BRIGHT AND DARK BREATHERS ON AN ELLIPTIC WAVE
IN THE DEFOCUSING MKDV EQUATION

DMITRY E. PELINOVSKY AND RUDI WEIKARD

ABSTRACT. Breathers on an elliptic wave background consist of nonlinear superpositions
of a soliton and a periodic wave, both traveling with different wave speeds and interacting
periodically in the space-time. For the defocusing modified Korteweg—de Vries (mKdV)
equation, the construction of general breathers has been an open problem since the elliptic
wave is related to the elliptic degeneration of the hyperelliptic solutions of genus two. We
have found the new representation of eigenfunctions of the Lax operator associated with the
elliptic wave, which enables us to solve this open problem and to construct two families of
breathers with bright (elevation) and dark (depression) profiles.

1. INTRODUCTION

We consider the integrable model given by the defocusing modified Korteweg-de Vries
(mKdV) equation written in the form:

g — 6uuy + Uyyy = 0, (1.1)

where (z,t) € R x R and u = u(z,t) € R. As is well-known (see reviews in [18, 19]), there
exists a three-parameter family of the traveling periodic wave solutions of the defocusing
mKdV equation (1.1), which we call the elliptic wave. In the symmetric case, it reduces to
the snoidal profile, which is related to the genus-one elliptic solutions of integrable equations
of the AKNS hierarchy [4]. In the non-symmetric case, it is related to the elliptic degeneration
of the genus-two hyperelliptic solutions. Although Riemann theta functions degenerate into
Jacobi theta functions in this limit [20], the general theory is too abstract for practical
applications of the mKdV equation.

The mKdV equation is one of the fundamental models of the dispersive hydrodynamics,
where the elliptic waves and breathers on their backgrounds capture dynamics of dispersive
shock waves and soliton gases [1]. Breathers are nonlinear superpositions of a soliton and
a periodic wave, both traveling with different wave speeds and interacting periodically in
the space-time. In the symmetric case, breathers with the dark (depression) profiles were
constructed in [37] by using the explicit expression for eigenfunctions of the Lax operator
associated with the genus-one elliptic wave from [40]. In the non-symmetric case, breathers
with the kink profiles were constructed in [3] for the only case when the spectral parameter
is at the origin (which is the center of symmetry of the Lax spectrum). The main purpose of
this work is to construct breathers with both bright (elevation) and dark (depression) profiles
in the general case of the genus-two elliptic wave and for the arbitrary non-zero values of

the spectral parameter.
1
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The mKdV equation (1.1) is related to the Lax system of linear equations written for the
eigenfunction ¢ € C*(R x R, C?) and the spectral parameter ¢ € C:

ax@ = U(C? U)% EMO = V(C, u)<p, (12)

ven = (5" ).

V(C,u) = 4i3 + 2iCu? 4C%u — 2iCuy + 2u® — gy

YT A+ 2iCu, + 208 — gy —4iC3 — 2iCu? ‘

Classical solutions of the mKdV equation (1.1) arise as a compatibility condition of the Lax
system (1.2) given by 0,0;p = 0,0,¢. Since the spectral problem

( i i )90:@, (1.3)

—u

where

is self-adjoint in L*(R, C?), the admissible values of the spectral parameter ¢ (forming the Lax
spectrum) belong to a subset of R. We construct explicit eigenfunctions ¢ € C*(R x R, C?)
in the case when u(z,t) = ¢(z + ct) is a general elliptic wave with the (left-propagating)
wave speed ¢ € R and the smooth periodic profile ¢(z) : R — R and when ¢ € R is arbitrary.

1.1. Main results. The periodic wave profile ¢ of the traveling wave u(z,t) = ¢(x + ct)
with the wave speed ¢ € R satisfies the third-order equation

9" — 64°¢' + c¢' =0, (1.4)

which can be integrated twice with two real constants of integration b and d as follows:
¢" —2¢° +ch = b, (1.5)
(¢)2 — ¢* + cp? = 2b¢ + 2d. (1.6)

The general periodic solution of the system (1.4), (1.5), and (1.6) has different analytic
forms for b = 0 (symmetric case) and b # 0 (non-symmetric case). If b # 0 (without loss
of generality, we consider b > 0), the general periodic solution is best parameterized by the
real parameters ({1, (2, (3) satisfying 0 < (3 < (o < (3 in the form:

b = 461 G203,
c=2(G+G+EG), (1.7)
d=3((+G+G) -GG - 46 - Gd.

The elliptic wave is then represented in the standard form (see, e.g., [19]):

_ 2(G+ )G+ G) e
A PR e = ot B e

2 2
v=\JG -, k:\/%_é. (1.9)

with
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Parameters {1, (2, (3} in (1.7), (1.8), and (1.9) define the end points of the Lax spectrum

oL = <_OO’ _Cl] U [_C27 _C3] U [C?)u CQ] U [Ch OO): (110)

with two symmetric bandgaps (—(i, —(2) U ((2,¢1) and the central bandgap (—(s,(3). If
0 < (3 < ( < (1, then the wave profile ¢ is periodic on R with the period 2v 'K (k) and
on iR with the period 2v7'K’(k). In what follows, we drop the dependence of the elliptic
functions and integrals on k € (0, 1) if it does not cause a confusion.

The main result of this study is the representation formula for eigenfunctions of the Lax
system (1.2) with u(x,t) = ¢(z + ct) given by (1.8) and with arbitrary ¢ € R. To do so, we
use a new representation of the elliptic function ¢ obtained in [3], which is defined by poles
+v7 (iK' + ) and zeros +v 713, where the values of a € (0, K) and 8 € [0, K) U [0, K)
are uniquely obtained from

G =G () — (G + @) (G — G —(3)
)=\ ve ) \/(<1—<2><<1+<2+<3>' (111)

If (1 # (o + (3, the wave profile ¢ is represented in the factorized form (see [3, Theorem 1]):
(a) H(vz — B)H (vz + B)
(B) O(ve — a)O(vz + )’
where 5 € (0,K) for (; > (o + (3 and § € (0, K’) for (1 < (o + (3. If (; = (o + (3, then
£ =0, and the wave profile ¢ can be written in the factorized form:

2(G + (3)(O% (@) sn? (va) O (v)
(o +23)02(0)0(vr — a)O(vr + )

P(x) = (C1— G — 43)222 (1.12)

G=G+G: o) = (1.13)

G
E
£ c=0
i K (T g o e C=¢
0 <=C1C .C:CZ
0 K Re()

FIGURE 1. The pre-image of the mapping [0, K| x [0,iK']| 2 v — ¢ € [0,00)
on the complex plane when ¢ changes from ¢ = 0 to { = oco.
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To introduce the eigenfunctions of the Lax system (1.2), we parameterize the spectral

parameter ( € R by using v € [0, K| x [0,iK"] from the dispersion relation:
¢? =G+ (¢ = ¢ dn’ ().

(1.14)

Figure 1 shows the pre-image of the mapping [0, K| x [0,iK'] 5 v — ( € [0,00), based on
Lemma 1 below. With this parameterization, the following theorem specifies the explicit

representation of the eigenfunctions.

Theorem 1. Let u(x,t) = ¢(x + ct) be defined by (1.8) for 0 < (3 < (o < ¢ and v €

[0, K] x [0,iK"] be defined by (1.14) for a given ¢ € (0,¢3)U (3, C2) U (Ca, G1) U (¢,
exist two linearly independent solutions of the Lax system (1.2) in the form:

ot = (i tin) e wten= (R o)

where
(pl(x)) ( i H@”iillf RO e ) vzl
0)) =\t _ st i
(pz(af)) a%?ﬁééz;) Sty G e”(iﬁa)“ s
©@)) \G et ot S
and

p=—4v°k? sn(y) en(y) dn(v).
Example 1. When ¢ =0, we have v = 2a + iK', see Figure 1. By using

H(z+iK') = ie%e_%@(z), O(z + iK') = ie'ic e 2% H(z),

expressions (1.16) and (1.17) reduce up to the norming constants to
pr(@)) _ (1) O ta) e
q1(z) -1} Oz — )

() - ()3

which were derived in [3]. Furthermore, by using

o1 Fidn(z) Ficn(z)
SH(Z:EZK)—kSH(Z), (Z:EZK) W, dn (Z:EZK) m,
" sn(2a) = z cn(2a) = G dn(2a) = G2
G’ G’ G
which follows from
sn(a) = VG — (3 en(a) = VG + 3 dn(a) G2+ C3
G+ <2’ VG + & G+G

expression (1.18) yields pu = 4¢1(2(3, also in agreement with [3].

00).

There

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)
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Expressions (1.16) and (1.17) of Theorem 1 will now be used to construct breathers on
the elliptic wave for eigenvalues ¢ chosen in the gaps (=, —(2), (—C3,(3), and ((2, (1) of the
Lax spectrum (1.10).

1.2. Contruction of breathers. We use the Darboux transformation

44
u=¢— ]%pqu (1.25)
where p = ¢1p1 + caps and ¢ = ¢1q1 + c2q2 for some constant coefficients ¢;, co € C and for a
given choice of the spectral parameter ( € R. Expanding yields

4i(cipiqn + c1c2(p1ge + Poqi) + GBpage)
AP —¢}) + 2c1e2(pip2 — (1q2) + 303 — ¢3)

We show in Section 4 below that if ¢ € (0,(3) U ({3, (1), then we can choose scaling factors
in (p1,q1) and (p2, g2) such that

u=¢— (1.26)

PY— 41,03 — 63, P1¢2 + P2qu € iR (1.27)
and
p1P2 — q192, P11, P2g2 € R. (1.28)
This implies that the solution u = wu(z,t) in (1.26) is real if c;co € iR, 2,2 € R. The
exponential factors in (1.16) and (1.17) are defined differently between (0, (3) and ((2, (1) by
the parameter x > 0:

')
K = S’((V):m/) ¢ € (G C1), (1.29)
m; ¢ €(0,¢3).

It follows from (1.26) that only the factor ¢z /¢ affects the representation of the solutions. To
reduce the number of parameters, we introduce the phase translation of the soliton relative
to the elliptic wave and define

g =e " g = —ie™ (1.30)

where the negative sign of ¢, was chosen to obtain bounded breather solutions. It follows from
(1.15) with (1.16) and (1.17) that the breather propagates along the coordinate n = x+cst+x
with the (left-propagating) wave speed c¢s given by

L

Cs=c— . (1.31)

In comparison with the three-parameter family of the elliptic wave with the profile ¢ in (1.8),

the breather solution obtained from (1.25), (1.26), and (1.30) has two additional parameters

¢ € (0,¢3) U (C2,¢1) (which determines uniquely v € [0, K| x [0,iK"], see Figure 1) and

o € R. Since £ > 0 in (1.29), it follows from (1.16) and (1.17) that the elliptic wave is
shifted across the breather with the phase shift in z given by 2v7(y — ).

To illustrate the breather solutions, let us first show the periodic profiles of ¢ in Figure

2 for (¢1,C2,C3) = (2,1,0.5) (left) and ((y, (o, ¢3) = (1.25,1,0.5) (right). In both cases, the

difference between (1.8) and (1.12) is found within the machine precision error. The left
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panel corresponds to 5 € (0, K), for which ¢ has zeros on R, and the right panel corresponds
to 8 € (0, K'), for which ¢ has no zeros on R.

-10 -5 0 5 10 -10 -5 0 5 10
X X

FIGURE 2. The elliptic function ¢ versus x given by either (1.8) or (1.12) for
(Cla C27 C3) = (27 17 05) (left) and (Cla C27 CS) = (1257 17 05) (I'lght)

The breather solution u = wu(x,t) in (1.26) for the choice of ¢ in (0,(3) is shown for
(C1,¢2,¢3) = (2,1,0.5) in Figure 3 and for ((, (2, (3) = (1.25,1,0.5) in Figure 4. In both
cases, the left panels show the snapshot versus x at t = 0 and the right panels show the
solution surface versus (&,t), where £ = x + ct. In both cases, we have set zy = 0 in (1.30)
and chosen ¢ from (1.14) with v = 2a + 0.1(K — 2a) + iK’. For the choice of ¢ in (0, (3),
breathers represent the elevation (bright) profile propagating on the traveling elliptic wave
to the right in the reference frame £ = x + ¢t moving with the wave speed c¢ since ¢; < ¢ in
(1.31).

In the limit v — 2a + iK' (when ¢ — 0), the breather profile becomes wide and the
solution degenerates to the kink breather constructed in [3, Theorem 2]. There are two
kinks by the symmetry: from negative to positive values of the periodic wave and from
positive to negative values of the periodic wave (the latter is shown in Figure 4 in [3]). The
kinks also moves to the right in the reference frame £ = x + ¢t moving with the wave speed
c.

The breather solution v = wu(x,t) in (1.26) for the choice of ¢ in ({2, (1) is shown for
(C1,(2,¢3) = (2,1,0.5) in Figure 5 and for ({1, (2, (3) = (1.25,1,0.5) in Figure 6. The spectral
parameter ¢ is defined by (1.14) with v = 0.5K. For the choice of ¢ in ((2,(1), breathers
represent the depression (dark) profile propagating on the traveling periodic background to
the left in the reference frame £ = x4+ ¢t moving with the wave speed ¢ since ¢, > ¢ in (1.31).

In the limit (3 — 0, the elliptic wave is reduced to the snoidal profile by the Landen
transformation [3, Example 3.2]. Dark breathers on the snoidal profile were constructed
explicitly in [37, Theorem 1]. The dark breathers also move to the left in the reference frame
£ = x + ct moving with the wave speed c. see Figure 1 in [37].
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FIGURE 3. The snapshow versus = for t = 0 (left) and the solution surface
versus (§,t) (right) for the bright breather with ({1, (s, (3) = (2, 1,0.5).
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FIGURE 4. The same as Figure 3 but for (¢1,¢2,(3) = (2,1,0.5).

1.3. Background of the problem. Breathers for the Korteweg—de Vries (KdV) equation
were first constructed in the pioneering work [29] based on the dressing method. Algebro-
geometric constructions of breathers were developed in [21] with a rather abstract approach
based on commutation identities. Another method of constructing such solutions for the KP
hierarchy was developed in [5, 38] with the degeneration of Grassmanians, see also [32].

Inspired by the recent studies of the soliton gas in [13, 23, 24], the breather solutions on
the elliptic wave background appear to be the central objects for interactions of solitons in
the limit of infinitely many solitons. Consequently, the same solutions of the KdV equation
were comprehensively studied in two independent works [6, 26]. It is shown in [26] that the
bright profiles are related to the spectral parameter chosen below the Lax spectrum and the
dark profiles are related to the choice in a spectral gap of a finite length.

The same bright and dark profiles of breathers are found in the nonlocal Benjamin-Ono
(BO) equation [10], where the traveling wave is expressed in terms of trigonometric rather



8 DMITRY E. PELINOVSKY AND RUDI WEIKARD
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FIGURE 5. The snapshow versus = for t = 0 (left) and the solution surface
versus (£,t) (right) for the dark breather with ({1, (&, () = (2, 1,0.5).
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FIGURE 6. The same as Figure 5 but for (¢1, s, (3) = (2,1,0.5).

than elliptic functions but the Lax spectrum and the choice of the spectral parameter are
similar to the case of the KdV equation. For the nonlocal derivative nonlinear Schrodinger
NLS equation, it is shown in [11] that only dark profiles exist in the defocusing case, whereas
both bright and dark profiles coexist in the focusing case. Similarly to the BO equation,
the traveling wave is still expressed by trigonometric functions and has a very similar Lax
spectrum but the spectral parameter for the breathers can be chosen inside the continuous
spectrum, contrary to the cases of KdV and BO equations.

For the defocusing cubic NLS equation, dark profiles of breathers were constructed for
the snoidal elliptic wave in [39, 40], see also [36]. It was found recently in [27] that both
bright and dark profiles of breathers exist for the elliptic wave with a non-trivial phase,
which is still expressed by the genus-one elliptic functions. The elliptic wave background
is modulationally unstable for the focusing cubic NLS equation and formations of rogue
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waves and time-decaying and space-periodic breathers complicate dynamics of perturbations
[7, 12, 15].

For the defocusing mKdV equation, the results of [3] and this study shows that breathers
propagating on the general elliptic wave may have bright, dark, and kink profiles. This is
very different to the only dark profiles found on the snoidal elliptic wave in the symmetric
case [37]. For the focusing mKdV equation, one family of traveling waves (generalizing the
dnoidal profiles) is modulationally stable and the other family of traveling waves (gener-
alizing the cnoidal profiles) is modulationally unstable, see [14] and the references therein.
Consequently, bright breathers were observed on the dnoidal profiles [24, 25] and rogue waves
were constructed on the cnoidal profiles [8, 9], but the comprehensive study of breathers in
the focusing mKdV equation is still open.

For the focusing mKdV equation, stability of the elliptic profiles and breathers on their
background were only developed in the symmetric case [33, 34]. The main obstacle has been
again the explicit characterization of the eigenfunctions of the Lax operators. Only recently
in [35], the eigenfunctions are constructed by degeneration of the Riemann theta functions of
genus two, very similar to the general elliptic theory in [20]. One of the possible application
of our work is to construct the explicit eigenfunctions of the Lax operators for the focusing
mKdV equation in terms of the elliptic functions.

Finally, we mention another form used to characterize eigenfunctions of the Lax operators
related to the elliptic degeneration of the Riemann theta functions of genus two [30, 31]. The
elliptic functions are characterized as quotient of products of Jacobi theta functions centered
at the poles and zeros of the elliptic function. Although this form can also be obtained for the
eigenfunctions of the Lax system (1.2), we show in Section 5 below that the poles and zeros of
the elliptic eigenfunctions are defined by using the branch point singularities, and therefore,
the factorization formulas are not as explicit as the representation of eigenfunctions in terms
of elliptic functions obtained in Theorem 1.

1.4. Methods and organization of the paper. Theorem 1 is proven in Sections 2 and
3. The main idea for the proof comes from an application of the Miura transformation

v(x,t) = u?(w,t) £ uy(z,t), (1.32)

which relates solutions u(z,t) of the mKdV equation (1.1) to solutions v(z,t) of the KdV
equation v; +6vv, +Uzpe, = 0. A similar transformation maps potentials of the spectral prob-
lem (1.3) to potentials of the stationary Schrédinger equation. By using Weierstrass’ elliptic
functions, we show that the Schrodinger equation for the general elliptic wave (1.8) becomes
the Lamé equation with a single-gap elliptic potential, solutions of which are well-known, see
[28, p.395] and [22, Section 3]. . This yields the representation of the eigenfunctions of the
spectral problem (1.3) as a linear combination of two solutions of the Schrédinger equation.
The coefficients of this linear combination are uniquely computed by using expansions of
elliptic functions near poles in the complex plane. This is achieved in Section 2 with the
complex parameter v € [0, K] x [0,7K'] to represent the eigenfunctions in the form (1.16)
and (1.17).
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The pre-image of the mapping [0, K| x [0,iK’] 5 v — ¢ € [0,00) shown in Figure 1 is
computed in Section 3, where we also compute the time-dependent form (1.15) of eigenfunc-
tions. The mapping [0, K] x [0,iK'] 5 v — p € C is obtained in the explicit form (1.18)
also by using relations to Weierstrass’ elliptic functions and computation at a single point
xo € C. We also show that € Rif ¢ € (—(y, =) U (—(3,(3) U ({2, (1), which are the three
gaps of the Lax spectrum (1.10) associated with the elliptic wave.

Breathers in the form (1.26) are studied in Section 4, where we justify the conditions
(1.27) and (1.28) as well as the choice (1.30) for the breather solution to be real-valued and
bounded. For the positive half-gap (0, (3), where bright breathers of Figures 3 and 4 are
constructed, we only need to rewrite the eigenfunctions of Theorem 1 for v = iK' + § with
d € (2a, K) and choose the norming constants conveniently. However, for the positive gap
({2, (1), where dark breathers of Figures 5 and 6 are constructed, we use v € (0, K) but
change = to 1K’ 4+ x. This transformation maps the bounded profile ¢ of the elliptic wave
to the singular profile but also maps the singular profile of the breather solution u = u(z,t)
into a bounded profile.

Finally, in Section 5, we discuss the factorization formula for elliptic eigenfunctions of the
Lax system (1.2) associated with the elliptic wave in the factorized forms (1.12) or (1.13).
We show that the poles and zeros of the elliptic eigenfunctions are defined by using the
branch pole singularities, which cannot be unfolded with the use of elliptic functions.

1.5. Notations for elliptic functions. We use Jacobi’s theta functions:

>
Ny
—~
<
~—
I
—
+
s
(]2
—~
|
[S—
~—
3
L)
S
N
Q
@}
w0
[\
S
=

n=1
where ¢ := G_WTKI with K being the complete elliptic integral for elliptic modulus k£ and K’
being the same for £ = v/1 — k2. For notational convenience, we use
) T
H(z) =6i(y), O(x) =04(y), with y= K (1.33)

Jacobi’s theta functions (1.33) are related to the elliptic function sn, cn, and dn due to

n(g) = 0y = YHHEAE) gy YROEHE)
o) = e s ) = e () = gL ()

These elliptic functions are related by the fundamental relations
sn®(z) +en?(z) =1, dn’(z) +k?sn?(z) =1, dn(z) — k% en’(z) = (k) (1.35)

Functions H, sn, and cn are 2K -antiperiodic and 2i K'-periodic, whereas functions © and dn
are 2K -periodic and 2iK’-periodic. Further properties of elliptic functions can be consulted
in [17].
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2. EIGENFUNCTIONS OF THE SPECTRAL PROBLEM (1.3)

We derive the explicit representations (1.16) and (1.17) of elliptic eigenfunctions in The-
orem 1. To do so, we first give the relation between the elliptic wave (1.8) and Weierstrass’
elliptic functions (Section 2.1), which is used in the derivation. Then, we proceed with the
Miura transformation (1.32) to derive the explicit solutions of the Lamé equation with a
single-gap elliptic potential (Section 2.2). Finally, we obtain the unique expressions for the
linear superpositions of explicit solutions of the Lamé equation from expansion of elliptic
functions near poles in the complex plane (Section 2.3).

2.1. Relation to Weierstrass’ elliptic function. We recall from [2, 41}, reviewed in [3],
that the elliptic wave (1.8) is related to Weierstrass’ elliptic function

v? ey — €3

et — e T ke , 2.1
o) 63+sn2(1/x,k)’ Y a=e e; — e3 (2.1)

where e3 < ey < e; are given by the relations

1
er =S (G + ¢ —2¢3), ey (2 (2
1— €2 =Gy —(3,

wotG-234@). = | a-w=¢-¢& 22
es —e3 = (i — (3.
es = 3(=200 + G +G),
Weierstrass’ function g is periodic with periods 2w and 2w’, where
K K
w = —, w = —. 23
Vel — €3 Vel — €3 ( )
By [3, Lemma 3.4}, there exists v € [—w,w] X [-w’, w'] such that
C=o), 2= (24)
By using v € [~w,w] x [~w’, W], the elliptic functions ¢, ¢, and ¢? are related to Weierstrass’
function p as follows:
1p'(x —3) + ¢z +3) v v
o(xr) = = 3 v2 :C(:U+—>—C(:c——)—CU, 2.5
D o et 3) 2 2) w29
da)=p(r—3) -9 (r+3) (2.6)
and y y
20\ _ v _Z
@) =p(z+5)+o(z—3) +o0). (2.7)

where ( is Weierstrass’ zeta function. Moreover, by [3, Lemma 3.6], we have the correspon-
dence between v € [—w,w] X [—~w',w'] in (2.4) and a € (0, K) in (1.11) given by
v iK'+«

= (2.8)
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2.2. Miura transformation. We consider here the spectral problem (1.3) with u(x,t) =
¢(z + ct) and use x in place of x 4 ct. Squaring the spectral problem (1.3) yields

_ 92 2 /
(557 )= 29)

where 1) = (p, q)" is the eigenfunction and ¢ € R is the spectral parameter. By folding (2.9)
in variables ¢y = p £ ¢, we get two uncoupled Schrédinger equations

(—0; +¢* £ ¢) e = Cps (2.10)
By using (2.6) and (2.7), we obtain
¢(2) £ ¢'(2) = plv) +20 (2 F 3) (2.11)

In view of (2.8), we obtain from (2.1) and (2.2) that
€1 — €3

@(x:lzg> =63+Sn2(m($:’:%)>

= (2 G D+

G -G

3 sn?(ve £iK' £ «)
1
=22+ GG+ (G - Qe+ a), (2.12)
where we have used (1.22) as well as the definition of v and k in (1.9). Since
c 1
o) = £ =G+ G+ (2.13)
we finally obtain from (2.10), (2.11), and (2.12):
(=07 —2(¢F = @) en*(ve £ a)) e = (= G+ G — G)e (2.14)
Recall from [28, p.395] that the general solution of the Lamé equation
— ¢"(2) + 2k sn’(2)p(2) = np(2) (2.15)
is given by
Hz+7) .70 H(z =) .70 ©'(v)
()0(2) 1 @(Z) € + C2 @(Z) € ) (7) ®<’Y) )

where ¢y, ¢y € C are arbitrary coefficients and v € [—K, K] x [—iK',iK"] is defined from the
spectral parameter 7 € R by the dispersion relation 7 = k? + dn®(7).
Since z = vr + «, we obtain by comparing (2.14) with (2.15) that

Hvx+~v+a) Hvr—~vy+ta) .,
e vaZ()
Yelo) =20 O(vr + a) O(vr + a) c ’
+

where c¢i,c; € C are arbitrary coefficients, the factor 2 is used for convenience, and v €
[0, K] x [0,iK"] is defined from the spectral parameter ( € R by the dispersion relation

C=G - (G -)’() =G+ (G = C)en’(7) = G + (¢ — ) dn?(7), (2.17)

—veZ() 4 9ck (2.16)
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where the fundamental elliptic relations (1.35) have been used. Lemma 1 below clarifies the
admissible values of v € [0, K| x [0,7K"] from the dispersion relation (2.17).

2.3. Coefficients of the linear superposition. Since ). = p £ ¢, we get two linearly
independent solutions ¥ = (p1,q1) and v = (p2,q2) of the spectral problem (1.3) from
solutions (2.16). The first solution is

+ H(vz+vy+a) — Hvz+y—a)
<p1(flf)) _ (Ci_ H?(ViJri)) + H(E)(z/i:r—a) )> e*l/zZ(’y) (2 18)
vrty+a — Hvz+y—«a :
T (ZE) € O(vaz+a) 1 O(z—a)
and the second solution is
+ H(vz—y+a) — Hyz—y—a)
pg(ﬂf) _ Ca O(vz+a) + Co O(vz—a) erZ('y) (2 19)
0 (.1') + Hyz—y+a) o H(vz—y—a) . .
2 O(vz+a) 2 O(wz—a)

Since there exist only two linearly-independent solutions of the spectral problem (1.3), the
parameters (c;,c;) and (cy,cy ) cannot be arbitrary but must be constant proportional to
scalar arbitrary parameters.

Example 2. If ( =0, we have v = 2a + iK', see Figure 1. Relations (1.19) imply that
O'(y) ©'QRa+iK') ir  H'(2a)

O(y)  ©OQR2a+iK’) 2K  H(2a)’
The expression (2.18) yields (1.20) for v = 2a + iK' if ¢f =0 since

Hvx+vy—a) 00 Hyr+a+iK') _,,9Cik) o Ove+a) _,,H e
e o) = e O(2a+iK') — e dK ———— ‘¢ H(2a)
O(ver — «) O(ver — «) O(ver — «)
The expression (2.19) yields (1.21) for v = 2a + iK' if c; =0 since
/ . ! '2adiK! ’ _ /(20
Hvx — v+ «a) LI Hvr —a—iK >6VI(Z)(<220¢:1'II((’)) _ O(vr — ) s
O(vx + «) O(ve + «) O(vx + «)

The proportionality factors in both expressions are not relevant due to the scalar multiplica-
tion of eigenfunctions. Thus, if ( =0, then ¢ =0 and c¢; = 0.

To find the relations between ¢ and c; in the first solution (2.18) for other values of ¢,
we compute the pole contributions of the elliptic solutions of the spectral problem (1.3) at

v a+ 1K'
rT=-=— .
2 v
Since p(z) = 5 + §(z) as © — 0 with analytic ¢(z) near x = 0, it follows from (2.5) that
1 v v
— 7 y 2.2
o(x) x_y+(9<x 2), as T = o (2.20)

2

By using (1.34) for H(z) = vksn(z)O(z), we obtain the asymptotic expansion:
H(z) = VEO(0)x + O(2®), as x — 0.
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In view of (1.19) and (2.8), this implies that

O(vr + a) = —ivVEO(0 )64K o5 (a-3) <x—§> +O<$—g>3, as r — g (2.21)

By using (2.18) and (2.21), we obtain as x — 3:

H<I/x + Y + a) e—ua:Z('y)

O(vr + a)
. , ) . Q o /
_ ;ef%e(aJriK’)Z('y)e—u(x—%)[Z(’Y)-FQZ}T(]H(V (l’ 2 —L_,y ZK) +0 (SL’— 9)
_ ;e(aﬁ—iK/)Z('y)—&-’;}ze*l/(xf%)Z('y)@ (V (w — %) +7 Lo (x B g)
vvVk©(0) r—3 2

and

H(vz +v — a>e—l/xZ(’Y) _ e(a—ﬁ—iK’)Z('y)H(fY —2a —iK') %, (:c _ 2)

O(vxr — a) @(—2a —iK") 2
_ (ariKNZ(y)+ i O\Y — 2¢) ( _ _) ‘
e H(—2a) +0 (z )
In order to substitute the meromorphic parts into p’ = i(p + ¢q, we deduce that
+
_ Cl (a+1K’)Z(7 “”V 6( ) v
x) = +0O as r — —, 2.22
)= e g+ o), . 2:22)
which yields
+ .
1N €1 (a+iK") Z(y)+ 2 O(v) v
p(r)=——=——¢ K ——— +0(1), as z— —. (2.23)
vk (0) (r=5)° 2
On the other hand, we get
+ . _v
g(z) = €y (KN Z () + 52 67V<zf%)Z(’y)® (V (m ) + 7)
vVkO(0) T3
! 'Lﬂ"Y @ - 2
— cj elatiKNZ0) ﬁ +0 (m - g) , as r — g (2.24)

The double pole in p'(x) given by (2.23) cancels out with the double pole in ¢(z)q(x) given
by the product of (2.20) and (2.24). The simple pole from i(p(z) given by (2.22) must cancel
the simple pole in ¢(z)g(z), due to a relation between ¢; and c;. Using (2.20), (2.22), (2.23),
and (2.24) in p’ = i(p + ¢q, we obtain

1 0(v) o : _O(y —20)
OO [0 Z(7) +O'(W)] + ¢ H(—20)

ic =0,
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. Since ©'(y) = O(v)Z(7), this yields the

after cancelling the constant factor e(@+K)Z(+
linear equation

Jr
L 10(y)  _0(2a—1)
) —c = 0. 2.25
The same equation follows also from q —iCq+ ¢p as x — 3.
Repeating the derivation as © — —%, where
6(r) =z +O(x+3), v
3 as r — ——,
@(l/x—oz)—zy\/_@( )64Ke 5 (= 2>(x+§)+(’)(x+§) , 2
we obtain similarly another linear equation
OR2a+7vy) .. cO()
T 4t 0. 2.26
' H(20) CNE@(O) (2.26)

The determinant of the linear system (2.25) and (2.26) is zero if

)
12kO2(0)0 (20 — )0 (2a + 1)

<= 62 (1) H?(2a)

(2.27)

Since H(z) = vksn(z)O(z) and
0%(0)0(20 = 7)0(2a +7) = ©%(20)0%(v) — H*(2a) H*(7),
we use the relation v = (; sn(2«a) from (1.23) and obtain from (2.27):

ol

ot o)
= §1 - <C1 - Cs)kz Sn2(7)
=G+ (G —G)dn®(y),

which recovers the dispersion relation (2.17). Therefore, one of the two equations in the
linear system (2.25) and (2.26) is redundant.

Recall from Example 2 that v = 2a+iK’ for ¢ = 0, which yields ¢; = 0 since O(2a—7v) =0
and O(2a+ ) # 0. Therefore, we use (2.26) of the linear system (2.25) and (2.26) to define
up to the constant multiplication factor:

WkO(0)0(2a +7) _ . 9(0)©(2a +7)
(1) H(20) BEREED
(2cv). This gives the first solution (2.18) in the final

cf =—i(, ¢ =

where we have used again that v = (;sn
form (1.16).

Similarly, we expand the second solution (2.19) as  — £3. Here, we use the fact that
(2.19) is obtained from (2.18) by replacing 7 to —v. Since the poles £% are independent of
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7, we obtain the linear system of equations for (cj,c; ) by replacing v to —v in (2.25) and
(2.26):

. c3O(y) _O0Q2a+7y)
zgy\/E@(O) — ¢ H(20) =0. (2.28)
and
©R2a—7v) . &06() _
s H(20) ch\/E@(o) =0. (2.29)

Again, it follows from Example 2 for ¢ = 0 that ¢; = 0 since O(2a—~) = 0 and ©(2a+7) # 0.
Therefore, we use (2.28) of the linear system (2.28) and (2.29) to define up to the constant
multiplication factor:

4 WEO(0)O(2a 4 ) _¢ 0(0)0(2a + ) -
’ O(v)H (2a) " 6()eRa) 1 ?
This gives the second solution (2.19) in the final form (1.17).

3. TIME EVOLUTION OF THE EIGENFUNCTIONS

We derive the time evolution (1.15) of the elliptic eigenfunctions in Theorem 1. To do
so, we first inspect the relationship between the spectral parameter ( € R and the shift
parameter v € [0, K] x [0,iK"] given by the dispersion relation (1.14) (Section 3.1). Then,
we separate variables in the Lax system (1.2) and obtain the characteristic polynomial for
the traveling waves (Section 3.2), which is also solved by the elliptic functions. Finally, we
derive the unique expression (1.18) for x in terms of the shift parameter v (Section 3.3).

3.1. Dispersion relation for eigenfunctions. The following lemma defines the pre-image
of the interval [0, 00) under the mapping v — ¢ given by the dispersion relation (1.14). The
pre-image is shown as the path in the complex v plane in Figure 1.

Lemma 1. The pre-image of the path oo — ¢ — (o — (3 — 0 for ¢ € (0,00) is given by
the path (0,iK’') — (0,0) — (K,0) = (K,iK') — (2a,iK") in the complex y-plane.
Proof. For ¢ € [(1,00), we use v = 7/ with o' € [0, K’] and rewrite (1.14) as
an?(y/s k)

2 _ 2 2 2 ;

C=G+ (G- Cg)m7

where k' = /1 — k2. Since cn?(K’;k’) = 0, the image of v = iK' is ( = oo. Since
en?(0; k') = dn?(0; k') = 1, the image of v = 0is ¢ = ¢;. For +' € (0, K'), we have ¢ € (¢, 00).

(3.1)

For ¢ € [(2, (1], we use v € [0, K]. It follows from

¢ =G+ (G -G dn’(y), (3.2)
that the image of v = 0 is ¢ = (; and the image of v = K is ( = ( since (? =
G+ (¢ = )1 —k?) = (3. For v € (0,K), we have ¢ € (G2, 1)
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For ¢ € [(3, (], we use v = K + i7 with +" € [0, K'] and rewrite (1.14) as
1 -k 2 2 2 cn®(y'; K)
dn®(iv/; k) GG <3><in2(v”;k7

Since cn?(0; k') = dn?(0; k') = 1, the image of v = K is { = (. Since cn®(K’; k') = 0, the
image of vy = K +iK" is ( = (3. For 7/ € (0, K’), we have ¢ € ((3, (2).

¢ =G+ (G- 6) (3.3)

For ¢ € [0, (3], we use v = 6 + iK' with y € [0, K| and rewrite (1.14) as
cn?(4)

2 _ 2 2 2
C §3 (Cl CB)SH2(5) (3 )
Since cn?(K) = 0, the image of v = K + 1K’ is (* = (. By (1.23), we have
cn(2a) = é, sn(2a) = Z;
1 G
and since v? = (} — (3, the image of v = 2a + iK' is ( = 0. For § € (0,K), we have

Expressions (3.1) and (3.3) are useful in the spectral bands [(1,00) and [(3, (2], whereas
expressions (3.2) and (3.4) are useful in the spectral gaps ({2, (1) and [0, (3). We will only
use the latter expressions for the purpose of this work. The following lemma gives a useful
relation between the dispersion relation (2.17) and Weierstrass’ function g.

Lemma 2. Let a € [0,w] x [0,w'] be defined by
v =iK'+ va. (3.5)
The dispersion relation (2.17) can be rewritten as
¢ = p(v) = pla). (3.6)
Proof. By using (2.1), (2.2), and (2.13), we obtain
¢* = p(v) = p(a)

Lo ooy 1 2 2 2 G -G
- §<C1 +G+G) - g(_2C1 +G+G) - W
= = (G = G)sn’(y),
which is equivalent to (2.17). O

3.2. Characteristic polynomial for traveling waves. The variables (z,t) in the Lax
system (1.2) with the traveling wave wu(z,t) = ¢(x + ct) can be separated in the form
o(x,t) = P(x + ct)e!'. With the separation of variables, the Lax system (1.2) is split into

the spectral problem
d (i ¢
w06 %) 7
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and the linear algebraic system
i ¢ | 4¢P+ 2i¢e? A% — 2iCd +2¢° — ¢
/W—FC( (b _ZC >¢_ ( 4C2¢+2i<¢,+2¢3_¢” _4Z~C3_2Z~C¢2 ¢a (38)
where all functions depend on only one variable which stands for the traveling wave coordi-

nate x + ct. Since (3.8) is the linear algebraic system, admissible values of y are found from
the characteristic equation

4iC? + 2iC¢* — icC — p 4% = 2iC +26° — ¢ —cd | _ (3.9)
A0 +2iC¢" +2¢° — ¢ — e —4iC® — 2iC? +icC — - '

Expanding the determinant in (3.9) and using (1.5) and (1.6), we obtain

1?4+ 16P(¢) = 0, (3.10)
where the characteristic polynomial P({) can be written in the form:
1 b?
PO =c6— St 22 _saet— 2
(O = ("= 3¢+ (= 8a)" — 1o

= (¢* = I = I = &),

due to the parameterization (1.7). It follows from (3.8) that the quotient p = ¢/p for the
eigenfunction ¢ = (p, q)7 satisfies

LG4 — ) —p 4%+ 2iCH — b
4C2¢ — 2iC — b 4i¢3 +iC(202 — ¢) +
Substituting (2.13) and (3.6) into (3.10) and using (2.2), we obtain
p? = 16(CF + p(a) — p(v))(G + p(a) — p())(G + pla) — p(v))
= 16(p(a) — e1)(p(a) — e2)(p(a) — es)
= 4(¢'(a))?,

where we used the first-order quadrature ()% = 4(p — €1)(p — e2)(p — e3) for Weierstrass’
elliptic function p. It remains to prove that u = —2¢'(a).

(3.11)

3.3. Explicit expression for u. First, we note from (1.16) that p;(x¢) = ¢1(z0) at
a—7y v
T 1= =—a— -,
v 2

where we have used (2.8) and (3.5). By using the quotient (3.11) with p(xy) = 1 for
Top = —a — 3, we obtain

= 4G (o) — b+ 24 (267 + ¢(x0) — 5 — ¢ (a0)
= 4¢(¢(~a) = G(=a—v) = C(0) = 26/(0) + 4iC(¢* + p(—a) — p(v)

= 4(p(v) = p(a))(C(a+v) = {(a) = ((v) — 2¢/(v),
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where we have used expressions (2.4), (2.5), (2.6), (2.7), and (3.6). By using [16, 8.177],
g0 - ¢
2 p(a) —p(a)”

we obtain u = —2¢'(a). Since a = (v + iK’)/v, we use (1.22) and (2.1) to rewrite the
expression for p in the form

¢(a+v) —((a) = ¢(v)

_ 4v¥en(va) dn(va)

p=—2¢'(a) = = —4v°k* sn(y) en(y) dn(v), (3.12)

sn3(va)

which yields (1.18). The explicit expression (3.12) enables a unique parameterization of the
square root singularity in the definition (3.10) of u. We give explicit expressions for p in the
gaps ((2,¢1) and (0, (3) to show that the different branches of the square root are chosen in
between the two gaps.

For ¢ € ((2,¢1), we have v € (0, K). The expression (3.12) is equivalent to

=4 - - DE - @) € (@), (3.13)

due to (2.17).
For ¢ € (0,(3), we write v = § + iK' with § € (2o, K). The expression (3.12) can be
rewritten as

412 en(6) dn(d)

— 31.2 ol K K') =
p=—4vr’k*sn(0 +iK')en(d + iK')dn(d +iK') = sn%(0) ;

(3.14)

which is equivalent to

=4/ - G - NG - ), (3.15)

since the dispersion relation (2.17) can be rewritten as
2= (¢ -&) - (¢t = ¢3) dn’(9) (¢ = &) en®(9)
! sn?(4) 2 sn?(9) sn?(4) '

The sign of the square root branch has been changed between (3.13) and (3.15). When
¢ — 0, we have p — 4¢1((3 from (3.15), in which case the expressions (1.15) with (1.20)
and (1.21) coincide with (2.27)—(2.28) in [3].

:C32—

4. BREATHERS ON THE ELLIPTIC WAVE BACKGROUND

We use a linear combination of the two eigenfunctions in Theorem 1 in order to construct
breathers by using the Darboux transformation (1.25). This leads to the expression (1.26),
where we intend to show for the half-gap (0, (3) and the gap ((2, (1) separately that the choice
(1.30) produces a bounded and real-valued solution of the mKdV equation (1.1). Sections
4.1 and 4.2 report the corresponding results in the two gaps, from which breather solutions
in Figures 3-4 and 5-6 were constructed.
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4.1. Breathers in the half gap (0,(3). By Lemma 1, we use the parameterization v =
iK'+ 6 with § € (2a, K) and associate the spectral parameter ¢ with ¢ by using (3.4). The
eigenfunctions (1.16) and (1.17) change due to the relations (1.19). Both terms in the linear
superposition for either (1.16) or (1.17) have the same constant multiplicative factor, which
we do not write to redefine the eigenfunctions in the form

.~ O(vr+0+a) 0)H (2a+9) ©(vz+0—a) ,
(p1($)> — ( C O(va+a) +C H(5)@(2a) O(vz—a) )6_,/967{((‘?)) (41)

O(ve+o+a) O)H 20-6) O(va+é—a)
Q1 () Swrta) ~ U H D6 Owi—a)
and
H(2a+6) ©(vz—3i+a) O(vz—i—a) ,
() - (Sl it S ) o o
Q2($) CI H()©(2a) O(vata) C O(vr—a)

All elliptic functions are real-valued for real 6 € (2a, K'), which justify the conditions (1.27)
and (1.28). The time variable in (4.1) and (4.2) is set at ¢ = 0. The dependence on time ¢
is given by (1.15) with px given by (3.14).

0.8 0.8
0.6 0.6
0.4 0.4

0.2 0.2

-0.2 -0.2

-0. -04

~

-06 -06

-0.8 J -0.8

FIGURE 7. Re(p) versus x (left) and Im(p) versus x (right), where p = ¢/p
is the quotient of the two components of eigenfunctions 1 = (p,q)T of the
spectral problem (3.7) with the elliptic potential ¢ for ({1, (s, (3) = (2,1,0.5).
The spectral parameter ¢ is defined by (3.4) with § = (2« + K). The green
line shows p for the first solution (4.1) and the magenta line shows p for he
second solution (4.2).

For the numerical check, we plot in Figure 7 the quotient p = ¢/p (real part is shown on
the left panel and imaginary part is on the right panel) for the first solution (4.1) (green line)
and the second solution (4.2) (magenta line). The quotient p is computed in two different
ways: by using the elliptic functions (3.11) with p given by (3.14) and by using the explicit
solutions (4.1) and (4.2). The difference between the two computational formulas is found
within the machine precision error.
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The breather solutions are obtained from (1.26) with the choice (1.30), where k = %

is defined by (1.29). The breather speed ¢, is given by (1.31) and x also defines the spatial
decay rate of the breather at infinity. Since x > 0 and p > 0, we have ¢ < c.

4.2. Breathers in the gap ({3, (1). By Lemma 1, we use the parameter v € (0, K) and
associate the spectral parameter ¢ by using (3.2). The eigenfunctions (1.16) and (1.17) can
be used directly since all elliptic functions are real-valued for real v € (0, K).

For the numerical check, we plot in Figure 8 the quotient p = ¢/p (real part is shown on
the left panel and imaginary part is on the right panel) for the first solution (1.16) (green
line) and the second solution (1.17) (magenta line). The quotient p is computed in two
different ways: by using the elliptic functions (3.11) with p given by (3.12) and by using
the explicit solutions (1.16) and (1.17). The difference is again found within the machine
precision error.

IR
=
: - ldldylllﬂ

-10 -5 0 5 10 -10 -5 5 10

X

FIGURE 8. Re(p) versus x (left) and Im(p) versus x (right), where p = ¢/p
is the quotient of the two components of eigenfunctions 1 = (p,q)? of the
spectral problem (3.7) with the elliptic potential ¢ for ({1, (s, (3) = (2,1,0.5).
The spectral parameter ¢ is defined by (3.2) with v = %K . The green line
shows p for the first solution (1.16) and the magenta line shows p for he second
solution (1.17).

If we proceed with the breather solution based on the Darboux transformation (1.25) with
eigenfunctions (1.16) and (1.17), we get singular solutions for real x € R. However, based
on [26, 37], we change * — x + iK' in order to get bounded breather solutions from the
singular solutions given by (1.25). In application to the elliptic wave with the profile ¢, the
transformation x — x + iK' leaves ¢ real-valued but transforms the bounded solution (1.8)
into the singular solution,

2(G1 + &) (G + &)k sn?(va)

Gt GRnvn. b — (G —G) G —G—G, (4.3)

o(r) =
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where we have used (1.22). In application to the eigenfunctions (1.16) and (1.17), the
transformation x — = + iK' yields up to the constant multiplicative factor:

_j¢ Qrtyta) 0)0(20+) O(va-+1-a)
(}h(x)) - ( ZC H(vz+a) +C1 @S 6@a)  H(vi—a) >€_mz(7) (4.4)
() —i¢ Sl — ¢ S0 ) eg(i:z;?)
and
)] G @wé‘sr” S @12”&15) | |

where we have used (1.19). All elliptic functions in (4.4) and (4.5) are real-valued for real

€ (0, K), which justify the conditions (1.27) and (1.28). The time variable in (4.4) and
(4.5) is set at t = 0. The dependence on time ¢ is given by (1.15) with p given by (3.13).

The breather solutions are obtained from (1.26) with the choice (1.30), where k = Z(v)
is defined by (1.29). Although ¢ given by (4.3) is singular for real x € R, the solution u in
(1.26) with the choice (1.30) is bounded for real € R. The breather speed c¢; is given by
(1.31) and & also defines the spatial decay rate of the breather at infinity. Since k£ > 0 and
1 < 0, we have ¢ > c.

5. FACTORIZATION OF ELLIPTIC EIGENFUNCTIONS

We have obtained eigenfunctions of the spectral problem (3.7) in the explicit form (1.16)
and (1.17). The spectral parameter ¢ € R is represented by the shift parameter v €
[0, K] x [0,iK"] in Lemma 1, which also uniquely parameterizes the eigenfunctions (1.16)
and (1.17). This explicit representation of eigenfunctions is now compared with the factor-
ization formulas discussed in [3] and used in other works [30, 31]. We obtain the factorization
formulas in Section 5.1. Furthermore, we show that the poles and zeros of the elliptic eigen-
functions are defined by using the branch pole singularities, which cannot be unfolded with
the use of elliptic functions. This is done for the simpler cases of rational and hyperbolic
degenerations of the elliptic functions in Sections 5.2 and 5.3 respectively.

5.1. Derivation of the factorization formulas. By using the quotient (3.11) with a
unique choice for p in (3.12), we introduce zeros of numerators and denominators in (3.11)
for b = 4¢;(¢3 and ¢ = 2(¢Z + ¢ + ¢3) in the general case with 0 < (3 < ( < (.
particular, we prove in Lemma 3 below that there exist exactly two symmetric pairs of four
roots in x labeled as {+z1, 25} € [—w,w| X [—w', '] of

2iC [¢*(x) +2C° — T~ G~ G] +n=0 (5.1)
and exactly two symmetric pairs of four roots in z labeled as {+x7, +25} € [—w, w] X [-w', /]
of

2iC [¢*(x) +2¢* — G~ G~ G] —n =0, (5.2)
where w and w’ are given by (2.3). Furthermore, we prove in Lemma 4 that two roots from
{#£x1, £x2} and two roots from {+z}, a3} are four roots in z of

Co(w) = 560/(2) — aats = 0 53
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n [—w,w] X [—w',w'], whereas the complement from the two sets of roots give four roots in
x of

o) + 566(2) — GGy = . (5.4

For convenience, we denote roots of (5.1) and (5.2), which are simultaneously roots of (5.3)
by {z1,22} and {z}, x5} respectively. Since ¢ is even and ¢ is odd in z, the symmetry
between (5.3) and (5.4) implies that roots of (5.4) are given by {—x, —z2} and {—=xF, —z3}.

Lemma 3. There exist exactly two symmetric pairs of four roots in [—w,w] X [—w', w'] with
respect to x for either (5.1) or (5.2).

Proof. For simplicity, we deal with solutions of (5.1). By using the analytical representation
(2.7) with (2.4), we can rewrite (5.1) in the equivalent form

%cF{x+§)+p(x—§)+%2—§&?+ﬁ+(® +p=0.
By using (2.1), (2.2), and (2.8), we obtain
2iC(C — ) [sn*(2 + @) +s0(2 — @) +4iC(¢* = () + 1 =0, (5.5)

where z = vax. With the help of the addition formula

_ sn(u) en(v) dn(v) £ sn(v) en(u) dn(u)
snu+v) = 1 — k2sn?(u) sn2(v) ’

we rewrite (5.5) in the form

o su(z) en®(a) dn®(a) + su(a) n(z) dn(2)
4i¢(¢F — ¢3) [1 — k2sn2(z) sn?(a)]?

Eliminating sn(«), cn(«), and dn(a) from (1.24) yields

(G + G)?sn%(2) + (¢ — ¢§) en?(2) dn’(z)
(1 +¢3) — (¢ — C2) sn?(2))?

+4i((C° = ) +pu=0.

+4i¢(¢C* = 7))+ =0.
(5.6)

4i¢(Cr — ) (G + G3)

By using the fundamental relations (1.35), equation (5.6) yields a bi-quadratic equation
for sn?(z) with two roots. For each root of sn*(z), there exist exactly two solutions of
sn?(z) =w € Cin [-K, K] x [-iK',iK'], see Proposition 3.1 in [3]. This construction yields
exactly four solutions of (5.1) for z in [~w, w] X [—w’,w’]. Since sn?(z) is even in z, the four
roots of (5.1) form two symmetric pairs. The proof for (5.2) is identical. O

Lemma 4. Two roots of (5.1) and two roots of (5.2) are exactly four roots of (5.3) in
[—w,w| X [—w, W] with respect to x.

Proof. By squaring (5.3) and using (1.6), we obtain
= C(¢)? =40 — (16G)’
= —C(¢" = 2G + G+ G +8GGGo+ ¢+ G+ G - 206 + GG+ GE))
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This yields a bi-quadratic equation

1C (20~ G =G =) =0, (5.7)
where we have used (3.10) with P(¢) = (¢ — (})(¢* — (2)(¢* — ¢2). Extracting the square
roots of (5.7) yields (5.1) and (5.2). Since ¢ is even and ¢’ is odd in z, the roots of (5.3) do
not form symmetric pairs. This implies that two of the four roots of (5.3) are given by roots
of (5.1) and the other two roots of (5.3) are given by roots of (5.2). O
Sy

p1
Poles of both numerator and denominator in (3.11) coincide with the poles of ¢*(z) and
¢'(x), which are double poles at the same locations £%, see (2.6) and (2.7). Since both the
numerator and the denominator in each quotient of (3.11) are elliptic functions, have only
four zeros in [~w,w| x [~w’,w'], and their double poles coincide at £3, the factorization
formula for elliptic functions (Proposition 3.3 in [3]) implies for both quotients in (3.11) that

The first quotient p

(5.8)

for some constant C' € R. To obtain C' explicitly, we consider the quotients in (3.11) at the
pole singularity as © — —%, that is,  — v~ (i’ + «). By using (2.20) and (5.8), we obtain

Y (g gt tas) O+ v2]) O + vaj)

li =—-1=C . 5.9
Hyff(rﬁﬁa) pe) = O(a — va1)O(a — vag) (5.9)

This yields
,O(LU) _ _e?—}?(x1+x2+z{+x’2‘) H(”(I + CL’T))H(V(.T + ZE;))@(O& - V‘rl)G(a - 1/132) (510)

H(z —x1))H(v(x — x9))O(a + va})O(a + va)’
which is the quotient p = 1% of the first solution v = (p1,¢q1)T. Note that the two poles and
two zeros of the elliptic function p in (5.8) are related by
T + Ty + 27 + 5 = 0 mod (2w, 2w’).
The second quotient p = g—z.

We change p to —p in (3.11) and use the same notations for the sets of roots in Lemmas 3
and 4. This yields
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for some constant C' € R. To obtain C' explicitly, we consider the singular behavior as x — £,
that is, z — —v 1 (iK' + «), for which

1 O(a — vz)O(a — vay)

i — 1 = Ce¥ (mtaatai+as : 5.12
x%—u*llrgK’-i-a) pLe) ‘ O(a + vx})O(a + vay) (5.12)

This yields
-y (x14+z2+2]+25) H(V(x + xl))H(V(x + [EQ))@(O( + VZL’T)@(O( + V'T;) (513)

plw) = e 2k H(v(w — 20)) H(v(z — 23))0(a — v21)O(a — vas)’

which is the quotient p = Z—z of the second solution 1) = (ps, g2)*. Note that the limit (5.12)

is different from the limit (5.9) and this yields to the asymmetry between (5.10) and (5.13)
in the sense that the two expressions are not obtained by replacing {z1,x2} with {z7, x}}
and vice versa.

Factorized form for (py, q1).

If p is defined, the components of 1 = (p, ¢)T can be found from the first-order equations:

Oup = (iC+ ¢p)p,  0uq = (¢pp~ ' —iC)q. (5.14)

By using the second quotient in (3.11) in the first equation of system (5.14), we write

Co* + %C‘Wy — (1G2C30
(P +2C2 = —G—CG)+p

0y logpy =i + 422, (5.15)

For simplicity of notations, we define

1
v? 3:C12+C22+C§—2C2—ﬂ-

In order to compute integrals explicitly, we recall the linear fractional tranformation between

the elliptic profile ¢ and the Weierstrass’ function p (Lemma 3.4 in [3]):

o= 516
where
ap = (2 + (3 — (i,
b = %CI(C% — 203 — 2G5 — 3(aC3) + é((z +G)(2G — G — G+ 3(a(3),
=1

5= Gle+G) ~ 66— (G + G+ Q)
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By using (5.16), 5.141.5 on p. 626 in [16], and 8.193.2-3 on p. 880 in [16], we obtain

de me(z) + 01 .
/ o) v / (q £vy)p(z) + (B £ v5l)d

N Biy — a1y | Hv(rx+z4)) H'(vxy)
= 5 og ———— 5 —2Ur——- |,
ag toy (ap 2om)?p(r) H(v(x —z4)) H(vzy)
where x4 are roots of ¢(x+) + v = 0 respectively. We note that
0 — + 2
§los) = PO e = I gy,

(mp(rs) +01)? a101 — Bim

The choice of the sign in 2z, and £x_ do not change the outcome of integration. Since
¢*(x) = v? is equivalent to (5.1), roots of which have been denoted as {+z1,+z5}, we can

further fix the sign of x4 to require them to be roots of (5.3), that is, x; = 24 and xo = z_.
As a result, we have

i€ (xx) = 2(Cd(rx) — G1Gls) = 2(Fu® — (GG).

By using these expressions, we compute the integrals in (5.15) as follows:

/ 2% 2
logp; =iz + / ¢2¢iﬁv2das + ZCICC2C3 / pe f Ude — 2@'{/ ﬁdw

= —ix + %log(¢2 —v?)

1G162G3 1 1 1 1
+ c /[¢+U+¢_ }da:—i—sz/Lb_i_U— _U}dx

= —iCx + %1og(¢>2 —a?) + %cb’(m) (z- )/
. 1 2 2 nr o (l‘
= —Z<$+§10g(¢ - v )‘f—T |:Oé1+2’71 + ay — v
1 o H(x+z1))H(v(z + x2)) . "(vaq) H/(I/ZCQ)
3108 H((w — o)) Hw —22) { H(va,) H(’/@)} |

Since ¢*(x) — v? is an elliptic function with roots given by roots of (5.1), we use Lemma 3
and write it in the factorization form

Hv(x —a))H(w(x —x2))H(v(z + 1)) H(v(x + x2))

P(x) — vt =C O2(vr — a)O2%(vx + ) ’

(5.17)
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where C' is a constant. By exponentiating, we obtain the explicit formula for p
e VH(x — 20))H(v( — x2)) H(ule—+7)) Hule~+3))
n ! O(vr — a)O(vx + «)
VAT ARG 1)

V Hule—+17)) H(ule—+73))
H(v(x —x))H(v(x — x3))

= Che” O(vr — a)O(vr + a) (5.18)
where (' is arbitrary constant and
20 = e iGes) | vH (vry) | vH (va)
ST Tt o) HQwy) | Hivm)
_ Z.4C4 — 4% (G + 3 — 1) = iCpu 4 4G1GaCs (o + (3 — (1) " vH'(vay)  vH'(vay)
4¢3 + 4¢(Cal3 — C1Ga — G1¢3) — ip H(vr;) H(”@)(g 19)

By using the quotient (5.10) for p, we hence obtain the explicit formula for ¢; = pip as
(v(z + 7)) H(v(z + 23))

H
= CCe*™ 5.20
N e O(ve — a)O(vx + ) (5:20)
where the constants C' is defined uniquely in (5.9). By choosing
*m(mﬁrfm)
Cl _ € 2K 7
O(a — vr1)O(a — vas)
we obtain the explicit expressions for the first solution in the form:
H(v(w—o1) Hv(z—22)) i )
(pl(l')) _ (@(lxxa)%((yz(#:ﬁo_z)(:))go;“ugfll_@(*o)z)uz2)€ 2‘K 1+z2 ) o (5 21)
v(x+x vir+x (e z.*_,’_x* . .
q1 (ZL’) - @(Vx—a)@(zzx—l—ot)@(a—l—um{)é(a+uw§) e2r (ef+ed)
Factorized form for (ps, ¢2).
We replace p by —p in (5.15). This replaces v* with
(P =G+ GG -2t g

Since ¢*(x) — (v*)? is an elliptic function with roots given by roots of (5.2), we use Lemma
3 and write it in the factorization form
H(v(x — 7)) H(v(x — a3))H(v(x + 27))H(v(z + x3))
2 *\ 2 * 1 2 1 2
— =C 5.22
() - () O2(vr — a)O%(vz + ) ’ (5:22)
where C* is another constant. Computations remain the same with {£z, 22} replaced by

{%a7, 25} so that roots of ¢(x%) = v* = 0 are placed in the correspondence with z} = z7
and x5 = x* . As result of similar computations, we obtain

_ e (e — 21) H(v(z — 23))
P2 =0 O(ve — a)O(ve + «)

(5.23)



28 DMITRY E. PELINOVSKY AND RUDI WEIKARD

and
H(v(x + 21))H(v(z + 15))
O(ve —a)O(ve+a)

where C is arbitrary constant, the constant C' is defined uniquely in (5.12), and

& i4<4 —AC(G+ G — Q)P +ilp +4G6G(G+ G —G)  vH (vay)  vH'(vay)

B 4¢3 + 4¢(Ca¢3 — 1o — CiC3) +ip H(vzy) H(vxs)
(5.25)

= C’gC’es*“

(5.24)

We prove in Lemma 5 that s* = —s. Hence, by choosing

¢ 53¢ (@] +a3)
O(a + vr)O(a + vas)’
we obtain the explicit expressions for the second solution in the form:

Cy =

Hy(z—2*))Hv(z—23)) iy (e
(p2> = < e(yx_g)(@((llm_‘_%))}l((a—é_yml)2?)(&+ym2)62_K( T+as) ) - (5 26)
T Aate -5 (T1t+z : .
42 G(Vx—a)e(yx—i-ot)@(oc—wvl)29(06—1/1»2)e o5 (z1+a2)

Lemma 5. [t follows that s + s* = 0, where s and s* are given by (5.19) and (5.25).

Proof. We recall that the Wronskian determinant of the two solutions of the linear system
(1.2) is independent of (z,t). By using (5.9), (5.12), (5.18), (5.20), (5.23), and (5.24), we
obtain for the Wronskian W of the two solutions:

(s H (@ = 21)) H(v(z — 22)) H(v(z + 21)) HW(2 + T3)) iz (3, 400)
(v — a)O%(vr + a)O%(a — vx,)O? (o — V)
H(v(x — 27))H(v(x — 23)) H(v(x + 27)) H(v(x + 23))
(v — a)O%(vz + a)O?(a + va})O?(«a + va})
By using (5.17) and (5.22), this can be rewritten in the form

W=e

Ty +x2)

+ e(s—l—s* )z

W = elsts)2 ¢2(x) — v o B (x1+22)
CO?%(a —vz,)O%(a — vay)
2 *)2 )
1 plstse ¢*(z) — (v*) o W (@ +as)

C*O%(a + va})O? (o + vay)

We show that the coefficient in front of e(*+5")7¢?(x) vanishes identically. Indeed, by using
(1.19), we compute from (5.17) and (5.22) as va — iK' 4+ « that

(G —C— C3) 6 (a ;@2( — B3)0*(a+ B) = CO(a — vr1)O(a — va9)O(a + v )O(a + vay),
(G —C — C3)2 ;@2( — B)O*(a+ B) = C*O(a — vah)O(a — val)O(a + val)O(a + vab).

The coefficient in front of e(+*)2¢2(z) in W is zero if and only if
O(a + vz,)O(a + vay) o~ V@) O(a — vay)O(a — vay)
O(a — vx1)O(a — vas) O(a + va})O(a + vas)

H(B
o' (a
HY(3

erv(E@i+e3) — (.
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Thi relation follows by taking the limit p(x) in (5.10) as * — —v (iK' +«) or p(x) in (5.11)
as v — v (iK' + a):

iy ©l0 — )00 — va)B(a — v)O(a — v)
O(a+ vr)O(a + vag)O(a + vat)O(a + vah)

Hence we get

U267”7”(a:1+x2) (U*)Qei%’(aﬁuﬂc;)

CO%(a — vx,)O%(a — vay) * C*O2%(a + vx})O%(a + val)

W = _e(s—l-s*):c

The Wronskian W is independent of z if and only if s + s* = 0. U

Example 3. As ¢ — 0, we recover the exact solutions (1.20) and (1.21) from (5.21) and
(5.26) by using

7 = =2 42K,
v 2
—K'—a v
Tg = = 3
v 2
. 1K'+« v
T, = :——’
1 v 2
—i K+« v
*:—:___QK/
'IQ v 2 ? )

which agrees with the fact that roots of (5.1) and (5.2) approach to the double poles of ¢*(z)
as ¢ = 0. Since p — 4¢1(C3 as ¢ — 0, we use (5.19) and obtain s — sy as ¢ — 0 with

H'(2a)
H(2a)’

so=0—CG—CG—2Z"(a)=—v

where we have used Lemma 4.2 in [3] for the second equality. This agrees with (4.1) and
(4.2) for 6 = 2a. By using (1.19), we substitute values of x1, xa, x}, x5 into (5.21) and
obtain

Oz +a) ex a0

pie) = —ae) = G e

which is equivalent to (1.20) up to the scalar multiplication. Similarly, we substitute values
of x1, xa, ], T3 into (5.26) and obtain

T

Over —a) er .
O(vx + o) H?(2w)

pa(r) = qa(x) =

which is equivalent to (1.21) up to the scalar multiplication.
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5.2. Rational solutions. If ¢; = ey = e3, then p(x) = 272, which implies from (2.5) that

1 4v
W)=~ =5 (5.27)
with v € C being the only parameter of the solution. It is clear that the rational solution
(5.27) is not important for applications since the solution is not real-valued if v € C\R and
it is singular for real x if v € R. This case is included for illustrations of expressions for
roots {£xy, £xo} and {7}, £a5} of equations (5.1) and (5.2), respectively.
It follows from (2.4) with p(z) = 272 that

6 4
C = E, b= —E
By using (5.27) in (1.6) with the given values of ¢ and b, we also obtain
3
d=——:.
204

It follows from (1.7) with expressions for b, ¢,d that (; = —v™! and {, = (3 = v~!. By using
parameter a € C, we get from (3.6) and (3.12) that

a? — v? 4
C=—mm e
av a
Equation (5.1) is rewritten explicitly as
1602 8 2 2i
——=—-——=0. 5.28
(4x? — v?2)? + 42 — 0?2 a®  a¥C (5.28)
In order to scale v € C out, we use the scaled variables
v z v
= —y, == S — 5.29
r=gy (= 0= —sp (5.29)

Equation (5.28) in scaled variables (5.29) can be rewritten in the form

16 8 .
s+ 21— 2) (147 VI= ) =0, (5.30)

(=1 y*—
from which we obtain two pairs of roots labeled as +y, and +y_, where
4
yr = |1+ . (5.31)

£/14+201 - 21+ iz V- 2) - 1
Similarly, we obtain from (5.2) an equation

0, 5 _Hn_n (1 —~ z’z‘W?z?) =0, (5.32)

(P —12  y?—1
with two pairs of roots labeled as -y} and +y*, where

4
yi= |1+ . (5.33)

/14201 22)(1 i VI 22) — 1
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Expressions (5.31) and (5.33) have square root singularities at z = 0 and z = +1.

- 1 1 1 LE NN

-10 -9 0 5 Re(y) 10

FIGURE 9. Pairs of roots (5.31) and (5.33) on the complex y-plane parame-
terized by z € [0,1]. The solid lines correspond to roots of (5.30) and (5.32),
which are simultaneously roots of (5.34). The dashed lines correspond to roots
of (5.30) and (5.32), which are simultaneously roots of (5.35).

Let us fix z € (0,1). Figure 9 show pairs of roots £y, £y, +y%, £y* on the complex
y-plane parameterized by z € (0,1). The roots converge to £1 as z — 0 (shown by black
dots). Two pairs of roots converge to i as z — 1 and two pairs of roots diverge to infinity as
z — 1. The solid lines show the roots of (5.30) and (5.32), which are simultaneously roots
of

Sizy 422
+
(y»—1?2 »y—1
which is obtained from (5.3) with the scaling (5.29). Similarly, the dashed lines show the
sign-reflected roots, which are roots of

—(1-2Y) =0, (5.34)

8izy 422 9
- —(1- =0 5.35
(y2—1)2+y2—1 (1-2%) =0, (5.35)
obtained from (5.4) with the scaling (5.29). Hence, based on the numerical data and the
scaled transformation (5.29), we have

v . v

v . - * « U
T = —3Y+, Ty = —ZY-, Ty = _y+7 Ty = ZY_.

2 2 2 2
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We also note that yi = y,, which suggests that z7, = —Ty».

5.3. Hyperbolic solutions. If 0 < (3 = (» < (3, we have k = 1 from (1.9). Since K = oo

and K’ = Z, the fundamental rectangle [— K, K| x [—iK’,iK'] becomes a horizontal strip of

the width 7r in the vertical direction. Equation (5.6) becomes

¢3 cosh®(22) + ¢ — 263
(¢1 + G cosh(22))?

4i¢(¢ - &) +4iC(° =) +p =0,

which can be expanded as

2
& <C2 G+ 4—§> cosh?(22)+2¢1G (CQ G+ i Z%

Since p? = —16(¢*—(?)(¢*—¢2)?, multiplying by (CQ — (3 - ﬁ) yields after straightforward
computations:

) cosh(22)+C*(F -3¢ G +2¢ +

He* (G — <§>)2
4i¢(¢? - ¢3)
2u¢*¢3
+(-G)° (C2(C12 - 2¢3) + ﬁ) = 0.
We consider ¢ € (0,¢y) and select u = 4((2 — (?)+/¢? — (2 from (3.15). Solving the previous
equation for cosh(2z) yields two solutions:
—G(E - ) +iC(G - GIVE - CE(EF — CzQ)\/CQ(QCz2 — () =21V (G — ¢
GGG — ) '

<<1<2<<2 ~ Z)eosh(22) + G — ) +

cosh(2z) =

(5.36)
Roots of (5.36) solve equation (5.1). Hence, they are denoted by +z; and +25 in (—o00, 00) X

IT AT

[—— —]. Similarly, roots of

272
—G (¢t = ¢%) —iC(¢F — @)V — CE (¢ — 43)\/62(2422 — () + 220GV G = ¢

GG(¢ —¢?) 7
(5.37)

cosh(2z) =

solve equation (5.2). Hence, they are denoted by £z} and £25 in (—o0,00) x [-5,2]. We
detect numerically which of the four roots of (5.36) and (5.37) are simultaneously roots of
(5.3). They are labeled as z1, 29, 2{, z5. The sign-reflected roots —zy, —zy, —z7, —z; of
(5.36) and (5.37) are simultaneously roots of (5.4). The correspondence between the roots
of 2z and roots of x is z = v, where v = /( — (2.

Figure 10 displays roots z1, 22, 27, 25 of (5.36) and (5.37) for (; = 1 and {, = (3 = 0.5.
The roots are parameterized by ¢ € (0,(z). The big dots of the same color show roots at

= (3 and ¢ = 0. Dashed horizontal lines in magenta shows the boundary of the vertical
strip at iK' = j:%i. For ¢ = 0, four pairs of roots are located at iK' + a. As ( — (o,
four roots diverge to infinity since K = oo and two pairs of roots coalesce on iR.
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The solid lines show the roots of (5.1) and (5.2) which are simultaneously roots of (5.3),
that is, roots labeled as {zi, 29, 21, 25}. Consequently, the dashed lines show the reflected
roots { —z1, —22, —2}, —23 } which are roots of (5.1) and (5.2) which are simultaneously roots
of (5.4). We can see that the roots satisfy the symmetry 2, = —Z 5, as in the case of
rational solutions.

Im(z)

-1 -0.5 0 0.5 Re(z) 1

FIGURE 10. Roots {£21,£25} of (5.36) and {£=2], +25} of (5.37) on the com-
plex plane for ¢ € (0,(,) for (; =1 and ¢ = (3 = 0.5.
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