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Abstract. Kinks connecting zero and nonzero equilibria in the NLS equation with com-
peting nonlinearities occur at the special values of the frequency parameter. Since they are
minimizers of energy, they are expected to be orbitally stable in the time evolution of the
NLS equation. However, the stability proof is complicated by the degeneracy of kinks near
the nonzero equilibrium. The main purpose of this work is to give a rigorous proof of the
orbital stability of kinks. We give details of analysis for the cubic–quintic NLS equation and
show how the proof is extended to the general case.

1. Introduction

1.1. Background and motivations. Dispersive models with competing nonlinearities have
been of considerable interest over the past few years. One of the prominent examples of this
type concerns the so-called cubic-quintic nonlinearity [3, 7], which is not only of consider-
able mathematical interest [14], but also of practical applications in physical experiments in
nonlinear optics [9, 21].

The study of ultracold atomic gases has provided further motivation for the study of such
competing focusing and defocusing nonlinear terms. This concerns the role of quantum
fluctuations competing with mean-field effects, as has been shown in gases of 39K [15, 17].
The theoretical works of [19, 20], have identified different types of competing nonlinear
contributions in different dimensions: a quadratic focusing and a cubic defocusing in 1D, a
logarithmic term encompassing both effects in 2D and a cubic-quartic model in 3D.

Models with competing nonlinearities have a special coherent structure called the kink,
which connects zero and nonzero equilibria [16], see also [1] in the discrete setting. As
the frequency parameter is varied, such systems possess two monoparametric families of
solutions, i.e., the so-called droplets (homoclinic to a vanishing background) [15] and the so-
called bubbles (homoclinic to a non-vanishing background) [13]: the kink arises at the edge
between the existence regions of these two families and for a unique value of the frequency.
The kink behaves partly as a dark soliton due to its heteroclinic form and partly as a bright
soliton as one of its asymptotes is to a vanishing state. This poses a fundamental challenge
from a mathematical perspective regarding how to handle the rigorous stability analysis of
the kink. It is the scope of the present work to establish this fundamental result, initially
for the cubic-quintic case, and subsequently for a general NLS equation with competing
nonlinearities. Nonlinear stability of kinks in higher spatial dimensions with respect to
transversely periodic perturbations, suggested in [16], follows from the nonlinear stability of
kinks in one spatial dimension.
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1.2. Main result. To simplify the presentation, we formulate the main result for the cubic–
quintic NLS equation written in the normalized form

iψt = ψxx − ψ + 4|ψ|2ψ − 3|ψ|4ψ. (1)

The coefficients of the focusing cubic and defocusing quintic nonlinearities in (1) have been
normalized without loss of generality due to the scaling transformation, which, in turn, leads
—as discussed, e.g., in [16] via a potential energy landscape analysis— to the unique selection
of the frequency for the kink solutions of the cubic–quintic NLS equation, normalized to 1
in (1) for convenience.

The cubic–quintic NLS equation (1) is associated variationally with the conserved energy
function

E(ψ) =

∫
R

[
|ψx|2 + |ψ|2(1− |ψ|2)2

]
dx, (2)

which is defined in the energy space

E = {ψ ∈ H1
loc(R) : ψx ∈ L2(R), ψ(1− |ψ|2) ∈ L2(R)}. (3)

The NLS equation (1) is locally and globally well-posed in E , see Appendix A for a short
proof. Critical points of E(ψ), denoted by ϕ, satisfy the stationary NLS equation

ϕ′′ − ϕ+ 4|ϕ|2ϕ− 3|ϕ|4ϕ = 0. (4)

If ϕ = ϕ(x) is real-valued, then solutions of the stationary NLS equation (4) are given by
the level curves of the first-order invariant I(ϕ, ϕ′) = (ϕ′)2 − ϕ2(1− ϕ2)2 on the phase plane
(ϕ, ϕ′). The level I(ϕ, ϕ′) = 0 contains a pair of heteroclinic obits from (0, 0) to (1, 0) and
from (1, 0) to (0, 0) which are referred to as the kinks. In particular, we shall consider the
monotonically increasing profile ϕ(x) : R → R obtained from

ϕ′ = ϕ(1− ϕ2) > 0, (5)

such that ϕ(x) → 0 as x→ −∞ and ϕ(x) → 1 as x→ +∞. The exact solution to (5) is

ϕ(x) =

(
1

2
(1 + tanh(x))

)1/2

, (6)

where we have set the translational parameter to 0 without loss of generality.
The kink with the profile ϕ is spectrally stable because the linearized equations of motion

are defined by a pair of self-adjoint Schrödinger operators L± : H2(R) ⊂ L2(R) → L2(R)
which are positive-definite. Indeed, linearization of the NLS equation (1) about the real-
valued profile ϕ with the complex-valued perturbation u+ iv gives the linearized equations{

ut = −L−v,

vt = L+u,

{
L− = −∂2x + 1− 4ϕ2 + 3ϕ4,

L+ = −∂2x + 1− 12ϕ2 + 15ϕ4.
(7)

Since L−ϕ = 0 and ϕ(x) ≥ 0 for all x ∈ R, the spectrum of L− in L2(R) is non-negative.
Since L+ϕ

′ = 0 and ϕ′(x) ≥ 0 for all x ∈ R, the spectrum of L+ in L2(R) is also non-negative.
Hence, ϕ is a minimizer of the energy E(ψ). In agreement with a general theory of spectral
stability [11, Section 3.5], the spectrum of the linearized operator(

0 −L−
L+ 0

)
: H2(R)×H2(R) ⊂ L2(R)× L2(R) → L2(R)× L2(R) (8)
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belongs to iR, as is illustrated in Figure 1 by using the finite-difference approximations.
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Figure 1. Spectrum of the linearized operator (8) in the complex λ-plane,
where λ = λr + iλi.

The minimizer of energy E(ψ) with the profile ϕ is degenerate due to symmetries of the
NLS equation (1) and due to the absence of the spectral gap near the zero eigenvalue. This
is seen in Figure 1 because of the nonzero boundary condition ϕ(x) → 1 as x → +∞. The
proof of its orbital stability is not a trivial adaptation of the Lyapunov stability theory, see
[11, Chapter 2] for a review. Hence, we address the main question on how to prove the
orbital stability of the kink with respect to perturbations in the energy space E in (3).
Let us introduce the Hilbert space HR for a given R > 0 according to the inner product

⟨f, g⟩HR
:=

∫ R

−∞
f(x)ḡ(x)dx+

∫ ∞

R

1− ϕ2(x)

1− ϕ2(R)
f(x)ḡ(x)dx (9)

and the induced norm ∥f∥HR
= (⟨f, f⟩HR

)1/2. The form and operator domains for the

linear operators L+ and L− extended to HR are defined as H1
R(R) = Ḣ1(R) ∩ HR and

H2
R(R) = Ḣ2(R) ∩ HR respectively. We also define the distance between two elements in

E ∩ HR as

ρR(ψ, ϕ) = ∥ψ′ − ϕ′∥2L2(R) + ∥ψ − ϕ∥2HR
+ ∥|ψ|2 − |ϕ|2∥2L2(R,∞). (10)

The following theorem represents the main result of this study.

Theorem 1. Fix R > 0 sufficiently large such that ϕ(R) >
√
2√
3
. The kink with the profile

ϕ is orbitally stable in the NLS equation (1) with respect to perturbations in E ∩ HR. To be
precise, for every small ϵ > 0 there is δ > 0 such that if ψ0 ∈ E satisfies ρR(ψ0, ϕ) ≤ δ2, then
the unique solution ψ ∈ C0(R, E) to the NLS equation (1) with ψ|t=0 = ψ0 satisfies

inf
α,β∈R

ρR
(
eiαψ(t, ·+ β), ϕ

)
≤ ϵ2, t ∈ R. (11)

1.3. Methodology and organization of the paper. Comparing (3) with (9) and (10)
shows that the only difference between the distance in E and ρR is the exponential weight
added on [R,∞). A similar technique to deal with the orbital and asymptotic stability of
the black soliton in the cubic NLS equation was proposed in [12], after the previous studies
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of their linear and orbital stability in [4, 5, 8]. This technique was further extended to
the black soliton for the cubic NLS equation in spaces of higher regularity [10], the quintic
NLS equation [2], and the NLS equation with the intensity–dependent dispersion [18]. In
all cases, the black soliton is a saddle point of energy with a simple negative eigenvalue in
the linearized operator L−. However, the symmetry-induced constraints allow us to obtain
coercivity of the energy functional in the weighted Sobolev spaces and to prove that the
black soliton is a constrained minimizer of energy. See also [11, Chapter 7].

Compared to the case of the black solitons, the kink is already a minimizer of energy.
The symmetry-induced constraints are sufficient to show coercivity of the quadratic part of
the energy functional in H1

R. However, the anharmonic part of the energy functional is not

positive definite unless the value of R > 0 in HR is chosen from the condition ϕ(R) >
√
2√
3
.

In addition, partitioning of R into (−∞, R) and (R,∞) induces a negative eigenvalue in
the corresponding linearized operators and we need to choose R > 0 sufficiently large to
rigorously prove that the symmetry-induced constraints are sufficient for coercivity of the
quadratic part. This leads to the proof of Theorem 1 developed in Section 2.

The case of kinks is similar to the case of domain walls in the coupled system of cubic
NLS equations considered in [6]. However, the orbital stability result for domain walls was
defined in the case of R ≫ 1 by the price that the perturbations are exponentially small with
respect to R. Compared to the domain walls, we are not using here the asymptotic limit
of large R and hence the perturbations in ρR are not exponentially small in R. Moreover,
the numerical approximations developed in Section 3 suggest that the value of R > 0 can be

chosen arbitrarily as long as ϕ(R) >
√
2√
3
.

The proof of the orbital stability of kinks can be easily extended to the general case of
competing power nonlinearities at and above the cubic nonlinearity. We give some details in
Section 4 to show that the expansion of energy developed for the cubic-quintic NLS equation
(1) is robust enough to handle the general case.

The local well-posedness of the initial-value problem for (1) in the energy space E is a
necessary ingredient to the orbital stability theory. Although the proof of local well-posedness
in E is rather standard, based on [22], we give it for consistency in Appendix A.

2. Proof of the orbital stability of kinks

2.1. Expansion of the energy. Following [12] (see also adaptations of this method in
[2, 6, 10, 18]), we introduce the variable

η := |ϕ+ u+ iv|2 − ϕ2 = 2ϕu+ u2 + v2. (12)

Since ϕ is a critical point of E(ψ), we have the energy decomposition

(δ2E)(u, v) =

∫
R

[
(u′)2 + (v′)2 + (1− ϕ2)(1− 3ϕ2)(u2 + v2) + (3ϕ2 − 2)η2 + η3

]
dx, (13)

where (δ2E)(u, v) = E(ϕ + u + iv) − E(ϕ). This can be rewritten by using the quadratic
form associated with the operator L− in (7) as

(δ2E)(u, v) = Q−(u) +Q−(v) +

∫
R

[
(3ϕ2 − 2)η2 + η3

]
dx, (14)
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where

Q−(u) =

∫
R

[
(u′)2 + (1− ϕ2)(1− 3ϕ2)u2

]
dx.

The quadratic form Q−(u) is positive definite and can be made coercive in an exponentially
weighted space under a scalar orthogonality condition on u. However, 3ϕ2−2 is sign-indefinite
on R, hence coercivity on η is lost if we use the decomposition (14) uniformly on R. To deal

with the problem, let us fix R ∈ R such that ϕ(R) >
√
2√
3
and use the decomposition

(δ2E)(u, v) =

∫ R

−∞

[
q+(u) + q−(v) + (3ϕ2 − 2)(u2 + v2)(4ϕu+ u2 + v2) + (2ϕu+ u2 + v2)3

]
dx

+

∫ +∞

R

[
q−(u) + q−(v) + (3ϕ2 − 2)η2 + η3

]
dx, (15)

where q± is a density for the quadratic forms Q± associated with the linearized operators
L± in (7). The quadratic form for v in (15) is the same as Q−(v) and it is associated with
the operator L− : H2(R) ⊂ L2(R) → L2(R). On the other hand, the quadratic form for u in
(15) is associated with the operator LR : H2(R) ⊂ L2(R) → L2(R) given by

LR = −∂2x + VR, VR(x) =

{
1− 12ϕ2(x) + 15ϕ4(x), x ∈ (−∞, R),
1− 4ϕ2(x) + 3ϕ4(x), x ∈ (R,∞).

(16)

The potential VR in (16) is piecewisely smooth, bounded at infinity, with a bounded jump
at x = R.

2.2. Spectral estimates. Let us first discuss the spectra of the self-adjoint operators L+,L−,LR

in L2(R) with the domain in H2(R). These results follows from the standard Weyl’s and
Sturm’s theory for the Schrödinger operators.

• Since 1 − 12ϕ2 + 15ϕ4 → 1 as x → −∞ and 1 − 12ϕ2 + 15ϕ4 → 4 as x → +∞,
the spectrum of L+ consists of two branches of the continuous spectrum [1,∞) and
[4,∞), a simple zero eigenvalue with the eigenfunction ϕ′, and (possibly) isolated
simple eigenvalues in (0, 1).

• Since 1−4ϕ2+3ϕ4 → 1 as x→ −∞ and 1−4ϕ2+3ϕ4 → 0 as x→ +∞, the spectrum
of L− consists of two branches of the continuous spectrum [1,∞) and [0,∞).

• Since VR → 1 as x → −∞ and VR → 0 as x → +∞, the spectrum of LR consists of
two branches of the continuous spectrum [1,∞) and [0,∞) and (possibly) isolated
eigenvalues of finite algebraic multiplicity in (−∞, 0).

In what follows, we analyze the self-adjoint operators L− and LR in a weighted L2(R) space
HR given by (9) with the corresponding domain H2

R. We establish the following coercivity
estimates in H1

R for the two quadratic forms Q−(v) and QR(u) appearing in (15).

Lemma 1. For every R ∈ R, there exists a positive constant C− such that

Q−(v) ≥ C−

(
∥v′∥2L2(R) + ∥v∥2HR

)
, ∀v ∈ H1

R(R) : ⟨v, ϕ⟩HR
= 0. (17)
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Proof. Consider the spectrum of L− : H2
R(R) ⊂ HR → HR, which can be obtained from the

spectral problem

L−v = λWRv, v ∈ H2
R(R), WR(x) =

{
1, x ∈ (−∞, R),
1−ϕ2(x)
1−ϕ2(R)

, x ∈ (R,∞),
(18)

where the weight function WR is due to the weight in the Hilbert space HR given by (9).
Since 1− 4ϕ2 + 3ϕ4 → 1 and WR → 1 as x → −∞, the spectrum of L− in HR includes the
continuous spectrum [1,∞).

Next, we show that there are only simple isolated eigenvalues in (−∞, 1). Indeed, for
every λ ∈ (−∞,−1), solutions to the second-order differential equation in (18) are spanned

by {e
√
1−λx, e−

√
1−λx} as x→ −∞ and by {1, x} as x→ +∞. The eigenfunction u ∈ H2

R(R)
corresponds to the connection between the decaying solution e

√
1−λx → 0 as x → −∞ and

the bounded solution 1 as x → +∞ since e−
√
1−λx as x → −∞ and x as x → +∞ are

not admissible in H2
R(R). Hence, there is no continuous spectrum in (−∞, 1) and isolated

eigenvalues are at most simple.
Since L−ϕ = 0 in L2(R), ϕ ∈ H2

R, and ϕ(x) > 0 for all x ∈ R, no eigenvalues exist in
(−∞, 0) due to the Rayleigh quotient

inf
v∈H1

R(R)

Q−(v)

∥v∥2HR

= 0.

The constraint ⟨v, ϕ⟩HR
= 0 removes the lowest eigenvalue of L− in HR. Since all isolated

eigenvalues in (−∞, 1) are simple, we get the coercivity estimate from the spectral theory:

Q−(v) ≥ λ0∥v∥2HR
, ∀v ∈ H1

R(R) : ⟨v, ϕ⟩HR
= 0,

where λ0 is either the second eigenvalue of (18) in (0, 1) or 1 if no other eigenvalues of (18)
in (0, 1) exists. The coercivity estimate (17) follows by Gärding’s inequality. □

Lemma 2. There is a sufficiently large R0 > 0 such that for every R ∈ (R0,∞), there exists
a positive constant CR such that

QR(u) :=

∫ R

−∞
q+(u)dx+

∫ +∞

R

q−(u)dx ≥ CR

(
∥u′∥2L2(R) + ∥u∥2HR

)
,

∀u ∈ H1
R(R) : ⟨u, ϕ′⟩L2(R) = 0. (19)

Proof. By the same argument as in the proof of Lemma 1, the spectrum of LR : H2
R(R) ⊂

HR → HR includes the continuous spectrum [1,∞) and simple isolated eigenvalues in
(−∞, 1). Eigenvalues of LR in HR are defined from solutions of the spectral problem

LRu = λWRu, u ∈ H2
R(R), WR(x) =

{
1, x ∈ (−∞, R),
1−ϕ2(x)
1−ϕ2(R)

, x ∈ (R,∞),
(20)

for λ ∈ (−∞, 1). Let ϕR ∈ H1
R(R) be given by

ϕR(x) =

{
ϕ′(x), x ∈ (−∞, R),
ϕ′(R)
ϕ(R)

ϕ(x), x ∈ (R,∞).
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Since LRϕR = 0 in H−1(R), we have QR(ϕR) = 0. However, since ϕR /∈ H2
R, the spectral

problem (20) may have eigenvalues λ below 0.
We have QR(u) → Q+(u) as R → ∞ for every u ∈ H1(R) with Q+(u) ≥ 0 for every

u ∈ H1(R) since L+ϕ
′ = 0 with ϕ′(x) > 0 for all x ∈ R. This implies that there exists only

one simple eigenvalue of the spectral problem (20) near 0 for sufficiently large R. We now
add the constraint ⟨u, ϕ′⟩L2(R) = 0 to show coercivity (19). By using (5), we have

⟨u, ϕR⟩HR
=

∫ R

−∞
u(x)ϕ′(x)dx+

ϕ′(R)

ϕ(R)

∫ +∞

R

u(x)
1− ϕ2(x)

1− ϕ2(R)
ϕ(x)dx = ⟨u, ϕ′⟩L2(R).

Let ΠR : HR → HR|{ϕR}⊥ be the orthogonal projection operator given by

ΠRu = u− ⟨u, ϕR⟩HR

∥ϕR∥2HR

ϕR, ∀u ∈ HR.

Eigenvalues of LR|{ϕR}⊥ : H2
R|{ϕR}⊥ ⊂ HR|{ϕR}⊥ → HR|{ϕR}⊥ are determined by eigenvalues

of the constrained eigenvalue problem

(LR − λWR)u = νWRϕR, ⟨u, ϕR⟩HR
= 0, (21)

where ν ∈ R is the Lagrange multiplier. Denote the smallest eigenvalue of the spectral
problem (20) by λR ∈ (−∞, 1) and the corresponding eigenfunction by uR ∈ H2

R. Since
uR(x) > 0 and ϕR(x) > 0 for all x ∈ R, we have ⟨uR, ϕR⟩HR

̸= 0 (strictly positive). Therefore,
the smallest eigenvalue of the constrained spectral problem (21) is determined by the zero
of the function F (λ) : (−∞, λR) ∪ (λR, λ

∗
R) → R, where

F (λ) = ⟨(LR − λWR)
−1WRϕR, ϕR⟩HR

and either λ∗R > 0 is the second eigenvalue of the spectral problem (20) or λ∗R = 1.
By Theorem 2.7 in [11], the function F (λ) is monotonically increasing in (−∞, λR) ∪

(λR, λ
∗
R) satisfying F (λ) → 0+ as λ → −∞ and a simple pole singularity as λ → λR.

Therefore, there are no zeros of F (λ) for λ ∈ (−∞, λR) and if λR ≥ 0, then the constraint
⟨u, ϕ′⟩L2(R) = 0 yields the coercivity estimate

QR(u) ≥ λ0∥u∥2HR
, ∀u ∈ H1

R(R) : ⟨u, ϕ′⟩L2(R) = 0, (22)

where λ0 is either the lowest eigenvalue of the constrained spectral problem (21) in (0, 1) or
1 if no eigenvalues of (21) in (0, 1) exists.

If λR < 0 and λ∗R > 0, then the lowest eigenvalue of the constrained spectral problem (21)
is strictly positive if and only if

F (0) = ⟨(LR)
−1WRϕR, ϕR⟩HR

= ⟨WR(LR)
−1WRϕR, ϕR⟩L2(R) < 0. (23)

Since WRϕR = ϕ′(x) for every x ∈ R, the criterion (23) can be equivalently written as

F (0) = ⟨(LR)
−1ϕ′, ϕ′⟩L2(R) < 0. (24)

Since λR → 0 as R → +∞ implying F (0) → −∞ as R → +∞, the criterion (24) is satisfied
for sufficiently large R. This leads again to (22). The coercivity estimate (19) follows from
(22) by Gärding’s inequality. □
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2.3. Decomposition near the kink orbit. The constraint in (17) can be satisfied by using
the rotational parameter α in the orbit {e−iαϕ}α∈R. The constraint in (19) can be satisfied
by using the translational parameter β in the orbit {ϕ(· − β)}β∈R. To incorporate both
constraints, we define the decomposition relative to the two-dimensional orbit {e−iαϕ(· −
β)}α,β∈R with the perturbation u+ iv, where u satisfies the constraint in (19) and v satisfies
the constraint in (17), see Proposition 2.

We work in the energy space E in (3) equipped with the distance ρR in (10). The following
proposition shows that the element of E with small ρR is bounded in L∞(R).

Proposition 1. If there is a small fixed ϵ0 > 0 such that

ρR (ψ, ϕ) ≤ ϵ20, (25)

for every ψ ∈ E, then ψ ∈ L∞(R) and η := |ψ|2 − ϕ2 satisfies

∥η∥L∞(R,∞) ≤ Cϵ0, (26)

for some C > 0.

Proof. Since ρR(ψ, ϕ) ≥ ∥ψ−ϕ∥2H1(−∞,R), Sobolev’s embedding ofH1(−∞, R) into L∞(−∞, R)

implies that there is a constant C > 0 such that

∥ψ − ϕ∥L∞(−∞,R) ≤ C
√
ρR(ψ, ϕ) ≤ Cϵ0,

where we have used (25) for the last inequality. If we represent ψ = ϕ + u + iv with some
real (u, v) ∈ H1

R ×H1
R, then η = 2ϕu+ u2 + v2 and the triangle inequality implies

∥η∥L∞(−∞,R) ≤ 2∥u∥L∞(−∞,R) + ∥u∥2L∞(−∞,R) + ∥v∥2L∞(−∞,R) ≤ 2Cϵ0 + 2C2ϵ20 ≤ 4Cϵ0, (27)

where the last bound holds if ϵ0 > 0 is sufficiently small.
To control ∥η∥L∞(R,∞), we use the bound

∥η∥2L∞(R,∞) ≤ η2(R) + 2∥η∥L2(R,∞)∥η′∥L2(R,∞).

Differentiating η = 2ϕu+ u2 + v2, we obtain

∥η′∥L2(R,∞) ≤ 2
(
∥ϕ′u∥L2(R,∞) + ∥ϕu′∥L2(R,∞) + ∥uu′∥L2(R,∞) + ∥vv′∥L2(R,∞)

)
≤ 2

(
∥(1− ϕ2)u∥L2(R,∞) + (1 + ∥u∥L∞(R,∞))∥u′∥L2(R,∞) + ∥v∥L∞(R,∞)∥v′∥L2(R,∞)

)
.

Since ρR(ψ, ϕ) ≥ ∥
√

1− ϕ2(ψ − ϕ)∥2L2(R,∞) + ∥ψ′ − ϕ′∥2L2(R,∞) + ∥η∥2L2(R,∞), we obtain

∥η∥2L∞(R,∞) ≤ η2(R) + 4∥η∥L2(R,∞)(1 + ∥u+ iv∥L∞(R,∞))(∥
√

1− ϕ2u∥L2(R,∞) + ∥u′ + iv′∥L2(R,∞))

≤ η2(R) + 4(1 + ∥u+ iv∥L∞(R,∞))ρR(ψ, ϕ).

It follows from (ϕ+ u)2 + v2 = ϕ2 + η that there is C > 0 such that

∥u+ iv∥2L∞(R,∞) ≤ C(1 + ∥η∥L∞(R,∞)).

Since |η(R)| ≤ 4Cϵ0 by (27), the estimate on ∥η∥L∞(R,∞) can be closed as

∥η∥2L∞(R,∞) ≤ C(1 + ∥η∥1/2L∞(R,∞))ϵ
2
0.

Since ϵ0 > 0 is small, this bound implies (26). □
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The following proposition gives the decomposition near the two-parameter orbit of the
kink solution with the profile ϕ.

Proposition 2. Let ψ ∈ C0([−t0, t0], E) be a local solution of the NLS equation (1) for some
t0 > 0 and assume that there is a small fixed ϵ0 > 0 such that

inf
α,β∈R

ρR
(
eiαψ(t, ·+ β), ϕ

)
≤ ϵ20, t ∈ [−t0, t0]. (28)

Then, the solution can be uniquely represented as

eiα(t)ψ(t, ·+ β(t)) = ϕ+ u(t, ·) + iv(t, ·), ⟨u, ϕ′⟩L2(R) = 0, ⟨v, ϕ⟩HR
= 0, (29)

for every t ∈ [−t0, t0], with some real α(t), β(t) ∈ C0([−t0, t0]) and u, v ∈ C0([−t0, t0],H1
R).

Proof. In what follows, we fix t ∈ [−t0, t0] and drop the time variable from the arguments of
functions. To incorporate the two constraints in the decomposition (29), we introduce the
function F (α, β;ψ) : R2 × E ∩HR → R2 given by

F (α, β;ψ) =

(
⟨Re(eiαψ(·+ β)− ϕ), ϕ′⟩L2(R)
⟨Im(eiαψ(·+ β)− ϕ), ϕ⟩HR

)
The infimum in (28) is attained if ϵ0 > 0 is sufficiently small, since α is defined on a compact
interval [0, 2π] due to periodicity of eiα and there is C∞ > 0 such that

lim
β→±∞

∥ψ − ϕ(· − β)∥H1(−∞,R) ≥ C∞.

Let (α0, β0) ∈ R2 be the argument of the infimum in (28). By the Cauchy–Schwarz inequality,
there is C > 0 such that ∥F (α0, β0;ψ)∥ ≤ Cϵ0 due to (28) and the exponential decay of ϕ′(x)
and 1− ϕ2(x) as x→ +∞. The Jacobian of F (α, β;ψ) in (α, β) is given by

DF (α, β;ψ) =

(
⟨−Im(eiαψ(·+ β)), ϕ′⟩L2(R) ⟨Re(eiαψ′(·+ β)), ϕ′⟩L2(R)
⟨Re(eiαψ(·+ β)), ϕ⟩HR

Im(eiαψ′(·+ β)), ϕ⟩HR

)
.

By using (28) and the Cauchy–Schwarz inequality again, there is C > 0 such that∥∥∥∥DF (α0, β0;ψ)−
(

0 ⟨ϕ′, ϕ′⟩L2(R)
⟨ϕ, ϕ⟩HR

0

)∥∥∥∥ ≤ Cϵ0,

where we have used the fact that ϕ is real. Since ∥ϕ′∥L2(R) and ∥ϕ∥2HR
are finite and nonzero,

the Jacobian of F (α, β;ψ) is invertible. Furthermore, F (α, β;ψ) is smooth with respect to its
arguments. By the local inverse function theorem, for every ψ ∈ E ∩H satisfying (28), there
exists a unique (α, β) ∈ R2 in a local neighborhood of (α0, β0) ∈ R2 such that F (α, β;ψ) = 0
and the decomposition (29) is proven. □

2.4. Proof of Theorem 1. We are now ready to prove the orbital stability result for the
kink with the profile ϕ in Theorem 1.

We start by considering a local solution ψ ∈ C0([−t0, t0], E) of the NLS equation (1)
satisfying the bound (28) for some small fixed ϵ0 > 0. By Proposition 2, the solution can be
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written in the form (29). By using coercivity estimates (17) and (19) in Lemmas 1 and 2,
we get from energy conservation (2) and energy decomposition (15):

E(ψ0)− E(ϕ) = E(ϕ+ u+ iv)− E(ϕ)

≥ C(∥u′ + iv′∥L2(R) + ∥u+ iv∥2HR
+ ∥η∥2L2(R,∞))

− C
(
∥u+ iv∥3H1(−∞,R) + ∥u+ iv∥6H1(−∞,R) + ∥η∥L∞(R,∞)∥η∥2L2(R,∞)

)
, (30)

for some positive constant C. It follows from (10) that

∥u+ iv∥2H1(−∞,R) + ∥η∥2L2(R,∞) ≤ ρR(ϕ+ u+ iv, ϕ).

By using Proposition 1, as long as the bound (25) holds, the bound (30) can be rewritten as

E(ψ0)− E(ϕ) ≥ CρR(ϕ+ u+ iv, ϕ),

by reducing the value of C compared to (30). It follows from the energy decomposition (13)
that

E(ψ0)− E(ϕ) ≤ Cδ2,

for some C > 0 if ρR(ψ, ϕ) ≤ δ2 is small. This yields

ρR(e
iα(t)ψ(t, ·+ β(t)), ϕ) ≤ Cδ2, t ∈ [−t0, t0],

for the solution ψ ∈ C0(R, E) decomposed by (29). This defines ϵ2 := Cδ2 ∈ (0, ϵ20) and
justifies the bound (28) beyond the time interval [−t0, t0]. Hence, the decomposition (29)
and the energy bound (30) can be extended globally in time for every t ∈ R. This completes
the proof of the bound (11) in Theorem 1.

3. Numerical verification of the spectral criterion

Here, we describe a numerical study of the spectral problem (20) and the verification of the

sign condition (24). The spectral problem LRu = λWRu converts, upon setting ũ = W
1/2
R u,

to the standard eigenvalue problem W
−1/2
R LRW

−1/2
R ũ = λũ. However, since WR(x) → 0

exponentially as x→ +∞, the operator W
−1/2
R LRW

−1/2
R is singular as x→ +∞, which may

lead to numerical instabilities. To avoid the singular behavior, we will describe a change-of-
variable procedure.

Recall the exact form of ϕ(x) given by (6). We change variables from x to z, where

z =
x− ln(2 coshx)

2
=⇒ dz

dx
=

1− tanhx

2
= 1− ϕ2(x) (31)

The transformation provides a one-to-one mapping R ∋ x → z ∈ (−∞, 0), which preserves
the direction and satisfies the asymptotic expansions

z ∼

{
x− 1

2
e2x as x→ −∞,

−1
2
e−2x as x→ +∞.

(32)

The transition point R ∈ R converts via (31) to a corresponding point zR ∈ (−∞, 0). The
spectral problem (20) converts to

L̃Rv = λW̃Rv, L̃R = − d

dz
(1− ϕ2)

d

dz
+ ṼR, (33)
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where

ṼR(z) =

{
1−12ϕ2+15ϕ4

1−ϕ2 if z < zR,

1− 3ϕ2 if z > zR,
, W̃R(z) =

{
1

1−ϕ2 if z < zR,
1

1−ϕ2(R)
if z > zR.

Since 1 − ϕ2 ∼ −2z as z → 0−, the differential equation in (33) has a regular singular
point at z = 0, while ṼR(z) and W̃R(z) have nonzero constant asymptotics as z → 0−. The
general asymptotic form αx + β for solutions u(x) of (20) as x → +∞ converts via (32) to
the behavior −1

2
α ln(−2z) + β for solutions v(z) of (33) as z → 0−. We are, in particular,

interested in the case α = 0 of solutions v(z) with a finite limit as z → 0−, i.e., satisfying a
Neumann boundary condition at this endpoint.

3 2 1 0 1 2 3
R

0.50

0.25

0.00

0.25

0.50

0.75

1.00

1.25

1.50

( 1)R lowest eigenvalue
( 2)R second eigenvalue
( 3)R third eigenvalue

3 2 1 0 1 2 3
R

0.25

0.30

0.35

0.40

0.45

0.50

Figure 2. Left: plot of the lowest three numerically observed eigenvalues
versus R, for the spectral problem (33). Right: plot of (λ1)RFR(0) versus R,
showing that it remains positive and thus FR(0) < 0 for all R.

Next, we solve the spectral problem (33) numerically using a finite difference method
with equal grid spacing implementing Dirichlet boundary conditions at the left (truncated)
endpoint z = −10 and Neumann boundary conditions at the right endpoint z = 0, with
N = 20000 grid points for a grid width h = 0.0005. Dirichlet boundary conditions were
introduced at the left endpoint by assuming v(−10 − h) = 0 while Neumann boundary
conditions were introduced at z = 0 by assuming that v(−h) = v(h) for a ghost point at
z = h. Sparse matrix representation was used with the functions eigs, spsolve in the
python libraries scipy.sparse.linalg.

Figure 2 (left panel) shows the lowest three eigenvalues of (33) versus parameter R. The
lowest eigenvalue (λ1)R is found to be negative and the other two eigenvalues are found to
be ≥ 1, above the threshold for the continuous spectrum, within the range of error tolerance
∼ 10−3. Figure 3 shows the first three eigenfunctions for two values of R. We can see that
the eigenfunctions for the second and third eigenvalues are long sinusoidal waves meeting
the Dirichlet boundary condition at z = −10. This also suggests that these two eigenvalues
become a part of the continuous spectrum in the limit as the left endpoint is sent to −∞.
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10 8 6 4 2 0 2 4
x

1.0

0.5

0.0

0.5

1.0

R = 1

1st efunc (eval=-0.05)
2nd efunc (eval=1.09)
3nd efunc (eval=1.37)

10 8 6 4 2 0 2 4
x

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

R = 0.2
1st efunc (eval=-0.53)
2nd efunc (eval=1.04)
3nd efunc (eval=1.27)

Figure 3. Plots of the first, second and third eigenfunctions obtained nu-
merically for R = −1 (left) and R = 0.2 (right). The horizontal axis is shown
as x-values, although this computation was performed with the z variable as
described in the text.

To check (24), we use

dz

dx
L̃R = LR and

ϕ′

1− ϕ2
= ϕ,

and obtain

FR(0) = ⟨(LR)
−1ϕ′, ϕ′⟩x = ⟨(L̃R)

−1ϕ, ϕ⟩z
The value of FR(0) for each R is computed numerically using the sparse solver together with
Simpson’s rule for integration. The results for (λ1)RFR(0) are shown in Figure 2 (right)
for a range of R. It is apparent that (λ1)RFR(0) > 0 for all R and there is a numerically
convincing evidence of the limiting values

lim
R→−∞

(λ1)RFR(0) =
1

2
, lim

R→+∞
(λ1)RFR(0) =

1

4
.

Since (λ1)R < 0, this shows that FR(0) < 0 for all R, completing the verification of (24).

4. Generalization for competing power nonlinearity

We now consider a generalized case of competing nonlinearities bearing powers p + 1
and q + 1 (with the cubic-quintic representing the special case of p = 2 and q = 4). For
the normalization purposes, similarly to the cubic–quintic NLS equation (1), we set the
frequency parameter to unity and consider the kink with the profile ϕ(x) satisfying ϕ(x) → 0
as x → −∞ and ϕ(x) → 1 as x → +∞. This gives uniquely coefficients of the competing
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nonlinearity with two powers (p, q) satisfying 2 ≤ p < q in the generalized NLS equation:

iψt = ψxx − ψ +
q(p+ 2)

2(q − p)
|ψ|pψ − p(q + 2)

2(q − p)
|ψ|qψ. (34)

The conserved energy function is given by

E(ψ) =

∫
R

[
|ψx|2 + |ψ|2 q(1− |ψ|p)− p(1− |ψ|q)

q − p

]
dx, (35)

and it is defined in the energy space

E = {ψ ∈ H1
loc(R) : ψx ∈ L2(R), ψ

√
1− |ψ|p ∈ L2(R), ψ

√
1− |ψ|q ∈ L2(R)}. (36)

Local well-posedness of the initial-value problem for (34) in the energy space E in (36) can be
poven with the same method as in Appendix A, although the global continuation of solutions
may depend on the powers (p, q) of the competing nonlinearity.

The kink profile is obtained from the zero level curve of the first-order invariant

I(ϕ, ϕ′) = (ϕ′)2 − ϕ2 q(1− ϕp)− p(1− ϕq)

q − p
= 0,

where q > p and q(1− ϕp)− p(1− ϕq) ≥ 0 on (0,∞) with the only minimum at ϕ = 1. The
linearized system in (7) is associated with the linearized operators{

L− = −∂2x + 1− q(p+2)
2(q−p)

ϕp + p(q+2)
2(q−p)

ϕq,

L+ = −∂2x + 1− q(p+1)(p+2)
2(q−p)

ϕp + p(q+1)(q+2)
2(q−p)

ϕq,

which have the same spectral properties in L2(R) as in the cubic–quintic case since L−ϕ = 0
and L+ϕ

′ = 0. By using (12), we obtain the decomposition of the energy (35) in the form

E(ϕ+ u+ iv)− E(ϕ) = Q−(u) +Q−(v) +R(η),

where

Q−(u) =

∫
R

[
(u′)2 + u2 − q(p+ 2)

2(q − p)
ϕpu2 +

p(q + 2)

2(q − p)
ϕqu2

]
dx

and

R(η) =
p

q − p

∫
R

[
(ϕ2 + η)

q+2
2 − ϕq+2 − q + 2

2
ϕqη

]
dx

− q

q − p

∫
R

[
(ϕ2 + η)

p+2
2 − ϕp+2 − p+ 2

2
ϕpη

]
dx.

If 2 ≤ p < q, then the mapping L2(R) ∩ L∞(R) ∋ η → R(η) ∈ R is C2 such that the
decomposition can be expanded in the form:

R(η) =
pq

8(q − p)

∫
R

[
(q + 2)ϕq−2 − (p+ 2)ϕp−2

]
η2dx (1 + o(∥η∥L∞)) .

By Proposition 1, the remainder term in the decomposition of R(η) is much smaller than
the leading-order term if ϵ0 > 0 is small in the bound (25). By picking R ∈ R such that

ϕq−p(R) >
p+ 2

q + 2
,
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the line R can be divided into (−∞, R) and (R,∞) with the same energy decomposition as
in (15). Lemmas 1 and 2 as well as Proposition 2 remain true so that the orbital stability
theorem of the kink in E ∩ HR, where HR is given by (9) and E is given by (36), can be
proven for the generalized NLS equation (34) verbatim to the proof of Theorem 1. Note that
the orbital stability result of Theorem 1 only uses the local well-posedness of the initial-value
problem in the energy space E since the solution is continued globally near the kink orbit by
using the energy estimates.
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Appendix A. Proof of the local and global well-posedness in E

For completeness, we prove the well-posedness of the initial-value problem for the cubic–
quintic NLS equation (1) in the energy space E given by (3). This can be obtained in the
following steps. First, we observe that E ⊂ L∞(R). Indeed,

(1− |ψ(x)|2)2 − (1− |ψ(x∗)|2)2 = −4Re

∫ x

x∗

(1− |ψ(y)|2)ψ̄(y)ψ′(y) dy

and thus ∣∣(1− |ψ(x)|2)2 − (1− |ψ(x∗)|2)2
∣∣ ≤ 4∥ψ(1− |ψ|2)∥L2

(x∗,x)
∥ψ′∥L2

(x∗,x)
(37)

If ψ(1 − |ψ|2) ∈ L2, then there is a sequence xn → +∞ such that either ψ(xn) → 0 or
|ψ(xn)| → 1. In either case, by applying (37) with x∗ = xn and sending n→ ∞, we obtain a
uniform upper bound on |ψ(x)|. This yields E ⊂ L∞(R) and in fact further arguments using
(37) show that either lim

x→±∞
ψ(x) = 0 or lim

x→±∞
|ψ(x)| = 1.

Consider the Zhidkov space X1, the Banach space of functions absolutely continuous on
R with norm

∥u∥X1 = ∥u∥L∞ + ∥∂xu∥L2

Since E ⊂ L∞(R), we have that E ⊂ X1. By [22, Prop. I.2.7], the Schrödinger semigroup
S(t) : X1 → X1 is uniformly bounded on any finite time interval I, the function S(t)ϕ : I →
X1 is continuous, and lim

t→0
S(t)ϕ = ϕ, with the limit taken in X1. For the nonlinear term

f(ψ) = ψ(1− 3|ψ|2)(1− |ψ|2), we have for some C > 0:

∥f(ψ)∥L∞ ≤ C∥ψ∥L∞(1 + ∥ψ∥L∞)4 , ∥∂xf(ψ)∥L2 ≤ C∥ψx∥L2(1 + ∥ψ∥L∞)4.

Therefore, a local solution can be obtained as a fixed point in C([0, t0], X
1) via the contraction

principle for some t0 > 0. This local theory in the larger space X1 can be restricted to E , as
follows. If the initial condition satisfies ψ(1− |ψ|2) ∈ L2(R), then so does the local solution
in X1, by differentiation in time of ∥ψ(1− |ψ|2)∥2L2 , substitution of the equation, integration
by parts, and estimation in X1. This provides a local solution ψ(t, ·) in the energy space E .
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Continuation of the local solution to the global solution ψ ∈ C(R, E) is due to the global
bounds following from the energy conservation.
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