B.S. It is clear that the statements of theorem 5.2 remain true if the expression
(W) — W3)? — f(g, TW) in (B.9) is replaced by any function h(g, W) that is analytic in W
in a vicinity of 0 € C* and satisfies the following properties: (1) ZR[0] € X; (2) the norm of
the corresponding operator ZR g : X + X in (B.22), where RxW = (0h/0W)|w—o - W, can
be made as small as necessary by choosing sufficiently small z,, Vand ; Q) if | X ||, 1Y |2 <
TIZRI0] %, then |ZRy X —IRNY |2 < 8] X — Y ||, where Ry X denotes the nonlinear part
of h(g, X) and the value of § > 0 can be made as small as necessary by choosing sufficiently
small z,, "and e.

A particular example of the equation satisfying the requirements of remark B.5 can be
obtained by substituting v, (z, €) = u(z, &) —4(ay | (y))c(e)g(z, €), where c(¢) is described
in theorem 5.2, into the equation

2

o)+ (1= e — v, = 2vv, + Quv" +v%) +2y (0,0 + ', + vey) ®:24)

for the derivative v, = dv/dy.

Proof of theorem 5.14. Let us fix some N € N. Substitution of

v5(z, €) = Vi (g(2), ) + 2N 20u(z, €). (B.25)
into inner equation (1.1) yields
(D? + 1)(D? — e*)v = 2(Vyv + y[Vyv + Vv’ + Vyo')

+ 22 4y 200" + ™) + pw,s (B.26)

where

on =& NV +y[2VN VY + Vi1 — (D2 + 1)(DZ — e)Vy). (B.27)
According to (4.40) and (4.26),

2 2
(D> + 1)(D2 = &%) = [Dj +1+ %(qu)z] [Dj + = (@D, - 4)] . (B.28)

Substituting (B.28) into (B.27) and taking into account lemma 5.12, we obtain after some
algebra

pn (g, €) = §(D] + DI((gDg)*— 4) + (g Dy)* D] 1ow + 15 (D) [(g Dy)* — 41yt + 67 v)

- Z [vivj +y 2ui Dv; + (Dyui)(Dyv;))]

i+j=N+1
14 _
+7 2 [20i@Dg)*vj +q* (D) (D] + 0% ™), (B.29)
i+j=N
where v; denotes (v;);, j = 0,1,..., N. Itis easy to see now that py(g, &) = O(q"‘)

uniformly on R,,.
Substituting py together with

v=B>)qg *+u (B.30)
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into (B.26), we obtain
[(D? + 1)(D? — &%) — 12¢ Ju = 2{(Vy — 6 )u + y[V{ju + Vyu' + Vyu'1}

+&" N H(Be)g T +u)+ Y [2(B(e)g 2 +u)(B(e)g >+ u) + (B(e)g *+u)?1}

+2BE)g PV +y[a Vi + Vi) + V(@) 1} + ow. (B.31)
Similarly to (B.2), we rewrite (B.31) as
(D2 +1)(D? — &%) — 12¢ 2 Ju = e*V*2u? — f(q, U), (B.32)
where U = Col(u, u’, u”, u""). Let us define
N
Ble) = (cile) =4 e™apr | e (B.33)
k=0

where c, (¢) is the coefficient in the exponential series expansion (4.38) of v;. Then, according
to corollary 4.12 and remark 5.3, v, = Vy + e?N*2(B(g)q ™% + u), where u is the solution to
(B.32) constructed by iterations as in theorem 5.2, provided that u = O(g~*) uniformly on
R,,. To demonstrate the latter fact, we first note that f(g,0) = O(g~*) uniformly on R_,.
Since B(e) = 4ay.o n+1+ O (e%) and Dy, () = 4ansan+19 >+ O(g™), hence, according to
lemma5.12, f(g,0) = O(s2g~*)+0(q~°) uniformly on R,,. It follows now from remark B.5,
remark 5.4 that the solution u to (B.32) can be constructed by iterations as in theorem 5.2 in
the region R, with some zx > zo, and that u = O(g ) uniformly on R;,. However, we can

replace the region R, by R, since functions v,(z, ¢) and v;(z), j =0, 1, ..., N are analytic
in R,. u
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