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PINNING IN THE EXTENDED LUGIATO-LEFEVER EQUATION*

LUKAS BENGEL', DMITRY PELINOVSKY?#, AND WOLFGANG REICHEL'

Abstract. We consider a variant of the Lugiato—Lefever equation (LLE), which is a nonlinear
Schrédinger equation on a one-dimensional torus with forcing and damping, to which we add a first-
order derivative term with a potential eV (). The potential breaks the translation invariance of LLE.
Depending on the existence of zeroes of the effective potential Vg, which is a suitably weighted and
integrated version of V', we show that stationary solutions from € =0 can be continued locally into
the range € # 0. Moreover, the extremal points of the e-continued solutions are located near zeros of
Vo We therefore call this phenomenon pinning of stationary solutions. If we assume additionally
that the starting stationary solution at € = 0 is spectrally stable with the simple zero eigenvalue due
to translation invariance being the only eigenvalue on the imaginary axis, we can prove asymptotic
stability or instability of its e-continuation depending on the sign of ‘/e/ff at the zero of Veg and the
sign of €. The variant of the LLE arises in the description of optical frequency combs in a Kerr
nonlinear ring-shaped microresonator which is pumped by two different continuous monochromatic
light sources of different frequencies and different powers. Our analytical findings are illustrated by
numerical simulations.
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1. Introduction. The Lugiato—Lefever equation [22] is the most commonly used
model to describe electromagnetic fields inside a resonant cavity that is pumped by a
strong continuous laser source. Inside the cavity, the electromagnetic field propagates
and suffers losses due to curvature and/or material imperfections. Most importantly,
the cavity consists of a Kerr-nonlinear material so that, triggered by modulation insta-
bility, the field may experience a nonlinear interaction of the pumped and resonantly
enhanced modes of the cavity. Under appropriate driving conditions of the resonant
cavity and the laser, a stable Kerr-frequency comb may form in the cavity, which is a
spatially localized and spectrally broad waveform.

Since their discovery by the 2005 Noble prize laureate Theodor Hénsch, frequency
combs have seen an enormously wide field of applications, e.g., in high capacity op-
tical communications [25], ultrafast optical ranging [38], optical frequency metrology
[39], or spectroscopy [32, 35]. The Lugiato-Lefever equation (LLE) is an amplitude
equation for the electromagnetic field inside the cavity derived by means of the slowly
varying envelope approximation.

In the following we assume that the cavity is a ring-shaped microresonator with
normalized perimeter 27. Using dimensionless quantities and writing w(z,t) =
> ez uk(t)e*® for the slowly varying and 2m-periodic amplitude of the electromag-
netic field, the LLE in its original form [22] reads as
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(1.1) 10pu = —d0?u + (¢ —ip)u — |ul?u +ifo, (x,t) € T xR,

where T is a circle of length 2w. Here d > 0 is the case of anomalous dispersion,
whereas d < 0 refers to normal dispersion. The laser pump with frequency wy, has
the power |fo|?, and the detuning value ¢ represents the offset between the pump
frequency wy,, and the closest resonance frequency wy of the resonator. Finally, the
value p > 0 quantifies the damping coefficient.

More recently, novel pumping schemes have been discussed [36], where, instead
of one monochromatic laser pump, one uses a dual laser pump with two different fre-
quencies as a source term. Using again dimensionless quantities the resulting equation
is given by

(1.2) 0= —dd?u+ (¢ —ip)u — |u>u+ify +ifreFro—r1t), (x,t) € T xR,

cf. [13, 14, 36] for a detailed derivation. In contrast to (1.1), there is now a second
source term with pump strength f;, and k; stands for the second pumped mode
(the first pumped mode is again kg = 0). This gives rise to two detuning variables
¢ =2(wyo—wp,), (1 = 2(w, —wp, ), and they define v; = ( — (1 +dki. One of the main
outcomes of [14] is that the stationary states of (1.2) are far more localized than the
stationary states of (1.1), and the best results can be achieved when fo = f; among
all power distributions such that fZ + f? is kept constant.

However, there are cases where a power distribution |fo| > |f1] is more adequate
in physical experiments. In this case, it is shown in Appendix A that one can derive

from (1.2) the perturbed LLE in the form

(1.3) 10yu = —d0?u + iV (2)0pu + (¢ — ip)u — [u*u +ify, (z,t) e T xR,
where, in the physical context, V(z) = vy — 2dk%% cos(x) and € = 1. However, if 14
and k2 f1/ fo are small, we will consider (1.3) as the perturbed LLE, with € € R being
small and V € C1([—m,7],R) being a generic periodic potential. Recall that (1.3) is
already set in a moving coordinate frame. In its stationary form the equation becomes

(1.4) —du” +ieV (x)u' + (¢ —ip)u — |u|?u +ifo =0, zeT.

The main questions addressed in this paper are the existence and stability of the
stationary solution of (1.3). Our main results, which are stated in detail in section 2,
can be summarized as follows:

e In Theorem 3 we prove existence of solutions of (1.4) for small ¢ provided
the effective potential Veg changes sign, where Vg is a weighted integrated
version of the coefficient function V.

e In Theorems 8 and 9 we prove stability /instability properties of the solution
obtained from Theorem 3 with the time evolution of (1.3).

e In section 3 we illustrate the findings of our theorems by numerical simu-
lations. The numerical simulations show that the location of the intensity
extremum of the e-continued solutions does not change significantly for small
€. Therefore, we call this phenomenon pinning of solutions at zeroes of the
effective potential Veg.

Existence and bifurcation behavior of solutions of (1.1) have been studied quite well,
cf. [11, 12, 15, 16, 24, 26, 27, 28, 29], and their stability properties have been inves-
tigated in [2, 6, 7, 17, 18, 19, 31, 34, 37]. Analytical and numerical investigations of
(1.2) have been reported in [3, 13, 14]. In contrast, we are not aware of any treatment
of (1.3). However, a related problem, where instead of icV (z)u' a term of the form
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eV (z)u appears in the nonlinear Schrodinger equation, has been quite well studied;
cf. [1, 10, 30]. In this case, solutions are pinned near nondegenerate critical points
of Ve instead of the zeroes of Vog as in our case. A different kind of pinning at the
intensity maximum of an external forcing term occurs in [33].

2. Main results. In this section we present our main results regarding existence
and stability of stationary solutions of (1.3). For € = 0 there is a plethora of nontrivial
(nonconstant) stationary solutions; cf. [12, 24]. We start with such a solution under
the assumption of its nondegeneracy according to the following definition.

DEFINITION 1. A nonconstant solution u € H2, ([—m,],C) of (1.4) for e =0 is

called nondegenerate if the kernel of the linearized operator
Lu‘p = —d@” + (( - 1/~L - 2|u|2)s0 - uz@v pe ngr([—’fr,ﬂ'],(:)

consists only of span{u'}.

Remark 2. Note that Ly : H2. (-, 7],C) = L?([—m,],C) is a relatively compact

perturbation of the isomorphism —dd3 + sign(d) : H2. ([-m,x],C) = L*([-m,x],C)
and hence a Fredholm operator. Notice also that span{u’} always belongs to the
kernel of L, due to translation invariance in x for € = 0. Nondegeneracy means that
except for the obvious candidate u’ (and its real multiples), there is no other element

in the kernel of L,,.

One can ask whether nonconstant nondegenerate solutions at € =0 in Definition 1
may be continued into the regime of € # 0. In order to describe the continuation, we
denote such a solution by ug and its spatial translations by u,(z) := ug(z — o).
The nondegeneracy assumption implies that ker L, = span{u/}. Since the adjoint
operator Ly, —also has a one-dimensional kernel, there exists ¢ € ngr([—w,w],(C)
such that ker L}, =span{¢g}. Notice that with ¢} (z) = ¢j(z — o) we find ker L} =
span{¢: }.

Before stating our existence result, let us clarify the assumption on the
potential V.

(A1) The potential V: [—m, 7] = R,z +— V(z) is a 2m-periodic, continuously differ-
entiable function.
The existence result is given by the following theorem.

THEOREM 3. Let d € R\{0}, fo,( €R, pu> 0 be fized, and assume that (A1) holds.
Furthermore, let uy € chr([—w,w],(C) be a nonconstant, nondegenerate solution of
(1.4) fore=0. If g is a simple zero of the function

s

(2.1) o Veg(0) := Re/ iV (z + o)uyoy dx,

—T

then there exists a continuous curve (—*,&*) 3 e = u(e) € H3. ([—m,n],C) consisting

of solutions of (1.4) with ||u(e) —uo(- — 00) ||z < Cle| for some constant C > 0.

Remark 4. The value of gg is determined from the existence of a unique solution

ve H  ([-m,7],C) of the linear inhomogeneous equation

Ly, v=—iV(z)u,

go

with the property that v L2 u/, . Fredholm’s condition shows that o is a zero of Vg
if and only if this equation is uniquely solvable. Simplicity of the zero of Vg yields
the result of Theorem 3.
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Remark 5. The observation that Veg having a zero is a necessary condition for
continuability of solutions in the case where V(z) = Vj is constant occurred in [4],
where traveling solitons with speed V were considered.

To investigate the stability of a stationary solution u, we introduce the expansion
u(x) +v(z,t) =uy(x) + iug(z) + vy (z,t) + iva(z, t)

and substitute this into the perturbed LLE (1.3). After neglecting the quadratic and
cubic terms in v and separating real and imaginary parts, we obtain the linearized
system for v = (v1,vs), which reads as

O = EU’E’U,
and the linearization has the form
(2.2) Lye=JAy, —I(p—eV(x)d,)
with
0 1 1 0
s= (% ) 1=(3 9).
A —d02 + ¢ — (3u? +u3) —2uqusg
w —2ujusy —d02+ ¢ — (u2 +3u3) )

In the following, we will often identify functions in C as vector-valued functions in
R x R and use the notation

u=u;+iug €C <+ wu= <Zl> e R
2

We denote the spectrum of Ly in L2([—m,7]) x L2(]—m,7]) by o(Ly.) and the
resolvent set of Ly, . by p(Ly.¢).
For our stability results, we require one additional spectral assumption on the
nondegenerate solution ug regarding the spectrum of Ly, o-
(A2) The eigenvalue 0 € (L, ) is algebraically simple, and there exists £ > 0
such that

0(Lyy0) C{z€C:Rez<—£}U{0}.

Remark 6. By Fredholm’s theory, the assumption of simplicity of the zero eigen-
value of Ly, o is equivalent to uf, & rangeL,,, o = span{J¢y}*. It will be convenient
to use the normalization (uf, Jpg)r2 = ["_uf - Jepgde =1. We also note that

us T
/ ug - Jpg da = Re/ iugdp da.
—Tr —T
Before stating the stability results, let us clarify that uj and ¢f are linearly
independent if p # 0, and the integrand of Vg is generically nonzero. We also clarify
the parity of eigenfunctions in ker L and ker L,, if ug is even in . This is used for
many practical computations.

LEMMA 7. Let ug € H2,,([—m,7],C) be a nonconstant, nondegenerate solution of
(1.4) for e=0 and p#0. Then the following hold: B
(i) ug and ¢ are linearly independent, and Reiujpf #0;

(ii) if uo is even, then ¢ is odd.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/05/24 to 130.113.109.110 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

PINNING IN THE EXTENDED LUGIATO-LEFEVER EQUATION 3683

Proof. Part (i): By using the decomposition (2.2) with u = ug and ¢ = 0, the
eigenvalue problems L,,up =0 and L ¢p =0 are equivalent to

/ / * *
JAu, Um) _ (%1) : JAu, <¢21) __ (¢21> .
(%2 . U ®52 K o2

But since (ug;,u(y) and (¢f;, ¢) are eigenvectors to the different eigenvalues p and
—p of JAy,, respectively, they are linearly independent. Moreover, the determinant
of the matrix with columns (uf;,uf,)? and (¢, ¢5s)7 coincides with Reiuf¢y, and
is not identically zero.

Part (ii): By assumption we have that ker L,, = span{uj} and u{, is an odd
function. Let us define the restriction of L,,, onto the odd functions

2 2
L#@ : Hpcr,odd - chr,oddv P LUOSO'

Then Lfo is again a Fredholm operator of index 0 with ker LZ‘fO = span{uy}. Further
we have (L# )* = (L} )#, where

2

(LZO)# : H2 per,odd>

per,odd —L

P Ly

is the restriction of the adjoint operator onto the odd functions. But since 1 =

dimker(L;, )# = dimker L, , it follows that ker(L; )# = ker L}, , and hence ¢} €

H2., oqq 8 claimed. o
The stability results are given by the following two theorems. A stationary solu-

tion w of (1.4) is called spectrally stable if Re(A) <0 for all eigenvalues A of L, .. It

is called spectrally unstable if there exists one eigenvalue A with Re(\) > 0.
THEOREM 8. Let d € R\ {0}, fo,( € R, 1> 0 be fized, let ug € H2, ([—7,7],C) be

per

as in Theorem 3, and assume that (A1) and (A2) hold. With oo being a simple zero
of Vegg as in Theorem 3, we have

Veg(00) = Re/ V' (x + 00)ugdg de = (V' (- + a0)ug, Jdg) 12 # 0.
Then there exists g € (0,&*] such that, on the solution branch (—eg,20) D€ — u(e) €
H2 (-7, 7],C) of (1.4) with u(0) = us,, the solutions u(e) are spectrally stable for
Vig(00) -€ >0 and spectrally unstable for Vig(oo) - € <O0.

In the next theorem we will show that spectral stability leads to nonlinear as-
ymptotic stability because € # 0 breaks the translational symmetry. Thus, the zero
eigenvalue of the linearization disappears, and the asymptotic orbital stability result
from [34] can be adapted and leads to a slightly improved result.

THEOREM 9. Let u(e) € H2 ([—m,m],C) be a spectrally stable stationary solu-

tion of (1.3) for a small value of € # 0 as in Theorem 8. Then u(e) is asymp-
totically stable; i.e., there exist n,0,C > 0 with the following properties. If ¢ €

C([0,7), H).,([=m,7],C)) is a solution of (1.3) with mazimal existence time T and

(-, 0) — u(e)||mr <6,
then T = oo and

lo () —ule)|m < Ce™™[l(-,0) —ule)||mr  for all t>0.
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Remark 10. Due to periodicity of Veg on T, simple zeros of Veg come in pairs. By
Theorems 8 and 9, for any sign of €, there is always one simple zero which provides a
solution branch consisting of asymptotically stable solutions. Moreover, at the bifur-
cation point ¢ =0, there is an exchange of stability as in the transcritical bifurcation;
i.e., the zero eigenvalue crosses the imaginary axis with nonzero speed.

Remark 11. In [7, 17] the authors constructed spectrally stable stationary solu-
tions u of (1.3) for ¢ = 0 in the case of anomalous dispersion d > 0. These solutions
satisfy the spectral condition o (L) C {—2u} U{Rez = —u} U {0} and are there-
fore nondegenerate starting solutions for which our main results from Theorems 3, 8,
and 9 hold. Moreover, in section 3 we provide examples of numerically computed

solutions for which we checked (A2) numerically.

Remark 12. If u is a solution of (1.4), then the relation

s
/ (W' —u'u)dz =0
—T

holds. This constraint is satisfied by every even function u. In fact, the only solutions
of (1.4) for e =0 that we are aware of are even around z =0 (up to a shift).

Remark 13. Using Fourier-series expansions of the potential V' and the function
Re(iugeg), we can derive the Fourier expansion of the effective potential Vog. Assume
that ug is a nonconstant, nondegenerate, even solution of (1.4) for ¢ =0 and u # 0.
Then, according to Lemma 7, the function f := Re(iugd;) is a nonconstant, even,
real-valued, periodic function, and we can write f(z) = >, ., fre*® with Fourier-
coefficients satisfying f, = f_x = fi for all k € Z. Expanding V () = Y okez Vielh g
straightforward calculation shows

us
Ve(0) = Re/ iV (2 +o)uhdyde =" Vi fre™.

- kEZ
In particular, since not all fg, |k| > 1, vanish, we can choose V as an average-zero

trigonometric polynomial such that Vg is also an average-zero nontrivial trigonomet-
ric polynomial, and thus generally has simple zeroes.

Remark 14. In the limit where ug is highly localized around 0 (e.g., the limit
d — 0+) and the potential V' is wide, the effective potential Vg is well approximated
by the actual potential V. More precisely, we find the asymptotic

‘/;H(U):Re/ iV(x—l—a)uééde%V(o)Re/ iuh gy dr =V (o)

—T —T

e

provided (iuy, ¢g)r2 = 1. Thus, the asymptotically stable branch bifurcates from a
simple zero oo of V' with V'(a¢)e > 0.

Remark 15. The criterion for stability of stationary solutions in Theorem 8 can
be written in a more precise form for small i in the case of solitary waves. This limit
is considered in Appendix B.

To summarize, our main results show that nondegenerate solutions of (1.4) for
€ =0 can be extended locally for small ¢ # 0 provided the effective potential V g has a
sign-change. Depending on the derivative of Vog at a simple zero, we determined the
stability properties of these solutions. It remains an open problem to give a criterion
on V or Vg for the existence/stability of stationary solutions which applies when |e]
is large.
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3. Numerical simulations. In the following we describe numerical simulations
of solutions to (1.4). We choose fo =2, u=1, V(z)=0.1+ 0.5cos(z), and d = £0.1.
All computations are done with help of the MATLAB package pde2path (cf. [8, 40]),
which has been designed to numerically treat continuation and bifurcation in bound-
ary value problems for systems of PDEs.

We begin with the description of the stationary solutions of the LLE (1.1), which
are the same as the solutions of (1.4) for e =0. The corresponding results are mainly
taken from [12, 24]. There is a curve of trivial, spatially constant solutions, cf. black
line in Figure 1, and this is the same curve for anomalous dispersion (d = 0.1) and
normal dispersion (d = —0.1). Next, one finds that there are finitely many bifurcation
points on the curve of trivial solutions (blue dots). Depending on the sign of the
dispersion parameter d, one can find now the branches of the single solitons on the
periodic domain T. In the following descriptions we always follow the path of trivial
solutions by starting from negative values of (.

For d =0.1 (left panel in Figure 1), along the trivial branch there is a last bifur-
cation point which gives rise to a single bright soliton branch (red line). This branch
has a turning point, at which the solutions change from unstable (dashed) to stable
(solid), and after the turning point it tends back toward the trivial branch. Thus,
the red line in the left panel of Figure 1 represents two different but almost identical
curves, which can be seen in the enlarged inset. We have chosen a solution at the point
BP on the stable branch as a starting point for the illustration of Theorems 3 and 8.

In the case where d = —0.1 (right panel in Figure 1), along the trivial branch
there is a first bifurcation point from which a single dark soliton branch (red line)
bifurcates. Near the second turning point of this branch the most localized single
solitons live, and we have chosen a stable dark soliton solution at the point BP as a
starting point for the illustration of Theorems 3 and 8.

Next we explain the global picture in Figure 2 of the continuation in ¢ of the
chosen points BP from the € = 0 case in Figure 1. The local picture is covered by
Theorem 3. First we note the following symmetry: since V(z) is even around z =0,
we find that (u(x),e) solves (1.4) if and only if (u(—=x),—¢) satisfies (1.4). Since
reflecting u does not affect the L2-norm, we see for £ > 0 an exact mirror image of
the one for € < 0.

Next we observe that continuation curves in € appear to be unbounded for d = 0.1
(upper left panel of Figure 2) and closed and bounded for d = —0.1 (lower left panel

20 20 (—BP

13
15 s anig

FiG. 1. Bifurcation diagram for the case € =0. Blue dots indicate bifurcation points on the line
of trivial solutions (black). The red curve denotes the single soliton solution branch. The point BP
is chosen as a starting point for Theorem 3. Further solutions on the same branch for the same
value of ¢ are denoted by C (left panel) and A, C (right panel). Left panel for d = 0.1, right panel
for d=—0.1.
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Fi1G. 2. Continuation diagrams w.r.t. € with stability regions (solid = stable; dashed = unsta-
ble) and solutions at designated points. The two different zeroes of Vg give rise to two different
continuation curves (blue and green). Top panels: d=0.1, { =3.7. Bottom panels: d=—0.1, { =4.5
with zoom (middle panel) of the continuation curve near the starting point.

of Figure 2). In our example the map o — Veg(c) :=Re [7_iV(z + 0)u(¢§ do has two
zeroes in the periodic domain T, denoted by oy and ;. Since, moreover, ug is even
and consequently ug, ¢f are odd, we see that the effective potential Vg is also even,
and hence og = —oy. Thus, continuation in € works for the starting point uo(- — og)
(blue curve) and ug(- + 0¢) (green curve) with g < 0. As predicted from Theorem 8,
locally on one side of € = 0 we have stable solutions, and on the other side we have
unstable solutions. On the top and bottom right panels of Figure 2 we see the graph
of |u|? for several solutions on the continuation diagram. The top left panel and the
bottom middle panel indicate that the e-continuation curves meet all other nontrivial
points (C for d=0.1 and A, C for d=—0.1) at ¢ =0 from Figure 1.

In Figure 3 we show the starting solutions ug(z — 0g) and ug(z — o1) together
with the potential V(x). Here the zeroes og < 0 < o7 of the effective potential Vog are
shown as blue and green dots, and we already observed o¢g = —o1 due to the evenness
of both V and V.g. Since ug is sufficiently strongly localized, the zeroes of Vg are
well approximated by the zeroes of V| and the starting solutions are thus centered
near the zeroes of V. Therefore, by applying Remark 14, we see that slope of V at
the center of the soliton being positive in the blue bifurcation point indicates that the
e-continuation will be stable for € > 0 and unstable for € < 0. The stability behavior
is exactly opposite for the green bifurcation point. The stability considerations are
valid both for d=0.1 and d = —0.1.

Finally, let us illustrate the spectral stability properties of the e-continuations
in Figure 4. For € = 0, in the left panel we see the spectrum of the linearization
around ug, with most of spectrum having real part —1 due to damping p = 1 and
the remaining part of the spectrum in the left half plane together with the zero
eigenvalue caused by shift-invariance. Now we consider how the critical eigenvalue
behaves when e varies. We do this for the case where the starting soliton sits at a
zero of Veg with positive slope; cf. blue bifurcation point in Figure 3. As predicted,
the critical eigenvalue moves into the complex left half plane for € > 0, rendering the
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Fi1G. 3. Top row: d = 0.1, bottom row: d = —0.1. Left panels: starting solutions ug(x — og)
together with V(x) and negative zero oo of Veg (blue dot). Stability for € > 0, instability for e <O0.
Right panels: starting solutions uo(x + oo) together with V(x) and positive zero o1 = —og of Veg
(green dot). Stability for € <0, instability for e > 0.
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Fic. 4. Top: d = 0.1, bottom: d = —0.1. Left: spectrum for e = 0. Right: critical eigenvalue
Xo(g) together with —V'(oo)e as functions of .

e-continuations stable. Since the starting solitons are sufficiently localized, —V’(o¢)
predicts well the slope of the critical eigenvalue; cf. Lemma 18 and Remark 14.

4. Proof of the existence result. Theorem 3 will be proved via Lyapunov—
Schmidt reduction and the implicit function theorem. Fix the values of d,(, u, and
fo. Let ug € H3,.([—,7],C) be a nondegenerate solution of (1.4) for e =0, and recall

that, for o € R, its shifted copy uq(x) := ug(x — o) is also a solution of (1.4) for e = 0.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/05/24 to 130.113.109.110 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

3688 L. BENGEL, D. PELINOVSKY, AND W. REICHEL

Proof of Theorem 3. We seek solutions u of (1.4) of the form

u=u, +v, (v,ul)pz=0, ve€ Hﬁer([—ﬂ,ﬂ'],C).
Inserting it into (1.4), we obtain the following equation for the correction term v:
(4.1) Ly,v+ieV(u, +v") = N(v,0)=0, (v,ul)rz=0,
with nonlinearity given by
N(v,0) = 4,0 + 2u, v + |v[?0.

The nonlinearity is a sum of quadratic and cubic terms in v. Since HJ, is a Banach

algebra, it is clear that, for every R > 0, there exists Cr > 0 such that
(4.2) IN(v,0)|lr2 < Crlvll3= for every ve HZ: ||v]lg2 < R.
Moreover, since V € L, it follows that

iV (ug + 0Lz < [el V]| L [t + vl a2

Next we solve (4.1) according to the Lyapunov-Schmidt reduction method. Define
the orthogonal projections

P,:L? »span{u.} C L?, Q,:L*—span{¢:}*+ C L?

onto ker Ly, and (ker L}, )* = span{¢}}* = rangeL,,, , respectively. Then (4.1) can
be decomposed into a nonsingular and singular equation

(4.3) Qo (Lu, (I = Po)v +ieV (ug +v') = N(v,0)) =0,
(4.4) (ieVul ,¢%) 2 + (ieVv' — N(v,0),¢%) 2 =0,
(4.5) (v,ul Y2 =0.

Notice that the linear part Q,L,, (I — P,) in (4.3) is invertible between the o-
dependent subspaces (ker L, )* and rangeL,, . Therefore, the implicit function the-
orem cannot be applied directly to solve (4.3). However, (4.3) together with the
orthogonality condition (4.5) is equivalent to F'(v,e,0) =0 with

F(v,e,0) = Qo (Lu, (I - Py)v +ieV(u; +v') = N(v,0)) + ¢ (v, ug) L2
and F: H2,([-7,7],C) x R x R — L?([~7,n],C). Here the added term ¢ (v,ul )z

per
enforces v L . For any fixed oy € R, we have F(0,0,00) =0. Since

DyF(0,0,00)¢ = Lu, © + b5 (@5 gy ) L2

is an isomorphism from chr to L?, we can apply the implicit function theorem,
which gives the existence of a smooth function v = wv(e,0) solving the problem
F(v(e,0),e,0) = 0 for (¢,0) in a neighborhood of (0,00). Moreover from the defi-

nition of F', we see that F(0,0,0) =0 so that v(0,0) =0, which implies the bound
(4.6) [v(e, o)z < Clel

for (¢,0) close to (0,0¢). As a consequence, ||v'(g,0)||L2 < Cle|, where v/(e, o) denotes
the derivative of v with respect to x. Inserting v(e, o) into the singular equation (4.4),
we end up with the two-dimensional problem

fle,0):=({eVul,¢t) 2 + (ieV'(e,0) — N(v(e,0),0),¢%) 2 =0.
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To find nontrivial solutions, let us define the C'-function

~ _Jetf(e0), e#£0,
f(g’o)'_{asf(o,a), c=0.

By (4.2), (4.6), and our assumption on the effective potential Veg, there exists g € R
such that

f(0,00) = Vg, d5 )02 = Re/ iV(x)ugoézodac = Vert(09) =0

—T

and

=Vig(o0) #0.

g=0(

00 £(0,00) = Dy (Vi 65) 2, = O Re / iV (2, §rdz

—T

Hence the implicit function theorem can be applied to the problem f (e,0) =0 and
yields a curve of unique nontrivial solutions o = o (¢) to the singular equation f(g,0) =
0 such that o(0) = 0g. Finally we conclude that u(e) =ug(- — o(€)) + v(e,0(¢)) solves
(1.4) for small e. |

5. Proof of the stability result. In this section we will find the condition
when the stationary solutions obtained in Theorem 3 as a continuation of a stable
solution ug of the LLE (1.1) are spectrally stable against co-periodic perturbations in
the perturbed LLE (1.3). Moreover, we prove the nonlinear asymptotic stability of
stationary spectrally stable solutions.

5.1. Preliminary notes. For our stability analysis we consider (1.3) as a 2-
dimensional system by decomposing the function v = u; +ius into a real and imaginary
part. This leads us to the system of dynamical equations

(5.1) Oy = —dd2ug + eV (2)0pur + Cug — puy — (ud +u3)us + fo,
‘ Opug = dO2uy + eV (2)Opug — Cur — pug + (u3 + ud)uq,

equipped with the 27-periodic boundary condition on R. The spectral problem asso-
ciated to the nonlinear system (5.1) can be written as

Ly.v=Mv, AeC, wveH?

per

([_77777]7(:) x ngr([_ﬂ-vﬂ']v(c)a

and the linearized operator f/uvg is given by (2.2). Note that the operator A, in the
decomposition (2.2) is self-adjoint on L?([—m,n],C) x L*([—m,7],C), and L, is a
Fredholm operator of index 0. Moreover we see that if ug is a nondegenerate solution
of (1.4) for e =0, then the following relations for the linearized operators are true:

ker Zuo,o =span{ug}, ker z;mo = span{J¢; },

where the vectors uj = (ugy, upy) and ¢y = (41, Pge) are obtained from wuf = ug; +
iug, and ¢f = ¢f; + ipde. We recall that (uf, Jg)r2z = 1 due to normalization;
cf. Remark 6.
Finally we observe that since the embedding
H ([—71',71'],@) x H? ([—7‘(’,71'],@) — LQ([_W77T]7(C) X LQ([—TF,TF],(C)

per per
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is compact, the linearization has compact resolvents, and thus the spectrum of Eu)s
consists of isolated eigenvalues with finite multiplicity where the only possible accu-
mulation point is at co. In the following we will use the spaces

H2 ([771'77(]7@) ::Xa Hl ([77777}7((:) ::Y7 L2([77r’7r]’(j) =:Z.

per per

The proofs of both Theorem 8 and Theorem 9 rely on the next lemma for the lin-
earized operator L, ) ., where u(¢) lies on the solution branch of Theorem 3, and ]
is small. The lemma gives spectral bounds for eigenvalues with large imaginary parts
together with a uniform resolvent estimate. The proof is presented in section 5.4.

LEMMA 16. Denote Ay« := {A € C : Re(A) > 0,|Im(\)| > A\*}. Given g1 > 0
sufficiently small, there exists \* >0 such that we have the uniform resolvent bound

sup (AL = Luyeye) "z rz < o0
AEA +

for all € € [—e1,e1].

Remark 17. The uniformity of the resolvent estimate on the imaginary axis allows
us to sharpen the above result as follows. If we define S as the supremum from
Lemma 16 and let 0 <4 < 1/5, then the estimate

sup ”()‘I - zu(s),s)_lnLQHL2 < o0
AEA\x—0

holds. This follows from taking inverses in the identity

(()‘ - 6)1 - Eu(s) 6) = ()‘I - Eu(s) 6)(I - 6()‘1 - Zu(e),e)_l)'

5.2. Proof of Theorem 8. For A € C we study the spectral problem
(5.2) Lycv=Mv.

Since (1.4) has the translational symmetry in the case that e =0, we find

Lu)o’u,/ =0.

For € # 0, this symmetry is broken, and the zero eigenvalue is expected to move
into either the stable or unstable half plane. In our stability analysis, it is therefore
important to understand how the critical zero eigenvalue behaves along the bifurcating
solution branch given by (—e*,¢*) 3 ¢ = u(e) € X with u(0) = us,, where oy is a
simple zero of Vg as in Theorem 3. For the following calculations we will identify the
C-valued function u(e) : T — C with the R? vector-valued function u(e) : T — R? and,
understanding that the set of R? valued functions is a subset of the set of C? valued
functions, write this as u(e) € X x X.

We start with the tracking of the simple critical zero eigenvalue and set up the
equation for the perturbed eigenvalue Ao = A\p(g) which reads

Lu(s),sv<€) =X (E)U(E)'
After a possible rescaling we find that v(0) = u,, , and using regular perturbation
theory for simple eigenvalues, cf. [21, Proposition 1.7.2], the mapping (—&*,e*) 3 e —
Xo(g) € R is continuously differentiable. Our first goal is to derive a formula for A,(0).
If A\{(0) > 0, this means that the solutions u(e) for € > 0 are spectrally unstable. In

contrast, if A\j(0) < 0, the solutions u(e) for € > 0 are spectrally stable.
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LEMMA 18. Let e \o(g) be the C' parametrization of the perturbed zero eigen-
value. Then the following formula holds true:

Ap(0) = —/ V'(z)u,, - Jy, dr.

Proof. On the one hand, if we differentiate the equation
Eu(a),ev(g) = Ao (E)’U(c?)
with respect to € and evaluate at e =0, we find
(5.3) Lu,, 00:v(0) — INyul, + V(2)ul, = \)(0)ul,
where N, is given by

N, —9 3u00185u1(0) + UUOQaEUQ (0) ugolagug (0) + ugogﬁsul(O)
“ u00185u2(0) =+ ugogasul(O) ugolagul(()) + 3u00285u2 (0) ’

On the other hand, if we differentiate (1.4) with respect to € at e =0, then we obtain
Ly, 00-u(0) + V(z)u,, =0.
If we differentiate this equation with respect to x, we find
(5.4) ZUUO,O&:u’(O) + V(z)uy, + V'(z)u,, — JNyu, =0.
Combining (5.3) and (5.4) yields
Loy 0[0-0(0) — 00t/ (0)] = V' ()l = Ao (0)]

oo

Uog

Uog

and testing this equation with J¢, € ker EZ%,O, we obtain

T

- V/(x)ulo'o ! Jd):'o dx = _<V/(x)u;'0 ) J¢Z’0>L2 = )\6 (O) <u:70’ J¢Z’0>L2 = )\/0 (0)7

-7

which finishes the proof. 0

By Lemma 18 we can control the critical part of the spectrum close to the origin
along the bifurcating solution branch. In fact, using standard perturbation theory,
cf. [20], we know that all the eigenvalues of L, . depend continuously on the pa-
rameter €. However, this dependence is in general not uniform w.r.t. all eigenvalues,
so we have to make sure that no unstable spectrum occurs far from the origin. At
this point, it is worth mentioning that we have an a priori bound on the spectrum of
the form

I = A (u(e),e) >0 A€0(Ly).) = Re(A) <A\,

This bound follows from the Hille-Yosida Theorem since Zu(e),a generates a Cp-
semigroup on Z x Z; cf. Lemma 19 below. It can also be shown directly by testing the
eigenvalue problem with the corresponding eigenfunction and integration by parts. As
a conclusion, spectral stability holds if we can prove that there exists \* > 0 such that

(A eC:0<Re(N) < Ay, [Tm(N)| > X} C p(Lue) 2)-
This relation is shown as part of Lemma 16, and it is extended to the left of the
origin by the subsequent Remark 17. Since in any rectanglei)\ €C:—M <Re(N) <
A, [Im(A)] < X*} there are only finitely many eigenvalues of L) ., and they depend
(uniformly) continuously on &, our assumption (A2) on Zuo,o shows that none of these
eigenvalues (except possibly the critical one) can move into the right half plane if |¢] is

small. Therefore, only the movement of the critical eigenvalue determines the spectral
stability, and therefore Theorem 8 is true.
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5.3. Proof of Theorem 9. In order to prove nonlinear asymptotic stability of
stationary solutions of (5.1), it is enough to show exponential stability of the semi-
group of the linearization in Y x Y; see, e.g., [5]. For the proof of Theorem 9 we will
show the following three steps:

(i) Prove that L) is the generator of a Cy-semigroup on Z x Z.

(ii) Show exponential decay of (e"u©).<");~¢ in Z x Z.

(iii) Show exponential decay of (elu.t);50in Y x Y.

For step (i), we establish the generator properties of the linearization in Z x Z.

LEMMA 19. The operator Eu(e)E generates a Cy-semigroup on Z X Z.

Proof. We split the operator into

Lu(s),s =Li+ Ly + Ls,

where Iy : X X X - Z X Z, Lo: Y XY - ZxZ, and Ly : Z X Z — Z X Z are

defined by
3 (@1) . (—dso’z’ —us01>
P2 dey — pp2 )7
o el
Lop:=eV(a)e' — |V ]|,
and

Ls (so) (S e = 2w ¢ (6 4 3u3) <so) .
P2 3 +ud BV e 4 2uius ) \ g2

We will show that

(i) Ly generates a contraction semigroup.

(ii) Lo is dissipative and bounded relative to Lj.

(iii) Ls is a bounded operator on Z x Z.
By using the semigroup theory, this will prove that the sum Li + Ly + L3 is the
generator of a Cy-semigroup on Z X Z.

Part (i): It follows that Re(Lip, )2 = —pull¢||3. <0 for every ¢ € X x X, and
Al — Ly is invertible for every A > 0, which can be seen using Fourier transform. By
the Lumer—Phillips Theorem we find that L; generates a contraction semigroup on
ZxZ.

Part (ii): We have to show that

VoeY xY: Re(Llap,p)r2<0
and
Va>0,3b>0: ||Lap|lr2 <allLipllrz +b|lellrz Ve X x X.

Let ¢ = (¢1,p2) €Y x Y, and observe that integration by parts yields

T _ _ €
Re [ eV (@)(ehon + o) — SV ool

T e €
= [ —5v@lel - Eivislepas <o
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which shows that Ly is dissipative. Further, if ¢ € X x X, then for every a > 0
we have

el

leve — v sl
le]
<lellVilz=lle' ez + SNV |zl 22
< Vv " Ll Vv lel Vv’
<JelalVllo~ ez + Vo~ ez + 1V o~ o2
lela ap 1 1.,
<yl W 2V WV e + =V || oo ,
< WVl Ealie+ 1o ( (5 + 35 ) IVilem + 51V ) el

where we used the inequality
1
Ve X x X, Va>0: l¢'l|e2 <all”|lrz + llella-

Hence, by the dissipative perturbation theorem, cf. Chapter ITI, Theorem 2.7 in [9], for
generators, the operator Ly + Lo : X x X — Z X Z generates a contraction semigroup.

Part (iii): It follows that L3 is bounded on Z x Z. Then the bounded perturbation
theorem for generators, cf. Chapter III, Theorem 1.3 in [9], yields that L. =
L1+ Lo + L3 generates a Cy-semigroup on Z X Z as desired. 0

Remark 20. Using similar arguments, one can show that Eu(E%E is the generator
of a Cy-semigroup on Y x Y.

For step (ii), we use a characterization of exponential decay of semigroups in
Hilbert spaces known as the Gearhart—Greiner—Priiss Theorem; cf. Chapter V, The-
orem 1.11 in [9].

THEOREM 21 (Gearhart—Greiner—Priiss Theorem). Let L be the generator of a
Co-semigroup (eLt);>o on a complex Hilbert space H. Then (e™);>q is exponentially
stable in H if and only if

{AeC:Re(\)>0}Cp(L) and sup ||(AM —L) gy < oo.
ReA>0

By the assumption of Theorem 9, spectral stability of the solution u(e) is guar-
anteed, and we are left with the proof of the uniform resolvent estimate on {\ €
C : Re()\) > 0}. Using Lemma 16, we find A\* > 1 such that (Al — Lu@’a)‘1 is
uniformly bounded on the set Ay« for sufficiently small . Moreover, since Ly (), is
the generator of a Cp-semigroup on the state-space Z x Z, the Hille-Yosida Theorem
ensures a uniform bound of the resolvent on {\ € C: Re()) > A} for some constant
A« > 0. From the fact that A — (A — Lu(g),s)*1 is a meromorphic function with
no poles in {A € C: Re(\) > 0}, the resolvent is uniformly bounded on compact
subsets of C in {A € C: Re(A) > 0}. Thus, we can conclude that L, . satisfies the
Gearhart—Greiner—Priiss resolvent bound, and exponential stability in Z x Z follows.

Finally, for step (iii), we will interpolate the decay estimate between the spaces
Z x Z and X x X. To do so, we have to establish bounds in X x X, which is done
in the next lemma. The interpolation argument is then in the spirit of Lemma 5 in
[34] and will also lead to decay estimates in the more general interpolation spaces
H3,. x H, for s€[0,2].

per per

LEMMA 22. For any s € [0,2] and sufficiently small €, the semigroup (ezu(s%at)tzo
has exponential decay in Hy, ([=m,7],C) x Hj, ([-7,7],C); i.e., there exist Cs >0
such that
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leZe@ < ey e < Cie™™  for t >0,

where —n < 0 is the previously established growth bound of the semigroup in Z X Z.

Proof. We consider only the case d > 0, since the other case can be shown by
rewriting JA, as —J(—A,) and using the same arguments as presented below. If
d > 0, the operator A, +~I is positive and self-adjoint provided v > 0 is sufficiently
large. Hence, for z € C, we can define the complex powers by

(Aye) +I)*v :/ NdEyv, for vedom(A,u(e)+~I)?,
0
with domain given by
o
dom(A, () +71)* = {’u €Z X Z:|(Aue) +7I)* |72 :/ ARz Byl < oo}
0

and where F for A € R is the family of self-adjoint spectral projections associated to
Ay(e) +vI. Note that for § € [0,1], the relation

dom(Au(E) + "YI)O = H20 ([7’”7 ﬂ]v (C) X Hng([77T7 ’/T]a C)

per

is true, cf. [23] Theorem 4.36, and further, for any r € R, the operator (Ay.) + yI)ir
is unitary on Z x Z. If =0, 1, we will show that there exists Cy > 0 such that

VreR,VE>0,YweX x X, ||[(Augey + D) T eluer by 12 < Cope ™ ||v| 20,
which implies
VreR,Vt>0,¥0€(0,1), Voe X x X : || (Au(g)ﬂf)“”efws»stvHm <O ||| g2o,
by complex interpolation; cf. [23] Theorem 2.7. In particular, we see that
lePw@ || ey g < Ca™*Cie ™,

which is precisely our claim. The estimate for § = 0 has already been shown in
the preceding discussion, so it remains for us to check the estimate for # = 1. Let
v € X x X and observe that
[(Aue) + D) el @t L2 = [|(Ay(e) +7T)e" @ ="v| 2
= (L) e + Iy + (1 — eV (2)8;))e @ o] 12
< fle™ @' Ly 0]l 2 + Clle™ @< o] 2
+ e[|V Lo [[0zem @ "] 2
< Ce™™ || Ly evlp2 + Ce™ vl 2
+ el [V ]| oo [l o] 1
< Ce M||v|| g2 + |e|CleF @ to|| g2,
which yields ||(Aye) + 'yI)l+i’“eZu(6>=stv||Lz < Ce "||v| g2 if € is sufficiently small
because of the norm equivalence ||v|| g2 ~ [[(Ay@e) + )V 2. d

In particular Lemma 22 establishes exponential stability of the linearization in
Y x Y; thus we have proved Theorem 9.
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5.4. Proof of Lemma 16. The uniform resolvent estimate is proved if we can
find a constant C' > 0 independent of A € Ay« such that

(5.5) Vo eX x X: [[(A = Lyg))ellre > Cllepllze.

In order to simplify the situation, let us introduce the rotation on Z x Z as follows:

©1 cosf sinf\ (1
R = .
V2 —sinf cosf ) \ po

with spatially varying angular 0(z) = 55 ffﬁ [V (y) — Vi]dy, where Vi = = " V(y)dy
is the mean of the potential V. Since R is an isometry on Z x Z, the resolvent estimate
(5.5) is equivalent to

Yo €X x X1 [[(M = RLy@) R )@llr2 > Cllepllze,

where we note that a(zu(a))s) = J(Rzu(a))ER‘l). The advantage of considering the
operator RLU(E)’ER_1 becomes clear if we calculate

RZU(E),ER_l = JAu(s),s,V - I(/j, - 5V08z>7
where the operator Au(e),s,\/ is given by

i (—dO2+ Wy W+ Wy
WV W, — Wy —dd2 + Wy
with potentials
W1 = ¢ + cos? U, + 2 cos 0 sin OUs + sin? U5 + do'? — ed'v,
Wy = (cos? 0 — sin? )Uy + cos 0sin (Us — Uy),
Wy = ( +sin 0U; — 2 cosfsin Uy + cos? OU; + d'> — e0'V,
Wy =do"”
and functions
Up=—(3u3(e) + u(e)), Uy = —2uy()ug(e), Us = —(u2(g) + 3u(e)).

Clearly, the first-order derivative is now multiplied by a constant instead of a spatially
varying potential which will be used in the following calculations. We also note that
the functions W; € X, ¢ = 1,2,3 depend upon the solution v and the potential V,
whereas W4 € X only depends upon the potential V. For the proof of the resolvent
estimate, we use techniques presented in [34], where the authors construct resolvents
for the unperturbed LLE (1.1).

We need the following proposition, which is Lemma 4 in [34].

PROPOSITION 23. Let d # 0 and p > 0. Then there exists A* > 0 depending on
d and p with the property that for all w > \* there is at most one ko = ko(w, ) € N
such that

w > |d?ks + p? — W
For all other k € Z\ {£ko(w, )} we have

|2 k* + p? — w?| > Tlo max{d?k?,w}*/2.

Moreover, we find ko(w, 1) = O(w'/?) as w— co.
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Now we can start to construct and bound the resolvent. By the Hille-Yosida
Theorem, a uniform resolvent estimate holds whenever Re ) is sufficiently large. It
therefore remains for us to consider A = § + iw € Ay~ for some \* > 0 and § > 0
on a compact set. Since § replaces p in AI — Ly ). by p+ 6, and the estimates of
Proposition 23 hold for any g > 0 on a compact set, it suffices for us to prove the
uniform estimates for 6 = 0. For now, we do not specify the value of \*, since this
will be done a posteriori. More precisely, we will choose \* such that the conditions
(5.8), (5.9), (5.10), (5.16), which we derive below, are all satisfied. We can restrict to
the case w > \*, since the proof for w < —\* follows from symmetries of the spectral
problem under complex conjugation. For v € X x X we define

(5.6) (M = RLyo) R Ww=peZxZ

and show that there exist bounded operators 77 and 75 on Z X Z depending on A,
with norms satisfying |7 ||z2— 2 = O(w™"?) and ||T5||z2— 2 = O(1) as w — oo such
that (5.6) implies

(5.7) (I +Ty)v = Totp.

If \* is sufficiently large such that

1
(5.8) Vw> A" [[Tiz2sre < 2

we then deduce that I+71 is a small perturbation of the identity and hence invertible

with norm uniformly bounded in A, which is our claim. Therefore, it remains for us
to show (5.7). We introduce the matrix-valued potential

W= Wi Wa+ Wy
T A\W, =W, W3

in order to write
A = RLy(oy R =iwl — J(—d02? + W) + I (1 — £Vody).

Now, let A=A — Rzu(e),ERfl +JW, and observe that Av(z) =), ., ApvpelF® with
v(z) =3,z 0re™ and Fourier multiplier

i —dk? —ieVok 0
Ap= Al 4 A2 (W 0 ).
k= At A <dk2 wru) T 0 itk

The inverse of A}, is given by

(Ay-to 1 (lwtn dk?
k det(AL) \ —dk? iw+p)’

and by Proposition 23 there exists at most one ko = ko(w, 1) € N such that

(5.9) w > |d%kg + p? — W?|
and
1
5.10 det(AL)| > [d*k* + 4 — w?| > — max{d®k?,w 3/2 for all k # +k
b 10
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provided that \* is sufficiently large. Thus A} is invertible with bound ||(A}) ™! ||cex2 <
C/max{w'/?|k|} for all k # +ko. Using again Proposition 23, we have the asymptotic
ko = ko(w) = O(w'/?) as w — co. Consequently, if |¢| is sufficiently small, then
Ay = AL(I + (AL)71A2), k # +ky, is also invertible with the bound [|(Ax) ™ !|c2x2 =
O(w™/?) as w — oo. Next, for the above kg € N, we introduce the orthogonal
projections P,Q,(Q1,Q2:Z X Z — Z x Z as follows:

Qv =0y, Qav = _p,e 0
and
Q=Qi+Qx P=1-0Q.
This allows us to decompose (5.6) as follows:

(5.11) PAPv — PJWv = Py,
(5.12) QAQu — QIWv = Q4.

From the preceding arguments we find

I(PAP) Y| prasprz = Ow™/?) as w — o,
which implies that (5.11) is equivalent to
(5.13) Pv— (PAP)"'PJWwv = (PAP) ' P

with bound |[(PAP) " *PJW||12_ > = O(w™/?) as w — occ.
Next we investigate (5.12), which we decompose a second time to find

(5.14) Q1AQ1v — Q1 JWQ1v — Q1IW Qv — Qi JWPv =Q1,
(5.15) Q2AQ2v — Q2 JWQ1v — Qa2 JW Qv — Qo JW Pv = Q2.

Both equations can be handled similarly, and thus we focus on the first one. Using
(5.13), we can write (5.14) as

[Q1AQ — Q1IWQ1|v — Q1IJWQav — QuJW (PAP) ' PJWw
=Q1JW(PAP) "4 + Q1.

The operator B := Q1 AQ1 — Q1 JW Q) acts like a Fourier multiplier on range ), with
matrix

B — (i(w — eVoko) 4 p — gWQ)O + (Wa)o R —dkg — (W§)0 R )
ko dk8+(W1)0 i(w—&%ko)+ﬂ+(Wg)o+(W4)o ’

and we observe that
|det(Bg, )| > |Tm det(By, )| = 2|w — eVoko |11+ (Wa)o| ~ w
since kg = O(w'/?). This means that we find \* > 1 such that
(5.16) Yw > A": By, is invertible with ||B,;)1H(czx2 =0(1) as w — o0,
and thus the same holds for the operator B. Inverting B yields

Qv—B Q1 IWQa+QJW(PAP) *PIW]v=B~'Q,JW (PAP) ' Py+B~'Q:,
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and since we have W; € Y for i = 1,2,3,4 we can exploit decay of the Fourier-
coefficients

- C

to bound Q1JWQov = (JW)gkO@,koeikO('):
1Q1IW Qs r2— 2 = O(ko(w, 1)~ 1) = O(w™?) as w — .
Finally from the bounds of the first part, we infer that

Q1JW (PAP) *PJW || 12,12 = O(w™?) as w— oo,
1QIW (PAP) ™| 12y 12 = O(w™/?) as w — o0,

and as a conclusion we arrive at (5.7) which is all we had to prove.

Appendix A. Derivation of the perturbed LLE. The following is a deriva-
tion of the perturbed LLE (1.3) from the dual laser pump equation (1.2). We start
by taking a solution u = u(z,t) of (1.2). Jumping in a moving coordinate system, we
set @(x,t) =u(kix — 11t,t) and find that 4 satisfies

(A1) 10,1 — i1 D¢t = —dk; OF 0+ (—ip+ Q)i — |a|* @ +ifo +if1e’,

where £ := kjx — v1t. Next, using the approximation arctans = s for |s| small, we
ﬁnda for |f0| > |f1|7 that

i€ _ 2 o iarctan f1SnE iflsine
Jo+ fries=1/f5+2foficos{ + fie ToFfieos€ x5 foe fo "7,

Inserting this into (A.1) we find that approximately the following equation holds for a:

1
(A.2) 10y — i1 0t = —dk}OF0 + (—ip + )i — @@ + ifoe 7o *"°.
S
This suggests setting u(£,t) = w({,t)elﬁbm& so that w solves
iow = —dk%@?w + (iul — i2d/€%% cos §) Ocw
0
. bil off o, oafi 2 :
+ | —ip+ ¢ —v1 7 cosé + dki =5 cos® { +idki ——siné [ w — |w|*w +ifo.
fO fo fO
=:(§)

Using | f1]| < | fo| we see that the term a(€) is much smaller than —ip+ ¢ for physically
relevant (normalized) values of = O(1) and ¢ between O(1) and O(10). Neglecting
a(§), we arrive at

i0yw = —dki 0w + 1 V1—2dk%%cos£ dew + (—ip+ QOw — |wPw +ifo,
0

=V(¢)

which is our target equation (1.3) in the case e =1 and with d replaced by dk?.
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Appendix B. Stability criterion for solitary waves in the limit of small
p. The stability criterion of Theorem 8 becomes more explicit in the limit p — 0+
for solitary waves on R for the focusing case d > 0. We thus consider the stationary
LLE in the form

(B.1) —du” + (¢ —ip)u — |ul?u+ipfo =0, zeR.

Here both the pumping term iufy and the dissipative term —ipyu are small and of
equal order in p. When p is small, the solution can be expanded asymptotically as

(B.2) w=u" + pu + O(1?).

Here u(?) is the solitary wave of the nonlinear Schrédinger equation which exists if
d>0 and u) is found from the linear inhomogeneous equation

(B.3) (—=dd? + ¢ —2[uP?)u® — (u)2a® =iy © —if,.

By using the vector form with « = u; +ius and the notation from (2.2), we can rewrite
(B.3) in the form JA, o u™ =u(® 4 fy. Recall that

ker L, =span{u'}, ker L’ =span{J¢*},
according to Assumption (A2), which implies that
JAU = pu’, JAP = —pug”.

Inserting expansion (B.2) into the operator A, and using expansions for the eigen-
functions u’ and ¢* in powers of u up to the order of O(u), one can derive that

u'= (@) + p(u) +O(?),
¢ =C [@®) + plu®y + 200+ 0(2)].
where v(1) is a solution of the linear inhomogeneous equation JA, v = —(u®),

and the constant C' = C(u) € C is found from the normalization condition (', J¢™) 2
= 1. The solution of JA,wv™® = —(u(®)" on the line R is available explicitly:

1
vV = —ﬁx(]u(o),

where (¥ (z) — 0 as |z| — oo exponentially fast in the case of solitary waves for
d > 0. This allows us to compute the following by using integration by parts:

(W, 36712 =C 2 [ 1607080 = 7ol Lt + 02|

[ ol + @yl + 00|
1

[~ 2@ + 02|

Normalization (v, J¢*) 2 =1 defines C' asymptotically as follows:

2d

C=——"0
plul® 7

[14+0(w)].
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The stability condition of Theorem 8 is expressed in terms of the sign of V/;(0o),
where oq is a simple root of Vog. The effective potential can now be written more
explicitly as

Ve (00) = (V (- + o0)u’, Jo™) 2
=¢ [ud‘l / 2V (@ + o) () ul” + ) uiV)dz + O (%)
R

1
@13

If Ve (00) =0, then the solitary wave of the stationary LLE (B.1) with small g # 0 is
uniquely continued in the perturbed equation for small £, and the unique continuation
is spectrally stable if V/z(0p) -€ > 0.

/R[xv’(x +00) + V(x4 00)]|u® [Pdz + O(u).
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Note Added in Proof. The code used for generating the figures in section 3 is
available at https://doi.org/10.5445/IR/1000155820.
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