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ON THE EXTINCTION OF MULTIPLE SHOCKS
IN SCALAR VISCOUS CONSERVATION LAWS

JEANNE LIN, DMITRY E. PELINOVSKY, AND BJORN DE RIJK

ABSTRACT. We are interested in the dynamics of interfaces, or zeros, of shock waves in
general scalar viscous conservation laws with a locally Lipschitz continuous flux function,
such as the modular Burgers’ equation. We prove that all interfaces coalesce within finite
time, leaving behind either a single interface or no interface at all. Our proof relies on
mass and energy estimates, regularization of the flux function, and an application of the
Sturm theorems on the number of zeros of solutions of parabolic problems. Our analysis
yields an explicit upper bound on the time of extinction in terms of the initial condition
and the flux function. Moreover, in the case of a smooth flux function, we characterize the
generic bifurcations arising at a coalescence event with and without the presence of odd
symmetry. We identify associated scaling laws describing the local interface dynamics
near collision. Finally, we present an extension of these results to the case of anti-shock
waves converging to asymptotic limits of opposite signs. Our analysis is corroborated by
numerical simulations in the modular Burgers’ equation and its regularizations.

1. INTRODUCTION

We consider shock and anti-shock waves with multiple interfaces in the scalar viscous
conservation law

Ut = Uy + f(U)a, t>0, z€R, u(t,x)EeR, (1.1)

where f: R — R is a locally Lipschitz continuous flux function. A classical example is
the viscous Burgers’ equation with f(u) = u?. Our regularity assumption on f allows for
nonsmooth choices such as f(u) = |ul, yielding the modular Burgers’ equation which has
been used to model inelastic dynamics of particles with piecewise interaction potentials [,
16] and whose behavior has been studied analytically and numerically in [9, [13], [T5].

Shock waves are solutions of (1.1)) with initial data ug(z) converging to nonzero as-
ymptotic limits ¢+ as * — 400, which satisfy ¢, # ¢_ and obey the Gel’fand-Oleinik
entropy condition

f(d)min) B f(Z) f(Qb_) B f(¢+)
> ) EAS ¢min7¢max ) 1.2
z— (,bmin ¢+ - (b* ( ) ( )
where we denote ¢, = min{¢_, ¢4} and ¢pax = max{é_, ¢, }. On the other hand, anti-
shock waves are solutions of ([1.1]) with initial data ug(x) converging to nonzero asymptotic
limits ¢4, which satisfy ¢, # ¢_ and do not fulfill the entropy condition ({1.2)).
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2 JEANNE LIN, DMITRY E. PELINOVSKY, AND BJORN DE RIJK

The Gel’fand-Oleinik entropy condition (1.2]) is consistent with the existence of travel-
ing shock waves, which are solutions of (1.1]) of the form wu(t,z) = ¢(x — ct), where ¢ € R
denotes the propagation speed and the profile ¢: R — R solves the scalar problem

0=de+c(d— o)+ f(9) — f(o-).

Here, the profile ¢(&) converges to the asymptotic limits ¢4 as & — +oo and the speed is
given by the Rankine-Hugoniot condition
6= (64 (1.3)
by — P
The traveling shock-wave solution u(t,z) = ¢(z — ct) defined for ¢_ # ¢, exists if and
only if the entropy condition (|1.2)) is fulfilled.

Traveling shock waves form an important class of asymptotic solutions of in
the sense that they serve as global attractors for shock waves. More precisely, for twice
continuously differentiable flux functions f, it has been proven in [4, 8] that any shock-
wave solution of the viscous conservation law converges as t — oo in both L!- and
L*>-norm to a traveling shock wave, which necessarily possesses the same asymptotic
limits ¢4 at do0.

We are interested in the temporal dynamics of zeros, so-called interfaces, for shock-
and anti-shock wave solutions of the viscous conservation law (I.1)). In our analysis we
distinguish between three classes of initial data ugy, where both ¢, and ¢_ are nonzero:

e Class I: uy(x) converges to asymptotic limits ¢+ of opposite signs as x — oo,

which obey the Gel’fand-Oleinik entropy condition (|1.2));
e Class II: ug(z) converges to asymptotic limits ¢4 of the same sign as x — F00;

e Class III: uy(x) converges to asymptotic limits ¢+ of opposite signs as x — oo,
which do not satisfy the entropy condition (|1.2]).

We note that solutions of with initial data of the class I are shock waves, whereas
solutions of with initial data of class III are anti-shock waves. Although solutions
of with initial data of class II can be either shock or anti-shock waves, it is not
necessary to distinguish between them in our analysis.

In addition to the above assumptions, we require that our initial datum wg is uniformly
continuous and bounded, and that ug — ¢+ is L'-integrable on R.. Then, by the com-
parison principle and standard parabolic regularity theory [10], the solution of with
initial condition ug stays bounded and is continuously differentiable for all positive times,
while maintaining its asymptotic limits ¢+ at +o0o. Nevertheless, if the flux function f
is not continuously differentiable, as in the case of the modular Burgers’ equation, the
second derivative of the solution of may be discontinuous [9].

The classical Sturm Theorems yield that in parabolic semilinear equations the number
of zeros of solutions is nonincreasing over time. Moreover, if at some time ¢, the solution
has an (isolated) multiple zero zy, then, in a sufficiently small neighborhood of z, the
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EXTINCTION OF MULTIPLE SHOCKS 3

number of zeros strictly decreases when ¢ passes through t,. We refer to [5] for a survey
on Sturm’s Theorems and their applications.

In this paper we study finite-time coalescence of interfaces. In preliminary work [13]
we showed that the evolution of odd shock waves with three symmetric interfaces in
the modular Burgers’ equation leads to a finite-time coalescence of these interfaces to a
single interface and we conjectured a scaling law for the local interface dynamics near the
collision event based on data fitting. In this work we extend these results to general viscous
conservation laws of the form and establish finite-time coalescence of interfaces for all
solutions with initial data of class I or II and thus, of all shock-wave solutions. Moreover,
we show that in the specific case of the modular Burgers’ equation, solutions with initial
data of class III, i.e. anti-shock waves, can also exhibit finite-time coalescence of interfaces.

For solutions of with initial data of class I, we establish that all interfaces must co-
alesce to a single interface within finite time. The argument generalizes the idea from [13]
and relies on a differential inequalities for the masses of u(t,z) — ¢, and u(t,x) — ¢—
measured with respect to the position of the interface, in combination with smooth ap-
proximation of the flux function and an application of the Sturm Theorem from [I]. Our
analysis yields an explicit upper bound on the time at which all interfaces have collapsed
to a single interface. We emphasize that although the results in [4], [§] imply that solutions
with initial data of class I converge in L'- and L*-norms to a traveling shock wave, which
must necessarily be strictly monotone and thus, has precisely a single interface, this is not
sufficient to conclude finite-time coalescence to a single interface because interfaces of the
solution might accumulate close to the interface of the associated traveling shock wave.

Initial data ug of class II can always be bounded from above or below by a smooth
function g, which satisfies @y(x) — Uy as © — £oo, where i, # 0 has the same sign
as ¢+. For twice continuously differentiable flux functions f, the finite-time extinction of
all interfaces of the solution u(t,-) of with initial condition g follows by evoking
the result from [4] that @(t,-) converges in L>°-norm to the constant state i, as t — occ.
Consequently, the comparison principle yields the finite-time extinction of interfaces of
the solution u(t,-) of with initial condition ug. Yet, the result in [4] does not provide
an explicit upper bound on the extinction time and does not readily apply to the current
setting of locally Lipschitz continuous flux functions. To extend the conclusion to our
setting, we apply a softer argument based on energy estimates, smooth approximation of
the flux function, conservation of mass and the Gagliardo-Nirenberg inequality to yield
an explicit upper bound on the time at which all interfaces of w(t,-), and thus, also of
u(t,-), have gone extinct, cf. Remark [3.6]

Whether solutions of with initial data of class III do exhibit finite-time coales-
cence of interfaces to a single interface is currently an open problem. Since the entropy
condition (|1.2)) is not fulfilled, there exists no traveling shock to which u(t, -) can converge
in norm as t — oo. To shed some light on this open question, we consider anti-shock
waves with initial data of class III in the modular Burgers’ equation with flux function
f(u) = |ul|. Our analysis indicates that, although all interfaces coalesce to a single inter-
face in this case, the anti-shock wave converges locally uniformly to 0 as t — oo suggesting
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4 JEANNE LIN, DMITRY E. PELINOVSKY, AND BJORN DE RIJK

that obtaining a result in general might be subtle or even false. Colloquially speaking,
since the solution profile can converge to 0 uniformly, locally near interfaces, diffusion
might be too weak to enforce coalescence of interfaces. In fact, recent results [6] imply
that the w-limit set (in the locally uniform topology induced by L2 (R)) of bounded
solutions of scalar viscous conservation laws can be complicated in the sense that
it can contain a solution that is neither a traveling shock nor a constant, underlining a

fundamental difference between shock waves and general bounded solutions of ([1.1)).

In addition to establishing finite-time coalescence of interfaces of shock and anti-shock
waves, we study the interface dynamics about a coalescence event in the case of a smooth
flux function f. If a coalescence event occurs for a solution u(t, z) of at some time
t =ty and point = = &, it must hold that wu,(to, &) = 0 and it follows from one of the
classical Sturm Theorems [I] that there exist 6 > 0 and a neighborhood U C R of &
such that for ¢ € (ty — 0, 1p), there are at least two interfaces in U and for t € (ty,to + 9),
there is at most one interface in U. Without the presence of additional symmetries, one
generically has ., (to,&) # 0. We show that in this situation a fold bifurcation occurs.
That is, there are precisely two interfaces & (t) < &(t) in U for t € (to — d,tp) and no
interfaces in U for ¢ € (o, to + J). Moreover, we obtain the scaling law

5172(75) — fo ~ £/ Q(to — t) as t — ta (14)
In the case of an odd reflection symmetry, we generically have u,.(ty,&) = 0 and
Uzzz(to, &) # 0. This leads to a pitchfork bifurcation, for which there are precisely three
interfaces & (t) < &(t) < &(t) in U for t € (to—0,tp) and exactly one interface £(t) remains
in U for t € (to,to + 0). We also identify the associated scaling laws

5172(25) — &] ~ £/ 6<t0 — t) as t — ta (15)
and
é(t) —&) NOé(to—t) as t — iy (].6)
for some a € R. We show that the conditions for a pitchfork bifurcation are satisfied in
the classical Burgers’ equation with flux function f(u) = u? for odd shock waves with
a single zero on (0,00). We note that the above results yield that the lower and upper
bounds in the Sturm Theorem [I, Theorem B| on the number of interfaces before and
after a coalescence event are sharp.

Finally, we corroborate our results with numerical simulations of the modular Burg-
ers’ equation. Our numerical approximations rely on a regularization of the modular
nonlinearity and employ an elementary finite-difference scheme. These numerical approx-
imations are different from those used in [I3], where the modular Burgers’ equation was
solved on a partition of a real line complemented with additional boundary conditions at
the interfaces. We study odd shock and anti-shock waves and observe finite-time coales-
cence of interfaces through a pitchfork bifurcation. In addition, the numerics confirms
the same scaling law for the interface extinction.

The derivation of scaling laws describing the interface dynamics near coalescence has
been addressed in other contexts as well and appeared to be challenging. In [2] a linear
inhomogeneous heat equation was considered as a simple model for oxygen diffusion. It
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EXTINCTION OF MULTIPLE SHOCKS 5

was suggested that the oxygen front (the interface) collapses according to the scaling law
(to—t)'/2. However, a more recent study in [I2] based on new numerical algorithms for the
time-dependent Stefan problem showed that the scaling law (o — t)*/2 is not accurate due
to an additional singularity as t — t;. Other interface models were studied in [I8] [19]
by means of matched asymptotic expansions in the context of a KPP equation with a
discontinuous cut-off in the reaction function.

We conjecture that the scaling laws (1.4), (1.5), and (|1.6) proven for smooth flux
functions remain true for locally Lipschitz continuous flux functions such as the modular
Burgers’ equation. However, this question remains open for future research.

This paper is organized as follows. In Section [2] we state well-posedness and approxi-
mation results for solutions of the viscous conservation law . Section [3|is devoted to
the analysis of finite-time coalescence of interfaces for solutions with initial data of class
I, II, and III. In Section [4] we analyze the fold and pitchfork bifurcations describing the
interface dynamics near coalescence events and derive associated scaling laws. Section
presents numerical simulations illustrating the pitchfork bifurcation for both shock and
anti-shock waves in a regularized version of the modular Burgers’ equation. Appendix [A]
contains the proofs of the well-posedness and approximation results of Section

Acknowledgements. J. Lin was supported by Stewart Research Scholarship of Mc-
Master University. D. E. Pelinovsky acknowledges the funding of this study provided by
the grant No. FSWE-2023-0004 and grant No. NSH-70.2022.1.5.

2. GLOBAL WELL-POSEDNESS AND APPROXIMATION

In this section we establish global well-posedness of uniformly continuous and bounded
solutions of the viscous conservation law ((1.1). We first consider smooth flux functions
J before studying the general case of a locally Lipschitz continuous flux function. We
show that by locally approximating the flux function f by a smooth function f, one can
approximate solutions u(t, -) of on any finite time interval by a solution (¢, -) of the
regularized problem

Uy = Ulgg + f(10),. (2.1)

Proofs of all results formulated in this section can be found in Appendix [A]

For smooth flux functions f € C*(R) local existence and uniqueness of classical
solutions of follow readily by standard regularity theory for parabolic semilinear
equations [I0]. The fact that obeys a comparison principle [14, [I7] then yields
global well-posedness. All in all, we establish the following result.

Lemma 2.1. Let f € C®(R) and uy € C(R). Let My = sup{up(z) : © € R} and
mo = inf{ug(z) : © € R}. There exists a unique smooth global classical solution

u € C([O7OO)> C&b(R)) n C<(07 OO>703b(R)) n Cl((oa OO),Cub(R)),
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of (1.1)) with initial condition u(0,-) = ug such that my < u(t,z) < My for all t > 0 and
z € R. Moreover, we have u € C*((0,00) x R,R) with dfu(t,-) € CL (R) fort >0 and
k1 e N,.

Next, we establish global well-posedness of solutions of (|1.1)) for locally Lipschitz
continuous flux functions f. In this case, classical solutions in the sense of Lemma [2.1
cannot always be expected. For instance, the modular Burgers’ equation with flux function
f(u) = |u| admits for any ¢; € R with ¢_ < 0 < ¢, a traveling shock-wave solution
u(t,z) = ¢(x — ct) converging to asymptotic limits ¢+ and propagating with speed

o= Oy + o
PR

whose profile

o) = (L—e M) £>0,

does lie in C'} (R), but not in C? (R). Therefore, we consider mild solutions of (I.1)),
which solve the associated integral equation

t
u(t,) = g + / 0y 509 f(u(s, -))ds, (2.2)
0

where u(0, ) = up € CL (R) denotes the initial condition.

Standard analytic semigroup theory in combination with the fact that f is locally
Lipschitz continuous yields local existence and uniqueness of solutions of in Cyp(R).
We note that it is important here to compose the derivative in (2.2]) with the semigroup
e%(=9) rather than applying it to the flux function f, since f’ is not necessarily locally
Lipschitz continuous. Global well-posedness follows by approximating the solution u(t, -)
of by the global classical solution @(t,-) of the regularized problem , where

f € C*(R) is a smooth local approximation of f. This leads to the following result.

Lemma 2.2. Let f: R — R be locally Lipschitz continuous and ug € CY (R). Let
My = sup{ug(z) : © € R} and mg = inf{ug(x) : © € R}. There exists a unique global
solution u € C([0,00), Cyp(R)) of such that mog < u(t,z) < My for allt > 0 and
x € R. Moreover, there exist constants dy,Co > 0 such that for each 6 € (0,dy) and
f € C®(R) satisfying

Sup{‘f(v) - f(v)‘ NS [mO,MO]} < 0,
the global classical solution
@ € C([0,00),Ci(R)) NC((0,00), Ca,(R)) N C((0, 00), Cyp(R)), (2.3)

of the regularized equation (2.1) with u(0,-) = wug, established in Lemma obeys the
estimates

mo <t ) < Mo, Ju(t,) — a(t, )|l < CodVA, (2.4)

163 for allt >0 and x € R.
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EXTINCTION OF MULTIPLE SHOCKS 7

Next, we approximate mild solutions of by solutions of the regularized equa-
tion in Cl,-norm rather than in Cy,-norm. The approximation in C-norm will
be used in the upcoming analysis to conclude that a single interface of the approximate
solution also yields a single interface of the original solution.

Lemma 2.3. Let f: R — R be locally Lipschitz continuous. Letu € C([0,00), Cl (R)) be
a global solution of with initial condition u(0) = uy € CL, (R). Set My = sup{ug(z) :
r € R} and mo = inf{ug(x) : © € R}. Let R, 7, > 0. There ezists 69 > 0 such that for
each 6 € (0,8) and f € C(R) satisfying

sup{’f(v) —f(v)| TvE [mo,Mo]} <0, sup{‘f’(v)‘ SvE [mO,MO]} <R,

the global classical solution (2.3) of the regularized equation (2.1)) with initial condition
@(0,-) = uog, established in Lemma [2.1], obeys the estimates
mo < a(tvx) < Moy sSup ||U(S, ) - a(57 ')HWLOO <§g, (25)
<

0<s<t

forz e R andt > 0.

We emphasize that Lemmal[2.3] in contrast to Lemma[2.2] is merely an approximation
result and does not imply the existence of a global mild solution in C', (R). This suffices
for our purposes because we only apply Lemma to establish finite-time coalescence
of interfaces for solutions of with initial data of class I, for which global existence
of a mild solution in C, (R) follows from a separate well-posedness result, which we will
formulate next.

In case of initial data of class I the entropy condition (|1.2]) yields the existence of
a traveling shock wave with the same limits at +co. We require that the difference
between the initial condition and the traveling shock wave is L!-integrable and show
that this integrability is maintained over time, which will be important for the mass and
energy estimates in the upcoming proofs establishing finite-time coalescence of interfaces
in § Moreover, by integrating the viscous conservation law we obtain global well-
posedness of mild solutions in C}, (R) rather than in Cy,(R).

Lemma 2.4. Let f: R — R be locally Lipschitz continuous and let ug € CL (R). Suppose
that there exist ¢,C € R and a solution ¢ € CL, (R) of the profile equation

0=¢e+cop+ f(op)+C.

Suppose ug—¢ is L*-integrable. Then, there exists a unique solution u € C ([0, 00), C}, (R))
of [2.2) such that u(t,-) — ¢ is L'-integrable for all t > 0.

3. FINITE-TIME COALESCENCE OF INTERFACES

Here we establish finite-time coalescence of interfaces for solutions u(t, -) of with
initial data u(0,-) = ug € C}, (R) of class I or II. We emphasize that solutions with such
initial data include all shock waves. On the other hand, anti-shock waves converging to
asymptotic limits of opposite signs are not included. We study finite-time coalescence of
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interfaces of this type of anti-shock waves at the end of this section in the specific setting
of the modular Burgers’ equation.

3.1. Solutions with initial data of class I. Observing that solutions wu(t,z) of
with initial data u(0,-) = uy € CL (R) of type I maintain their asymptotic limits ¢4 as
x — *oo for every t > 0 by Lemma [2.4] it readily follows that the solution possesses at
least one interface for all ¢ > 0 since ¢, and ¢_ have opposite signs. We establish that
all interfaces coalesce to a single one within finite time in this case.

Theorem 3.1. Let f: R — R be locally Lipschitz continuous and uy € C (R). Suppose
uo(z) converges to asymptotic limits ¢+ as x — +oo such that ¢ and ¢_ have opposite
signs and the Gel’fand-Oleinik entropy condition holds. Moreover, assume that
ug — ¢+ is L'-integrable on Ry and we have ug(r) € [min{¢_, ¢, }, max{p_, ¢, }] for all
v € R. Let u € C([0,00),CL(R)) be the global mild solution of (1.1)), established in
Lemma (2.4, Then, there exists a time T > 0 such that for all t > T the solution u(t,-)
possesses precisely one zero.

The proof of Theorem is based on ideas developed in [I3], where it is shown that
the interfaces of odd shock waves in the modular Burgers’ equation coalesce to a single
one within finite time. The analysis in [I3] relies on a differential inequality for the mass
measured with respect to the fixed interface at 0. Indeed, due to odd symmetry, 0 is
necessarily an interface of the shock wave for all time and must be the middle interface.

In the general setting considered here, without the presence of an odd symmetry,
interfaces are a priori not fixed, which suggests mass functions of the form

&2(t) 00
M= [t —odn M= [ o utm)dn @)
—o0 &a(t
where &(t) is an interface of u(t, -), which now depends on time. As in [I3] we aim to show
that the assumption that &;(¢) is an interface lying strictly in between two other interfaces
&1(1), &3(t) leads to a contradiction with certain inequalities obeyed by the mass functions
M, (t) and My(t). This then yields an explicit time 7" > 0 such that & (¢) < &(t) < &3(t)
cannot hold for t > T

To derive the desired inequalities for M (t) and Ms(t), a standard strategy is to differ-
entiate with respect to time (using the Leibniz’ integral rule) and use the equation (1.1)) to
express temporal derivatives of u(t,x). Yet, as mentioned in §, it cannot be expected in
the case of a locally Lipschitz continuous flux function f that u(t, z) is a classical solution
of , which is differentiable with respect to time and twice differentiable with respect
to space. In addition, even if the flux function f were smooth, the interface &»(t), being
a root of the C''-function u(t, ), is not necessarily differentiable. In fact, the upcoming
analysis in §4| shows that &(¢) may fail to be differentiable if two interfaces collide.

To address the first challenge we approximate the solution u(t, z) of (1.1)) by a classical
solution u(t, x) of the regularized problem (2.1)), where f is a smooth approximation of f
and u(t,-) has the same initial condition as u(t,-). We then aim to show that any three
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EXTINCTION OF MULTIPLE SHOCKS 9

interfaces &;(t) < &(t) < &(t) of a(t,-) coalesce to a single interface within finite time.
We address the second challenge by approximating ég(t) on a compact time interval by
a sequence of smooth approximations 527n<t). Thus, the mass functions with u(t, x)
replaced by (t,z) and &(t) by &, (t) are differentiable with respect to ¢ and we can
obtain the desired inequalities, which then yield that the interfaces &;(t), & (t) and &(t)
of u(t, x) coalesce to a single interface before an explicit time 7" > 0, which is independent
of the approximation function f.

The approximation of the flux f by a smooth function f introduces an additional
difficulty. Even with control on the norm |u(t,-) — (¢, -)||w1. through Lemma [2.3] the
fact that (¢, ) possesses a single interface is not sufficient to conclude that u(¢,-) has a
single interface because interfaces of u(¢,-) might accumulate close to the single interface
of u(t,-). We address this issue by bounding the derivative 0,4(t, ) at the interface away
from 0, precluding the accumulation of multiple interfaces of u(t,-) close to the single
interface of a(t,-).

We bound the derivative of (¢, -) away from 0 by considering a traveling shock-wave
solution Gy (t, 2) = t(z—ct) of (2.1)), which propagates at some speed ¢ € R and connects
asymptotic limits ¢. of opposite signs satisfying [1+| < |¢+|. Upon switching to a co-
moving frame, we may without loss of generality assume that ¢ = 0. We then show, with
the same methods as before, that all interfaces of the difference v(¢, ) = u(t, -) —v converge
to a single interface within finite time, see Figure [3.1] This then yields the desired lower
bound on ||0,u(t, )| L. Using that ||u(t,-) — @(t,-)||w1~ can be taken sufficiently small
by taking a better approximation f of f if necessary, we thus conclude that the solution
u(t,-) must have a single interface for ¢ > T, since the same holds for the approximation
a(t,-).

Before we proceed with the proof of Theorem .1 we first state the following tech-
nical lemma, which establishes a suitable smooth approximation f of the flux function
fin . Naturally, we require that f lies sufficiently close to f and its derivative is
well-behaved. Moreover, we wish that the regularized problem admits a traveling
shock-wave solution connecting the asymptotic states ¢, but also a traveling shock wave
with asymptotic limits ¢, of opposite signs lying in between ¢_ and ¢, see also Fig-
ure Without loss of generality, we can restrict to the case ¢ < 0 < ¢, and we
may assume f(¢,) = f(¢_) by replacing f(u) by f(u) + cu, where ¢ is given by the
Rankine-Hugoniot condition .

Lemma 3.2. Let f be locally Lipschitz continuous and let . € R with ¢_ < 0 < ¢.
Suppose that f(¢y) = f(o—) and the Gel’fand-Oleinik entropy condition

f(z) = f(¢+) <0, (3.2)

holds for all z € (¢-,¢4). Then, for each € (f(0), f(¢+)), there exists a constant
R > 0 such that for all § € (0,k — f(0)), there exist f € C*(R) and 1 € (¢p_, ¢) with
Y- < 0 <y such that the following assertions hold:
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b+

(/.

0

P

&i(t) &t

FIGURE 3.1. Left: the approximate shock-wave solution a(t,-) of
with asymptotic limits ¢, the traveling shock wave v with asymptotic
limits 15 and the interfaces & (t), &(t) and &;(t) of the difference v(t,-) =
a(t,-) — 1. In the proof of Theorem [3.1| we bound the shaded areas above
and below the graph of (¢, -) from below by the orange subareas. Right: the
smooth approximation f of the flux function f, established in Lemma .
One observes that the regularized problem admits a standing shock-
wave solution connecting the asymptotic limits ¢4 and one connecting the

asymptotic states 1., where ¢_ < ¥ <0 <Y, < ¢,.

i) For all z € (¢_, ¢4+) we have

Flor)=floo),  f(ox)#0.  f(2)— flox) <0 (3.3)
ii) For all z € (¢_,v,) it holds

f)=r="Ffwo), P #0,  fo) - flvs) <0 (34)
iii) For all z € [p—, 4| we have

’f(z) — f(z){ < 9, ‘f’(z)| < R. (3.5)

Proof. We first recall that, since f is locally Lipschitz continuous, Rademacher’s theo-
rem asserts that f is differentiable almost everywhere and its derivative f’ is essentially
bounded on each bounded interval. We denote

Ry = sup{[f'(u)] : u € [, 94}

Take 6 € (0,k — f(0)). Let ®: R — R be a mollifier with ||®|; = 1, ®(z) > 0 for
zr € (¢p_,¢4) and ®(x) = 0 for x € R\(¢_, ¢4). Set &,(x) = &(z/n)/n for n > 0. The
function g: R — R given by g(z) = min{f(z) + $, f(¢_)} is locally Lipschitz continuous.
Moreover, it holds |¢'(z)| < |f'(z)| for each x € [p_, ¢,]. Since g is continuous, it can
be approximated by the sequence g, := ®, * g of smooth functions. That is, there exists
1o > 0 such that

n(w) — o) < §
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for all u € [¢_, ¢4] and n € (0,7n9). By construction we have g,(x) < f(¢+) for all z € R
and 7 > 0. In addition, since g is constant in a neighborhood of ¢+ and it holds g; = ®,*¢’,
there exists 71 € (0,79) such that g,(¢+) = f(¢+) and |g;(u)| < ||P,[ 1Ry = Ry for all
n € (0,m]. We conclude that § = g, — ®/(4||®||«) is a smooth function which satisfies
G9(2) < g(o+) = f(py) for z € (¢—, ¢4). Moreover, it holds

5 36
19(u) = f(W)] < g (W) = g(w)[ + 7 +lg(u) = flu)| <,
and
» 0| ®"]| oo
U Rl )
Tl T G
for u € [¢—, p4].

Since we have §(0) < f(0)+6 < rk < f(¢+) = g(¢+), the open set g [{z ER : 2 < k}]
must contain an interval (¢_,¢,) with ¢_ < - < 0 < ¥, < ¢4 and G(vy) = kK =
g(v_). Hence, it holds g(z) < g(¢4) for z € (¢_,1). Finally, set d = ; min{¢, —
Yy, e, —_ b —¢p_} > 0 and let ¥: R — R be an even, smooth cut-off function
such that ¥(0) = 1, [|[V]|e < 1, ¥(z) > 0 for all z € (—d,d) and ¥U(z) = 0 for all
x € R\(—d,d). Recalling the properties of the function g, we conclude that for any
Ke, Ax €10,0/(4(¢p4+ — ¢_))], the smooth function

fl@) = §(z) = hi(z = ) U(z = ¢-) = A(z = ) U(z — ) + Az — ) W(z — ty)
+ Ki(z = ¢4)¥(z — d4),
satisfies , it holds
fo) =Flo-),  flox) =7 (0s) £rs, fl2) = fl92) <0
for all z € (¢_, ¢4 ), and we have

fW) =r=F@-), S =00 E A f(2) - flWe) < (3.6)
for all z € (¢—,1). Hence, choosing lii,/\i E [O 5/( (¢4 — ¢-))] in such a way that
f(¢2), f'(s) # 0, we find that f satisfies , and (| . O

Having established a suitable approximation f of the flux function f, we now provide
the proof of Theorem [3.1] following the outline sketched above.

Proof of Theorem [3.1. We consider the case ¢_ < 0 < ¢,. The case ¢y < 0 < ¢_ is
handled analogously. Clearly, the zeros (including their multiplicities) of u(t,-) are the
same as those of the translate u(t,- — ct) for any ¢ > 0. Thus, upon replacing f(u) b
f(u) + cu in (|1.1), where ¢ is given by , we may assume

f(o4) = fo-),
so that yields
f(2) = f(o4) = f(2) — f(o-) <O,
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for all z € (¢_, ). By continuity of f there exists > 0 such that for all z € [¢p_, p_ +
nlU[¢+ —n, ¢4] it holds

o> 101 10) o)

Note that since f(0) < f(¢+), we must have n < |¢+|. Since wug is continuous and
converges to ¢4 # 0 as x — £oo, the function ug — ¢ + 1 possesses a largest root £, and
ug — ¢_ — n possesses a smallest root €. We set

max{ [ uato) o) [ 6 wten e}
Fo) = 7(0)

We argue by contradiction and assume that there exists 7 > 7" such that u(r,-) has
at least two distinct zeros. Then, since u is continuously differentiable, there must exist
a zero xo of u(7,-) with u, (7, z¢) < 0. Fix £ > f(0) such that

f(0) + flg+)

(v = fO)7T < (flo-) = fO) (T =T), K< (3.9)

Denote by L > 0 the Lipschitz constant of f on [¢_,¢,] and let R > 0 be the constant
from Lemma [3.2| (which depends on k). Fix € > 0 such that

(L+2)e <k— f(0), (R+1)e <k — f(0), e < min{M,, m,}. (3.10)

Finally, let §g > 0 be the constant from Lemma (which depends on R, 7,e > 0) and
take 0 > 0 such that

T = > 0. (3.8)

s <minfsen— g0, o< 1OIED 6.11)

01 < (f(o-) = f(0)) (r = T) — (k= f(0))7,
which is possible by .

By Lemma [3.2] there exist f € C®(R) and ¢y € (¢_, d;) with ¢/ < 0 < ¢ satisfy-

ing (3.3), (3.4), and (3.5). Lemma[2.3] then yields a global classical solution (2.3)) of (2.1]
with initial condition @(0, -) = wg satisfying (2.5). Then, it must hold

Uy(r,20) <€, U7, 20)| < €. (3.12)

On the other hand, the mean value theorem implies

k= f(0) = f(ve) = f(0) < R|vyl.
Combining the latter with , and yields
ul 2 A0 Z8 1O

> - > e (3.13)
On the other hand (3.4)), (3.7)), and (3.9) imply
P F+n<P_ <0<y <odp—n. (3.14)
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By (3.3) and (3.4]) there exist heteroclinic solutions ¢(x) and ¢ (x) of the profile equa-

tions

0=¢¢+f(0) = f(9x), 0=+ [(¥) = f(¥s), (3.15)

respectively, converging exponentially to the asymptotic limits ¢+ and v, respectively,
as ¢ — F00. Since uy — ¢4 is L'-integrable on R4, so is uy — ¢. Therefore, Lemma
yields that a(t,-) — ¢ is L'-integrable for all ¢ > 0. We conclude that u(t,-) — ¢ is
L'-integrable on Ry for all ¢ > 0.

Using and , and the fact that ¢ (x) is strictly monotone and converges to
Yy as ¥ — +oo, there must exist a translate x; € R such that the point (zg, (7, x¢)) lies
on the graph of ¢ (- —xz1). Our aim is to show that the difference v(¢,-) = u(t, ) — (- —x1)
has only a single zero at ¢ = 7, which must lie at xy. This then leads to a contradiction

with (3.9), (3.11)), (3.10)), and (3.12)) by our choice of constants x, e and 9.

Upon replacing the traveling shock wave ¢ by its translate (- — z1), we may without
loss of generality assume z; = 0. We observe that

CAS C([()? OO>7 C&b(R» n C((O, OO)? Cﬁb(R)> N Cl ((07 OO), Cllb(R))7 (316)
is a global classical solution of the equation
UV = Ugg + f(?) +1)e — f(¢)x (3.17)

We can apply the Sturm theorem, [I, Theorem B], upon recasting (3.17) as the linear
parabolic equation

Uy = Uy + O(t, )V, + alt, z)v, (3.18)
with

bt,o) = Flo(ta) + bt a)),  alt,z) = do(t, o) L D) +v@ﬁ£x£— (@)

where we note that a, b,b,, and b, are bounded on the strip R x[0,s] for any s > 0
by (3.16), and the fact that f and ¢ and smooth. Applying [1, Theorem B] to (3.18)
yields that, if it holds v(to, &) = 0 = v.(to,&o) at some (o, &) € (0,00) x R, then there
exist 6 € (0,%p) and a neighborhood U C R of &, such that for ¢ € (to — 0, ty), there are
at least two zeros of v(t,-) in U and for t € (o, o + 0), there is at most one zero of v(t, -)
in U. Noting that v(¢, x) is continuously differentiable with respect to = and ¢, this leads
to two important observations. First, no new zeros of v(t,-) can form dynamically over
time. Second, multiple roots are isolated in R x (0, c0).

Now assume by contradiction that for all ¢ € [0, 7], there exist at least two zeros of
v(t,-). A consequence of the above two observations, the regularity of v(¢,-), and the fact
that v(t, ) converges to ¢+ — ¥y at 00 with ¢_ —9_ < 0 < ¢y — 1, is that there must
be three functions 517273 : [0, 7] — R which depend continuously on time such that it holds
E1(t) < &(t) < &(t), v(t,&(t) = 0 for i = 1,2,3, v(t,z) > 0 for all z € (£(t),&(t)),
v(t,z) < 0 for all z € (€(t),&(t)), and v,(t, & (t)) < 0 for all t € [0,7]. We note that

by (3.14]), it must hold £ < &(0) < &,
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Take a sequence {£;,},, of smooth functions converging uniformly in C([0, 7]) to & as
n — o0o. Define the masses

fQ,n(t)
Mya(t) = / (Wt 7) — 6+ )dw

Ea,n(t) Ea,n(t)
- / (alt, ) — 6 )da - / ($(z) — p_)dz,

—0o0

o= [ " t2) - 6o+ p_)do = / " it 2) - 6 )do / * @) — v,

—00

which are well-defined as a(t,-) — ¢_ and ) —1_ are L'-integrable on R_ for all ¢ > 0.
Applying the Leibniz’ rule, we find

M, (5) = &,0(5) (v(s. Ean(s)) — 6= + v )
+ /_in()<vm(s,x)+8m (Fo(s,2) + ot

— J
= 0, (&n(s) (005, Ganls) = 6 +0-) ) = Ganl5)0 ( (5.6
+ F(v(s,&0n(3)) + ¥(&n(s) — F(¥(&n(s)) — flo-

for s € (0, 7]. Integrating the latter from 0 to ¢ we obtain

()
20(5))) + (5, Ean(5))
)+ (o),

My (t) = M1n(0) + Ean(t) (0(t &2 (8)) = - + 1) = E20(0) (000, E2n(0)) = 6 + 1)
b [ (Eanls10. o5, Eun(oD)] + a5 an(6D)) s+ (F(0) = Fio)
b [ (FO05 ol + 006 (6D) = F(0(Ean(s) ) s,

for t € (0, 7]. Taking the limit n — oo, while recalling the regularity (3.16) of v(t,-) and
the fact that v,(&(s),s) < 0 for all s € [0, 7], we arrive at

Mi(t) = 1(0) = (&(t) = &0) (0 = v+ [ valssbats + (Fw) = flo0))
< M(0) + (&a(t) = &(0) (- — )+ (Fl) = Fo)) 1,

implying
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for t € [0,7]. On the other hand, since (¢, ) — ¢_ is nonnegative for all ¢ > 0 by ({2.5)),
it holds

&a(t) Ea(t)
[ ((z) - é_) de < / (@t z) — ¢_)de, (3.19)
&1(t) —o0

cf. Figure . Combining the latter two inequalities, while using &(0) < £, we obtain

€2(0) £2(0) - ~
L 0@ —ode< [ i) -6 + (F0) - fo))

1(1:) —00

&t
< [ fuolo) = 6-)dn + (£(0) = (@) e+ (s~ FO)) 45t

— 00

Inserting ¢ = 7 in the latter, applying (3.11]), and recalling (3.8)), we arrive at
£2(0)
/()@%ﬂ—édeéQﬂm—f@JNT—T%+W—f@DT+5T<0
&1(t
yielding 52(0) <& (1) < 52(7), since we have ¢(z) —¢_ >1_ —¢_ >0 for all z € R.

Similarly, we establish

£3(t) o - -
L @ vnars [ @+ (Fn) - fon)

£>(0) £2(0)
yielding

&s(t)
[ e = bla) e < (F00) = (620 (= T) + (6= SO 7+ <0,

and thus, &(7) < &(7) < &(0), which contradicts &(0) < &(7). Hence, there must exist
ate |0, T] such that v(¢,-) has only a single zero. Recalling that the number of zeros is
non-increasing, we conclude that v(7) has a single zero, which must be zy. Since v(t, )
converges to ¢4 — Y4 as x — +oo and we have ¢_ < 1/1— <0 <Yy < ¢y, it must hold
Uy (T, 20) — ' (20) = v2(7,29) > 0. On the other hand, using that v solves and
0 = v(7, o) = (T, To) — ¥(x9), while recalling (3.5) and (3.12)), we infer

e > (7, 20) 2 ¢/ (w0) = —f(¥(20)) + f(vx) = —f(alr,20)) + K

= —f(a(r,20)) + f(a(r,20)) — f(a(r,20)) + f(0) +x — f(0)
—0 — Le + k — £(0).

Combining the latter with (3.11)) yields
(L +2)e > r— f(0),

which contradicts (3.10). We conclude that for each ¢ > T, the function u(t, ) possesses
at most one zero. U
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Remark 3.3. We note that the proof of Theorem provides an explicit upper bound
T, given by , on the time at which all interfaces of the solution u(t,-) of have
collapsed to a single interface. The upper bound only depends on the flux function
f and the initial condition uyg.

Remark 3.4. We expect that it might be possible to lift the assumption that ug(x) €
min{¢_, ¢_}, max{p_, ¢, }| for all x € R in Theorem by bounding ug(x) from below
by a smooth function u_(x) and from above by a smooth function uy(x) satisfying

i u- () = minfo-, 0.} and L uy(e) = max{o, 0.}

It has been established in [4] that the solutions u(t,-) of the reqularized problem ([2.1))
with initial conditions u+(0,-) = ux converge in L'- and L*°-norm to their asymptotic
limits as t — o0o. So, by the comparison principle, the area of u(t,-) under min{¢p_, ¢}
or above max{¢_, ¢} converges to 0 ast — oo. We expect that using similar techniques
as in the proof of Theorem [3.5, one can obtain decay estimates on this area, which are
independent of the approzimation f of the flux function f. One would then hope to find
an explicit time Ty > 0, only depending on f and the initial condition ugy, such that for
t > Ty this area is so small that the estimate 18 still valid and one can proceed as
in the proof of Theorem [3.1. We decided to refrain from providing this exposition, since
it merely introduces additional technicalities obscuring the main ideas of the proof.

3.2. Solutions with initial data of class II. We prove the finite-time extinction of all
interfaces of solutions with initial data of class II. That is, we consider a solution u(t,x)
of with initial condition u(0,z) = wue(x), which converges to nonzero asymptotic
limits ¢4 as x — +oo that have the same sign. By approximating the solution u(¢, z) by a
solution (¢, x) to the regularized problem with smooth flux function f and bounding
the initial condition ug from below or above, it suffices by the comparison principle of [14]
17] to prove the statement for a solution o(t,-) of the regularized problem ([2.1)) which
possesses the same non-zero asymptotic limit ¢g at 00, see Figure [3.2l We show that all
interfaces of 0(t,-) go extinct within finite time by deriving an energy inequality for the
difference o(t, ) — ¢o. The energy estimate relies on the Gagliardo-Nirenberg inequality
and the conservation of mass.

Theorem 3.5. Let f: R — R be locally Lipschitz continuous and ug € CL, (R). Suppose
that uo(x) converges to monzero asymptotic limits ¢+ as x — +oo such that ¢, and

¢_ have the same sign. Let u € C’([O,oo), Cub(R)) be the global mild solution of (L.1)),
established in Lemma |2.2. Then, there exists a time T > 0 such that for allt > T, the
solution u(t,-) possesses no zeros.

Proof. Throughout the proof, C' > 0 denotes the constant appearing in the Gagliardo-
Nirenberg interpolation inequality

21
lgllee < Cllg" I3 19ll7 (3.20)
which holds for all g € L'(R) N H'(R).
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We consider the case 0 < ¢ < ¢,. The cases 0 < ¢ < ¢, ¢_ < ¢, < 0 and
¢4 < ¢_ < 0 are handled analogously. Take any vy € C(R) such that vy — 2¢_ is L'-
integrable, not identically zero, and nonpositive and it holds vy(z) < ug(z) for all z € R.
Set

2¢°%
T — 5 5 5 > 0.
9C3 Hvo — §¢f||2 HUU - §¢*H1

(3.21)

Let 7 > T. By Lemma [2.2] there exists f € C*(R) such that the global classical solu-
tion @(t, -) of the regularized problem ([2.1) with initial condition (0, -) = wug satisfies (2.3)
and

lu(r,) = (7, )l < 50— (3.22)
Let
v e C([Oa 00)7 O&b(R)) N C((Oa OO), Ogb(R)) N Cl ((07 OO)a Cub(R>>7

be the solution of ([2.1)) with initial condition ©(0, ) = vy, ¢f. Lemmal[2.1] By the compar-
ison principle, cf. [I4], 7], it holds

o(t,x) < alt, ), o(t,z) < 2¢_, (3.23)

for all £ > 0 and 2 € R. Our aim is to show that we have o(r,z) > 3¢_ for all z € R,
which together with (3.22)) and ([3.23)) yields the desired result that u(7, -) does not posses
any zeros, cf. Figure (3.2

o

(on

(o, a(T,20))

(II,'(], 0)

- &1 &2

FIGURE 3.2. Left: the shock wave u(t,-) and its approximation (t, -) from
the proof of Theorem at time ¢ = 7. The shock wave u(7,-) possesses
the asymptotic limits ¢4 at 0o and has an interface at xy. The translate
(- — 1) of the traveling shock wave 1), connecting the asymptotic states
Y4, passes through the point (zg, @(7, zo)). Right: the approximate solution
u(t,-) connecting the asymptotic end states ¢+ and its subsolution (¢, -

possessing the asymptotic limit %gb_ at +00. In the proof of Theorem

we approximate the energy of o(t,-) — 2¢_ at a point ¢ = 7 from below by

(6 — £1)162. ’
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We argue by contradiction and assume that there exist &1, & € R with & < & such that
(1, &) = %qb, = 0(1,&). First, we observe that (7,&;) is a root of z(t,z) = v(t, x) — %¢,,
which satisfies the linear equation

2t = Zgo + b(t, ) 24, (3.24)

where the spatial and temporal derivative of b(t, z) = f'(4(t, x)) are bounded on the strip
R %[0, s] for any s > 0. Applying the Sturm Theorem [I, Theorem B]| to (3.24) yields
that z(¢,-) must have a zero for all ¢t € [0, 7]. That is, it holds

l5(t,) = S0l > 50~ (3.25)
for all t € [0, 7].

Next, we observe that the mass

M(t):/R(ﬁ(t,x)—§¢) dz, t>0,

is conserved. Indeed, it holds

M0 = [ (unlto) + 0. (f(a(t.2))) e =0

and thus, we have M (t) = M(0) for all ¢ > 0. Second, we establish an estimate for the
energy

B(1) = |t — 20|
We compute using integration by parts

= =2[|5.(t, )13,
for t > 0. Therefore, using the Gagliardo-Nirenberg inequality (3.20]), the bound (3.23)

and the fact that the (nonzero) mass M(t) is conserved, we obtain the energy estimate

/ 2 ~ 2 3 _ 2 ~ 2 3
E(t) < ~ M) [o(t,) — 30—, = ~ M) [o(t,) — 30|, .

for t > 0. Integrating the latter from 0 to 7, while using (3.25) and 7 > T, we obtain
(6% < B0 < BO) - gy [0 - 30 [Lar
9 = B C?M(0)] Jo I
2¢° T
<FEO0)— ——=7=F0)|1—=) <0
= B0 = geni)” O (1-7) <o

which contradicts & < &, see Figure . Therefore, o(r,-) — %gzﬁ_ can possess at most
one single zero, which together with estimates (3.22)) and (3.23)) and the fact that o(r, x)
converges to %(b, as x — £o0, implies that u(7,-) cannot have any zeros. Il
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Remark 3.6. Assume that the initial condition ug in Theorem [3.5 possesses an interface
and it holds 0 < ¢_ < ¢,. By mollifying the compactly supported, nonpositive, nonzero
function uy(x) = min{%qﬁ,, uo(ac)}—gqb,, one readily finds a sequence {z,}, of nonpositive,
nonzero, smooth, and compactly supported functions such that z, converges in LP(R) to u;
asn — oo forp=1,2. Thus, w, = z, + %(b_ 1s a smooth function such that w, — §¢_ 18
L'-integrable, not identically zero, and nonpositive such that w,(x) < ug(z) for alln € N.
Hence, w, satisfies the criteria for the function vy in the proof of Theorem for any
n € N. That is, we find that the upper bound on the time at which all interfaces of
the solution u(t,-) have gone extinct, could be taken equal to

- 2¢°
9C3 |y [|3]Ju [l

We stress that T only depends on the initial condition ug of the solution u(t,-) and the
positive constant C' from the Gagliardo-Nirenberg inequality (3.20)).

T

3.3. Solutions with initial data of class III. In Theorem [3.I we proved finite-time
coalescence of interfaces for shock waves converging to asymptotic limits of opposite signs.
This prompts the question of whether anti-shock waves converging to asymptotic limits of
opposite signs also exhibit finite-time coalescence of interfaces. One readily observes that
the proof of Theorem strongly relies on the Gel’fand-Oleinik entropy inequality to
bound the mass. It cannot be expected that the same strategy applies to the case of anti-
shock waves that violate . Therefore, the question of whether finite-time coalescence
of interfaces can be established for solutions with initial data of class III remains open.

Nevertheless, we can study the interface dynamics of solutions with initial data of class
IIT in the framework of the modular Burgers’ equation

Up = Uy + |02, (3.26)

which corresponds to the scalar viscous conservation law (1.1]) with the modular flux func-
tion f(u) = |u|. Our upcoming analysis establishes finite-time coalescence of interfaces
for anti-shock waves converging to asymptotic limits F¢, as r — Foo with ¢, > 0. We
make the following assumption on the regularity of solutions to the modular Burgers’
equation ([3.26)).

Assumption 3.7. For every uy € C, (R) converging to nonzero asymptotic limits uy at
+o00, the global mild solution u € C([0,00), Cun(R)) of (3-26), established in Lemmal[2.5,
with initial condition u(0,-) = ugy satisfies u € C'((0,00) x R, R) such that u(t,-), t > 0
is piecewise C? with the finite jump condition

Uaa (,€(8)7) — uaa (,€(8)7) = —2[ua(t, (1)), (3.27)
across any interface x = £(t) € R.
Assumption was proven in [9] for the class of solutions to (3.26) with a single

interface in a local neighborhood of a traveling shock wave. In a more general setting, the
validity of Assumption is an open question.
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We expect that Assumption can be proven in a general case by using approximation
by solutions of the regularized equation as in Theorems and |3.5 However, since our
main goal is to illustrate the finite-time coalescence of interfaces of solutions of with
initial data of class III rather than proving a general well-posedness result for piecewise
smooth flux functions, we refrain from doing so.

The following lemma establishes that the odd parity of initial data is preserved in the
time evolution of the modular Burgers’ equation (3.26]).

Lemma 3.8. Let ug € CL (R) satisfy ug(—z) = —ug(x) for every x € R. Then, the mild
solution u € C([0,00), Cup(R)) of (3.26), established in Lemma satisfies u(t, —x) =
—u(t,z) for everyt >0 and x € R.

Proof. First, observe that, if z € Cy,(R) is odd, then

e_ijTt
z(x —y)d
e (z —y)dy

is also odd, which follows by the substitution y +— —y. Now the mild solution wu(t,)

of (3.26)) is given by

2
e(‘)zt » =

t
u(t,) = %t ug + 0, / %2(=5) |y (s, )| ds,
0

)

for t > 0. Since ug is odd, so is %! u,. Hence, using again the substitution y — y, we

obtain

mu»+um—»:¢%4e%W@awa»wwwa—on®,

for ¢ > 0. Taking norms in the latter and recalling the well-known fact that there exists
a constant C' > 0 such that

[0.6%|| 0 < V2|0 e
for t > 0 and v € L*(R), yields

1
Vi—s

HMnJ+ML—NM»SCA s, ) — [us, — )| dls

1
— [Ju(s, ) +uls, —)=ds,

SCZTﬁf_

for t > 0. Therefore, Gronwall’s inequality, cf. [10, Lemma 7.0.3], implies that
Jult, ) +u(t, = )[[z= =0
for all ¢ > 0, which finishes the proof. O

The main result of this section is the following theorem.
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Theorem 3.9. Suppose Assumption holds. Take ¢, > 0 and xo; € R with 0 <
T — 29 < %. Let ¢: R — R be the odd function given by
¢(x) = ¢ule™ —1),
for x > 0. Consider uy € C, (R) satisfying
¢(x — x0) < up(x) < Pz — 21), (3.28)

for all x € R. Let u € C([0,00),Cyp(R)) be the mild solution of (3.26|) established in
Lemmal[2.4 Then, u(t,-) cannot posses two consecutive simple zeros & (t), &(t) that exist
for allt > 0.

Proof. Our analysis relies on comparison with an explicit reference solution wu,e(t, )
of with odd initial condition wu,f(0,-) = ¢ € CL (R). By Lemma the solu-
tion ues € C([0, 00), Cyp(R)) is spatially odd. It satisfies the following diffusion-advection
boundary-value problem:

Up = Ugy — Uy, >0, x>0,
u(t,0) =0, t>0,
u(0,z) = ¢(z), x>0,

whose solution is explicitly given by
welt.r) = [ Gt p)olw)dy
0

for t > 0 and = € R, where G(t, z,y) is the Green’s function used in [9]:

1 (@—y—t)? (@ty—t)?
G(Lx)y): \/H(e_ ztt — e Ye~ +Ztt )

Evaluating the integral we find

Uret(t, ) = — | €” erfc — erfc
i) 2 2Vt 2/t
— 3t t+x
— e (erfc <I > + ¥ erfe < ) — 2)> ,
2/t 2/t
for t > 0 and =z € R.

By the comparison principle, cf. [3, Corollary 3.1], and ({3.28]) it holds
u_(t,z) <wu(t,x) <up(t,x)

for € R and t > 0, where u_(t,x) = uwt(t,x — x) and uy(t, ) = uwet(t, v — 1) are
translates of the reference solution wu.e(t,z) of (3.26), see Figure 3.3l Note that u_(t,-)
and u, (t,-) possess an odd symmetry with respect to the points z = zg and © = =7,
respectively. In particular, it holds u_(¢,z9) = 0 = uy (¢, 27).

We argue by contradiction and assume that u(t, x) possesses zeros & (1), &2(t), &5(t) for
all t > 0 such that & () < &(t) < &(t), u(t,x) < 0 for z € (&1(t), (1)), u(t,z) > 0 for all
x € (&(t),&3(1)), and u,(t,&(t)) > 0 for all £ > 0. Since uy(t,-) are monotone, it holds
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381 &(t) € (wg,a1) for all t > 0 and i = 1,2, 3, see Figure 3.3 By translational invariance, we
382 may assume without loss of generality that xo = 0.

As in the proof of Theorem we derive differential inequalities for the masses

&2(1) o0
M (t) = / (¢s — u(t, x))dz, My(t) = /5 (u(t,z) + ¢, )dz.

—00 2(t)
383 However, in contrast to the proof of Theorem [3.1] we cannot employ the Gel’fand-Oleinik
384 entropy inequality to bound M;(t) and Ms(t). Instead, we use explicit expressions of the
385 reference solutions uy (¢,-) to bound M;(0) and M;(0) from above and M, (t) and Ms(t)
386 from below.
Recalling u,(£>(t),0) > 0, the implicit function theorem implies that &;(t) is differen-
tiable with respect to t. We apply Leibniz’ rule to compute

o0

M(t) = —€5(8) + /E (el )+ a1, )2

= —fé(t)¢* + ¢s — uz(ta 52(t))
< o (1=&5(t)).

Integrating this inequality we arrive at

My(t) < Ms(0) + ¢ut — (&2(t) — £2(0)) ¢

On the other hand, since u(t, -) — ¢, and u(t, -)—u_(t, -) are nonnegative by the comparison
principle, it holds

(fB(t) - 62(75)) (b* + /oo (u,(t, :L‘) + ¢*) dz S Mz(t)a

1

see also Figure 3.3 Finally, since u(0,-) — u(0,-) is nonnegative, we arrive at

[e.e]

M5(0) <2210, + /Oo(u+(0, x) + ¢, )dr = 2z, + / (o(x) + i) dz = ¢ (221 + 1).

T 0

We compute

F(t) = /: (u‘((; ?) 1) do —t

1 Ty —t t—xy ot T, — 3t
=— | —(2t f 2zyerfc | ——— | —2e* ™ erf
4(( +3)er(2\/%>—|— mlerc(Q\/E) e erfc Wi

t 3t
—2e™ erfe (&) + 2@+t orfe (xl + ) + 4%
2/t 2/t

4/t _(@1-?
LW e —4x1—2t+3>,
T

VT

and obtain

3
lim F(t) = - — .

t—o0 2
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All in all, we have established
Ou (E3(t) — &a(t) + F(t) + 1) < Ma(t) < ¢u (221 + 1 4+ — (&2(t) — £2(0))),
yielding
E3(t) — £(0) < 201 + 1 — F(£) — 321 — % as ¢ — 0o,

Consequently, as x; < % there exists t5 > 0 such that &(t) < &3(t) < &(0) for all t > t,.

Similarly, by bounding the integral M (t), one finds ¢; > 0 such that &(0) < & (t) <
& (t) for all t > t1, which contradicts the fact that & (t) < &(0) for all ¢ > ¢5. Hence, the
interfaces & (t), &2(t) and &3(t) must coalesce within finite time. d

o & &

FIGURE 3.3. The anti-shock wave u(t,-) connecting the asymptotic end
states Fo, at £oo, the odd subsolution u_(t,-) with zero xg, the odd su-
persolution u, (t,-) with zero x; and the interfaces & (t), &(t) and &3(t) of
u(t,-) (we suppressed the t-dependency of the interfaces). We bound the
shaded area below the graph of u(t,-) from below by the orange subareas.

4. DYNAMICS NEAR A COALESCENCE EVENT FOR SMOOTH FLUX FUNCTIONS

Let us consider the initial-value problem for the viscous conservation law:

{ Up = Ugy + f'(0)Uy, t>0, x € R,

u(0,7) = ug(z), z €R, (4.1)

where f € C*(R) satisfies f'(0) = 0. We assume that the initial condition uy € C*°(R)
is bounded and has bounded derivatives.

From the well-posedness of the viscous conservation law in the class of smooth data,
cf. Lemma [2.1] we know that there exists a smooth solution u € C*°((0,00) x R, R) to
the initial-value problem (4.1). A zero x = £(t) of u(t,-) on R is a C'-function of ¢ as long
as u,(t,&(t)) # 0 by the implicit function theorem.
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Here we classify the first two bifurcations for which the function t — £(t) exists for ¢
in some interval [0, to] with £, > 0 such that u(t,£(¢)) = 0 for t € [0, to] and u,(t,&(t)) # 0
for t € [0,p) but may fail to exist for ¢ > ¢y, because we have u,(ty, &) = 0 at § = £(to).

4.1. Fold bifurcation. The main result is given by the following proposition.

Proposition 4.1. Assume that there exists (tg,&) € (0,00) x R such that
u:p<t07 50) =0 and uw:p(tﬂy 50) # 0.

Then, there exist two roots of u(t,-) near & for t < to near ty, denoted by & 2(t), such
that

5172@) — &=t/ Q(to )+ O0(tg—t) as t— ty (4.2)
and
Uz (t,&12(t)) = £/2(t0 — )uga(to, &) + O(to —t) as t—t,. (4.3)
No roots of u(t,-) near &, exist for t >ty near to.

Proof. By using the equation of motion in (4.1)), we have
ut(to, §o) = Uz (to, &) # 0.

Moreover, using Taylor expansions for smooth solutions, we obtain for any root £(t) of
u(t, -) near &:

0=u(t,&(t))
= u(to, o) +(t — to) us(to, o) +(E(t) — &o) ua(to, o)
-0 20 -0
+ %(t — t0) uu(to, &) + (t — to) (£(t) — &o)urs(to, o) + %(5(75) — &) Uga(to, &) +O(3).
————

#0

It follows from the Newton’s polygon in Figure that this expansion defines two roots
for £(¢), denoted by & »2(t), which are given by the expansion

e 2w, 8) , _
&12(t) fo_i\/um(to, é,,0)(750 t)+ Oty — t)

=++/2(tg — t) + O(to — 1),
which exist for ¢ < ty near tq, coalesce at t = ty and disappear for ¢ > t5. We also obtain
g (t,&1,2(1)) = ue(to, o) +(t — to)uw(to, §o) + (§1,2(f) — o) Uaa(to, &0) +O(2)
— ——
=0 #0
=+ Q(to — t)um(to, fo) + O(to — t)

Both expansions prove the validity of (4.2) and (4.3]). O
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4.2. Pitchfork bifurcation. The main result is given by the following proposition.
Proposition 4.2. Assume that there exists (tg,&) € (0,00) X R such that
um(thfo) = 07 uzx(th 50) = 0, and U;m:ac(t07§0) 7é 0.

Then, there exist three roots of u(t,-) near & for t < ty near toy and one root near &, for
t >ty near ty. Two roots, denoted by & 2(t), are not continued for t >ty and satisfy

gl,g(t) — fo = :l:\/ 6(t0 - t) + O(to - t) as t— ta, (44)
whereas the third root, denoted by £(t), is continued for t >ty and satisfies

u (to, §o)

Dtz (t0, E0) (to—t) + O((to — t)?) as t — t,. (4.5)

£(t) —&o =
We also have

Uy (t,E19(1)) = 2gea(to, E0)(to — 1) + O((tg — 1)¥?) as t — t; (4.6)
and
Uy (t,§(t)) = Ugaa(to, §0)(t — to) + O((to — t)Q) as t — . (4.7)

Remark 4.3. The scaling laws and were congjectured in [13] based on numerical
simulations of spatially odd solutions of the modular Burgers’ equation. Proposition [{.2
shows that this behavior holds for every scalar viscous conservation law with smooth
nonlinearity and smooth initial data.

Remark 4.4. The asymptotic expansions and @ imply
Umm(t, gl’g(t)) = :I:umm(to, go)\/ 6<t0 - t) + O(to - t) as t— ta, (48)

which was also conjectured in [13]. Indeed, if we differentiate u(t,&(t)) = 0 with the chain
rule for the smooth solutions u € C*((0,00) x R,R) for t € (0,ty), while assuming that

u.(t,€(t)) #0, £(t) of u(t,-), then we obtain from with f'(0) = 0:

ug(t, £(1)) + & (Mua(t, £(1) =0 = uge(t,£(1)) = =& (Hua(t, £(1)),
fort € (0,ty). Hence, and @ imply (@ Stmilarly, we can derive from
and ({§.7):

Uge (8, €(t)) = %Utt(tm &)t —to) + O(tg — 1)*) as ¢ — to, (4.9)

for the third root £(t) which exists for all t near tg.

Remark 4.5. It follows from and that the three interfaces satisfy the natural
ordering for the pitchfork bifurcation
& (1) < €(t) < &(1),

fort <ty nearty. It follows from @ and that the sign of the first partial derivative
of u(t,x) in x at x = £(t) is opposite to the one at x = & o(t) fort <ty near ty.
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Remark 4.6. If ug(—x) = —uo(z) and f'(—=z) = —f'(z) for = € R in ({.1), then
u(t,—x) = —u(t,x) for every t > 0 and x € R. In this case of odd symmetry, if the
assumptions of Proposition are satisfied and & = 0, then &(t) = 0 for all t > 0.
Consequently, we have

u(t,0) = uy(t,0) =0,

433 for all t > 0.

434
435
436

Proof of Proposition[{.9 By using the equation of motion in (4.1]), we have
ut(t07 50) =0 and utm(t07 50) = uxmz(t0> 50) % 0.

Moreover, using Taylor expansions for smooth solutions, we obtain for any root £(t) of
u(t, ) near &y:

0= u(t,&(1)
= u(lo, §0) +(t — to) ue(to, &) +(E(t) — o) ua(to, &)
e —
50— 10l €0) + (6~ £0)(E(F) — &) w0, ) +5 (600) = 0 el &)
———— ——
#0 =0
¥ 2t = ) (o, ©) + 50— 10)2(E01) — Eorms( o)
+ 50— 10)(E(0) — 60 ttnelto, &) + G E(E) — &) ane(t, &) +O(Y)
——

#0
It follows from the Newton’s polygon in Figure that this expansion defines two sets
of roots. One set appears at the balance of (t — t)(£(t) — &) and (£(t) — &)® terms and
the other set appears at the balance between (t — to)? and (¢ — to)(£(t) — &) terms.

The former set is represented by two roots denoted as & 2(t) which satisfy the expan-
sion

B 6u (o, o)
§12() — & = i\/m(to —t)+ O(to — 1)
=+/6(tg — t) + O(to — 1).

The two roots exist for ¢t < tg near ty, coealesce at t = ty and disappear for t > t5. We
also obtain

g (t,§1,2(t)) = ua(to, §o) +(t — to) use(to, §0) +(E1,2(t) — &o) Uaa(to, o)

#0 =0

I
o

5 (0= 10) (o, &) + (¢~ 10)(62(8) — €00, &)
5 (Ea(t) — )7 e (10,60) +O(3),
—_——

#0
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which implies
wp(t, €12(1)) = 2t (to, o) (to — ) + O((tg — 1)*/?) as t =t
437 These expansions prove the validity of and .

The latter set is represented by one root denoted by £(t) which satisfies the expansion

— uy(to, &o)

S0 =% = 2 (to, &o)
_ u (to, §o)
2umzx (t07 50)

The root £(t) persists for all ¢ near to. We also obtain
U (8, €(1)) = ua(to, o) +( — to) ura(to, &) +(£(2) — o) Uaa (o, &o)
——— ———— ———

(to —t) + O((to — 1)?)

(to — 1) + O((to — t)?).

=0 #0 =0
5t = t0) el &) + (¢~ 10) (1) — &) (0, &)
FS(E) — &) o, ) +O(3)

—_————

£0

which implies

Ug (£, E(1)) = Ugan(to, &0)(t — o) + O((to — t)?) as t — tg.

438 These expansions prove the validity of (4.5) and (4.6)). O
€=, €w-¢)"

E2 °

FIGURE 4.1. Newton’s polygons used in the proofs of Proposition (left)
and Proposition (right).
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4.3. Bifurcations of higher order. By continuing the analysis from the previous two
subsections, one can characterize coalescence of roots of u(, -) in the non-generic case when
there exists an integer m > 4 and (o, &) € (0,00) x R such that all partial derivatives
of u(t,z) in x at (to,&p) are zero up to the m-th order and the m-th partial derivative of
u(t,z) in = at (tg, &) is nonzero.

4.4. Viscous Burgers’ equation with quadratic nonlinearity. We give a precise
description of a class of solutions to the viscous Burgers’ equation whose zeros undergo
a pitchfork bifurcation. Thus, we take f(u) = v? in (4.1) and consider the initial value

problem for the Burgers’ equation

{ Up = Ugy + 2uu,, t>0, (4.10)

u(0,2) =up(x), xeR.

As is well-known, can be solved explicitly using the Cole-Hopf transformation (see
Section 3.6 in [11]). We will use the decomposition near the stationary shock-wave solution
¢(r) = tanh(z) of to show that the pitchfork bifurcation of Proposition does
happen within finite time for all solutions of with spatially odd initial data wug
having a single zero on (0, 00). The main result is given by the following proposition.

Proposition 4.7. Let uy € C*(R) satisfy

e uy F 1, uy and uj are L?-integrable on Ry,
o uy(—x) = —up(x) for x € R,
o for some xy € Ry, we have ug(x) < 0 forx € (0,2¢) and ug(z) > 0 forz € (xq, 00).

Then, there exist a time to € (0,00) and & € C((0,ty),R;) such that the solution
u € C™((0,00) x R,R) to the initial-value problem satisfies:

(1) limyyoou(t,x) = £1 fort >0,

(ii) u(t,—z) = —u(t,x) fort >0 and x € R,
i

)
(iii) u(t,x) <0 for x € (0,£(t)) and u(t,z) > 0 for x € ({(t),00) if t € [0, o),
(iv) u(t,z) > 0 for z € (0,00) if t > t.

Moreover, we have u,(to,0) =0, Uz (to,0) =0, and tyy.(to,0) > 0.

Remark 4.8. For u € C*((0,00) x R,R) and & € C*((0,1),R;) in Proposition 4.7 we
obtain the identities (4.4)), (4.5), (4.6) and (4.7), since the assumptions of Proposition

are satisfied.

Proof of Proposition[4.7. We use the decomposition of u at the stationary shock-wave
solution x +— tanh(z) of 0 = 2uu, + u,, and write

u(t,x) = tanh(z) + v(t, z). (4.11)
The perturbation v (which is not necessarily small) satisfies

UV = Vgp + 200, + 2(tanh(z)v),. (4.12)
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This nonlinear equation can be linearized with the Cole-Hopf transformation

v(t,x) = 0, log(t, x). (4.13)
By substituting (4.13)) into (4.12)), we obtain the following linear advection-diffusion equa-
tion

We are looking for a solution of (4.14) which is bounded away from zero by a positive
constant. Without loss of generality, this constant can be normalized to unity, so that we
can look for a solution of the form

Yt x) =140t x), P(t,-) e HX(R), teR,. (4.15)
To obtain the exact solution of , we write
U(t, x) = sech(z)x(t, z) (4.16)
and obtain the linear diffusion equation with constant dissipation for y:

The solutions of this linear equation are given by

_@=w)?
X(t .ZU \/E/XO 4;’! dy7 (418)

where xo := x(0,-) denotes the initial condition. The associated solution of the Burgers’
equation (4.14) is then obtained from (4.11)), (4.13)), (4.15)), and (4.16) in the form:

ult z) = sinh(x) + x. (¢, x)

cosh(x) + x(t, x)
where x(t, z) is given by (4.18)).
If xo € C*(R) satisfies 1 + x(0) < 0 and x0(0) > 0, then

up(0) = (14 x5(0))/(1 + x0(0)) <0,
so that there exists a root o € Ry of uy. The positive root xy must be unique by the
assumptions on ug. Thus, we find by (4.11)), (4.13), (4.15)) and (4.16] that the assumptions

on ug are in one-to-one correspondence with the class of even functions y, € C*°(R) such
that sech(-)xo € H*(R) and

, (4.19)

e xo(z) >0 for all x € R,
e 1z — cosh(z) + xg(x) is monotonically increasing on Ry with 1+ x{(0) < 0.

Now take such yo € C*°(R). Then, cosh(z)+ xo(x) > 0 for all z € R and sinh(z) 4 x§(x)
has a single root zo € (0,00). Since yq is even, so is y € C®((0,00) x R,R), which
implies that u(t,-) € C*((0,00) x R, R) is spatlally odd, so that (ii) holds. Furthermore,
sech(-)xo € H 2(R) ensures by - ) that sech , H2 ) for all ¢ > 0. Smce
U(t,-) € H2(R) for all ¢ > 0, we have from i and (4.15| that lim, 100 v(t,z) =
0 and lim, 1 u(t,x) = +1, so that (i) holds
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It follows from the exact solution (4.18]) that for every ¢ > 0, we have x(t,x) > 0
for all z € R and x — cosh(z) + X4« (f, ) is monotonically increasing on (0, 00). Hence,
cosh(x) + x(t,z) > 0 for all x € R and sinh(x) + x.(¢, ) has a single root £(t) € (0, 00)
for t € [0,1) as long as 1 + x..(¢,0) < 0. Since

et 2
X:mc(tyo) = \/Tﬂt /RXg(Z/)e a dy

and sech(-)xo € H?*(R), the mapping ¢ — X..(t,0) is monotonically increasing from a
negative value x((0) < —1 towards 0 as ¢ — +o0o0. Hence, there exists a unique time
to € Ry such that 14 y..(t,0) crosses 0 at ¢t =ty and becomes positive for ¢ > ¢y so that
(iii) and (iv) hold.

Let us now show the non-degeneracy assumption at ¢t = ¢, for which w,(¢o,0) = 0. Since
the solution is smooth and spatially odd, we also have u,,(ty,0) = 0. Since the mapping
t — Xaz(t,0) is monotonically increasing and ¢ +— x(¢,0) is monotonically decreasing,
then ¢ +— u,(¢,0) is monotonically increasing, where

1+ Xze(t,0
uy(t,0) = L Xer(00)
1+ x(¢,0)
Thus, w(tg,0) > 0 and the Burgers’ equation in (4.10]) implies ., (to,0) > 0. O
é 0.4t ///
0.2 7//
o é'\m,,,, ~ /://
AN _,—»'///

L L L L L L L
o] 0.5 1 1.5 2 25 3 3.5 4 4.5 5

FIGURE 4.2. An illustration of the exact solution to the Burgers’ equa-
tion (4.10) obtained by means of and (4.19). The initial condition
for (4.18)) is set as yo(z) := cosh?(1)sech(x) so that the initial condition g
for (4.10]) has a positive zero at & = 1. The integration of the exact solution
in (4.18) was executed by using a numerical integration package. The root
&(t) of u(t,-) on (0,00) exists for t € [0,¢), coalesces at 0 at ¢t = ¢y and
disappears for ¢ > to, where tq ~ 0.205. The solution u(¢, x) approaches the
stationary shock wave = — tanh(z) as ¢t — oo, which is represented by the
dashed line.
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5. NUMERICAL SIMULATIONS IN THE MODULAR BURGERS’ EQUATION

Here we report on numerical simulations in the viscous Burgers’ equation with modular
nonlinearity. The associated initial value problem reads

{ Up = Uz + |Us, t >0, r € R, (5.1)

u(0, ) = up(x), z € R.

Numerical computations in [I3] implemented the finite-difference method for spatially
odd solutions of , see Lemma , for which the initial-value problem ({5.1)) can be
closed on the half-line [0, 00) subject to a Dirichlet boundary condition at = 0. The
jump condition was used at © = 0 as well as at x = +£(¢). The three interfaces
were transformed to time-independent grid points after a scaling transformation.

We will confirm the scaling law of the finite-time extinction of multiple interfaces
in the initial-value problem . Compared to the previous numerical simulations in [13],
we use a regularization for the modular nonlinearity, for which the finite-difference method
can be implemented without any additional equations for the interface dynamics. The
numerical data is extracted from zeros of the solution u(t,-) on (0,00) to determine the
power of the scaling law of the interface coalescence.

5.1. Regularization. The modular Burgers’ equation can be rewritten as

Up = Ugy + SN (U) Uy, (5.2)
where sgn(u) has a jump discontinuity at u = 0. To smoothen out the jump, we define
the following smooth nonlinearity for ¢ > 0,

filu) =

u
Ve
We have f/(u) — sgn(u) as e — 0 for all v € R, i.e. f/(u) converges pointwise to sgn(u).
This yields the regularized equation

u
Ve? + u?
We consider initial data u(0, x) = ug(x) for shock and anti-shock waves with the boundary
condition ug(x) — uy as x — £oo, where ug have opposite signs. The case of u_ < 0 <
u, includes a monotone, steadily traveling shock wave, to which the evolution of small
exponentially decaying perturbations converges [9]. The anti-shock case of u_ > 0 > wuy
does not admit any steadily traveling shock-wave solutions.

Up = Upy + Uy (5.3)

For the simulation of shock-wave solutions with the normalized asymptotic limits
u4 = £1, we take the following initial condition:

up(z) = tanh(x) (1 - ea(1_$2)> : (5.4)

where v > 0 is a free parameter. The parameter o > 0 can be used to construct slopes
of the initial data at * = 1. For the simulation of anti-shock wave solutions with the
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normalized asymptotic limits uyx = F1, we take the negative version of (5.4)), that is,

uo(x) = — tanh(x) (1 — ea(1_$2)) : (5.5)

Both in ((5.4) and (5.5)), the convergence of ug(z) — us+ as x — oo is exponentially fast.

5.2. Finite-difference method. We rewrite the regularized Burgers’ equation (5.3)) in
the equivalent form,

with f.(u) = /€2 +u2 —e.

We will use the Crank-Nicolson method based on the trapezoidal rule to set up our
numerical simulations for the equation . For the numerical discretization, we first
define the spatial domain [0, L] partitioned into (N + 1) grid points with spatial step h
and the time domain [0, T partitioned into M grid points with time step 7. We let x,,
for 0 < n < N be the spatial grid point and ¢,, for 0 < m < M be the temporal grid
point. We impose a Dirichlet condition at z = 0 which yields u{j' = 0 and a Neumann
condition at x = L. By using the virtual grid point .1 > L, the Neumann condition
reads ufy,; = uy_;.

Up = Ugg + fa(u)l‘a (56)

The Crank-Nicolson method is based on the discretization rule,

T
m+1:um+_

Y 2n2

m m m m+1 m+1 m+1
[unJrl - 2un + Up_q + Upy1 — 2un + Up 1 }

o [felut) = folay) + F () = £(h)]

We need to solve N equations for N unknowns {u™}_, at each 0 < m < M —1. Hence,

we rearrange the discretization scheme to get the unknown variables on the left and the
known variables on the right as

1, T 1 T 1 1 T 1 1
up, T+ EUT o2 (u?-:_l + unmj_l) ~an [f«f(u?—:_l ) — felup™ )} =
T T T
2 (unm+1 + unm—l) - ﬁunm + m [fa(u?-i-l) - fa(U?—l)} .
To simplify the expression, we use a predictor-corrector method (also known as Heun’s
method). The idea is to use the solution at an initial point, u™, and to calculate an initial

guess value of the next point (u*)™"!. Heun’s method then improves this initial guess
value using the trapezoidal rule to determine a better estimate of the next term u™*!.

(5.7)

m
Uu,, +

To represent the predictor-corrector method, we introduce two matrices:

+5 F55 0 0 7
Foe 1 Fop
S

Far 1+ Fop




558
559
560

561

562

563

564

565

566
567
568

569
570
571
572
573

574
575
576
577
578
579
580

EXTINCTION OF MULTIPLE SHOCKS 33

where the elements of AL at the (N, N — 1) entry are doubled due to the Neumann
condition u}yy,; = u;_,. We also represent the regularized terms in matrix vector notion,

[ feluy) ]
fé(u?) - fa(uan)

b(um) = fe(uf') _ fe(ug')

f(u) = fou )
0

where we note that f.(0) = 0 by construction of f. and the Dirichlet condition, and
Je(uR, ) — f-(ufy_;) = 0 by the Neumann condition u},; = u};_;. The correction step is
computed from (5.7) by Euler’s method as

()™ = A7 (A_um + %b(um)) : (5.8)
The prediction step is computed from (5.7)) by Heun’s method as
m+1:A71(A,m L m L *m+1). )
u n u™ + 4hb(u )+ 4hb((u )™ ) (5.9)

We now extract the interface position £(¢,,) from u™ at t = t,,, by finding the two adjacent
grid points x,, and z,.,, where u,, and u,; are of opposite signs. By the straight line
interpolation between (z,,u,) and (Z,41,U,+1), We obtain

o Unp41 — Un .
u(z) = (—xnﬂ — 13n> (x — ) + Uy

The value of £(t,,) is obtained by finding the root of u as

UnTpt1 — Up41Tn
tm) = . 5.10
E(t) = S e (.10

5.3. Numerical simulations for shock waves. We have performed iterations on the
domain [0, L] discretized with the grid size h = 0.01. The time step was chosen to be
7 = 0.0005. Moreover, we took ¢ = 10716,

Figure depicts the outcome of numerical simulations of the regularized approxi-
mation of the modular Burgers’ equation for the initial condition (5.4) with
a = 1 for which we take L = 5. It is observed that £(¢) indeed goes to 0 in finite time
after which numerical computations can be continued. Yet, we stop them since we are
only interested in the dynamics up to coalescence.

We have also performed numerical simulations for the initial condition with o« = 4
shown in Figure 5.2} For these simulations, we have taken L = 10 to avoid the boundary
effects from the Neumann boundary condition at x = L. With smaller values of L, the
solution decays below 1 at x = L before the interface reaches 0. Although the initial
condition g has larger negative parts on [0, 1], we observe that £(¢) still goes to 0 in a
finite time. Compared to Figure [5.1} £(¢) is non-monotone as it first expands before it
converges to 0.
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FIGURE 5.1. Evolution of (5.6)) for the initial data (5.4) with a = 1. Left:
u(t, x) versus z for times ¢t = 0, ¢t = 0.126, and ¢ = 0.2535. Right: evolution
of £(t) versus t.

u(xt)

I I I I I I I I I I I I I
0 1 2 3 4 5 6 7 8 9 10 0 0.2 0.4 0.6 0.8 1 12 1.4
X Time t

FIGURE 5.2. The same as in Figure but with o = 4 and for times ¢t = 0,
t =0.692, and t = 1.3285.

To confirm the scaling law (1.5)) of the interface coalescence, we use linear regression
in the log-log variable to approximate the associated power. That is, we consider

log &(t) versus ¢ log (tg — t) + ¢a, (5.11)

where the coefficient ¢; represents the power of the scaling law. Note that the regres-
sion depends on the unknown time ¢y of the interface coalescence. Thus, we first
conduct computations for ¢y defined on a numerical grid and obtain the best fit by mini-
mizing the approximation error.
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FiGURE 5.3. Left: power of the linear regression for Figure . Right:
approximation error versus tg.
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to f

0.44 L L
1.3849 1.385 1.3851

FIGURE 5.4. The same as in Figure but for the data in Figure .

The outcomes of these computations are depicted in Figures and for the ap-
proximations shown in Figures[5.1 and [5.2] The left panel shows the power versus to and
the right panel shows the corresponding approximation error versus to. The minimal error
for « = 1 is attained at ty = 0.2538 and this value of ty corresponds to ¢; = 0.5068. The
minimal error for o« = 4 is attained at t; = 1.3853 and this value of ¢, corresponds to
c¢1 = 0.5127. In both cases, the power is close to the claimed value of 0.5. We note that

the

time ty of extinction is larger for o = 4 than for o = 1.

5.4. Numerical simulations for anti-shock waves. We have also simulated ([5.6] for
the anti-shock wave initial condition ({5.5)). Figures and depict the outcomes of

numerical simulations for &« = 1 and a = 4 respectively. For @ = 1, the interface position
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508 £(t) goes to 0 monotonically, similar to the computations in Figure . For oo = 4, £(¢)
509 first expands and then reduces towards 0, similar to Figure |5.2]

09t
08
07t
06
Zos5f
04t
03
02

0.1

FIGURE 5.5. Evolution of ((5.6)) for the initial data (5.5) with o = 1. Left:
u(t, x) versus z for times ¢t = 0, t = 0.1635, and ¢ = 0.328. Right: evolution
of £(t) versus t.

u(x,t)

X Time t

FIGURE 5.6. Tne same as in Figure but with o = 4 and for times ¢t = 0,
t =0.7225, and ¢t = 1.4455.

600 Figures and show the approximate power of the scaling law and the approxi-
601 mation error versus to for the simulations shown in Figures [5.5] and [5.6] The minimum
602 error for « = 1 is attained at ty = 0.3284 and this value of ¢y corresponds to the power
603 ¢; = 0.4846. The minimum error for @ = 4 is attained at to = 1.4459 and this value
604 of ty corresponds to ¢; = 0.4884. In both cases, the power is close to 0.5 and thus, the
605 scaling law (|1.5]) is shown numerically to hold for anti-shock wave solutions considered
606 here. However, the finite time of extinction is slightly larger for the anti-shock waves
607 compared to that of the shock waves both for « =1 and a = 4.
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FiGURE 5.7. Left: power of the linear regression for Figure . Right:
approximation error versus tg.
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FIGURE 5.8. The same as in Figure but for the data in Figure .

APPENDIX A. PROOFS OF WELL-POSEDNESS AND APPROXIMATION RESULTS

Here we provide proofs of the well-posedness and approximation results stated in §2
Local well-posedness of the scalar viscous conservation law , as well as approximation
by solutions of the regularized equation , follows from standard theory for semilin-
ear parabolic equations, cf. [10], whereas global well-posedness relies on the comparison
principle, cf. [14] [1I7].

Proof of Lemma[2.1 First, it is well-known that 9? is a sectorial operator on Cy,(R) with

domain C? (R) and there exists a constant C' > 0 such that

105" & oo < CE % ul|oc, (A1)
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for m = 0,1,2, t > 0 and u € Cy,(R). Second, the map N: CL (R) — Cu(R) given
by N(u) = f'(u)u, is locally Lipschitz continuous since f is smooth. Third, C}, (R) is
an intermediate space of class .J; /5 between Cy,(R) and CZ (R). Hence, it follows from
standard analytic semigroup theory, cf. [10], that there exist a maximal time 7" € (0, 00|
and a unique classical solution

u € C([O’ T)? C&b(R)) N C((Ov T)? Cgb(R)) N Cl((0> T)a Cub<R))>

614 of with initial condition u(0, ) = uy € C}, (R). Moreover, if we have T' < oo, then it
615 holds lim sup, ;- ||u(¢, )|~ = 0o. A standard bootstrapping argument, using the fact
616 that f € C(R), then yields OFu(t,-) € C!, (R) for any k,l € Ny and ¢ € [0,T) implying
617 u € C™((0,T) x R,R).

It is well-known [I4] [I7] that the scalar conservation law obeys a comparison
principle yielding mg < u(t, ) < M, for all ¢ € [0,T") upon comparison with the constant
solutions u = mgy and u = M; of . Differentiating the mild formulation of , we
obtain

+(1-0)
wit) =yt [ R H fu(s, s
0
t
w0 s, (s, s, (A2)
H(1-5)
for t € [0,T), where § € (0,1) will be fixed a posteriori. Let R > 1 be such that
sup{|f (v)] + [/ (v)| : v € [mo, Mo]} < R.

Fix some 7 € [0,7). Taking norms in (A.2)), while using (A.1)) and the fact that my <
u(t, ) < My, we establish

ds

— S

=9 CR b CRsup{||ug(s, e : s €0, 7
(. )l SCHu@HwLooJr/ d3+/ p{[lus(s, )|l [0, 7]}
0 t(1-96) t—s

< C (Jluollwsos + RJ10g(6)] + 2RVa sup{ e (s, e : s € [0,7]})

for all t € [0, 7]. Thus, setting § =
inequality, we arrive at

sup{||u.(s,)||e : s € [0, 7]} < 2C (”'LL(JHWLOO + Rlog (1602]%2 max{l,r})) ,

1 . .
62 R man (17} © (0,1) and taking suprema in the latter

618 for all 7 € [0,T). We conclude that lim sup,_,,— ||u(t, -)||w1.c = 0o cannot occur, implying
619 that T = oo and the classical solution is global. O

620 Proof of Lemma[2.9. Recall that 9% is a sectorial operator on Cy,(R) satisfying . In
621 addition, the flux function f: Cyp(R) — Cup(R) is locally Lipschitz continuous. Hence,
622 by a standard fixed point argument as in the proofs of [10, Theorem 7.1.2 and Proposi-
623 tion 7.2.1] there exist a maximal time 7" € (0, o¢] and a unique solution u € C ([0, T), Cyp(R))
624 of (2.2)). Moreover, if T' < oo, then it holds limsup,_,; [Ju(t, -)|ls = o0.
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Let f € C(R) be a function satisfying
sup {‘f(v) - f(v)! (V€ [—mo,Mg]} <9,
for some 0 > 0. By Lemma there exists a unique global classical solution
€ C([0,00), O (R)) N C((0, 00), C,(R)) N CT((0,00), Cun(R))
of the integral equation
t
a(t,-) = %y +/ 8, %29 f(q(s,-))ds. (A.3)

satisfying mo < u(t,-) < My for all t > 0. From and (A.3)), we obtain

e —ate.) = [ o0 <,->>—f(ﬁ(s,->>+f<a<s,->>—f<a<s,->>) s, (A4)

for all t € [0, 7). Denote by L > 0 the Lipschitz constant of f on [mg— 1, M+ 1]. Taking
norms in (A.4)) we arrive at

lu(t, ) = a(t, )l < C / Llju(s,-) ;tu__< Moo 84

for any t € [0,7) with sup{|ju(s, ) — @(s, )]s : s € [0,¢]} < 1. Hence, Gronwall’s
Lemma [10, Lemma 7.0.3] yields a constant M > 0, depending only on C' and L, such
that

Hu(t? ) - ﬂ(t7 )HOO < Ma\/%v (A5)
for all t € [0, T) with sup{||lu(s,-) — a(s,)||e : s € [0,¢]} < 1.

We argue by contradiction and assume 7" < co. Take
1

0<d<
T OMVT

If

sup{|lu(s, ) —u(s, )|l : s €0, 1)} > 1,
then by continuity, there must exist ¢ € [0,7") with

sup{[lu(s,-) —u(s, )| : s € [0,]} = 1.
However, (A.5)) then implies

. 1
luls, ) = a(s, )l < 5

for any s € [0, ¢], which yields a contradiction. Hence, we have

sup{|lu(s,-) = a(s, )l : s € [0, T)} <11
and is satisfied for all ¢ € [0, 7). So, we must have T"= oo and u(t, -) is global.

Slnce it holds my < a(t,-) < M, for all t > 0 and, in addition, 6 > 0 can be chosen
arbitrarily small, it follows mg < u(t,-) < My for all t > 0 by (A.5 - which concludes the

proof of . O
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Proof of Lemma[2.3 First, Lemma n 1mphes that mg < u(t,-) < M, for all t > 0. Sec-
ond, there exists by Lemma [2.2| constants M, 50 > 0 such that if we take § € (0,y), then
there exists a unique global cl classmal solutlon of (2.1)) satisfying my < a(t,-) < My
and ||u(t, ) — a(t, )]s § M5\/_ for all t > O Thus u( -) solves the mild formula-
tion E[) Subtracting (A.3]) from (2.2)) and dlfferentlatmg we obtain

H(1-5) ;
%a»—ﬂxuvzl 02 €%24=9) (f(u(s, ) — f(als, ) ds

+ /t( 92 P2 (t=9) ( — ﬂ(s’.))> ds
% (A.6)
* /(1 —6) <f( ( )) JE (ﬂ(sv ))) Um(S, ')ds

*/‘ D =) F(ii(s, ) (ta(s, ) — ita(s, -)) ds,

t(1-5)

for all ¢ > 0. Denote by L > 0 the Lipschitz constant of f on [mg, M|, and set K =
sup{|luz(s, )] : 0 < s < 7} and Ry = sup{|f'(v)| : v € [mg, My]}. Thus, taking norms
in (A.6)), Whlle using (A.1]), we arrive at

mm»—m@qmgo/‘ £@ﬁ£g3+q43mm»—m@wu®

t(1-5) Vit—s \/t - S
H(1-5) § (1 + L]\Af\/?>
+ C’/ ds,
0 t_ S

for all t € [0,7]. Hence, Gronwall’s Lemma [10, Lemma 7.0.3] yields a constant M > 0,
independent of §, such that

lua(t, ) = s (t, ) |oo < MV,

for all ¢ > 0. Thus, taking o < min{dy, e2/(M?27),e/(M+/7)} we establish (2.5). O
Proof of Lemma 2.4 We switch to the co-moving frame £ = xz—ct, in which equation (1.1])
reads

wy = wee + cwe + f(w)e. (A.7)

If w(t,-) is a mild solution of (A.7)) with initial condition w(0, ) = ug, then the difference
z = w — ¢ is a mild solution of

2= (7 +cz+ f(z+ () — f(8(£))), (A-8)
and has initial condition 29 = uy — ¢ € CL (R) N L'Y(R). The integrated version of

equation reads
v = vee + cve + f (v + 0(§)) — f(0(S)), (A.9)
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where the relevant solution has initial condition vy € C% (R) given by
3

w© = [ 2y

—00

First, the nonlinearity N: Cy (R) = Cup(R) given by N(v) = cve + f(ve + ¢) — f(9)
is well-defined and locally Lipschitz continuous. Second, 852 is a sectorial operator on
Cun(R) with dense domain C2 (R). Third, C} (R) is an intermediate space of class Jj 2
between Cy,(R) and C? (R). Therefore, standard analytic semigroup theory, cf. [10,
Theorem 7.1.2 and Propositions 7.1.10 and 7.2.1], yields a maximal time 7" € (0, co] and
a solution v € C([0,T), C% (R)) of

ot ) = %y +/0 P9 (cug(s, ) + Flvels, ) + &) — f(&)) ds. (A.10)

Moreover, if T < oo, then we must have limsup, ., [[v(t,-)||wi~ = oo. Differentiat-
ing (A.10]) with respect to £ and setting z = ve, we obtain

A, >—e520+/a§e 9 (cas, ) + f(2(s.) + &) — F(8)) ds. (A11)

Hence, z € C([0,T),C},(R)) is a mild solution of (A.8) with initial condition z. Thus,
we have

Uﬁ(tu g) = ’Z<t7€> = UJ(t,f) - ¢ = U(t,f + Ct) - ¢(£)7
where u € C([0, 00), Cyup(R)) is the global mild solution of (A.7), established in Lemmal/2.2]
satisfying ||u(t, -)||co < |Jtuolloo for t > 0. So, it holds

g (2, )Hoo = [|2(¢, )loe < [luolloo + [[¢llo
for all ¢ > 0. Taking norms in and using (A.1)) we arrive at

\|v<t,->r|oosc(|rvo|roo+tsup le(s, ) + F(z(s,) + >—f<<z>>||oo). (A12)

Clearly, the right-hand side of m does not blow up as t — T~ yielding T' = co. Thus,
we have obtained a global solution u € C'([0, 00), C}, (R)) of (2.2).

Finally, we establish L!-integrability of u(t,-) — ¢ for all £ > 0. Since ¢ is bounded and
f is locally Lipschitz continuous, we observe that the nonlinearity G: L'(R) N Cyp,(R) —
L'(R) N Cyp,(R) given by G(2) = cz+ f(z+ &) — f(¢) is well-defined and locally Lipschitz
continuous. On the other hand, 0% is a sectorial operator on Cy,(R) N L*(R) and there
exists a constant C' > 0 such that

|08 % gllp < CE % gy, (A.13)

for p = 1,00, m = 0,1, and g € LP(R). Hence, by a standard fixed point argument as
in the proofs of [10, Theorem 7.1.2 and Proposition 7.2.1], there exist a maximal time
7 € (0,00] and a unique solution z € C([0,7), Cup(R) N L*(R)) of (A.11]) such that, if

T < 00, we have limsup,_, - ||2(¢,)||zinre = 0o. Let L > 0 be the Lipschitz constant of
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£ on [=lluoll = [9llocs ltolloc + |¢]lc)- Taking norms in (A-TT) and using (A-I3) we arrive

at
. < 0 (Jati+ [ ),

t—s

for t € [0,7). Hence, Gronwall’s Lemma [10, Lemma 7.0.3] yields a constant M > 0,
depending only on C| |c|, and L, such that

12(2, )l < Mz,
for all ¢ € [0, 7). Combining the latter with [|z(¢,)]|cc < ||t0]|oo + [|@]|ee for all ¢ € [0,7)

yields 7 = co. We conclude that z(t,-) = w(t, ) — ¢ = u(t, - + ct) — ¢, and thus u(t, ) — ¢
itself, is L!-integrable for all t > 0. U
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