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Justification of the KP-II approximation in dynamics of two-dimensional FPU systems

Nikolay Hristov and Dmitry E. Pelinovsky

Abstract. Dynamics of the Fermi-Pasta—Ulam (FPU) system on a two-dimensional square lattice is considered in the limit
of small-amplitude long-scale waves with slow transverse modulations. In the absence of transverse modulations, dynamics
of such waves, even at an oblique angle with respect to the square lattice, is known to be described by the Korteweg—de
Vries (KdV) equation. For the three basic directions (horizontal, vertical, and diagonal), we prove that the modulated waves
are well described by the Kadomtsev—Petviashvili (KP-II) equation. The result was expected long ago but proving rigorous
bounds on the approximation error turns out to be complicated due to the nonlocal terms of the KP-II equation and the
vector structure of the FPU systems on two-dimensional lattices. We have obtained these error bounds by extending the
local well-posedness result for the KP-II equation in Sobolev spaces and by controlling the error terms with energy estimates.
The bounds are useful in the analysis of transverse stability of solitary and periodic waves in two-dimensional FPU systems
due to many results available for the KP-II equation.

Mathematics Subject Classification. 35Q70, 37K45, 37K60.

1. Introduction

A Fermi-Pasta—Ulam (FPU) system is formed by particles connected to their nearest neighbours by
nonlinear springs. If the particles are organized in a one-dimensional chain, we can label the position
variable of the j-th particle by ¢;. The equations of motion are written in the form

4 =V'(gj+1 —4j) = V(g5 — g5-1), (1.1)
where V(q) is the potential energy. The total conserved energy of the FPU system (1.1) is given by
1.
H=Y 5‘1]2‘ + V(g1 — ¢5)- (1.2)
jez

A useful approximation to dynamics of small-amplitude long-scale waves in the FPU chain with smooth
V satistying V'(0) = 0, V"/(0) > 0, and V"’(0) # 0 is given by the Korteweg—de Vries (KdV) equation,
which is a remarkable model due to integrability, stability of periodic and solitary waves, and global
existence of solutions in Sobolev spaces (see [18] for review).

Bounds on the approximation error between solutions of the FPU system and the KdV equation
were obtained by G. Schneider and C.E. Wayne in a conference proceeding [31] as an exercise related
to the justification technique the authors had developed for the water wave problem [32]. The same
approximation appeared to be very useful in the context of stability of FPU solitary waves and was
studied comprehensively in the series of papers by G. Friesecke and R. L. Pego [13-16]. It was also
justified in the context of normal forms and KAM theory for metastability and recurrency of the FPU
systems [2,30].

More recently, the same approximation but with other versions of the KdV equation was justified
for FPU systems with Hertzian potentials [9] and with pure anharmonic powers [26]. In [26], the KdV
approximation was extended to logarithmically long time scales provided the global dynamics of the

Published online: 18 September 2022
) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00033-022-01846-1&domain=pdf
http://orcid.org/0000-0001-5812-440X

213 Page 2 of 26 N. Hristov and D. E. Pelinovsky ZAMP

generalized KdV equation is well defined in Sobolev spaces of higher regularity. The KdV approximation
was also used in the context of periodic waves and for FPU systems with nonlocal interactions [12,24].
Higher-order corrections to the KAV approximation were studied in [21], where it was shown that the
second-order corrections are spanned by two members of the integrable KdV hierarchy, whereas the third-
order corrections can only be spanned by three members of the KdV hierarchy under a constraint on
parameters of the FPU system. Review of results on nonlinear waves in one-dimensional FPU chains can
be found in [37].

The purpose of this work is to consider dynamics of the two-dimensional FPU systems and to justify
the two-dimensional KAV approximation given by the Kadomtsev—Petviashvili (KP-II) equation. Similar
to the KdV equation, the KP-II equation is remarkable due to integrability [40], stability of periodic and
solitary waves [23,28], and global existence of solutions in Sobolev spaces [22,29].

The first formal derivation of the KP-II equation was performed in [10] for the scalar extension of the
two-dimensional FPU systems with the total energy of the form

1. 1 1 1
H = Z §q]2,k + §(Qj+1,k —qjx)’+ 562(Qj,k+1 —qjx)’+ ga(%ﬂ,k —qjn), (1.3)
(4,k)€z?

where €2 is a small parameter of slow transverse modulations in the k-direction of the dominant wave

propagating in the j direction and « is the parameter for the cubic interaction potential. A similar scalar
model was considered in the recent work [20], where the KP-II equation in the periodic domain was
rigorously justified (among other integrable models) as the normal form for metastability (exponential
localization of energy) [5] in two-dimensional rectangular lattices. Existence of two-dimensional solitary
waves [7] and breathers (space-localized and time-periodic solutions) [38,39] was also studied in the scalar
two-dimensional FPU lattices. Extensions of the scalar two-dimensional FPU models that include har-
monic interactions between the first and second nearest neighbours were considered in [1,25]. Applications
of the scalar FPU models to the two-dimensional square-packed granular arrays were studied numeri-
cally and experimentally in [27], where propagation of a modulated one-dimensional solitary wave was
observed. Periodic triangular lattices were compared with square lattices in the numerical study in [3,4],
where it was shown that non-square lattices do not have integrable approximations leading to the energy
localization.

In the context of mechanical models of the elasticity theory, vector extensions of the two-dimensional
FPU systems were considered but the long-wave reductions were used to derive the one-dimensional KdV
equation (rather than the two-dimensional KP-IT equation). A two-dimensional square FPU lattice was
considered in [11] with additional springs along the diagonals and a pair of potential functions, one for
the horizontal and vertical displacements and the other one for the diagonal displacements. Existence
of small-amplitude supersonic longitudinal solitary waves propagating along the horizontal direction was
proven in [11]. Surprisingly, the result holds even when the potential functions are quadratic, due to the
geometric nonlinearity of the lattice. Nonlinear couplings were included in the consideration of the same
model in [8], where the solitary wave propagated under an arbitrary angle with respect to the square
lattice.

Another work can be found in [33], where propagation of rings in two-dimensional lattices was analysed
in the linear approximation and compared rigorously with the approximation of the linearized KdV
equation (rather than with the linearized KP-II equation).

Compared to the previous works, we prove validity of the KP-II approximation for dynamics of trans-
versely modulated small-amplitude long-scale waves in a vector FPU system on a two-dimensional square
lattice.

The paper is organized as follows. Section 2 presents the mechanical models and the main results of
this work. Section 3 contains preliminary results needed for the justification analysis. In particular, we
extend [19] to obtain additional estimates on solutions of the KP-II equation and extend [9,31] to control
¢?(Z?) norm at the slowly varying solution of the KP-II equation. Section 4 gives the proof of Theorem
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1 after equations of motion are set up in the strain variables and the near-identity transformations are
performed to reduce the residual. The error terms are controlled from the energy estimates and Gronwall’s
inequality. Section 5 gives relevant details for the proof of Theorem 2. Summary and discussion of further
questions are contained in the concluding Sect. 6.

2. Main results

For the mechanical model, each particle at the (4, k) site of the two-dimensional square lattice is charac-
terized by the vectors of relative displacements (z; ., y;.1) and relative velocities (& x,9;,x). The nonlinear
springs connecting the particles are shown on Fig. 1. The potential energy of a single spring between two
particles in the horizontal direction is defined by
V(r,s) = %cirz + 30352 + %alr‘g + %agrsz,

where (r,s) are the relative displacements of the two particles in the (x,y) coordinates, (c2,c3) are
some coefficients of the quadratic interaction potential, and (a1, ay) are some coefficients of the cubic
interaction potential. The cubic terms are chosen in such a way that the potential energy of the horizontal
spring is symmetric with respect to the sign of vertical relative displacements of the particles. Due to the
symmetry between horizontal and vertical springs, the total energy of the two-dimensional FPU lattice
takes the form

1 . .
H=3 PO
(

J.k)EZ?
+ Y V@iirk = ik Uitk — Yik) + V(Uiks1 — Uik Tikr1 — Tik). (2.1)
(4,k)€z?
» » »
j+1k
» » »
GHlk—1
» » »

Fic. 1. A mass—spring mechanical system arranged in a square lattice
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The corresponding equations of motion are given by
Tje = Va(@jrh = Tik Yirrk — Yik) = Va(Tik — -1k, Yjk — Yj-1k)
+ VoW1 = Yk Tikr — 25k) = Vy Wik = Yih—15 Tk — Tjh—1); (2.2)

and

ik = Vy(@ir1 e = Tk Yitrk = Yik) = Va(@ik — -1k Uik — Yj-1.k)
T Va(Yihe1r = Yiks i1 — Tik) = VaUik = Yjk—1, Tjk — Tjk-1), (2.3)
where V,, and V,, denote partial derivatives of V' = V(x,y).

As is discussed in [17], the model with horizontal and vertical springs may not capture all properties
of elastic materials and diagonal springs are required to describe structural stability of some materials.
The KP-II approximation in the square lattices with additional diagonal springs should be possible, but
computations of coefficients will become more complicated.

Next we present the main result for the propagation of nonlinear waves in the horizontal direction.
We will seek a continuous approximating function of the form

zjk =X (§n,7) + error, (2.4)

with £ = e(j — e1t), n = €%k, and 7 = £3t. We will show that xj 1 satisfy the equations of motion with
small error controllable in ¢2(Z?) if X (¢,m,7) solves the following KP-II equation

2
201060, X + TLOLX + 201 (96 X) (92X) + 307X (2.5)

For justification analysis, it is more convenient to solve the FPU system in strain variables,
u(l) — 2 .
kT it lk Tj ks
{2)
Ui = Ljk+1 — Ljk, (2.6)

3

o
gk = Yit1k — Yjks

Uik = Yikt1 — Yiks
which are defined by the relative displacements between adjacent particles, and introduce the amplitude
function A (¢,n,7) in the form

Tit1 g — Tjp =2 A (&, T) + error. (2.7)

The reason for the different scaling in (2.4) and (2.7) is that we can formally consider the relationship
between the function A and X through a Taylor expansion

A(§77777—) = 8§X (577777—) +O(5)7 (28)
so that the KP-II equation (2.5) can be rewritten in the form
2010:0, A + - agA + 201 9¢ (A0 A) + 302 A = 0, (2.9)

Associated with a smooth solution to the KP-II equation (2.9) at a given time 7, for which both A €
Hs (RQ) and 85_ 'Ac m® (Rz) with sufficiently large s, we define the anti-derivative by

O LA(E ) = /As n)d

The solution to the KP-II equation (2.9) is required to have enough regularity so that O 1924 ¢
CO ([—TO,TO] ,H* (RQ)) and 8{23387/1 e C° ([—70,7'0] JH*® (Rz)) with s > 3. Existence of such solu-
tions is proven in Lemma 1 (Section 3). Since A(e(j — c1t), &2k, €%t) is estimated in the £2(Z?) norm over
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(j,k) € Z*, we will also need the bound on the ¢?(Z?) norm of these terms by their H*(R?) norm, this
bound is obtained in Lemma 2 (Sect. 3).

The following theorem formulates the main result which justifies the KP-II approximation (2.9) for
the horizontal propagation of nonlinear waves.

Theorem 1. Let A € C° ([77'0, 0], HF? (Rz)) be a solution to the KP-II equation (2.9) with fized s > 0,
whose initial data A(&,n,0) = Ay satisfies

Ao e H*P(R?),  0;%07 A0 € H*? (R?)
and
0F 102 (072020 + AF] € H'H (R?).

Then, there are constants Cy,Cy,e0 > 0 such that for ¢ € (0,e0) if the initial conditions of the two-
dimensional FPU system satisfies

) =]+ o2, + o+ sl
1 @) s (2.10)
+ Vin 2 + Uin P + ”yinHZZ < COEE
then the solution to the two-dimensional FPU system satisfies
[u0t) = 2|+ @), + |50+ 2era],
! ‘ (2.11)

sl s

. 5
o+l < Ciet,
for t € [—Toe 3, 0e73].

Remark 1. Extending this result to e is difficult as the next order of the asymptotic expansion has
terms which are not removed by seeking solutions to the KP-II equation alone. They could be removed
by seeking a function of the form

Agn, 1) = A9 (&n,7) +2AW (&,n,7),

where A solves the KP-II equation (2.9) and AW solves an appropriately chosen linearized KP-II
equation. However, the linearized KP-II equation is nonhomogeneous, where the nonhomogeneous piece
contains higher-order antiderivative terms of A(©).

Remark 2. Compared to the work [10], the slow transverse modulations in the expansion (2.7) are not due
to the external small parameter in the potential energy V (r, s). If we have the external small parameter &
as in (1.3), we can use 7 = €k so that the comparison between the ¢2 norm and the Sobolev norm would
only lose e compared to £72 in Lemma 2. Performing the justification analysis on a version of the FPU
system as in [10] should also yield Theorem 1 but with the errors bounds of €® rather than €3,

Remark 3. Theorem 1 can be proven in the setting of periodic transverse modulations, for which A(&,n+
P,7) = A(&,n,7) with fixed P > 0. In view of the scaling 7 = 2k, this would correspond to the periodic
transverse modulations with large, e-dependent period Pe~2. Similarly, one can consider periodic waves
of the KP-II equation satisfying A(¢ + L,n,7) = A(§,n,7), for which the periodic waves of the FPU
lattice has large, e-dependent period Le~!. The recent work [20] addresses the KP-II approximation for
periodic solutions in both spatial directions of the rectangular FPU system as the normal form which
justifies rigorously the exponential localization of energy for the initial data of a long wavelength also
known as the metastability phenomenon [5].

Remark 4. By the obvious symmetry, the result of Theorem 1 can be formulated for the vertical propa-
gation of nonlinear waves in the y-coordinates.
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Xm,n72 meﬁl,nfl Xm+1,n71 Im+2,n

» . »
Xm+1,n
» . »
Lm+1,n+1
» . »
Xm,n+1
. L (

Fic. 2. A diatomic mass spring system arranged in a square lattice

Finally, we consider the diagonal propagation of nonlinear waves in the FPU lattice shown on Fig. 1
and introduce a new coordinate system by
Jjt+k J—k : 2
m==—— n=— k) e Z”.
5 5 (k)
In the new coordinate system, the particle experiences nearest-neighbour interactions with neighbours
located a half lattice site away. Due to this we redefine z; as x,, and introduce X n := T lntd
The FPU system becomes a diatomic system where x,, ,, particles communicate with four x, , nearest-
neighbour particles and vice versa, see Fig. 2 for an illustration.
We will seek a continuous approximating function of the form

T = X (e(m — cjt),e%(n — c5t), %) + error,

where ¢f = 21/cf+c% and ¢ = 1\/c? — 3. It is hard to control the error in a general case because
nonlocal terms related to the solution of the KP-II equation appear in lower-orders of the asymptotic
c1

approximation. However, if co = ¢; and as = 204, then ¢ = 5 c5 = 0 and furthermore, the FPU

system is satisfied by the invariant reduction z; ; = y; 1. By using the strain variables,
Tt — T = e2A (E(m —cit), e%n, 53t) + error, (2.12)

which corresponds to the displacement along the main diagonal, we derive the following KP-II equation
for A(&,n,T) with the same relation (2.8) between A and 0:X:

(c1)?
48

201‘858714 + aéA + 01185 (AagA) + (CT)QagA =0. (2.13)
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where ¢ = e(m — ¢it), n = &%n, and 7 = %t. Similarly to the case of horizontal propagation, we can

redefine the strain variables for the diagonal propagation as follows:
1 . _
Umn ‘= Tm+1,n — Tm,n,

(2) ._ _
Um,n = Tmnt+l — Tm,n, (2.14)

o _
m,n ‘= Xm+1n — Xm,n,
(2)

Um,n ‘= Xm,n+1 — Xm,n-

The following theorem is similar to Theorem 1 but it justifies the KP-II approximation (2.13) for the
diagonal propagation of nonlinear waves.

Theorem 2. Let A € C° ([—7’0, 0], HT? (RQ)) be a solution to the KP-II equation (2.13) with fixed s > 0,
whose initial data A(€,n,0) = Ay satisfies

Ao e HPP(R?),  0;7202A0 € H*M (R?)
and
07 102 0720240 + AF] € ' (R?).

Then, there are constants Cy,Cy,e0 > 0 such that for € € (0,eq) if the initial conditions of the two-
dimensional FPU system with co = ¢1 and as = 2y satisfies

o)~ it 2]+ o+ et o]
0 ‘ o . (2.15)
t[vin — €2A0H£2 T ||Vin 02 + HXW +526TA0||€2 < Coe?
then the solution to the two-dimensional FPU system satisfies
Hu<1>(t) - 52AH o+ Hu<2>(t)H - ||# ) + 254,
‘ ‘ (2.16)

g CR PR ]

3]'

o i + i) < ot

ort e —7'0873 ToE
[ ;

Remark 5. It is an open problem to justify the KP-II approximation for diagonal propagation with co # ¢;
and ag # 2a or for other directions along the lattice. The main challenge arises in controlling in Sobolev
norm of the nonlocal terms computed at solutions of the KP-II equation. Even for Theorem 2, if we use
another equivalent choice for the asymptotic approximation, e.g.

1
Xmn — Tmyp = 552/1 (e(m — cit),e*n, %) + error, (2.17)

the asymptotic expansions contain some nonlocal terms. Although these nonlocal terms can be trans-
formed away by near-identity transformations, the choice of (2.12) allows us to avoid the nonlocal terms,
see Sect. 5.

3. Preliminary results

Consider the Cauchy problem for the normalized KP-II equation
{6TA +0¢ (A?) + A+ 0,103 A=0, t>0,
Alr—o = Ao.
The normalized KP-IT equation differs slightly from (2.9) and (2.13), in the choice of constants. However,

the constants in the KP-II equation can be changed, as long as each constant is positive, through a scaling
of its variables.

(3.1)
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Global well-posedness of the Cauchy problem (3.1) was established in H* (']T2) or H® (R2) with any
s > 0 in [6], provided that the initial data satisfies the constraint

/AO (&,m)dE =0, for every 7. (3.2)
R

The result was proven by combining local well-posedness and conservation laws, namely conservation of
the L? norm along the solution.

Local well-posedness result was extended in [35] to Sobolev spaces of the type H**2 (R?), with
s1 > f% and so > 0, the global result was also obtained by the conservation laws provided that s; > 0. It
was further shown in [34] that the zero-mean constraint (3.2) can be dropped in the local well-posedness
result.

We will use the following local well-posedness result [19] (see [36] for earlier work).

Proposition 1. [19] For any Ay € H* (R?) such that 8{28,2]/10 € H*0 (R?) with fized s > 0, there
exists o > 0 such that the Cauchy problem (3.1) admits a unique solution

AeC? ([—7’077'0] ,HS+6) nct ([_TO,TO] ,Hs+3) N C? ([—To,To] ,HS)
such that 35_15'nA € C° ([-70,70), H®) N C ([=70,70] , H*T2).

However, for our work, we need to extend this result to C* ([—79, 0], H®) since we need the antideriv-
ative term 85_ 14 as a function of 7 to be twice continuously differentiable in some Sobolev space. The
following lemma presents the corresponding extension of Proposition 1.

Lemma 1. For any Ay € H**? (R?) such that 35_23%140 € H* (R?) and
—192 [4—2492 2 543 (M2
07102 072020 + AF] € ' (R?)
with fized s > 0, there exists 7o > 0 such that the Cauchy problem (3.1) admits a unique solution
A S CO ([—7’0,7’0} ,HSJFQ) N Ol ([—7‘0,7’0] ,H5+6) N 02 ([—To, 7'0] ,H5+3) n 03 ([—7’0,7’0] ,Hs)
such that
aglanA ec’ ([—7’0,7’0} ,HS+8) nct ([—TQ,T()] ,HS+5) ne? ([—TQ,TQ] ,HS+2)
and
85_2(9214 € CO ([*7’0,7’0] ,HSJrG) n Cl ([77’0,7’0] ,HS+3) .
Proof. Assume that A solves the Cauchy problem (3.1) and set D := 5‘5_28%/1. By Proposition 1, since

the initial data satisfies 49 € H*™ (R?) and 8g28%A0 € H**9 (R?) with s > 0, the KP-II equation has
a solution

A S CO ([*To,’l'g] ,HSJrg) n Cl ([77‘0,7’0] ,HS+6) N 02 ([77’0,7’0] ,H5+3) (33)

such that d; '0,A € C° ([=m0,70], H**®) N C* ([—70,70], H*™"). Taking 07 () of the KP-II equation
yields

920-D + 0:02 (A%) + 07D + 9:9;D = 0.
Setting D := D + A% and taking O¢ 2 () yields the evolution equation

0-D+ 0D+ 0. '0,D = 0, (A%) + 0% (A%). (3.4)
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Let us define Q := 8g18$ + 02 and S(7) := e™ . Since Q is skew-adjoint, the evolution operator S (7)
is unitary in L?(R?). Using Duhamel’s principle, we can write the evolution equation (3.4) in the integral
form:

T

D(r)= S(T)DQ + /S(T —5) [33 (A2) + 3? (AZ)] (s)ds,
0

where Dy = 65_ 28,2]140 + A3. Expressing back D = D — A gives us an integral equation for D(7) of the
form

D(r) = S(T)DO —A(1)* + /S(T — ) [83 (AQ) + 82 (A2)} (s)ds. (3.5)
0

Since Dy € H*t?(R?) and S(r) is unitary in L2?(R?), the local solution (3.3) yields D €
CO ([—TQ, 7'0] , H5+6).
Taking the time derivative of the integral equation (3.5), using
d

d
ES(T —s5) = —%S(T —s),

and integrating by parts, we obtain
9-D(7) =5() [QDO +2A00; Ao + 82 (A(Q))} — 2A(1)0, A(T)
+ / S (1 —5)0s [0s (A%) + 07 (A%)] (s)ds.
0

Since 2Dy € H*3(R?), then the solution (3.3) satisfies 9, D € C° ([=70, 70) , H**3), which gives 8{28514
S Cl ([77’0, 7'0] 5 H8+3).

It remains to control 924 and 85_ 18,]8314, which is achieved by computing the time derivatives of the
KP-II equation:

024 = — (206 (A0, A) + 830, A+ 91920, 4)
92A = — (28E ((aTA)2 + AazA) + OPO2A + aglagazA)
It follows from (3.3) that all but the last term in 92 A are in C° ([—79, 7], H*). By using the expression
for 92A, we check that
aglaEA = — (240, A+ 00, A+ 0.D) (3.6)
so that 85_18314 € C%([-70,70],H*"?), which yields A € C3([-7,70],H*) and 8{18,714 €
02 ([—T0770]7HS+2). O

Next we derive a useful bound on the ¢?(Z?) norm of a function expressed in terms of the slowly
varying solution of the KP-II equation defined in H*(R?). A similar result for one-dimensional chains was
obtained in [9] (see also [31] for earlier work).

Proposition 2. [9] Let u; = U(ej), where U € H'(R). There is a constant C > 0 such that for every
e € (0,1] we have

Il < Ce 2 WUlmm, YU €H'(R). (3.7)

The following lemma generalizes Proposition 2 for two-dimensional square lattices.
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Lemma 2. Let ujy = U(ej,ek), where U € H*(R?) with fized s > 1. There is a constant Cs > 0 that

depends on s such that for every e € (0,1] we have
_3 s
||’LL||£2(Z2) < Cse™ 2 ”UHHS(R2) , YU e H (Rz) .

Proof. We use the discrete Fourier transform defined by

T uy e+

(4:k)ez?

with the inverse transform given by

_ 1 [r. i(j0+kg)
k )2 //u(9,¢)e dfde.

—T —T

(3.8)

(3.9)

Since U € H*(R?) and s > 1, the Fourier transform of U denoted by U can be defined through the

standard formula. We represent

1 oo o0
_ . 2 _ et +e2k
ujr =Ul(ej,e’k) = G2 / / (eP+ekD (G
o0 —0o0
1 oo 00 R v q _—
(271')253/ /U(??)B(JP 9 dpdq

2n+1)7 (2m+1)7

1 o
N (2m)2e3 Z / / U (ZE) £q ) e'UrHidpdg

(n7m)ez2(2n71)ﬂ' (277171)71'

_ 9+27rm ¢+27Tn i(j0+ke)
e, T, ] [0 (P oo

(n m)ez? 2 "

For any finite subset A C Z?, we have

//‘ <9+27rm ¢+27m>’d0d¢< / / U ’dpdq,
(nym)eAy “x —00 —00
hence
9—|—27rm + 27N N
( ¢ = )‘d9d¢§ U]l L1 r2)?,
(n,m)ez?_

(3.10)

where ||U||L1(R2) <o ifU e H? (R2) with s > 1. Then, we can interchange summation and integration

in (3.10) by the Fubini-Tonelli theorem. Comparing (3.9) and (3.10) yields
R 1 A (0+2rm ¢+ 2mn

€ g2

Parseval’s identity yields
2

9—|—27rm ¢+ 2mn
lulle ) = Gy / / o ()| anas

Zx Zn |(n,m)ez?
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(n1,m1 622

(n2 ,m2)€Z2

—T —

0+27rm2 ¢+27T7L2

e

Young’s inequality, ab < %aQ + %b27 yields

>

lullZe g2y <

1

(27)2&5

(n1,m
(n2,mz)

(15

—TT — T

IR

—T —T

yezZ?
Yez?

7Tm

7Tm2 7Tn2>
)
2

)

2

T™my TNq

1

€

bl

2

7Tn1>
)
2

Hence, by symmetry of coefficients, we obtain:

>

2
lullzz(z2) < (2r)2e6

(n1,mq)€Z?

> e

(n2,mo)€Z2 "

Tmy 7Ny

€

)

2

7rm2

>—23
2

0+ 27Tm1 ¢+ 2w,
b 62

s

My, TNy >;25 and <7rm2 ™o

Denote (z,y), = \/1+ 22 + y2. Inserting the weights < T

—2s Ty TNo —2s
’ 2
2 € € 2

’/TTLQ
)

e 7 g2

(9+27Tm1 @+ 2mny
U 6 5

0 <t9—|—27rm2 ¢+ 2mno

)

€ g2
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>; 28, then applying

2
)‘ dods

2
) ‘ dode

2

2

U <9+27rm2 ¢+27T712
e )

2
)‘ dode

When ¢ € (0, 1] the double series in first term in ||uH?2 (z) converges for s > 1 by the integral test, hence

3C, > 0 so that

The second term in ||u||?2 @)

Since

<

HUH%s=
X

Tmeo TMN2
e g2

>

(n1,m1)€Z?

m™mi1 TNy

3

)

£2

—2s 9
< Cz.
>2 s

is related to the H® norm of U given by,

— 00 —O0

1

COEEN

)

4

2s

2

(D,

> /]

(n2,mgo)€Z2 "

|06 dpag

<9—|—27er ¢+27rn2> 2s

0+ 2mmy ¢+ 2mneg

.

3

9+27rm2 (;5+27T77,2

)

£2

) ‘ dfde.

3

)

3

2

2s
> ) vaa d) € [77‘-
2

7,
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the second term in ||uH?2(Z) is bounded above by (27)23||U||%.. Hence, we obtain ||u||32(zz) < e 3CY|U|%.
which yields (3.8). O

4. Proof of Theorem 1

Here, we use the results of Lemmas 1 and 2 in order to prove Theorem 1. We start by writing equations
of motions in terms of the strain variables (2.6):

- (1)
Uj = Witlk — Wy k,

0w
Uj g = Wik4+1 — Wik,

FXCO N .
Uik = Zj+lk — Zjk;

(2) 2 _
Uik = Zjk+1 Jiks

. (1) (1) 2
Wk = ¢ ( Ujp — U; g k) T+ (uj,k - u],k—l)

[<u5-?z> ~(420)]

@) @ Loy 1w )2
{ Ujk-1Y k-1 T 5 (”mk) 3 (”j—l,k)
. 2 1 1
Zjk = C (j( —%(k) 1)+Cz (v§,£—U§31,k )
2
o [ (@) = (212 ]
1 1 1 1 2 2 2
san [l — ok 5 (62) - 5 ()] ()

where w; == @, 2j% = Yk, and (j, k) € Z*. The justification procedure is divided into the following
four steps.

4.1. Step 1. Decomposition

Let us use the following decomposition,
1 1
uf) = A€, ) + UL
(2,2 =B (&,1,7) + UL

(1) 21 (1)
Vi =€ Vi (4.2)
2 2
o =V

wi g = 2We (€,1,7) + Wy,

Zie =€ Zjk
where £ = ¢ (j — c1t), n = €2k, and 7 = £%t. The leading-order function A is defined as a suitable solution
to the KP-II equation (2.9), whereas the e-dependent functions B, and W, are introduced to eliminate

the lower-order terms in ¢ arising from time derivatives and finite differences of A in the first and second
equations of system (4.1).



ZAMP Justification of the KP-II approximation in dynamics Page 13 of 26 213

We denote the error terms of the formal power ¢® by O(g®) and define W, and U, from the following
equations:

We (€ +e,m) — We(&n) = —ec10:A(E,n) + 20, A(€,n) + O(£) (4.3)
and
W (&,m+€?) = We (€,m) = —ec10eB:(€,m) + €20, B:(£,m) + O(°), (4.4)

where the time dependence is dropped from the list of arguments.
We look for an approximate solution to (4.3) in the form:

We=WO 4 ew® 4 2w 4 Sw®) (4.5)

where the functions W) depend on (&,7) and decay to zero at infinity. Plugging (4.5) into (4.3) and
expanding each W) in Taylor series, we get

1 1 1
0 292177(0 393117 (0 4 54177(0
D W 3¢ FW O 4 &€ RWO 4 G W
1 1 1
+ 29w 4 5536§W“) + 6648§W(1) + 39w @ 4 §€4352W(2)
+e*0W® = —ec10: A+ 20, A+ O(°).
Grouping terms by their orders in powers of € yields a sequence of equations with their relevant solutions:
Oe): WO = —¢,0:A
— W(O) = —ClA
1
O(e?) 5ag’w“’) +o:w W =0
— W(l) = ﬁ@gA
2
1 1 .
O OWO + WD + oW =0, (4.6)
2 _ 91 _ 4 g2
= WY =0;0;A 1285/1
1 1 1
O(eh) ﬂa,g*mﬂo) + EGE’W(” + 5agmﬂ% +o:W® =0
— W® = —%GTA.

With the choice in (4.6), this construction ensures that equation (4.3) is satisfied up to and including the
order of O(g*). Substituting (4.6) into (4.5) yields

_ ‘1 2 (9-1 €1 a2 3 (1
W.=—ciA+e (585/1) te (a5 9, A — EaEA) e (237A> . (4.7)
Similarly, we look for an approximate solution to (4.4) in the form:
B. =eBW 4 £2B® 1 3BG) (4.8)

where the functions BY) depend on (£,7) and decay to zero at infinity. Plugging (4.5) and (4.8) into (4.4)
and expanding each W) in Taylor series, we get

g2 (—01853(1)) + &3 (—clagB(2)> +et (—01853(3) + 8TB(1)>
1 (4.9)
=20,W O 4 30, W 4! (8,,W(2) + 23§W(0)> +O(e%).
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Grouping terms by their orders in powers of ¢ and using the values for W, found in (4.6), we obtain a
sequence of equations with their relevant solutions:

OE?): —c0:BY = —¢,9,A
= BW =9;"0,A
O —c0:B® = %8587,14

1 .
— B® = —5 04 (4.10)
_ C1 C1
O(e") : —61653(3) +0-BW = 0710,0, A — 00,A— 0] A
— B© ,3 L2A + 2658,714
Substituting (4.10) into (4.8) yields
1 1 1
B. =ed; '0,A - & (28,7A> + & <28€‘16§A + maganA) : (4.11)

Substituting decomposition (4.2) into the first and second equations of system (4.1) yield equations

U') = Wysrse — Wyk + Rest, o)
U = Wips1 — Wik + Res?) '
where
Resg{,(:) =180 A — 20, A+ W (E4e,m) — We (€,1),
Resg;:) = 160¢B. — 30, B. + W. (&,n+€2) — W (&,1).

If expansions (4.7) and (4.11) are used, the residual terms have the formal order of O(£°). The third and
fourth equations of system (4.1) have not been changed:

V-(i) =Ziv1,k — Zjks

,352) (4.13)
Vik = Zjke1 — Zjk-
Finally, the last two equations of system (4.1) can be rewritten explicitly as
; 1 1 2 2
Wik =c [Uj(k) - U](—)l,k:| +c3 {Uj(k) - Ujg,k)—l}
r 2 2
+aie? |24U1) — 24 (6 — e, ULy, + (U5 = (U2, }
+aaet [B. (6m) V}?) = B (6 =) VL + UV - U5 VL]
= )
ane? |5 (V) =3 (V) } + Res}),
- (4.14)

7

' 1 1 2
Zjy = ¢ [VJ(;@) - ‘/j(f)l,k} <1 [Vg(k) -V 1}

1 2
e (B (€mUS ~ Be (61— U, + 5 (U2) 2(U§,?_1)]

+aae? [AEm VY — A€ - eV + VUL - v o]

+ o€ -(iji))Q - (Vj(,?c)l)Q] + Res}),
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where

Resl, i=e120¢We = €20, We 4+ [A(§m) = A(§ = &,1)]
+ G [Be (6m) = Be (60— )] +ne? [A(Em)” — A€ —em)*]

2
Res?y =2 [B. (¢,)" = B. (60— <%)"] .

Expanding each term in Res}’f/k by using expansions (4.7) and (4.11) yields the following formal expansion
c? _
Res% = &3 [20137/1 + T;ag’A + 6335 18514 + a10¢ (Az)}
t[eoe0, A+ Sopas Doza s “o2 (49)] + o
—& ClET—'_ﬂg +5n+7§()+(5)

If the function A is a solution of the KP-II equation (2.9), the residual term Res" has the formal order
of O(£%). Tt is also clear from expansion (4.11) that Res? has the formal order of O(e°).

4.2. Step 2. Residual terms

The residual terms are handled by using Taylor’s theorem. If A is defined in Sobolev space H*(R?) with
sufficiently large s, then we can estimate the residual terms in the ¢?(Z?) norm by an application of
Lemma 2. Since all residual terms have the formal order of @(£%), we can obtain the bound of O(¢7) on
the residual terms in the ¢?(Z) norm.

The following lemma gives us estimates of the £2-norm for the residual terms in equations (4.12) and
(4.14). No residual terms appear in equations (4.13).

Lemma 3. Let A € C°(R, H®) be a solution to the KP-II equation (2.9) with s > 9. There is a positive
constant C' that depend on A such that for all € € (0, 1], we have

(2)

v U
HResj’k e2+ Resj .

” + HRGS%HW + HRest’ka < Cet. (4.15)

Proof. By construction, all terms in Resg,(;) below the formal order of O(¢%) vanish. From the Taylor’s
theorem for W, (£ +¢,n) — We (§,7), the nonzero terms at O(e°) are given by the integrals:

- <[ <3.
(5_1_1)!dr, 0<I<3

1
es /ag’*lw(“ (e(j+7),%)
0

In view of corrections for W in (4.7), the error is given by a linear combination of the following two
terms:

€% sup |6£5A (s (G+r) ,sZk)| , €% sup |65267A (5 (j+r) ,szk)| .
rel0,1] re(0,1]

Using Lemma 2, there is a constant Cs > 0 such that the 2 norm of the residual term ResU" is bounded
by

HRQSU(I) sz S CsE% (HA||HS+5 + ||87—AHH3+2)’

for s > 1.
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Similarly, all terms in Resg,(:) below the formal order of O(g°) vanish. From the Taylor’s theorem for

We (&,n+€%) — W (€,1) and the corrections for W, and U. given by (4.7) and (4.11), the error is given
by a linear combination of the following six terms:

s (003 (e, <25+ )] & sup (0,0, A (e, 2(k+7),
rel0,1 rel0,1]

5 sup |83 (g4, e (k+ 1)), €8 sup ’65 A(ej,e®(k+1))]|,
r€(0,1] relo0,1]

e sup, 01020, 4 (e, €2 (k + 1) | €8 |00y, A (25,22K) |
re

Using Lemma 2, there is a constant Cy > 0 such that the 2 norm of the residual term ResU" is bounded
for e € (0,1] by

HResU(Q) Hz? < Cuel (||A||Hs+4 + 10- Al ge+2 + ||35_18n3rAHHs+1) )

for s > 1.
If A e CO(R, H*) is a solution to the KPII equation (2.9) with s > 9, all terms in Res}", below the

formal order of O(e®) vanish. Expanding all terms in Res% shows that the error is given by a linear
combination of the following eight terms:

e’ ‘85_18314 (ej,e%k)|, €°|00-A(ej, k)|, €°|02A (e, k)
e sup |07A (c(j+7),e%k)|, € sup |02A® (e(j +r),%k)],

ref0,1] r€[0,1]

)

g% sup ‘8 183 Alej,e (k:—i—r))‘ e® sup |9:02A (ef,e*(k+ 1))/,
rel0,1] rel0,1]

and

5 sup |8 Alej,e (k+r))|
rel0,1]

Using Lemma 2 and the relation (3.6) for 8518314, there is a constant Cs > 0 such that the ¢? norm of
the residual term Res" is bounded for € € (0, 1] by

|Res™ ||s < Cuc® (I02Alme + 10 Allges2 + 19 2030, All s + | Allgoss + 050, Al o2

Al e 1Al revs + [[All s 107 All 24)

for s > 1.
The final residual term Rest & 1s estimated from the expansion (4.11). The error is given by

8 sup H@ 19, A(ej, e (k + 1)) ‘+6|5A5], *(k+1))|
rel0,1]

+ ¢ ‘85*18514(53',5 (k + r))‘ +¢ \8587714(5]',5 (k + r))”

x sup |07 02A(ej,e%(k +1))| + £ [02A(es, 2k + 7))
rel0,1]

+ € 07 103 A (e, <2 + 1) | + €2 |02 Al 2k + 7))
and is controlled in the ¢2 norm by using the bound
o B 2
|Res . < Cuc (o5 0,4] .., + 1l )

where Cs >0, s > 1, and ¢ € (0,1].
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Combining all four bounds together and using the fact that a solution A € C°(R, H®) to the KP-II
equation (2.9) with s > 9 enjoys the estimates of Lemma 1, we obtain the bound (4.15). O

4.3. Step 3. Energy estimates

In order to control the growth of the approximation error from solutions to system (4.12), (4.13), and
(4.14), we will introduce the following energy function,

2 2 2 2
B(t) =frac12 Y Wi+ 2%+ (Uf)) + & (UR) +& (Vi) +& ()
J,keZ?

ran? 24 (u)" 5 (62)+ 5 (42) ] @
raazt A (VD) H Ul (Vi) (02) VR 2muv).

The e-dependent terms of E(t) are chosen from the condition that the growth rate E’(t) along the
solution of system (4.12), (4.13), and (4.14) does not contain terms of the formal orders O(g) and O(g?)
(see Lemma 5 below).

The following lemma establishes coercivity of the energy E(t) with respect to the £2 norm of the
perturbations as long as the perturbations are not large in the ¢2 norm.

Lemma 4. Let A € C°([~79,70], H® (R?)) and 85_16‘,,/1 € C°([~70,70], H"* (R?)) with s > 3 and

3

assume that E(t) < Eg for some e-independent constant Eq > 0 for every t € [—1oe 3,107 3]. There

exist some constants eqg > 0 and Ky > 0 that depend on A such that
2 2 2 2
W + 12115 + 00|, +[lo@|[, + v, + [v©].,, < 2B, (4.17)
P 02 02 02
for each € € (0,&0) and t € [—Toe 3, T9e 3.

Proof. Tt follows from the decomposition (4.11) and Sobolev’s embedding of H?®(R?) into L>°(R?) for
s> 1thatif A e CO° ([—7‘0, 7o), H® (RQ)) and agla,,A e " ([—7'0, 0], H* ™1 (RQ)) with s > 3, then there
exists a constant Cy > 0 that depends on A such that
sup : (||A('7T)||L°o(n§2) + ||U€('>T)||L°°(R2)) < Co.
te|—7o0,T0

By using (4.16) and the Cauchy—Schwarz inequality for U ](2,3 Vj(,i), we derive the following lower bound for
E(t):

2 2
2E(t) = W + 1121172

2 2

+ (c? —20162Cy — 304152||U<1>||£w> HUu) )
2
+ (& - as?Co — VO o ) [0
2
+ (cf — a252C0 _ 062€2||U(1)||goo) Hv(l) .

5 2 2 2 Iv® @|?
+ (2~ aeCo— gone”|[V e HV B

For fixed ¢1,co > 0, we use the bound ||U||g= < ||U]|g2 and choose g > 0 and Ky > 0 such that
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2
e —20,62Cy — galsg(QKoEo)l/z > min(1, K;'),
3 — apedCo — el (2K Ep)Y/? > min(1, K 1),
& — pe2Cy — el (2K0Ep)Y? > min(1, K1),
2
3 — apedCy — §a153(2K0E0)1/2 > min(1, K;'),

which is always possible if g is sufficiently small. This gives the bound (4.17) with Kj redefined as
max(1, Kp). O

The following lemma uses the coercivity of the energy E(t) in Lemma 4 to establish the rate at which
it may grow in time along the solutions of system (4.12), (4.13), and (4.14). We will be able to use this
in Step 4, along with a Gronwall lemma argument of Lemma 6 below, in order to get a bound on the size
of the energy quantity. This will in turn gives a bound on how far solutions of the KP-II equation (2.9)
drift away from solutions of the FPU system (4.1) and hence will complete the proof of Theorem 1.

Lemma 5. Let A € C° ([—TO,TO] ,H5 Y (R2)) be a solution to the KP-II equation (2.9) with s > 0 in the
class of functions of Lemma 1 and assume that E(t) < Ey for some e-independent constant Eg > 0 for
every t € [—1oe ™3, 1706 3]. There exist some constants g > 0 and Ko > 0 that depend on A such that

|E'(1)| < Ko (E%E(t)% + 63E(t)> , (4.18)
for each e € (0,e0) and t € [—7oe =3, T9e3].
Proof. By differentiating F(t), defined by (4.16), in time ¢, we obtain
E't) =Y WiWik+ ZinZis + AU + SUEUS) + v v + dvidvy
J,keZ?
; D)2 (1) 7 (1 (1 N2 | @ 2)) 2
sane? [4 () +2av U + 0 (u2) - v ()]
s @@ a0 (O L Oy 0pm L @) e
+ ape? {BEUMVM + 508 (vj,k) +URVRIVR + 5 (U k) v
(2) 7 7(2) 7 (2 (21 (2 N2 1 1) 2 (1) (1
FORURVE + BURVE + BURVE + SA(VY) Aijk’ijk’] :
where the dot denotes derivative in ¢ and is applied with the chain rule to A and U. that depends on

(e(j — c1t), 2k, e3t). Substituting equations of motion (4.12), (4.13), and (4.14) and summing across
(4,k) € Z? simplifies E’(t) to the form:

E'(t) = Z W, Res). + Z; pRes? ),
J,k€Z2

(U 20U + e (V) + Jane® (VD)) st
+ (BUR + 2BV + aactU SV ) Res”™

+ a2 (—claagA + 5387/1) (U;}))2

+ ape? (—0168535 + 538735) UJ(k)V](i)

@ 2
+ 7252 (—0158514 + 538TA) (V](?) .
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Applying the Cauchy—Schwartz inequality and the bound ||U|[¢ee < ||U]|2 yields
[B' ()] <IW g2 || Res™ || o + 121l [| Res” ],

2 1 2
+ C% HU(DH + 2a1€2 ||AHL<>¢ HU(DH + a1€2 HU“)H + 7@252 HV(UH HResU(D
02 02 2 2 02

02

(2)
+ (B ]o@]|, + sz 1Bell |V, + @22l Vle) [ Res”™ ||
2
)
02 e’

Estimating the residual terms and the perturbation terms with the help of Lemmas 3 and 4, respectively,
yields (4.18). O

2 1
+ €2 (c16 |0 Al oo + € 1|07 Al 1) (m HU(l)sz + 502 va

+ &% (c16 |0 Bel| oo + €2 1107 Bel 1) HU(z) s

4.4. Step 4. Bound on the approximation error
By making the substitution E(t) := £Q(t)?, we obtain from (4.18):
Q)] < Ko (7 +£°Q), (4.19)

where the constant Ky may change from one line to another line. The norm of the perturbation terms
controlled by Q(t) is further estimated by using the Gronwall’s inequality.

Lemma 6. Assume that Q(t) satisfies (4.19) for t € [—oe =2, 70e ™3] and Q(0) < Coez for some -
independent constant Cy. There exists eqg > 0 such that

Q(t) < &% (1 + Co) exp (Komo) (4.20)
for each e € (0,e0) and t € [—Toe 3, T9e 3.

Proof. By using the integrating factor, we can rewrite (4.19) in the form:

% [exp (—ESKot) Q] < Koag exp (—53K0t) . (4.21)
Integrating (4.21) yields the Gronwall’s inequality
Q) < (Q(O) + 5%) exp (e®Kot) . (4.22)
Since Q(0) < Ce? and t € [—7oe~3, 79e 2], the inequality (4.22) yields (4.20). O
We can finish the proof of Theorem 1 by using Lemmas 4 and 6. Since
Q) < Ca (U], +|o2],. + 1Winlle + [Vi2| L + [Vi2]], + 1Zials)

where the subscript in stands for the initial condition, the decomposition (4.2) and the hypothesis (2.10)
yield that Q(0) < Cez, so that Lemma 6 gives the bound (4.20). With decomposition (4.2) and Lemma
4, we have that

2 2
Hu(l)(t) — %A (e(G — clt)7772k,53t) H@2 + Hu(z) (t) — &B. (e(G — clt),nzk,s?’t) Hp

. 2 2 2
+lw®) = 2We (G - at) k) [ + [[p )|, + [+ @O, + 1201 < Kos'Qet)?,

where the e-dependent functions W and B, are given in terms of A by (4.7) and (4.11), respectively. Due
to the bound (4.20) and the triangle inequality, we obtain the bound (2.11) and the result of Theorem 1
follows.
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5. Proof of Theorem 2

Here, we give relevant details of the proof of Theorem 2. As is explained in the introduction, we will
only consider the reduction of the general FPU system if ¢; = ¢ and as = 2a;, when the vertical and
horizontal displacements on the square two-dimensional lattice coincide with z; 1 = y; k.

Instead of working with the strain variables in (2.14), we introduce the following strain variables (see
Fig. 2):

n — Xmn = Tmn,
n o Tm+1,n+1 — Xm,n (5 1)
U = Tm+l,n — Xmns
agn,n = Tm,n+1 — Xm,n>
in order to write equations of motion in the form:
y

amyn =Um,n — Um,n,
dgnyn =Um+1,n+1 — Um,n,
afmn =Um+1,n — Um,n,
di’mn =Um,n+1 — Um,n,
’[j’mfﬂ :C% (a’%m n a'rdn—l,n—l - a’ﬁb—l,n - a‘%@,n—l)
2 2
+ 20[1 [( mn) - (a’{rjnfl,nfl) - (afnfl,n)2 + (G‘Z@,nfl)2:| ’
@m,n :C% (a’g%,n - a’m,n + a:ﬂ,n + a’%z,n)
2 2
201 [(af)" = () + (05)" = (at0)?]

where U, 1= Tim.n,s Vmon = Xm.n, and (m,n) € Z2. The justification procedure is divided into the same
four steps as in the case of the horizontal propagation.

5.1. Step 1. Decomposition

We will use the following decomposition,
Uy = "L (6,1,7) + & Lyn s
agy o = €D (6,0, 7) +° Dy,
Ay = €2Xe (610, 7) + € X,
ay = 2Ye (&,1,7) + ¥ Yinm,
U, = 2U. (&,m,7) + szUm,n,
Vmn = €2Ve (€,1,7) + €2 Vin s

(5.3)

where £ = e(m — cit), n = £2n, and 7 = £3t with ¢} := 5. By ignoring the error terms and the residual
terms of the formal order of O(g%) for the time being, we shall use the equations of motion (5.2) and
define the expansions of the functions L.,...,V. in € from the condition that all residual terms of the
formal order below O(e®) are removed.
The first equation in system (5.2) gives us the relationship:
—eciO¢Le +€%0, L. = V. — UL, (5.4)

which is used to eliminate V, from all other relations.
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Adding the first and third equations in system (5.2) implies

—eciO¢(Le + X)) + 5387’(LE +Xe)=Uc (§+e,m) —U:(€,m), (5.5)
which coincides with equation (4.3) up to notations. As follows from (2.12), we set
Xe+L.=A, (5.6)

where A is a suitable solution of the KP-II equation (2.13). Since (5.5) coincides with (4.3), we rewrite
expansions (4.5) and (4.7) in new notations:

. ox & 2 [ 9-1 1 a2 31
U.=—ciA+e (28514) +e (85 0-A— 128514) - (267A> . (5.7)
Adding the first and fourth equations in system (5.2) implies
- 86?3&([15 + Ys) + 5387-(Ls + Ys) =U. (57 n+ 52) -U. (57 77) (5'8)

which coincides with Eq. (4.4) up to notations, Again, we rewrite expansions (4.8) and (4.11) in new
notations:

Y.+ L. = 535—13,]14 —¢? <;8,7A> +¢&3 <;8£_163]A + 11267]85/1) . (5.9)

Finally, adding the first and second equations in system (5.2) implies
- 50){85(-[/5 + Ds) + 5387’([/5 + DE) =U. (f +en+ 52) -U. (5777) . (510)

We derive by using Taylor series and expansion (5.7) up to the formal order of O():

1
U. (E+en+e?) —U.(&n) = 0cUs + €2 ( iagUg + 3,7U5>
3 1 3 4 1 4 1 2 1 2
+e 686(]5 + (958,,UE +e ﬂa&Ug + 5858,,Ug + ianUE
= —CledeA — Cle20,A + &3 (GTA - 021658,,14)

_ i c]
+et <a§ 10n0- A — 5070, A — ;agA) :

Expanding the left-hand side of equation (5.10) in orders of € and comparing with the previous expansions
yields

D.+L.=A+ed; 0,4+ ¢ (;anA> +&° (;aflagA + fzaganA) . (5.11)

All quantities of the decomposition (5.3) are now defined in terms of A and L.. We can now use the
fifth and sixth equations in system (5.2) in order to define L. and to verify the validity of the KP-II
equation (2.13) for A up to truncation at the formal order of O(e®). The fifth and sixth equations in
system (5.2) yield

_ECT8§U€+€38‘FU€:C% (LE (fﬂ?)_Ds (5_5777_52)_)(6 (f—Ean)_Ys(f»n_EQ)) ( )
) ) 5.12
+ 20,7 [La (&)’ = De(E—en—e") =X (§—em)? + Yo (&0 —¢7) ]
and 5 )
- 5CT65VYE +e€ aT‘/E =0 (Ds (5777) - LE (f,ﬂ) + XE (5377) + sz (5,77))

+ 2007 [D. (6,0)° = Lo (60)° + X- (€)= Yz (6,17
In view of equation (5.4), the left-hand side of equation (5.13) is expanded as

—eci0: Ve + 30, V. = —eci0:U: + EQ(CT)QagLE + &30, U. — 2540’{8§6TL5 + gﬁaELE,

(5.13)
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whereas the right-hand side of Eq. (5.13) can be written as
(D +Lo+X.+L.o+Y. +L.—4L,)
+ 20182 [(De + Le)? + (Xe + Le)? — (Yo + Le)? = 2L (De + Le + Xe + Lo — Yo — L2)]
We expand L. in powers of ¢ as
Le=LO 4L 4+ 21 1 31O (5.14)

where the functions L) depend on (£,7) and decay to zero at infinity. Substituting (5.6), (5.7), (5.9),
(5.11), and (5.14) into the left-hand and right-hand sides of Eq. (5.13) yields the following equations in
different powers of € with their corresponding solutions:

O1): 0=2(c;)?(24 —4LO)
= L= %A

Oe): (c¢))?0:A = 2(c;)2(2a—1a,7A — 4L W)
— LW 7,3 19,A — agA

O@E?): 0= 2(01) 2(—4L?)
— L@ =0

* %\ 2
O3 :  —2659,A — (C i R A+ (c ) Dy A = 2(c})*(9; " 2A + %aganA —AL®) 4 4y Ad A

By using the KPII equation (2.13), we ehminate

* 1 * : * —
2¢10: A+ a1 A0 A = —£(61)23§A - (01)235 1872714
and obtain from the equation at the order of O(e 3) that
1 1
L® = 2971924 —0:0,A.
gl OnAt 384 351064~ %
Substituting this expansion into (5.14) yields the expansion

Lo 3 (1140 1
A—I—e ( 9¢ 0nA — 8514) +e€ (885 oA+ 38465 ﬁagan/l . (5.15)
By using (5.6), (5.9), and (5.11), we also obtain
= 1 _ 1 -1 _ 1 _ 3 1 —192 i
X = 2A 5(285 oA 88514) € (885 8nA+3848£ 48858,7/1 ; (5.16)
1 1, 1 1
Y. = 75A+ € (6‘5 19, A + 85A> —&? <28,,A>

+é? (86 182A—@6§A+ 8858,,A>, (5.17)

1 1 1 1
D.=;A+e (28516,714 + a£A> + 2 (8,,/1)

+ &3 ( O 107 A —

38435.4 + 8858,,,4) : (5.18)

Finally, substituting decompositions (5.7), (5.15), (5.16), (5.17), and (5.18) into (5.12) gives the expansion:

1 1
e(ci)?0: A — 552(@)285214 + &3 (—ZCT&A + 12(0’{)23§’A) +e*c10:0, A
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1 5
= (c})?0: A — 552(&;)26;4 + &3 (48 ()2OEA+ (7)o 107 A + a1A8§A>

1 . 1
+€4( o (c)?0¢A - 7( 1)202A ~ 2a185(A85A)>,

which is satisfied up to the formal order of O(£%) if A is a suitable solution of the KP-IT equation (2.13).

5.2. Step 2. Residual terms

Plugging the decomposition (5.3) into equations of motion (5.2) gives the following equations for the error
terms:

L = Vinn = Unnns

Dmm =Um+int1 — Vinn + Res%m

Xmm =Upm+tin— Vinn + Resﬁyn,

Ym’n =Umnn+1 — Vinn + Res%W7

Upn = & (L — Din—1n—1 — Xon—1.n — Ymn—1)
+ 201 ” [LG -D2 n—1 -X2_, nT Yn%,n—l}
+ 4o, 2 [Lm,nLE (&,m) — Dpp—1,n—1D- (§ —e,n— 52)]
+done® Yinn-1Ye (61— €%) = Xin-1nXe (6 —€,n)]
+ Res%’n,

Vi = & (D — Linn + Xonn + Youn)
+2me’ D2, — L2+ X0, =Y ]
+4a16% [Dypn D Lm nle —l—Xm nXe — YinYe] —I—Resmn,

(5.19)

where
R6 m,n = U (£+6377+€2) - ‘/’5(5,7’) +ECT8§D€ - 638"’D€’
Res™ Spom = Ue (E+e,n) —Vo(&n) +ecioe X, — 0. X,,
Res), = U(&n+e%) = Va(&,m) + eciOcYe — €20, Y,

and the residuals Res” and Res" are computed from the residual terms of equations (5.12) and (5.13).
Similarly to Lemma 3, the residual terms are controlled in the ¢2(Z?) norm if A is a smooth solution of
the KP-IT equation (2.13). This estimate is summarized in the following lemma, which we give without
proof.

Lemma 7. Let A € CO(R, H®) be a solution to the KP-II equation (2.13) with s > 9. There is a positive
constant C' that depend on A such that for all € € (0, 1], we have

[ Res -+ | Res™ ]| o + [ Res” | + [ Rest | + [ Fes' | < CE. (5.20
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5.3. Step 3. Energy estimates

In order to control the growth of the approximation error from solutions to system (5.19), we introduce
the following energy function,

B) =35 (U2 V) + 56 (L2 + D+ X2, +Y2,)

+ Z 2016” (LfanE + szman + XZWLXE - Yr?lnyf) (5.21)

2
+ D 501" (Lo + Do+ Xp = Vi) -
m,n

Similarly to the proof of Lemma 4, the energy is coercive with respect to the 2 norm of the perturbations
if ¢ is sufficiently small and the perturbations are not large in the #2 norm. The only difference between
the expansions (5.15), (5.16), (5.17), and (5.18) from the expansion (4.11) is that the former involves
three derivatives of A and one derivative of 85_ 187,14, whereas the latter involves two derivatives of A and

one derivative of 85_ 18nA. This modifies the statement of the following lemma, which we give without
proof.

Lemma 8. Let A € C° ([—TO,TO] ,HsH (RQ)) and 851/1 eCO ([—TO,TO] ,H® (RQ)) with s > 3 and assume
that E(t) < Eqy for some e-independent constant Eg > 0 for everyt € [—7oe ™3
constants g9 > 0 and Ko > 0 that depend on A such that

2 2 2 2 2 2
10z + VIl + 1Ll + 1Dl + [1X 12 + YV Ml < 2K0E(2), (5.22)

for each € € (0,&0) and t € [—Toe 3, T9e73].

,Toe3]. There exists some

Finally, the growth of the energy (5.21) is estimated from the balance equation:
E'(t) =Y UnnResy, , + VinRes),

+ c% Z Dm,nResZ,n + Xm,nResnX%n + Ym’nRes,i,n
+ 4oy €2 Z DZ%nRes%n + X,anResﬁ,n — Y,waes%m (5.23)

m,n
+ 4a;€? Z Dy nD:Res)) 4+ XmnX-Resyy, . — Y nY-Res),
m,n
+2me® Yy L2 L.+ D}, ,D.+ X2, X. - Y] Y.,
m,n
where the dot denotes the derivative in ¢ of the function of £ = e(m — ¢jt), n = £?n, and 7 = &3t. In view

of Lemmas 7 and 8, similar to the proof of Lemma 5, we can obtain a bound on the growth of the energy.
This bound is summarized in the following lemma, which we give without proof.

Lemma 9. Let A € C° ([—TO,TO] S H5TY (RQ)) be a solution to the KP-II equation (2.13) with s > 0 in the

class of functions of Lemma 1 and assume that E(t) < Ey for some e-independent constant Eg > 0 for

every t € [—7oe 3, 70e3]. There exist some constants 9 > 0 and Ko > 0 that depend on A such that
|E'(1)] < Ko (5%E<t)% + 53E(t)) , (5.24)

for each e € (0,e0) and t € [—Toe ™3, T9e3].
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5.4. Step 4. Bound on the approximation error

Since the bounds (4.18) and (5.24) coincide, application of the Gronwall’s inequality in Lemma 6 gives
the desired result of Theorem 2 exactly like in Step 4 of the proof of Theorem 1.

6. Conclusion

We have proved here the validity of the KP—II approximation for dynamics of transversely modulated
small-amplitude long-scale waves in a vector FPU system on a two-dimensional square lattice. The justi-
fication was performed for horizontal and vertical propagations of the waves and, under some restrictions
on parameters of the FPU system, for the diagonal propagation. While the general algorithm of the jus-
tification analysis is well understood by now, the technical details of the justification analysis have been
developed for the first time in the vector FPU systems, to the best of our knowledge.

This research opens up new directions. First, it is interesting to see if the justification analysis can be
generalized for the vector FPU mass—spring systems with diagonal springs and for the wave propagation
under an arbitrary angle with respect to the square lattice. Second, in terms of applications of the
FPU models to the graphene materials, it is important to consider other two-dimensional models such
as hexagonal lattices. Finally, known properties of the KP-II equation can be applied to study other
problems of the nonlinear dynamics of small-amplitude waves in the two-dimensional FPU lattices such
as the linear and nonlinear stability of periodic and solitary waves with respect to transverse modulations.
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