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NONLINEAR INSTABILITY OF A CRITICAL TRAVELING WAVE
IN THE GENERALIZED KORTEWEG-DE VRIES EQUATION*

ANDREW COMECHT, SCIPIO CUCCAGNA¥, AND DMITRY E. PELINOVSKY?

Abstract. We prove the instability of a “critical” solitary wave of the generalized Korteweg—
de Vries equation, the one with the speed at the border between the stability and instability regions.
The instability mechanism involved is “purely nonlinear” in the sense that the linearization at a
critical soliton does not have eigenvalues with positive real part. We prove that critical solitons
correspond generally to the saddle-node bifurcation of two branches of solitons.

Key words. Korteweg—de Vries equation, critical soliton, dynamic instability, orbital stability
AMS subject classifications. 35Q51, 35Q53, 7T0K50

DOI. 10.1137/060651501

1. Introduction and main results. We consider the generalized Korteweg—
de Vries (KdV) equation in one dimension,

(1.1) ou =0, (—02u+ f(u)), u=u(z,t) eR, ze€R,
where f € C*(R) is a real-valued function that satisfies

(1.2) £(0) = 1(0) = 0.

Depending on the nonlinearity f, (1.1) may admit solitary wave solutions, or solitons,
of the form u(z,t) = ¢.(x — ct). Generically, solitons exist for speeds ¢ from (finite
or infinite) intervals of a real line. For a particular nonlinearity f, solitons with
certain speeds are (orbitally) stable with respect to the perturbations of the initial
data, while others are linearly (and also dynamically) unstable. We will study the
stability of the critical solitons, the ones with speeds ¢ on the border of stability and
instability regions. These solitons are no longer linearly unstable. Still, we will prove
their instability, which is the consequence of the higher algebraic multiplicity of the
zero eigenvalue of the linearized system.
When f(u) = —3u?, (1.1) turns into the classical KdV equation

(1.3) Oyu + 02u + 6ud,u = 0,

which is well known to have solitons

c
c(z,t) = @z —ct) = ; 0.
uelrt) = Gl = ) 2 cosh? (%(w —ct)) <
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For f(u) = —uP?, p > 1, we obtain the family of generalized KdV equations (also
known as gKdV-k with k = p — 1) that have the form

(1.4) Oru+ 3w+ 0, (uP) = 0.

They also have solitary wave solutions. All solitary waves of the classical KdV equa-
tion and of the subcritical generalized KdV equations (1 < p < 5) are orbitally stable;
see [Ben72, Bon75, Wei87, ABH87]. Orbital stability is defined in the following sense.

DEFINITION 1.1. The traveling wave ¢.(x — ct) is said to be orbitally stable if
for any € > 0 there exists § > 0 so that for any ug with ||ug — @cllgr < 6 there is a
solution w(t) with u(0) = ug, defined for all t > 0, such that

sup inf [|u(x,t) — ¢p(xz — s)|| g1 <€,
t>0 seR

where H' = H(R) is the standard Sobolev space. Otherwise the traveling wave is
said to be unstable.
Equation (1.1) is a Hamiltonian system, with the Hamiltonian functional

(1.5) E(u)z/RG(awu)uF(u)) da,

with F(u) the antiderivative of f(u) such that F(0) = 0. There are two more invari-
ants of motion: the mass

(1.6) I(u) :/udz
R
and the momentum

(1.7) N (u) = / }uQ dz.
R 2
Assumption 1. There is an open set X' C Ry so that for ¢ € X the equation
—c¢p. = =@ + f(¢p.) has a unique solution ¢.(x) € H*(R) such that ¢.(z) > 0,
@c(—1) = (), lim|y| o Pc(x) = 0. The map ¢ — ¢, € H*(R) is C* for c € X
and for any s. Consequently, (1.1) admits traveling wave solutions

(1.8) u(z,t) = ¢(z — ct), ceX.

In Appendix A we specify conditions under which Assumption 1 is satisfied.

Let A; and I. denote A4 (¢.) and I(¢.), respectively. By Assumption 1, .4, and
I. are C'™ functions of ¢ € X. For the general KdV equation (1.1) with smooth f(u),
Bona, Souganidis, and Strauss [BSS87] show that the traveling wave ¢.(z — ct) is
orbitally stable if

y_d

(1.9) M ==

d
</Vc = %L/V((ﬁc) >0
and unstable if instead .4,/ < 0. See Figure 1. The criterion (1.9) coincides with the
stability condition obtained in [GSS87] in the context of abstract Hamiltonian systems
with U(1) symmetry (the theory developed there does not apply to the generalized
KdV equation).
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Fic. 1. Stable and unstable regions on a possible graph of Ac vs. c. Three critical solitary
waves are denoted by stars.

Remark 1.2. Note that, as one can readily show, the amplitude of solitary waves
is monotonically increasing with their speed ¢, while the momentum .4 does not have
to.

Remark 1.3. For the generalized KdV equations (1.4), the soliton profiles sat-
isfy the scaling relation ¢.(z) = cr T ¢1(c2x). The values of the momentum func-
tional that correspond to solitons with different speeds ¢ are given by A (¢.) =
constc7 172 = const ¢Zr-D | so that %JV((;SC) > 0 for p < 5, in agreement with the
stability criterion (1.9) derived in [BSS87].

In [BSS87] it is stated that critical traveling waves ¢, (x), that is, ¢, such that
A =0, are unstable as a consequence of the claim that the set {c: ¢, is stable} is
open. This claim, however, is left unproved in [BSS87]. Moreover, this is not true
in general. (This is demonstrated by the dynamical system in R? described in the
polar coordinates by 8 = sinf, » = 0. The set of stationary states is the line y = 0;
the subset of stable stationary points, = < 0, is closed.) The question of stability of
critical traveling waves has been left open. We address this question in this paper,
proving the instability under certain rather generic assumptions. This result is the
analogue of [CP03] for the generalized KdV equation (1.1).

Remark 1.4. We will not consider the L2-critical KAV equation given by (1.4)
with p = 5, when 4. = const. In this case, the solitons are not only unstable but
also exhibit a blow-up behavior. This blow-up is considered in a series of papers by
Martel and Merle [Mer01, MM01b, MM02a, MMO02b].

The analysis of the instability of critical solitary waves (with no linear instability)
requires better control of the growth of a particular perturbation. We achieve this
by employing the asymptotic stability methods. Pego and Weinstein [PW94] proved
that the traveling wave solutions to (1.4) for the subcritical values p = 2,3, 4, and also
p € (2,5)\E with E a finite and possibly empty set, are asymptotically stable in the
weighted spaces. Their approach was extended in [Miz01]. For other deep results of
stability see [MMO1la, MMO5]. The proofs extend, under certain spectral hypotheses,
to solitary solutions to a generalized KdV equation (1.1) with ¢ such that .4 > 0.

Substituting w(z,t) = ¢.(r — ct) + p(x — ct,t) into (1.1) and discarding terms
nonlinear in p, we get the linearization at ¢.:

(1.10) Oip = 0. (=02p+ ['(de)p + cp) = THep,
where

(1.11) J=0,  He=—02+f(d) +c.
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Fic. 2. FEssential spectrum of JHe, ¢ = 1, in the exponentially weighted space LZ(IR) for
u=0.1<+/c/3 (solid line) and p = 0.65 > \/c/3 (dashed line).

In (1.10), both ¢.(-) and p(-,t) are evaluated at x — ct, but we change the variable
and write x instead.

The essential spectrum of JH,. in L?(R) coincides with the imaginary axis. A = 0
is an eigenvalue (with d,¢. being the corresponding eigenvector). To use the asymp-
totic stability methods from [PW94], we will consider the action of JH, in the expo-
nentially weighted spaces. For s € R and p > 0, we define

(1.12) HL(R) = {9 € Hj, (R): e""9p(x) € H*(R)},  p=0,

where H*(R) is the standard Sobolev space of order s. We also denote L?(R) =
HS(R). We define the operator A* = e#® o JH,.oe M2 where e*#® are understood as
the operators of multiplication by the corresponding functions, so that the action of
JH. in L2(R) corresponds to the action of A# in L*(R). The explicit form of A is
(1.13) Al = et o JHeo e M = (0, — ) [—(0x — p)* + ¢ — f(e)].

The domain of A# is given by D(A*) = H3(R). Since the operator [0, — u]f’(¢)

is relatively compact with respect to &/} = —(09, — u)® + c(0; — p), the essential
spectrum of A¥ coincides with that of @Z* and thus is given by
(1.14) oo(A) = {X € C: A = Acont (k) = (n — ik)® — c(p—ik), keR}.

The essential spectrum of &7/ is located in the left half-plane for 0 < u < y/c and is
simply connected for 0 < p < m; see Figure 2.

We need assumptions about the existence and properties of a critical wave.

Assumption 2. There exists ¢, € Y\0X, ¢, > 0, such that </VC’* =0.

Remark 1.5. Let us give examples of the nonlinearities that lead to the existence
of critical solitary waves. Take f_(z) = —AzP + Bz?, with2<p<¢q, A >0, B >0,
or fi(2)=AzP — B27+Cz2",with2<p<qg<r, A>0, B>0,C > 0. In the case
of fi, we require that B be sufficiently large so that fi(z) takes negative values on
a nonempty interval I C Ry. Then there will be traveling wave solutions ¢.(x — ct)
with ¢ € (0,¢1) (also with ¢ = 0 in the case of f) for some ¢; > 0.} Elementary

IThe value of ¢; is determined from the system f(z1) +c121 = 0, F(21) + clzf/2 =0, with F
the primitive of f such that F(0) = 0. See Appendix A or [BL83] for more details.
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computations show that the value of the momentum .4; goes to infinity as ¢ /" ¢;. It
also goes to infinity as ¢ \, 0 if p > 5 (also if p = 5 in the case of f), so that there
is a global minimum of .4, at some point ¢, € (0, ¢;).

Assumption 3. There exists o € (0,,/cx/2) such that for 0 < p < pg the
operator A% has no L?-eigenvalues except A = 0.

Remark 1.6. We require that 1 < /¢, /2 so that the inequality 1 < 1/c/3 (needed
in the condition of Lemma 4.2) is satisfied for ¢ from an open neighborhood of c¢,.

Assumption 4. At the critical value c,, the nondegeneracy condition I, # 0 is
satisfied. Here I, = I(¢.) is the value of the mass functional (1.6) on the traveling
wave Q.

Remark 1.7. If I, = 0, then the eigenvalue A = 0 of JH,, corresponds to a
Jordan block larger than 3 x 3. We will not consider this situation.

Our main result is that the critical traveling wave ¢, (x) of the generalized KdV
equation (1.1) is (nonlinearly) unstable.

THEOREM 1 (main theorem). Let Assumptions 1, 2, 3, and 4 be satisfied, and
assume that ¢., is a critical soliton. Assume that there exists an open neighborhood
O(ci) C X of ¢k so that A is strictly negative and nonincreasing for ¢ € O(cy),
¢ > ¢, (or strictly negative and nondecreasing for ¢ < c,, or both). Then the critical
traveling wave ¢, (x) is orbitally unstable. More precisely, there exists € > 0 such
that for any § > 0 there exists ug € H'(R) with ||ug — @, |1 < & and t > 0 so that

(1.15) i (1) — g, (- = 8)lm =e.

Remark 1.8. For definiteness, we consider the case when .4 is strictly negative
and nonincreasing for ¢ > ¢,, ¢ € O(c,). The proof for the case when .4 is strictly
negative and nondecreasing for ¢ < ¢y, ¢ € O(c4), is the same.

Thus, we assume that there exists 77 > 0 such that

(1.16) [cs,cx +m] C X, N <0 for c € (e, +m1] C X

Strategy of the proof and the structure of the paper. In our proof, we
develop the method of Pego and Weinstein [PW94] and derive the nonlinear bounds
relating the energy estimate and the dissipative estimate. We follow a center manifold
approach; that is, we reduce the infinite-dimensional Hamiltonian system to a finite-
dimensional system which contains the main features of the dynamics. Specifically,
we consider the spectral decomposition near the zero eigenvalue in section 2, and a
center manifold reduction is considered in section 3, this part being similar to the
approach in [CP03]. Estimates in the energy space and in the weighted space for
the error terms are in sections 4 and 5. In this part of our argument we develop the
approach of [PW94]. In section 6, we complete the proof of Theorem 1. In section 7,
we give an alternative approach to the instability of the critical traveling wave ¢, ()
by a normal form argument [Car81, TA98], under the additional hypothesis that the
critical point ¢, of .4, is nondegenerate:

d*> N (¢c)
1.17 N = —— 0.
( ) Cx d02 c=c, #
The construction of traveling waves is considered in Appendix A. The details on
the Fredholm alternative for H,. are in Appendix B. An auxiliary technical result is
proved in Appendix C.
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2. Spectral decomposition in L2 (R) near A = 0. First, we observe that for
any ¢ € X (see Assumption 1), the linearization operator JH, given by (1.11) satisfies
the following relations:

(2.1) Heer =0, where e . = —0,¢.(z),
(2.2) JHces e = e, where eg . = 0:¢¢ ().

Let .(R) denote the Schwarz space of functions.

DEFINITION 2.1. Let x4 € C*®(R) be such that 0 < x1 < 1, X4|(=o0,—1] = O,
X+l[0,00) = 1. Define 1 1n(R), m >0, to be the set of functions u € C*(R) such
that x+u € L(R) and for any N € Z, N > 0, there exists Cn > 0 such that

W™ ()] < On (14 Jz])™.

Note that for any m > 0, Image(JH|s, ) ) € 4 m(R). The algebraic multi-
plicity of zero eigenvalue of the operator JH, considered in . ,,,(R) depends on the
values of A and I’ as follows.

PROPOSITION 2.2. Fizm > 0, and consider the operator JH. in %4 m(R).

(i) The eigenvalue X\ = 0 is of geometric multiplicity one, with the kernel gener-

ated by eqc.

(ii) Assume that ¢ € X is such that A, # 0. Then the eigenvalue A = 0 is of

algebraic multiplicity two.

(iii) Assume that c, € X is such that A = 0, I_ # 0. Then the eigenvalue

A =0 is of algebraic multiplicity three.

Proof. First of all we claim that in .4 ,,(R) we have dimker JH, = 1.

The differential equation H 1> = 0 has two linearly independent solutions. Ac-
cording to (2.1), one of them is e; ., which is odd and exponentially decaying at
infinity. The other solution is even and exponentially growing as |z| — oo and hence
does not belong to %4 ,,(R); we denote this solution by =, (z).

Observe that if v € ker JH,, then H.v = K, v € C*(R). Set v = £ + w. Then
Hew = —E f(¢.). Since (f'(¢c),e1,c) = 0, by Lemma B.1 there exists a function
wo € 4 m(R) such that Howo = —%f’(qf)c). So w = wy + Ad,¢p. + BE,, with A
and B constants. Since

K K
'v:?er:?+wo+A8z¢c+BE'c€<5”+7m(R),

we need v(x) — 0 for x — 400, and therefore B =0 and K = 0. Hence, v € ker H,,
proving that ker JH,. = ker H,. This proves Proposition 2.2 (i).
Let us introduce the function

x

(2.3) O, (r) = A Oee(y) dy.

Then 0,0.(x) = 0cppe(x), limy—_ o Oc(x) = —I.; hence O, € 74 o(R). If v satisfies

(2.4) JHv = 0.¢.(x), lim wv(z) =0,

r——+0o0
then v(x) is the only solution to the problem

(2.5) Hev = O(z), lim wv(z)=0.

Tr——+00
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According to Lemma B.1 (see Appendix B), if (e1,.,0.) = (¢, Ocp) = N # 0,
then v(z) has exponential growth as z — —oo,

(2.6) v(z) oc eVl T — —00,

and therefore does not belong to .7 ,,,(R). This finishes the proof of Proposition
2.2 (ii).

Let us now assume that .4, = 0 for some ¢, € ¥. Then, again by Lemma B.1
with m = 0, there exists e3¢, (z) € %4 o(R) such that

(2.7) He, es.c, = O, (), lim es.,(z)=0.

Tr——+00
Now let us consider w € C*°(R) such that

(2.8) JHe, w =e3,, lim w(z) =0.

r——+00

Let E(x) = f_too es.c, (y) dy; the function w(x) satisfies H,,w = E. Taking the
pairing of E with ey ,, we get

(€1,c,, E) = —(bc,,€3.c,) = (He, Octhe,, €3.c,) = (Octhe, , He,€3.,)

@2 +o00o @2 I 2
(2.9) ~ (0.0..,0.) = —*| =- lm 0*2(93) __( CQ*) “o

(In the first equality, the boundary term does not appear because when x — +oo
the function E(x) grows at most algebraically while ¢. decays exponentially.) By
Lemma B.1, since (e ., , F) is nonzero, w(z) grows exponentially as x — —oo. This
proves that the algebraic multiplicity of the eigenvalue A = 0 is exactly three. 0

Now we would like to consider JH,. in the weighted space LZ(]R), i > 0. This is
equivalent to considering A# = e#® o JH,0e #* in L*(R). In what follows, we always
require that

(210) 0< < min(MOa/’Ll)a
with pg from Assumption 3 and p; from Lemma C.1.
We define
(211) e?,c = euer}m J=12; eg,c* = euze&c*‘

From Proposition 2.2, we obtain the following statement.
COROLLARY 2.3.
(i) If A # 0, then the basis for the generalized kernel of A¥ in L*(R) is formed
by the generalized eigenvectors {ef .,e4 .}.
(ii) At c. where A7 =0, I\ # 0, the basis for the generalized kernel of A¥ in
L?(R) is formed by the generalized eigenvectors {el . ,eh . €5 . }.
Proof. As follows from Lemma A.1 in Appendix A,

(2.12) le1.o(x)| < const e Velzl, z eR.
Applying Lemma A.2 to (2.2) (for both > 0 and = < 0), we also see that

2.13 e .(x)| < const(l+ |z e_‘/ag’l7 xz € R.
(2.13) le2,c()] (14 |z])
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It follows that ef ., €4 . € L*(R).

If A #0, then by (2.6) e**v(z) # L*(R).

If A =0at c=c,, then ez, € .74 o(R) (belongs to . for z > 0 and remains
bounded for x < 0). Moreover, applying Lemma A.2 to (2.7), we see that

(2.14) les.c, (2)] < const(1 + |x|)e” Ve ®, x> 0.

It follows that e, € L*(R). As follows from Proposition 2.2, the function e#*w(x)
in (2.8) does not belong to L?(R), so the algebraic multiplicity of A = 0 is precisely
three. a

LEMMA 2.4.

(i) Let ¢ € (Cxycx + ). Then there exists a simple positive eigenvalue A, of AX.

This eigenvalue does not depend on .
(ii) A is a simple eigenvalue of the operator JH,. considered in L?(R).
(iii) There exists a C™ extension of es ., into an interval [c., cx + M),

Cr e3¢ € H,ZO(R)a ce [C*,C* + 771},
so that the frame
{ef.=e'"ej. e H(R): j=1,2,3},  c€[ey, e+ 11l

14

depends smoothly on c (in L?), X# = span(el ., e ., ek ) is the invariant

subspace of A¥, and A¥|xu is represented in the frame {eic} by the following
matriz:

01 0
(2.15) Al|xp=10 0 1 |,

0 0 M\
where A. equals

C/‘//

2.16 A= T
( ) <¢c, 63,c>

with (¢¢,e3.c) >0 for ¢ € [ex, e +m).

Proof. Due to the restriction (2.10) on p, the essential spectrum of A# for ¢ > ¢,
is given by (1.14) and is located strictly to the left of the imaginary axis. By As-
sumption 3, the discrete spectrum of A% consists of the isolated eigenvalue A = 0,
which is of algebraic multiplicity three by Corollary 2.3. We choose a closed contour
v C p(AE) in C* so that the interval [0, A] of the real axis is strictly inside v, where

(2.17) A= sup sup |f"(¢c(x)) e ()]

ceX zeR

Remark 2.5. The value of A is chosen so that all point eigenvalues of the operator
JH., c € X, are bounded by A. Indeed, if 1 satisfies JH ¢ = Ap with A € R, then
¥ € H*(R) and can be assumed to be real-valued. Therefore, we have

Meps ) = (9, 00 (=07 + f(be) + )h)
=~ (G) =~ S (60) = 5 [ $0.f (@) da,
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so that [A] < sup,cg [/ (¢c(x))de(z)|/2.
We notice that for ¢ from an open neighborhood of c,, v belongs to the resolvent
set p(AH). Indeed, we have

1 1 1 1

AF =2 T AR 4 (AP ALY T (AL —2) (14 (AL —z)1(Af - AL))

(2.18)

Since Af — z, z € 7, is invertible in L? and is smoothing of order three, while
Al — A% depends continuously on ¢ as a differential operator of order 1, the operator
(At — z)~1(A# — A¥ ) is bounded by 1/2 as an operator in L? for all z € v and for
all ¢ sufficiently close to c,. We assume that 7; > 0 is small enough so that

(2.19) v € p(AE) for ¢ € [cu,ch + M)

Integrating (A# — 2)~! along 7, we get a projection

1 dz
2.20 Plt=—-—@p —— .
( ) c 27”-%\{14;01_27 Ce[c*ac*+n1]

Since rank P! = 3, we also have
rank P = 3, ¢ € [y, cx +m1].

The three-dimensional spectral subspace Range P} corresponds to the eigenvalue

A = 0 that has algebraic multiplicity three. According to Corollary 2.3, when .4/ # 0,

A = 0 is of algebraic multiplicity two, and therefore X/ = Range P splits into

a two-dimensional spectral subspace of A¥ corresponding to A = 0 (it is spanned by

{el o 6570}) and a one-dimensional subspace that corresponds to a nonzero eigenvalue.
For ¢ € [cy, ¢x + m1], we define

(2.21) ég‘)c = Pc“eg"c*, ¢ € [Cay i +m1).

S 2 : : - T2 BooGh g
Note that e5 . € L*(R) since P} is continuous in L*. In the frame {e} ., e} ., €5 .} we
can write

(2.22) Ales .= acey , +beey  + A€ .

Since the frame {e} ., e4 ., €5 .} and also A%é5 . depend smoothly on ¢ (as functions
from [cy, cx + 1] to L?(R); recall that f is smooth), the coefficients a., b., and . are
smooth functions of ¢ for ¢ € [e4, ¢, + 11]. It is also important to point out that a.,
be, and A. do not depend on p > 0, since if the relation (2.22) holds for certain values
of a., be, and A, for a particular value p > 0, then, by the definition of A%, eic, eg,c,
and &4 , the relation (2.22) also holds for x’ from an open neighborhood of .

According to the construction of es., in Proposition 2.2, a., = A;, = 0 and
b., = 1. We define

1

o ~ 1L o
e, = —(€e — ac€e .
3,c bc ac)\c( 3,c 2,6)

Then ef . € L*(R) for ¢ € [c,, ¢ 4+ m1]. We compute

(2.23) Alel = ef .+ \eh .
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Thus, in the frame {e/.: j = 1,2,3} the operator A¥|gange pr has the desired ma-
trix form (2.15). Conjugating by means of e”® we get a corresponding frame {e; .
j=1,2,3}in Li, with e . satisfying

(2.24) JH.€e3. = e+ A€z, esc € L (R).

For ¢ € [cy, ¢y +m1] and 2z ¢ o(A*), RE(2) = (A# — 2)~! is a pseudodifferential
operator of order —3, and hence P# is smoothing of order three in the Sobolev spaces
H*(R). The bootstrapping argument applied to the relations e;f . = Pc“e;" . shows
that e, € H>°(R). By definition (1.12), this means that

(2.25) ejc € H(R), i=1,2,3, c€les,co +m-
Using (2.24), we compute

0= <Hcel,c; 63,c> = _<H6J¢C7 e3,c>
= (¢, JHce3,C> = (¢, 62,c> + Ae(@e, 83,6>» c € [co, e +ml.

We conclude that

e
PP 1 O R e

<¢C7 63,c> ’

where (¢, e2.c) = (¢¢, Ocpe) = A, < 0. Note that (¢., e3.) > 0 for ¢, < ¢ < e+,
since (¢, ,es.c,) > 0 by (2.9) and (¢, es.) does not change sign for ¢, < ¢ < c,+m
(this follows from the inequality |(¢.,esc)| > |4/|/A > 0; see Remark 2.5). This
finishes the proof of the lemma. 0

Remark 2.6. According to Assumption 3, we may assume that n; is small enough
so that for ¢ € [c,, cx +m1] and 0 < g < pp there is no discrete spectrum of A* except
A =0and A = A.. It follows that P* is the spectral projector that corresponds to
the discrete spectrum of A#.

LEMMA 2.7. If Ao > 0, then e3 . € H*(R).

Proof. By Lemma 2.4, \. > 0 is a simple eigenvalue of JH, considered in L?(R).
By (2.1), (2.2), and (2.24),

(2.26) Ye = €c1+ Ae€ea + Ne.3 € CO(R)

satisfies JH Y. = Actp., and also lim, 4o ¥e(x) = 0. Thus, . coincides with an
L? eigenvector of JH 1. that corresponds to \.. Therefore, ¥. € H*®(R). Since
ec1,€co € HY(R) and \. # 0, the statement of the lemma follows from the relation
(2.26). |

Let us also introduce the dual basis that consists of eigenvectors of the adjoint
operator (JH.)" = —H.J = —H.0, which we consider in the weighted space
(2.27) I2,(R) = { € L, (R): e *p(z) € LAR)}, pu> 0.
For any ¢ € X, the generalized kernel of (JH.)* contains at least two linearly inde-
pendent vectors:

(2.28) —Hc0z91,c =0, —He0292,c = g1,
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where
T
(229) gl,c(x) = _/ el,c(yac) dy = ¢c(x)7
(2.30) g200) = [ extvady= [ 06wy
The lower limit of integration ensures that lim, , o g2 .(z) = 0, so that gs. €
L? ,(R).
—p

PROPOSITION 2.8. Assume that ¢, € X is such that A =0, I # 0. The
eigenvalue A = 0 of the operator —H., 0, is of algebraic multiplicity three in LQ_#(R),
and there exists g3 ., € H>, (R) such that

_HC* 81293,0* =92,

Proof. The argument repeats the steps of the proof of Proposition 2.2. The
function g3, is given by

(231) gre0) =~ [ enc )y,
where €3 ., (z) satisfies

xr
(2.32) He, 3., = / esc, (y) dy, lim és., (z)=0.

e
o T oo

Since [*__ e, (y) dy remains bounded as x — 400, while (gs..,, ¢.,) = 0, the func-
tion €3, (r) remains bounded as * — +oco. This follows from Lemma B.1 of Ap-
pendix B (after the reflection x — —x). Therefore, g5, (z) has a linear growth as
r — 400; gs.c, € 7 1(R) (defined similarly to .} ; in Definition 2.1). 0

As in Lemma 2.4, one can show that there is an extension of g3 ., into an interval
[C*’ Cx + 771],

cr—gs. € H>,(R), € € [Cay 0 +11],
so that, similarly to (2.24) and (2.25),
(233) _Hcazg&c = 9270(1') + Acgs.c) g3,c € HEO#(R), ce [C*, Cx + 771]«

Using the bases {e;. € H(R): j = 1,2,3}, {gj. € HX,(R): j = 1,2,3}, we
can write the projection operator e #* o P! o e*® that corresponds to the discrete
spectrum of JH, in the form

3

(2.34) (e7H* o Pl oel®)hp = Z chk<gk’c,'t/}>ej’c,
k=1

with 77* being the inverse of the matrix
(235) 7—0 = {%k,c}a %k,c = <gj,ca ek,c>a ce [0*7 Cy + 7}1]7 1 é j; k é 3.
Let us introduce the functions

(236) Qe = <gl,ca 63,c>7 ﬂc = <92,ca 63,c>a Ye = <g?>,c> 33,c>'
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Since e, . € Li(R) and g;. € LQ_M(R), Qe, B, and 7, are continuous functions of ¢
for c € [0*70* + 771]- Recalling that <g2,ca el,c> = <92,ca JHceZ,c> = 7<HC<]92,C7 62,c> =

(g1.cv€2.c) = (Ge, 0cpe) = N, {G1c,€16) = —(Pe, Oppe) = 0, we may write the
matrix 7 in the following form:

0 N
(2.37) To=| A (I B
Qe Be Ye

Note that 7¢, is nondegenerate, because .4, = 0 by the choice of c,, while a., =
<gl,c*783,c*> = <¢c*’3376*> = %(I{:*)z >0 by (2.9).

3. Center manifold reduction. We first discuss the existence of a solution
u(t) that corresponds to perturbed initial data. We will rely on the well-posedness
results due to T. Kato.

LEMMA 3.1. For any p >0, s > 2, and ug € H*(R) OL%N(R) with ||wollg: <
2||pe, |1, there exists a function

(3.1) u(t) € C([0,00), H*(R) N L3,(R)),  u(0) = uy,
which solves (1.1) for 0 <t < t1, where t1 is finite or infinite, defined by

(3.2) tr =sup{t 2 0: [lu(t)||g <2||be, [lm}-

Proof. According to [Kat83, Theorem 10.1], equation (1.1) is globally well-posed
in H*(R) N L3,(R) for any s > 2, > 0 (for the initial data with arbitrarily large
norm) if f satisfies
(3.3) ‘l‘im |2|74f'(2) > 0.

We modify the nonlinearity f(z) for |z| > 2|¢., ||z so that (3.3) is satisfied; let

us call this modified nonlinearity f(z). Thus, for any ug € H*(R) N L3,(R) with
llwollzr < 2|, || 1, there exists a function

(3.4) u(t) € C([0,00), H*(R) N L3,(R)),  u(0) = u,
that solves the equation with the modified nonlinearity
(3.5) Ou = 0, (—0%u + f(u)).

For 0 <t < t1, with ¢; defined by (3.2), one has [[u(t)| =~ < [|u(t)||g < 2|/, || a1
Therefore, for 0 < ¢t < t1, u(t) solves both (3.5) and (1.1) since f(z) = f(z) for
2 < 2ol D

We fix p satisfying (2.10). For the initial data uo € H?*(R) N L3,(R) with
[uoll gt < 2|[e, |1 there is a function w € C([0,00), H*(R) N L3, (R)) that solves
(1.1) for 0 < t < t1, with ¢; from (3.2). We will approximate the solution u(z,t) by a
traveling wave ¢. moving with the variable speed ¢ = ¢(t). Thus, we decompose the
solution u(z,t) into the traveling wave ¢.(z) and the perturbation p(x,t) as follows:

(36)  ulz,t) = duy (x e - /O "t dt’) + p(x e - /O L)t t).

The functions £(t) and c(t) are yet to be chosen.
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Using (3.6), we rewrite the generalized KdV equation (1.1) as an equation on p:
(3.7) p—JHep = —Eei . — ceg .+ EDup + JN,
with H. given by (1.11) and with JIN given by

(3-8) IN =0, [f(¢c + p) = f(oe) — pf'(de)],

where we changed coordinates, denoting y = x—¢(t) fo ") dt' by z. By Proposition
2.2 (iii), the eigenvalue A = 0 of operator JH,, in L2( ) has algebraic multiplicity
three. We decompose the perturbation p(x,t) as follows:

(39) p(xv t) = C(t)e?),c(t) (I) + U(x7 t)a

where e3 . is constructed in Lemma 2.4. The inclusions ¢. € H*(R)NL3,(R) C H}(R)
and ez € H\(R) show that v(-,t) € H}(R).
We would like to choose £(t), ¢(t) = ¢, + n(t), and ((¢) so that

(3.10)
v(z,t) = u(ﬂf +E() + /0 (cx +n(t'))dt’, t) = b, (1) () — C(t)es e, 1) (2)

represents the part of the perturbation that corresponds to the continuous spectrum
of JH..

PROPOSITION 3.2. There exist n; > 0, (1 > 0, and 61 > 0 such that if ng and (o
satisfy

B11) ol <ms 1l <Gy (e gno + Co€3.eitmo — Dol < lbe.lla,
then there is Ty € Ry U {400} such that the following hold:
(i) There exists u € C([0,00), H*(R) N L3, (R)) so that
(3'12) u(O) = ¢c*+no + COeB,c*Jrno

and u(t) solves (1.1) for 0 <t < Ty.
(ii) There exist functions

(313) §&n.C€ C([O’ OO))v 5(0) =0, 77(0) = To, C(O) = Co»
such that the function v(t) defined by (3.10) satisfies

(3.14) e'*v(x,t) € ker P* 0<t<T.

«+n(t)’

(iii) The following inequalities hold for 0 <t < Tj:
(3.15) [lw(@)llm <2ldc, e, In@)] <m, €O <G, No@)|my < ér-

(iv) If one cannot choose Ty = oo, then at least one of the inequalities in (3.15)
turns into an equality at t = T7.

Proof. Since ug = e, 4y, +C0€3,c, +5, € H*(R)NL3,(R) and the conditions (3.11)

are satisfied, by Lemma 3.1, there is a function u(t) € ([ o0), H*(R)N L3, (R)) and

t1 € Ry U {+oo} such that u(t) solves (1.1) for 0 < t < t; and, if t; < oo, then
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lw(t) ||z = 2||pe, || g:- We thus need to construct £(t), n(t), and ((t) so that v(z,t)
defined by (3.10) satisfies the constraints

(3.16) (91.ccn) V(0) = (g2.c.4n(), V(1)) = (g3,0.4n(), V(1)) = 0.

Let us note that v(0) = 0 by (3.10), (3.12), and (3.13). Since JH.e3 . = Ac€3.c+ €2 ¢,
(3.17) Di(Cese) — JHe(Ces o) = Ceze +1C0ces.e — C(Ac€3.e + €2.0).

Therefore, (3.7) can be written as the following equation on v(t) = p — Ces :

(3.18) & — JHw = ~Lerc— (7= () eae — (( — AcQ)es.c —1GOees,c +EDup + N

Differentiating the constraints (3.16) and using the evolution equation (3.18), we
derive the center manifold reduction,

(3.19)
5 <5c91,c7’U> <91,c,3c63,c> . <91,c,3wp> <gl,07JN>
,Tc 77 - < - 7] <6cg2,(:7 U> = —77C <92,C7 8ce3,c> + E <92,C7 8Jcp> + <92,C7 JN> )
C - )\CC <acg3,cvv> <93,caac63,c> <93,caamp> <g3,c, JN>

where the matrix 7; is given by (2.35). The above can be rewritten as

é _<2<gl,caac63,c> +C<acgl,cvv> =+ <gl,cv=]N>
(320) S 77 - C = _42 <92,07 8ce?>,c> + C<acg2,ca U> + <92,C7 JN> 3
C - ACC _C2<937ca 8063,c> + C<ac.93,cv U> + <g37ca JN>

where ¢ = ¢, + 1 and

7<gl,ca O (CeS,c + U)> C<gl,ca 8c(’33,c> - <acgl,c7 U> 0
(321) S, ¢v) =Tc+ | —(g2,c,0:(Cesc +v))  ((g2,c;0c€3,c) — (0eg2.c,v) 0.
_<g3,cu 8:0 (CeB,c + U)> C<93,C7 8563,c> - <8c93,67 'U> 0

Note that the matrix S(n,(,v) depends continuously on (n,{,v) € R* x H}(R).
Since the matrix 7., is nonsingular (see (2.37)), the matrix S(n, ¢, v) is invertible for
sufficiently small values of [n], |C], and [[v]|g: .

Thus, there exist 73 > 0, ¢ > 0, and 6; > 0 so that the matrix S(n,(,v) is
invertible if

(3.22) nf <2m,  IKI<2G, vl <261

For such 7, ¢, and v, we can write

é Ry (na Ca U)
(3.23) W-¢ | =] RelnCo) |
C— AL R3(n,¢,v)

where the right-hand side is given by

Rl (77, Cv U) 7C2<gl,(27 aceS,c> + C<6cgl,(:7 U> + <gl,ca JN>
(324) Ry (77, ¢, U) = 8(777 ¢, v)_l _Cz <92,ca 8063,c> + C<8092,cv U> + <92,m JN> .
R3 (”77 <7 U) _<2 <93,07 8ce3,c> + C<ac.93,<:7 U> + <93,07 JN>
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Assume that 79 and (o are such that the conditions (3.11) are satisfied. Let g9 €
Coomp(R) be such that 0 < go(s) <1, go(s) =1 for |s| < 1, and go(s) = 0 for [s] > 2.
Define a continuous matrix-valued function S : R? x H! — GL(3) by

S(n,¢,v) = S(en, 0¢, 0v),  where o= go(n/m)eo(¢/C)eo(l|v] my /61)-

This function coincides with S (defined in (3.21)) for || <1, [¢| < (1, and [|v][mz <
61, and has uniformly bounded inverse. The system (3.23) with the right-hand side
as in (3.24) but with S instead of S, and with v given by the ansatz (3.10), defines
differentiable functions £(t), n(t), and ((¢) for all ¢ > 0. Note that v(t) defined by
(3.10) is a continuous function of time and is valued in H,(R), since so are u, ¢., and
es .. Define t3 € Ry U {+0o0} by

(3.25) te = sup{t = 0: [n(t)] <, [C(H)] < G, o D[y <61}

For t € (0,t2), the solution (&(t),n(t),¢(t)) also solves (3.23), since the inequalities
(O] < m, [C()] < G, and [Ju(-,t)|lm; < 61 ensure that S coincides with S. Thus,
Proposition 3.2 is proved with

(3.26) Ty = min(ty,t2) € Ry U {+o0},

where 1, to are from (3.2) and (3.25). ad

4. Energy and dissipative estimates. We adapt the analysis from [PW94].
In this section, we formulate two lemmas that are the analogue of [PW94, Proposi-
tion 6.1]. Lemma 4.1 is based on the energy conservation and allows us to control
[l in terms of [|v]|f1. Lemma 4.3 bounds [|v|p1 in terms of ||p[| 1 and is based
on dissipative estimates on the semigroup generated by A¥ (see Lemma 4.2).

Let 71 > 0, (1 > 0, and 6; > 0 not be larger than in Proposition 3.2, and assume
that 61 satisfies

min(1, ¢,)
4supy; <a)ig.,

4.1 01 < .
-y 1 77
Let 9 > 0 and (o be such that the conditions (3.11) are satisfied. According to

Proposition 3.2, there exists 77 € Ry U {+oo} such that there is a solution u €
C((0,T1), H*(R) N L3, (R)) to (1.1) with the initial data

[F73}

u(0) = ug := be, 1m0 + Co0€3,c, 1105

and functions £(t), n(t), and ¢(t) and v(t) (given by (3.10)), defined for 0 < ¢t < T7,
such that (3.14) and (3.15) are satisfied. For given 79 and (o, define the following
function of n:

1/2
(4.2) Y () = |lpollur + ol ln — 102 + | Aot — Ay |2,

where po = Coes e, no-
LEMMA 4.1. There exists Cy > 0 such that if at some moment 0 <t < T,

o) < b1,

then

(43) le®llm < Cr (@) + O + ol )
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where % (n) is given by (4.2).
Proof. Let us introduce the effective Hamiltonian %,:

(4.4)
Ze(u) = E(u) + cN(u), ZLl¢pc) =FE(p:) +cH'(pc) =0, ZL'(¢pc)=He,

where E and .4 are the energy and momentum functionals defined in (1.5) and (1.7).
Using the Taylor series expansion for .Z,. at ¢., we have

Lifult) = Zide) + 5 (o Hep) + [ a(e )’ do

1 1
(4'5) = fc((ﬁc) + §<P7 (_892: + C)p> + 5(;0, f/(¢c)p> + /Rg(¢ca p)p3 dz,
where
1 /L
(4.6) sesp) =5 [ (1= 92 (60 + sp)ds.
0
For the second term in (4.5), there is the following bound from below:
1 2 2 2 1 .
(4.7) 3 ((02p)* + cp®) dz = m||p||71, m=g min(1,c,) > 0.
R

The bound for the third term in the right-hand side of (4.5) follows from the inequal-
ities

2
@8) [ 17@alet o < e @)= loliy < b [IKllencle; + 0Oz
where b = sup.ee, ¢, 41 16727 f/ (de)|| L= < 00 due to (2.10), the assumption (1.2)
that f'(0) = 0, and due to Lemma A.1 from Appendix A. We bound the last term in
(4.5) by

(4.9) /R\g(cﬁc,p)P?’ldx < llg(@e, P llpllz < 61llg(de, Pz llplF-

According to (4.1), g from (4.6) satisfies 61]|g(@c, p)||L < W = %, and this
leads to

m
(110) | la(@e. 6% dz < ol
Combining (4.5) with the bounds (4.7), (4.8), and (4.10), we obtain
m, 9 b 2
Sloli < 1 Zo(u) = Zul@o)] + 5 [[Clllesclzz + ol |
so that, for some C' > 0,
(4.11) ol < C[1Zu(w) = Ll + 1<l + vl | -

Now let us estimate | -Z.(u(t)) — Z.(¢.)|. Note that Z.(u(t)) = Z.(up) since
the value of the energy functional E given by (1.5) and the value of the momentum
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functional .4 given by (1.7) are conserved along the trajectories of (1.1). Thus, we
can write

(412) |Zf(u’(t)) - fc(qb(.)‘ S |°E/p(‘(u0) - gc((bco” + ‘os/ﬂ('((bc) - jc(¢co)|~

Using the definition (4.4) of the functional .., we express the first term in the right-
hand side of (4.12) as

(413)  Ze(uo) — Ze(9e,) = Loy (wo) — Loy (b)) + (11— 10) (A (u0) — A (ey))-
Since & (¢c,) = 0, there exists k > 0 such that |2, (ug) — Lo (be,)| < kllpoll3,
where pg = ug — ¢, ; this allows us to bound (4.13) by

(4.14) | Ze(wo) = Ze(¢ey)| < const([|pollz + |n — nolllpollr2)-
For the second term in the right-hand side of (4.12), we have
| Le(@e) = ZLe(Peo)| < |Ee = Eeo| + c| Mo — Az, |-

From the relation

d d

7Ec = - 7=/Vc

de “de
we conclude that |E. — E.,| < max(c,co)| Mo — A, since A, is sign-definite for
¢y < ¢ < ce+m by (1.16). Therefore, there is the following bound for the second
term in the right-hand side of (4.12):

(4.15) | Le(be) — Ze(de,)| < 2max(c, co)| Mo — A .

Using the bounds (4.14) and (4.15) in (4.12), we obtain

| Zelult) = Z(9)] < const (Ilpols + = nolllpo s + 42— Ao

Substituting this result into (4.11), we obtain the bound (4.3). d

LEMMA 4.2 (see [PW94]). Let Assumption 3 be satisfied, and pick p € (0,/c/3).
Let Q¥ = I — P¥, where P! introduced in (2.20) is the spectral projection that cor-
responds to the discrete spectrum of A (see Remark 2.6). Then A¥ is the generator
of a strongly continuous linear semigroup on H*(R) for any real s, and there exist
constants a > 0 and b > 0 such that for allv € L*(R) andt > 0 the following estimate
is satisfied:

(4.16) led<t Q|| g < at™2e b ||v]| 2.

We require that 7; be small enough, so that

1
(417) m s 0@ <
c€les,cu+m]

LEMMA 4.3. There exists Co > 0 such that if

(4.18) m+ ¢+ 61 <Oy
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and

(4.19)
sup [n(s)| <m1, sup |C(s)| <G, sup [|p(s)[gr <61, sup [lv(s)lluy < 61,
s€[0,t] s€[0,t] s€[0,t] s€[0,t]

then

(4.20) [o@®)llz < Co sup [CP(s) + [C(s)[llo(s)] 1] -

s€[0,t]

Proof. Using the center manifold reduction (3.23), we rewrite the evolution equa-
tion (3.18) in the following form:

3
(421)  ©—JHow=-Y Rjej.—((C+ Ro)dees . + R10x(Cese+v) + JN,
j=1

where ¢ = c(t) = ¢« +n(t), ¢ = ((¢), and the nonlinear terms R;(t) are given by
(3.24). We set

w(z,t) =ev(z,t), e (v)=e""ejc(r), cE€lenetm] j=1,23,

and consider A# given by (1.13). Equation (4.21) takes the following form:

(4.22) w— Alw = G,

where

(423) G(z,t) = =Y Rjelf, — ((C+ Ro)deel , + Ra(0 — p)(Cel .+ w) + e**JN.
j=1

As follows from (4.22),

DQLw) = QL& = QF (Afw + G) = AL Qlw+ QU (A — AL )w + Q.G

We may write Q¥ w as follows:

t
(4.24) B (t) = / AL =96 (5) dis,
0
where
(4.95) B(a,t) = QF (A — AP wo(a, ) + QF Gla, 1),

Using the dissipative estimate given by (4.16), we get

t
(4.26) QL w(®)|m <C | (t—5)7 2 &(s)] 12 ds
0

t
(4.27) < Ce 2 sup 6b5/2HQ5(S)HL2/ (t_s)—l/Qe—b(t—s)/2 ds
s€0,t] 0
(4.28) < C sup "2 (s)|| 2

s€[0,t]
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Since w = Qfw = Q¥ w + (Q¥ — Q¥ )w, we have

1
lwllr < 1QC,wllzn + 1l sup  0.Q¢ ] m—mlwllan < (1Q¢, @l + 5wl
c€lex,cntm1]

where we used (4.17). It follows that [|w|| g1 < 2(|Q¥ w|| 1. Hence, we have

(4.29) w(t) || < Ce™bt/? Sl[lp]ebs/2||®($)||L2.
s€(0,t

We now need the bound on ||&|| 2. We start with
(4.30) 16][22 < [|QF, (AT — AL )wll2 + [|QF, G| >

We estimate the first term in the right-hand side of (4.30) as follows:

(4.31) Q7 (AL = Az Jw(t)]| 2 < [|Q, (AL —

A -2 lw®)l[ e < Clnlllw (@)l -

Since e €j.c , 1 <j <3, depend continuously on ¢ while Q% ej = 0, there are bounds
HQC* i cH mt < Clnl|. This allows us to derive the following hound for the second term
in the right-hand side of (4.30):

102 Glizz < € (I sup, [Ry1-+ 161+ Ral + Rl + ol + 17N )
)

<0 (¢4 (al + I + lwllan) sup, 171+ 171z ).
1<5<3

Using the representation (3.24) and the inclusions d.es3. € HﬁO(R), gi € HE"N(R),
dcgi € HX,(R), we obtain the following estimates on R;:

(@32 B0 <O(C Il +1IN]) . G=123
Taking into account (4.32), we get

Qe Gllz <C (C2 + (Il + 1S+ lwll ) (€ + [Clllwl s + TN 22) + ||JN||Lﬁ)
(433) <O (4 (nl+lwlm)l :).

In the last inequality, we used the uniform boundedness of |n|, ||, and ||w|/g: that
follows from (4.19).
Summing up (4.31) and (4.33), we obtain the following bound on [|&[:

(4.34) [+ (il +1¢D) 2] -
Using the integral representation for the nonlinearity (3.8),
(4.35)
P’ [
IN = 0,110+ p) ~ 100~ 606 = 0. |5 [ (1= 52" (@4 sp)as).

we obtain the bound

17Nz < Clollmlloll < € (Icllesella + 1ol ol
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with the constant C' that depends on ||¢.||z: and on the bounds on f”(z) and f"'(z)
for |z| < ||ul|p~, which is bounded by 2||¢., ||g1. This bound allows us to rewrite
(4.34) as
(4.36)

18]z < C [+ (Il + <+ Nella)llwlm + Kol ] < Clgo + g1llwlm],

where

437)  go(t) = WO + KOO, g1(t) = [n@)] + <O+ o) -
Thus, (4.29) could be written as

(4.38) 2e"2|w(t)| 1 < Co s "2 [go(s) + g1(s)l|w(s)[|rr1]
se|0,

for some C > 0. Since the right-hand side is monotonically increasing with ¢, we also
have

(4.39) sup 2e”/?|lw(s)||mn < Co sup €2 [go(s) + gu(s)[w(s)[| ] -
s€[0,t] s€[0,t]

The function g; from (4.37) satisfies Casup,ep91(s) < 1 (this follows from the
assumptions (4.18) and (4.19)), and therefore

(@)l < Coe™"? sup e"*/2go(s) < Co sup [¢*(s) +[¢(s)ll ()]l ar1] -
s€[0,t] s€[0,t]

Since w = e!*v, the last inequality yields (4.20). a

5. Nonlinear estimates. Now we close the estimates using the bounds on
lpllgr (Lemma 4.1) and on ||v||g: (Lemma 4.3) from the previous section.

We assume that 7, > 0, (4 S 0, and 6; > 0 are sufficiently small: not larger
than in Proposition 3.2, satisfy the bounds (4.1), (4.17), and (4.18), and also that (;
satisfies

1
1 —_—
(5 ) Cl < 3max(1,C’1)C’2
Define
(5.2) Cg = 2(}17 C4 = 202 max(l, Cg),

with C7 and C5 as in Lemmas 4.1 and 4.3. Choosing smaller values of n; and (; if
necessary, we may assume that

(5.3) Cs (Cl + 211+ (et — %*)1/2) < b1,
(5.4) Cy (Cf +2m G + (A, 4y — f/’/c*)l/2> < by.
Define
(5.5) nu(t) = sup n(s),
0<s<t
(5.6) Cum(t) = sup [((s)]-

0<s<t
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PROPOSITION 5.1. Assume that the initial data ng > 0 and {y are such that the
following inequalities are satisfied:

(5.7) mo € (0,m),  [Gl <G, [lpollrr <min(ny,61).
Then for 0 <t < T the functions p(t), v(t) satisfy the bounds

(5.8) lp®)lmr < C3[Cu(t) +Z (e ()],

(5.9) o)l < Ca [Cur(t)? + Cu (P (e (1)]

where Cs, Cy are defined by (5.2), % (1) = |lpollm + | pollyt1n — nol/? + [N, 4n —
Neowno| V2 is introduced in (4.2), and nar, Cur are defined in (5.5) and (5.6).
Proof. Let

S={te[0,T1): |lp(t)||g < b1}

S is nonempty since ||p(0)|g: < 81 by (5.7). According to Proposition 3.2 and
representation (3.6), ||p(t)||g: is a continuous function of ¢. Since the inequality
in the definition of S is sharp, S is an open subset of [0,77). Let us assume that
Ty € (0,7Ty) is such that

(5.10) o)l <61, 0<t< Ty

It is enough to prove that T» € S (then the connected subset of S that contains ¢ = 0 is
both open and closed in [0,71) and hence coincides with [0, T})). Since [[v(t)[| g2 < 61
for 0 < t < Ty, Lemmas 4.1 and 4.3 are both applicable for ¢ < Ty. The estimate
(4.3) on [|p(t)]| 1 together with the estimate (4.20) on [lv(t)||m1 give

el < & (Zm®) + KO+ [0
<o (@/(t) L]+ Co sup [+ |<|||p||H1]).
s€[0,t]

For 0 <t < T5, define M (t) = sup,cjo 4 ()| 1. We have

M(t) <Cl< sup (#(n(s)) +[¢(s)[) + C2 sup [C2(8)+|C(5)|M(tﬂ)-
s€[0,t] s€[0,t]

We carry the term CyC2|¢|M(t) to the left-hand side of the inequality, taking into

account that C1Cq|((t)] < C1Cs¢; < 2 for all 0 < ¢ < Ty by (5.1). This results in the

following relation:

N W

lo(®)lar < M(t) < C1< sup (#(n(s)) +[¢(s)]) + C2 sup CQ(S))-

s€[0,t] s€[0,t]

Since Co¢? < C2¢1[¢| < [¢|/3 by (5.1), we obtain

ool < 361 sup (@ (0(s) + 316(6)1) < Co sup (@) +16(s)) . 1€ 0T,
s€[0,t] s€[0,t]

with C3 = 2C;. This proves (5.8) for ¢ € [0,T3]. It then follows that

lo(To)llis < Cs [Gr+ @ ()] < Cs [+ 2m 4+ (S — He) ] < 01,



22 A. COMECH, S. CUCCAGNA, AND D. E. PELINOVSKY

where we took into account the definition of #'(n) in (4.2), the bound ||po|lg: < m
from (5.7), and inequality (5.3). Hence, T> € S. It follows that S coincides with
[07 Tl)

Using the bound (5.8) in (4.20) and recalling the definition of Cy in (5.2), we
derive the bound (5.9) on [[v(t)]|p2. 0

COROLLARY 5.2. Assume that the conditions of Proposition 5.1 are satisfied. If
m > 0 and (1 > 0 were chosen sufficiently small, then there exists a constant Cs > 0
so that for 0 <t < Ty the function v(t) satisfies the bound

(5.11) lo(®)l,, < Cs [Ga(t) + () (e (1))

where nar, (v are defined in (5.5), (5.6).

Proof. The bound (5.11) is proved in the same way as (5.9). We may need to take
smaller values of 77 and (3 so that Lemmas 4.1 and 4.3 become applicable for the new
exponential weight. Note that the exponential weight does not enter the definition
(4.2) of the function #(n). O

LEMMA 5.3. Assume that the bounds (5.9) and (5.11) are satisfied for 0 < ¢ < Tj.
Then there exists Cg > 0 so that the terms Ry and Rs defined in (3.24) satisfy for
0 <t<T the bounds

Proof. By (4.32),

(513) R, ¢o) < C (¢ [Cllwlmy + 1IN

). i=23

According to (5.9), the second term in the right-hand side of (5.13) is bounded by
C(¢? as long as € (0,n1) and |¢| < ¢;. We now need a bound on [JN||zz. Using
the representation (4.35) for the nonlinearity, we obtain the bounds

(5.14) 1IN < Clplys | < C(Cllesel , + vl ).

The constant depends on ||¢¢||g1 and on the bounds on f”(z) and f"'(z) for |z| <
|w|| Lo, which is bounded by 2||¢e, || g:. As follows from (5.11),

(5.15) lo(Oll, < Co(Gr + 2 (m))Cas ().

Using this bound in (5.14), we get ||JN|[z2 < C(¢%,. The bound (5.12) follows. |

6. Choosing the initial perturbation. In this section, we show how to choose
the initial perturbation that indeed leads to the instability and conclude the proof of
Theorem 1.

We choose 11 > 0, ¢; > 0, and ¢; > 0 small enough so that (4.1), (4.17), (4.18)
are satisfied, and so that Lemmas 4.1 and 4.3 apply to both exponential weights 1 and
w/2. Taking 1 > 0, ¢; > 0 smaller if necessary, we may assume that the conditions
(5.1), (5.3), and (5.4) are satisfied, and moreover that

(6.1) CeC1 < 1/2,

where Cg > 0 is from Lemma 5.3.
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Let
(6.2) D) = Aersn Al) = / "X dn.

Let us recall that, according to (1.16), we assume that there exists 71 > 0 so that
A < 0 and is nonincreasing for ¢, < ¢ < ¢, + ;. Thus, we assume that A(n) > 0 for
0 < n < (according to (2.16), .4, and ). are of opposite sign).

LEMMA 6.1. One can choose m1 > 0 sufficiently small so that for 0 <n <mn; one
has

(6.3) 3Cse*“TA (1) < A(n).
Proof. By (2.16), A, = —%, where
(64) B. = <¢ca e3,c>~

Since B., > 0 by (2.9), we may assume that 7; > 0 is small enough so that
(65) Bc* /2 <B. < 2Bc*a ceE [6*70* + 7]1}-

According to Theorem 1, 4./ < 0 and is nonincreasing for ¢ € (¢4, ¢, +11). Therefore,
using inequalities (6.5), we obtain

Cx c Cx

Ccetn Ccxt1 Ny N
A= [ ede= [ S de< TS cap, 0<n<a,

where A\(n) > 0 for 0 < < n;. We take 17; > 0 so small that 127, Cse?“s™ < 1; then
(6.3) is satisfied. |

Taking 71 > 0 smaller if necessary, we may assume that Lemma C.1 is satisfied
and that

(6.6) An)/Cs < G-

Remark 6.2. Inequality (6.6) ensures that n(t) reaches n; prior to ((¢) reaching
¢1 (see Lemma 6.4 and Figure 3).
Since A(n) = o(n), we may also assume that n; > 0 is small enough so that

(6.7) KiA(m) < wm/2,

where K = K1(n1, (1) is defined below in (6.26) and x > 0 is from Lemma C.1.
LEMMA 6.3. For any § € (0,min(n,61)), one can choose the initial data ng €
(0,m1), Co € (0,¢1) so that the following estimates are satisfied:

(6.8) [¢o€s,c.4nollrr < min(ny, 61),
(6.9) [(Pc,+no + Co€3.c,4n0) — Pe, | Hrinmy < 6 < min(n, 61),
(6.10) Co < A(no).

Proof. Pick ng € (0,71) so that

(6.11) e tno = e llmrnmy < 6/2.
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For given ng > 0, we take {y € (0,(;) small enough so that
(6.12) Colles,c.4nollHrnmy < 6/2.

Note that ||e3,¢,4n,llgr for ng > 0 is finite by Lemma 2.7. Inequality (6.12) implies
that (6.8) is satisfied. Together with (6.11), it also guarantees that (6.9) holds. We
then require that (o > 0 be small enough so that (6.10) takes place. ]

We rewrite the last two equations from the system (3.23):

{ 77 :<+R2(7’],C,’U),
é = >\(77)C + RB(T}’ Cv U)'
LEMMA 6.4. For 0 <t < Ty, with Ty > 0 as in Proposition 3.2,

(6.14) 0>G/2, (>0,
(6.15) Co < C(t) < 32T A(n(t)).

(6.13)

Proof. According to Proposition 3.2, the trajectory (n(t),((t)) that starts at
(1o, Co) satisfies the inequalities n(t) < my and ((t) < ¢; for 0 <t < T;. We define the
region @ C Ry x Ry by

(6.16) Q={(0):¢=¢<AM)/Cs, no <n<m}.
Define T € Ry U {400} by
(6.17) To =sup{t € [0,T1): (n(t),((t)) €, () >0}

Let us argue that To > 0. At t = 0, (9(0),¢(0)) = (10,¢) € 2. From (6.13),
we compute 7(0) > (o — Cs(2 > 0, where we applied the bounds (5.12) and the
inequality Cs(p < 1/2 that follows from (6.1) and the choice (5 < (3. Similarly,
¢(0) > A(n0)¢o — Cs¢Z > 0 due to the inequality Cs¢o < A(70) that follows from (6.10)
and (6.3). Therefore, (7(t), (t)) € Q and {(t) > 0 for times ¢ > 0 from a certain open
neighborhood of ¢ = 0, proving that Tg > 0.

The monotonicity of ((t) for t < Tq implies that (ar(t) := supge(o,4) [C(s)| = C(2)
for 0 <t < Tq, and (5.12) takes the form

(6.18) IR;(n,¢,v)| < CsC?,  §=2,3, 0<t<To.

Using (6.13) and (6.18), and taking into account (6.1) and monotonicity of ((t) for
0 <t <Tq, we compute

(6.19) () = C(t) + Rz > ((t) — CoC?(t) = ((t)(1 — CoC(1) > Go/2,

which is valid for 0 < ¢ < Tq. This allows us to consider ¢ as a function of  (as long
as 0 < t < Ty). By (6.13), (6.18), and (6.1),

dC _ AmC+ Ry _ Al + Ce¢? _ M) +C¢
dn (+Ry = (—Ce(? 1—-CsC
which is valid for 0 < ¢ < Tq. Thus, % — 2Cs¢ < 2A(n) for 0 < t < Tq. Multiplying

dn
both sides of this relation by e~2¢¢" and integrating, we get Gronwall’s inequality:

U , U ,
(6.21) / = (e—QCen C(n’)) dyf < 2/ =20 \(f) dif < 2e~2C5m A (7)),
o dT] o

(6.20) < 2(A(n) + Cs(),

(6.22) ¢ < 2Cn (26_2067’(’1\(7)) + 6_20577‘](0) < 329N\ (n), 0<t<Tqn.
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G

Col .
Tlo m

Fi1G. 3. The trajectory (n(t),(t)) (the solid line) stays in the part of the region Q0 below the
dashed line ¢ = 3e2C6MA(n).

See Figure 3. We used the inequality (o < A(n0) < A(n) that follows from (6.10) and
monotonicity of A(n).

Now let us argue that T = Ty. If T = oo, we are done; therefore we only need
to consider the case T < oo. By (6.17), the moment Ty, is characterized by

(6.23) either To=T7 or (n(Ta),((Tq)) €0 or n(Tq)=0,

or any combination of these three conditions. By continuity, the bound (6.22) is also
valid at Tq (the last inequality in (6.22) remains strict); therefore,

(6.24) ((Tg) < 3TN ((Ta)) < AMn(Ta))/Co.
In the last inequality, we used Lemma 6.1. Inequality (6.24) also leads to
(6.25) (=AM + Ry > C(A\m) —Ce) >0,  0<t<T.

Using (6.24) and (6.25) in (6.23), we conclude that either To = T3 or n(Tq) = M,
and hence again To = T; (by (3.15), n(t) < n1 for 0 <t < T;). The bounds (6.14)
and (6.15) for 0 < t < Tq = T follow from (6.19) and (6.22) (note that ¢ > 0 for
0<t<To=T by (6.17)). O

LEMMA 6.5. Assume that ||pollgr < m. There exists C7 > 0 so that

o)z < CrA(p),  0<t<Ti.

Proof. Using the estimate (6.15) from Lemma 6.4 and the estimate (5.9) from
Proposition 5.1 (where nas(t) = n(t) and (ar(t) = ¢(¢) due to (6.14) and positivity of
1o and (p), we obtain

lo()lizz < [Cllles.ellzz + Ivlez <1l (llesellzz +Cald + & (m)])

Now the statement of the lemma follows from the bound (6.15). The value of C7
could be taken equal to K7 = K1(n1, (1), which we define by

(6.26) K = 3¢2Com ( sup lescllzz + Ca[G+ {2m + [ Ao 4, — «/Vc*Ii}]).

c€leq 1]
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Note that the term in the braces dominates #'(n), which was defined in (4.2) (when
estimating #'(n), we used the bound ||po|lg: < m). d

Conclusion of the proof of Theorem 1. In Theorem 1, let us take

(6.27) € = min(kn1/2, [|¢e, [ 1) > 0.

Pick 6 > 0 arbitrarily small. To comply with the requirements of Lemmas 6.3 and 6.5,
we may assume that ¢ is smaller than min(ny,81). Fix g € (0, min(uo, p1)), with ug
from Assumption 3 and p; as in Lemma C.1. Let 1y and (p satisfy all the inequalities
in Lemma 6.3; then the conditions (3.11) of Proposition 3.2 are satisfied. Let

Up = Pe, +1o + C0€3,c, 410

so that wg € H*(R) N L3,(R) by (2.25) and [Jug — ¢, || < 6 by (6.9). Proposi-
tion 3.2 states that there exist 73 € Ry U {400} and a function u(t) € C(]0,00),
H?*(R)N L3, (R)), u(0) = ug, so that for 0 < ¢ < T} the function w(t) solves (1.1) and
all the inequalities (3.15) are satisfied.

LEMMA 6.6. In Proposition 3.2, one can only take Th < co.

Proof. If we had T; = +o0, then 1 > (y/2 for t € Ry by Lemma 6.4; hence 7(t)
would reach 7; in finite time, contradicting the bound n(t) < n; for 0 < ¢t < T} from
Proposition 3.2 (iii). 0

Since T7 < oo, Proposition 3.2 (iv) states that at least one of the inequalities in
(3.15) turns into an equality at t = T1. As follows from the bound (5.9) and inequality
(5.4), [lo(Ty)llmy < 61. Also, by (6.15) (where the bound from above does not have
to be strict at T7),

(6.28) ((T1) <362 ™MA(n(Th)) < 3¢ A(m) < AMn)/Cs < G

We took into account the monotonicity of A(n) and inequalities (6.3) and (6.6). There-
fore, either ||w(Th)|| g = 2||@e, ||gr or n(T1) =m (or both). In the first case,

(6:20)  inf [lu(,T1) = ¢e. (- = )mr 2 lluC, Tl = el 2 el = &

hence the instability of ¢., follows. We are left to consider the case n(T1) = ;.
According to (3.6),

inf [[u,t) = e, (- = 5)l[z2 = inf (1) = be, (= )]l 2@ minr,cn) e

(6.30) 2 Sllelﬂg [Pty (1) = @e. (- = $)l| L2 (R min(1,e02) day — [P(E) | 22

Applying Lemmas C.1 and 6.5 to the two terms in the right-hand side of (6.30), we
see that

(6.31) iIel]% lu(-,t) — ¢e, (- — 8)||L2 = wn — C7A(n), 0<t<Ty, k>0
Since C7A(m) < kn1/2 by (6.7),
(6.32) inf [l 73) — e, (-~ )2 2 w1 /2 2 e

and again the instability of ¢., follows.
This completes the proof of Theorem 1.
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7. Nondegenerate case: Normal form. In this section, we prove that the
critical soliton with speed ¢, generally corresponds to the saddle-node bifurcation of
two branches of noncritical solitons. We assume for simplicity that ¢, is a nondegen-
erate critical point of .4;, in the sense that

(7.1) N =0, AN £0.

Cx

We rewrite the last two equations from system (3.23):

nl_[0 1 ][mn Ry(n, ¢, v)
i =l e RGED |
As follows from (2.9) and (2.16),
2.4
(1>

where A, # 0 by (7.1). System (7.2) has the nonlinear terms R;(n,(,v), j = 2,3,
estimated in Lemma 5.3 for monotonically increasing functions 7(¢), |(¢)| on a local
existence interval 0 < ¢ < Ty. It follows from (3.24) that

(7.3) Ae = Aoy = Ao n+0077), A, =—

RQ(Oa 07 0) = R3 (Oa Oa 0) = 07

so that the point (n,¢) = (0,0) is a critical point of (7.2) when v = 0. This critical
point corresponds to the critical traveling wave ¢, (x) itself. The following result
establishes a local equivalence between system (7.2) and the truncated system 7 =
A, 11, thus guaranteeing the instability of the critical point (7, ¢) = (0,0).
PROPOSITION 7.1. Assume that conditions (7.1) are satisfied. Consider the
subset of trajectories (n(t),((t)) of system (7.2) that lie inside the e-neighborhood
D. C R? of the origin and satisfy the condition that both functions n(t) and |((t)| are
monotonically increasing. For sufficiently small € > 0 this subset of the trajectories is
topologically equivalent to a subset of the trajectories of the truncated normal form,

1
(7.4) ¢=§&ﬂ?+Eh

where Ey is constant.
Proof. Since ¢ = 7 — Ra(n,(,v), we can rewrite system (7.2) in the equivalent
form

d 1
(75) % < - 5)‘;*772 - RQ(U; Cav)> = R(na Cav)a

where
R(n,¢,v) = R3(n, ¢, v) — AcR2(n, ¢, v)) + (Ac — AL_1)C.

It follows from Lemma 5.3 and (7.3) that there exists a constant C' > 0 such that
|R| < C(¢? +n?|¢]). The integral form of (7.5) is

1 -
(7.6) i = SN0 — By = R(),
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where

R(t) = Ro(n(t), C(8), v(8)) + / R(n(t), C(t'), w(t')) dF

and F is the constant of integration. Using Lemma 5.3, the bound [¢| < 7 + Cg(?,
and integration by parts, we obtain that

n[¢|

t t t
/cht’smcucﬁ/ |<|3dt'sm<|+cﬁn|c|2+0é’/ <. <
0 0 0 1_C6|C|

and

3

t2 773 t22 n
Cdt’§—+c/ Cdt! < < T
/o”‘ | 30 3(1 — Cold])

Thus, if |¢| is sufficiently small, there exists a constant C' > 0 such that |R| <
C(¢%+[¢|n+n?). The topological equivalence of (7.6) with the above estimate on |R|
in the disk (n,¢) € D, to the truncated normal form (7.4) with sufficiently small E;
is proved in [Kuz98, Lemma 3.1]. By definition, two systems are said to be topologi-
cally equivalent if there exists a homeomorphism between solutions of these systems.
We note that this equivalence holds for a family of trajectories which corresponds
to monotonically increasing functions n(t), |((¢)| in a subset of the small disk near
(n,¢) = (0,0). O

COROLLARY 7.2. The critical point (0,0) of system (7.2) is unstable in the sense
that there exists € > 0 such that for any 6 > 0 there are (n(0),((0)) € Ds and
te = t.(6,€) < 00 such that (n(t.),((ts)) & De.

Proof. The normal form equation (7.4) shows that the critical point z = 0 is
semistable at F; = 0, such that the trajectory with any x(0) # 0 of the same sign
as A, escapes the local neighborhood of the point z = 0 in a local time ¢ € [0,77].
By Proposition 7.1, local dynamics of (7.4) for x(t) is equivalent to local dynamics of

(7.2) for (n, (). d
Remark 7.3. The truncated normal form (7.4) is rewritten for ¢ = ¢, + z:

(7.7) é= %Ag*(c—c*)z—i—El.

The normal form (7.7) corresponds to the standard saddle-node bifurcation. It was
derived and studied in [PG96] by using the asymptotic multiscale expansion method.
When E = 0, the critical point ¢ = ¢, is a degenerate saddle point, which is nonlinearly
unstable. Assume for definiteness that A|, > 0 (which implies that .4, < 0). Then
there are no fixed points for E; > 0 and two fixed points for F; < 0 in the normal
form equation (7.7). Therefore, there exist initial perturbations (with E; > 0 and
any co or with E; = 0 and ¢g > ¢,) which are arbitrarily close to the traveling wave
with ¢ = ¢, but the norm |c — ¢,| exceeds some a priori fixed value at t = t, > 0.
Two fixed points exist for Fy < 0:

E,
/

(7.8) c=ct=c, + 7

!
e, |

so that ¢ = CE is an unstable saddle point and ¢ = cj is a stable node. The two

fixed points correspond to two branches of traveling waves with 4, < Aax, Where
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Npax = N (¢>c*) The left branch with ¢j; < ¢, corresponds to </V > 0 and the right
branch with cE > ¢, corresponds to A/ + < 0. According to the stablhty theory for
traveling waves [PW92], the left branch is orbitally stable, while the right branch is
linearly unstable.

Appendix A. Existence of solitary waves. Let us discuss the existence of
standing waves. We assume that f is smooth. Let F' denote the primitive of f such
that F'(0) = 0. Thus, by (1.2),

(A.1) F(0) = F'(0) = F"(0) = 0.
The wave profile ¢, is to satisfy the equation
u —cu= f(u), ¢>0.

Multiplying the above relation by u’ and integrating, and taking into account that we
need lim;| o u(z) = 0, we get
d
u@) |
dx

There will be a strictly positive contlnuous solution exponentially decaying at infinity
if there exists £ > 0 such that c¢%- + F(u) > 0 for 0 < u < &, and also

52

(A.2)

cu? 4+ 2F (u).

The last two conditions nnply that the map ¢ +— &, is invertible and smooth (as F is).
One immediately sees that ¢. € C*°(R) and, due to the exponential decay at infinity,
¢. € H*(R). For each ¢, the solution ¢. is unique (up to translations of the origin)
and (after a suitable translation of the origin) satisfies the following properties: it is
strictly positive, symmetric, and monotonically decreasing (strictly) away from the
origin. This result follows from the implicit representation

Ec du

be V/eu? 1 2F(u) +2F(u

See [BL83, section 6] for the exhaustive treatment of this subject.
LEMMA A.1. There exist positive constants C1, Cy, C1, and CY such that

(A.4) Cre VTl <@ ()] < Coe™VeTl 2z eR,

(A.3) x =

(A.5) Cle Velel < |0, (x)| < Che™Velel, |z| > 1.

Proof. Since lim|g|_o ¢c(x) = 0, there exists z; > 0 so that W < § for
|z] > x1. Then, for > x1, we get from (A.3) ‘

/‘bc('rl) du
T—T = _—
() cu? +2F (u)

It follows that

éc(z1) ¢e(z1) |
(A.6) / du —/ £ (u)] du < x —x1

be(@) CPu Jp @) PP

Fe(@1) gy Pe(z1) |F(u)]
= i3, T 3/2,3 du.
$e(z) C17U Bo(x) CTU




30 A. COMECH, S. CUCCAGNA, AND D. E. PELINOVSKY

By (A.1), |F(u)|/u® is bounded for u small, and we conclude from (A.6) that
(A7) In¢.(z) — C3 < /?(z — 21) < Ing(x) + Cs,

where C3 = ¢7! fod)c(wl) |F(u)|u=3 du. Inequalities (A.7) immediately prove (A.4).
Bounds (A.5) immediately follow from (A.2). 0

We also need the following result that gives the rate of decay of ez . = 9.¢. and
es.., at infinity.

LEMMA A.2. Let R € C°(R) satisfy the bound |R(z)| < Cre= Vel for & >0 for
some ¢ >0, C; > 0. Let u € C*°(R) satisfy

(A.8) ' —cu=R, lim w(x) =0.

r——+00

Then there exists Co > 0 (that depends on ¢, Cy, and u) such that
(A.9) lu(z)] < Co(1 + |z|)e~Velel, x> 0.

Remark A.3. Cs depends not only on ¢ and C but also on u because the solution
to (A.8) is defined up to const e™Ve®,

Proof. First, we notice that if P € C*°(R), P(z) > 0 for x > 0, and if v € C*(R)
solves

(A.10) v —cv = P(z), v(0) =0, lim v(z) =0,
r——+00
then v(z) < 0 for © > 0. (The existence of a point xg > 0 where u assumes a positive
maximum contradicts the equation in (A.10).)
Now we consider the functions u_ and w4 that satisfy

(A.11) wl(z) — cur = £C e Vel u4(0) = u(0), lim wq(z) =0.

r— 400

Both uy can be written explicitly; they satisfy (A.9). Since v = v —u_ and v =
uy — u satisfy (A.10) with P(z) = Cre~ Vel 4 R(z) and P(z) = Cre~ Vel — R(x),
respectively, we conclude that uy(z) < u(z) < w_(z) for x > 0, and hence u also
satisfies (A.9). O

Appendix B. Fredholm alternative for H..
LeEMMA B.1 (Fredholm alternative). Let R(x) € %+ m(R), m > 0 (see Defini-
tion 2.1). If

(B.1) / e1c(x)R(xz)dx =0,
R

then the equation

(B.2) Heu=R

has a solution u € L4, (R). (This solution is unique if we impose the constraint
(e1,c,u) = 0.) Otherwise, any solution u(x) to (B.2) such that lim,_ 4 u(xz) = 0
grows exponentially at —oo:

lim e~ Veoly(z) £ 0.

T— —00
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Proof. Let us pick an even function Ry € H*(R) so that Ry (x) = R(z) for
x > 1. Since R4 is even and therefore orthogonal to the kernel of the operator H,,
there is a solution uy € H>*(R) to the equation

(B3) HCU+ = R+.
Denote by u the solution to the ordinary differential equation
(B.4) Hou=—u" + (f'(pe) + c)u=R

such that u|,—1 = uy|s=1, ¥/[s=1 = ¥/, |s=1. Then u € C*°(R) coincides with uy for
x > 1 and thus satisfies

(B.5) lim wu(z) =0.

r——+00

We take the pairing of (B.4) with eq .:

(B.6) Lweu@ﬂuww@/tlwmAwR@My—r@% z e R
Since

e1Heu = uHeer . — e 02u+udie; . = —0i (e u') + 0p(udser ),
where we took into account that H.e; . = 0, we obtain from (B.6) the relation
(B.7) e1,c.(x)u (x) — u(z)0yer,c(x) = r(x).

The boundary term at 2 = 400 does not contribute into (B.7) due to the limit (B.5).
We will use this relation to find the behavior of u(z) as © — —oo. For x < —1, we
divide the relation (B.7) by e}, (we can do this since ey (x) = —,¢p.(z) # 0 for
x # 0), getting

(B.8) @(wm>:rm_

ere(r)) € .(7)

Therefore, for x < —1,

D) ) )
(B.9) ) = e1o(0) S = e1.(a) / dy,

6170(_1 -1 e%c(y)

where r_ = lim,_, o r(x).
Since R € %4 m(R), |R(z)| < C(1+|z))™, m € Z, m > 0. Using Lemma A.1, we
see that
xT
(B.10)  |r(z)—r_| = ’/ R(y)e1,.(y) dy’ < conste Vel (1 4+ |2,z < —1.
—o0

At the same time, Lemma A.1 also shows that

T
d
(B.11) / 5 y > const e2Vel*| r < —1.
—1 el7c(y)
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Therefore, if r_ # 0, the right-hand side of (B.9) grows exponentially as © — —oo.
The same is true for u(z), since the second term in the left-hand side of (B.9) decays
exponentially when |z| — oo by Lemma A.1. If instead r— = 0, Lemma A.1 and the
bound (B.10) show that the right-hand side of (B.9) is bounded by const(1 + |z|)™,
proving a similar bound for u(x). Using (B.4) to get the bounds on the derivatives
u™) | we conclude that u € .7, ,,(R). O

Appendix C. Nondegeneracy of infscg ||¢c(-) — ¢c, (- — 8)|| at cy.
LEMMA C.1. Ifm > 0 is sufficiently small, there exist 1 >0 and k > 0 so that
;gﬂg ||¢C() - ¢C*(' - S)HL%R,min(l,e%“‘)dz) > K',|C - C*|a ceE [C*a Cx + 771]3 me [03 ;ufl]

Proof. Consider the function

(Cl) gu<c7 S) = Hd)c() - ¢C*(' - S)H%Q(]R,min(l,el”)dw)‘

It is a smooth nonnegative function of ¢ and s for ¢ € [c,, ¢y +m1] and s € R. It also
depends smoothly on the parameter p > 0. Zero is its absolute minimum, achieved at
the point (¢, s) = (cx,0). We also note that the point (cy,0) is nondegenerate when
n=0:

aggo(C, 5)|(c*,0) = 2[|0cPele=c, ”%2 >0, 8?90(07 5)‘(@,0) = 2|0z be, ”%2 >0,
0:0590(c, S)‘(c*,O) = —2(0cPcle=c, Oz Pc,) = 0.

By continuity, the quadratic form gL’ l(c,,0) is nondegenerate for 0 < p < py, with
some j1 > 0. Therefore, there exist £ > 0 and an open neighborhood € C R? of the
point (cy, 0) such that

(CZ) glt(c7 5) Z ’12((6 - C*)2 + 52)5 (C, S) € Q7 0 S 1% S M-
Moreover, we claim that

C.3 I'= inf inf .(c,8) > 0.
(©:3) ue(Oin) (e9)elenentmlxBNQ (c.5)

To prove (C.3), we only need to note that (c,, 0) is the only point where g, (c, s) takes
the zero value and that lim | g,(c, 8) > infeepe, e\ 4n1) ||¢C||2L2(R,min(1,eulw)dx) > 0.
Now, we assume that 7; > 0 is small enough so that k?n? < I". Then, by (C.2)

(valid for (¢, s) € Q) and (C.3) (valid for (¢, s) € ([ex, cx + m1] X R)\Q), we conclude
that

(C.4) irel]lng#(c7 s) > 112(0 — c*)Q, c€lex,en +m], weE0, )

This proves the lemma. 0
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