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ABSTRACT. The newly discovered exponential and algebraic double-soliton solutions of the
massive Thirring model in laboratory coordinates are placed in the context of the inverse
scattering transform. We show that the exponential double-solitons correspond to double
isolated eigenvalues in the Lax spectrum, whereas the algebraic double-solitons correspond to
double embedded eigenvalues on the imaginary axis, where the continuous spectrum resides.
This resolves the long-standing conjecture that multiple embedded eigenvalues may exist in
the spectral problem associated with the massive Thirring model. To obtain the exponential
double-solitons, we solve the Riemann—Hilbert problem with the reflectionless potential in the
case of a quadruplet of double poles in each quadrant of the complex plane. To obtain the
algebraic double-solitons, we consider the singular limit where the quadruplet of double poles
degenerates into a symmetric pair of double embedded poles on the imaginary axis.

1. INTRODUCTION

We address the massive Thirring model (MTM) in laboratory coordinates, which can be
written in the following normalized form

i(wy + ug) +v 4 |v/*u =0,
i(ve — v,) +u+ |ulPv =0,

(1.1)
where u = u(z,t) and v = v(x,t) are complex functions of real variables z and ¢t. The MTM
was introduced in [25] in the context of quantum field theory as a relativistically invariant
nonlinear Dirac equation in one spatial dimension. It was found in [20] (see also [14, 16, 21])
that the MTM is a commutativity condition for a Lax pair of linear equations, hence it is
completely integrable by the inverse scattering transform (IST) method. The Lax pair of
linear equations for the MTM is given by

8xw = L(“; v, C)¢, &ﬂﬂ - A(U, v, C)¢> (12)

Date: November 18, 2024.
Key words and phrases. Integrable system, Massive Thirring model, Inverse scattering transform, Riemann-
Hilbert problem, Double-soliton.
1



2 Z. Q. LI, D. E. PELINOVSKY, AND S. F. TIAN

where ¢ € C is the spectral parameter, 1 = 1 (z,t) € C? is the wave function, and the 2-by-2
matrices L(u,v,() and A(u,v, () are given by

pe g5 (0 ) e (1 b) + 5 =em

A~ |

and
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Here the bar stands for the complex conjugation and o3 = diag(1l,—1) is the third Pauli’s
matrix. The compatibility condition 9,0,1 = 0,0;¢ in the linear system (1.2) coincides with
the MTM system (1.1).

The IST method based on the Riemann—Hilbert (RH) problem has been applied for the
Lax pair (1.2) in the recent works [23] and [9, 18] (see also earlier works [26] and [17]). The IST
method is used to obtain global solutions and to study the long-time dynamics of the MTM
system (1.1) for the initial-value problem with the initial data (u,v)];—o = (uo, vo) decaying to
zero at infinity. The decay condition on (ug, vg) is required to be sufficiently fast so that the
functions and their first and second derivatives are square integrable with the weight /1 + 2
[9]. Exponential solitons satisfy this requirement and each soliton corresponds to a quadruplet
of simple poles of the RH problem in each quadrant of the complex plane, or equivalently to
simple isolated eigenvalues in the Lax spectrum of the linear system (1.2). However, algebraic
solitons decay as (u,v) = O(|z|™!) as |z| — oo and hence they are not included in the IST
method. Each algebraic soliton corresponds to a simple embedded eigenvalue in the Lax
spectrum located on the imaginary axis (no embedded eigenvalues exist on the real axis).

The algebraic solitons in the MTM were studied in [15], where the perturbation theory for
embedded eigenvalues in the Lax spectrum of the linear system (1.2) was developed. It was
shown in [15, Proposition 7.1] that a pair of simple embedded eigenvalues on the imaginary
axis is structurally unstable and moves into a quadruplet of simple isolated eigenvalues in each
quadrant of the complex plane under a generic perturbation of the initial data. A possibility of
embedded eigenvalues of a higher algebraic multiplicity was also suggested in [15, Lemma 6.4]
with some precise conditions on the spatial decay of eigenvectors and generalized eigenvectors
at infinity. Such embedded eigenvalues of higher algebraic multiplicity generally correspond
to rational solutions of the MTM describing algebraic multi-solitons. However, the existence
of such rational solutions has not been established in the literature up to very recently, despite
many works on rational solutions in integrable systems (see, e.g., [6, 7, 10, 22, 29, 30, 31]).

Rational solutions of the MTM were constructed on the constant nonzero background in
[5, 12, 32]. They are relevant to dynamics of rogue waves on the modulationally unstable
background but do not describe the dynamics of algebraic solitons at the zero background. It
was only recently shown in [8] (based on the Hirota’s bilinear method developed in [4]) that
the algebraic double-solitons exist as the exact solutions of the MTM suggesting the existence
of the higher-order algebraic solitons in a hierarchy of rational solutions to the MTM. Within
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the bilinear method, it was not shown in [8] that the algebraic double-solitons correspond to
the double embedded eigenvalues in the Lax spectrum predicted in [15].

The main motivation for our work is to use the RH problem and to obtain the algebraic
double-solitons of the MTM system (1.1) associated with the double embedded eigenvalues in
the Lax spectrum of the linear system (1.2). To derive this result, we construct the exponential
double-solitons associated with a quadruplet of double isolated eigenvalues in each quadrant
of the complex plane and take the singular limit when the quadruplet of double isolated
eigenvalues transforms into a symmetric pair of double embedded eigenvalues on the imaginary
axis.

The study of double eigenvalues has started with the pioneering work [34], where it was
shown that the double eigenvalues of the associated spectral problem give the exponential
double-solitons describing the slow (logarithmic in time) dynamics of two identical solitons of
the focusing nonlinear Schrodinger (NLS) equation. Properties of such exponential double-
solitons were recently studied in nonintegrable versions of the NLS equation in [19]. The
exponential double-solitons on the nonzero constant background were constructed in [24] after
the development in the IST methods on the nonzero background in [3].

The double-soliton solutions in the closely related derivative NLS equation were con-
structed by using the Darboux transformations in [28, 33] and [11]. It was understood in
[33] that the algebraic double-solitons arise from the exponential double-solitons in the singu-
lar limit, for which the modified Darboux transformations have been developed in [11]. The
IST method was also employed in the context of the derivative NLS equation to construct the
exponential double-solitons from the double poles of the RH problem in [27, 35, 36, 37]. Al-
though both the derivative NLS equation and the MTM system in characteristic coordinates
are related to the same spectral problem [13, 14], the computational details for the MTM
system in laboratory coordinates are different and technically more complicated. We close
this gap in the literature by presenting the exponential double-solitons of the MTM system
(1.1) for the double isolated eigenvalues of the linear system (1.2). The main application of
this result is to obtain the algebraic double-solitons and the double embedded eigenvalues in
the singular limit, where the RH problem cannot be used.

For the spectral problem associated with the focusing NLS equation on a nonzero back-
ground, it was understood in [1] how to modify the RH problem for the simple and multiple
embedded eigenvalues at the end points of the continuous spectrum in order to construct the
rogue waves [2]. This modification of the RH problem has not been developed so far for the
spectral problem associated with the derivative NLS equation and the MTM system on the
zero background. It is still unclear how the simple or multiple embedded eigenvalues can be
constructed in the RH problem directly. We hope that our work will motivate further study
of the associated spectral problems with embedded eigenvalues.

This paper is organized as follows. Section 2 introduces the RH problem for the MTM
and formulates the main results. The exponential double-solitons are constructed in Section
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3 from the isolated double-pole solutions of the RH problem. The algebraic double-solitons
are obtained in Section 4 by taking the singular limit to the embedded double-pole solutions
of the RH problem. Appendix A reports similar computations for the exponential and alge-
braic single-solitons for convenience of readers. Appendix B reviews the construction of the
exponential double-solitons in the MTM system by using the bilinear Hirota method.

2. RH PROBLEM FOR MTM AND MAIN RESULTS

Assume that (u,v) — (0,0) as |z| — oo fast enough, see Lemmas 2.1 and 2.2 below for
precise requirements on (u,v). We define the matrix Jost functions for the linear system (1.2)
from the boundary conditions:

(= D)er () 0
PE(( 2, t) — ( 0 (=) () as x — foo. (2.1)

For simplicity of notations, we will drop the dependence of ¥y*) on (z,t). Since the Jost
functions 9= (¢) represent the fundamental matrix solutions of the linear sytem (1.2), they are
related to each other by the scattering relations introduced for ¢ € (R UiR)\{0} as

w0 =00 ( 50 o). 22)

where the symmetry of scattering coefficients a(¢) and b(() follows from the symmetry of

matrix Jost functions:
w0=(1 3 )0 (50 )- 2.3

As is explained in [23], the linear system (1.2) can be folded to the squared spectral
parameter A := (2 in two different ways, one is suitable near ¢ = 0 and the other one is
suitable near ¢ = oo. Following [9], we will only consider the second transformation, from
which we will define the Riemann-Hilbert (RH) problem and solve it for the exponential
double-solitons, see Theorem 2.1 below.

Hence we introduce the modified Jost functions as

{ n{?(A) = T(v, Qo ()1 (=)l

AP0 = T, Qui Qe () 20

where the subscripts indicate the columns of the 2-by-2 matrices and the transformation

matrix is given by
10
T(U,Q::(v C)
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It follows from (2.1) that the modified Jost functions satisfy

ngi)O‘) — €1 = (é) ) néi)(k) — €9 1= (2) as x — Foo.

Moreover, ngﬂ;)(/\) satisfy the integral equations, from which the following properties were

proven in [23, Lemmas 3-5].

Lemma 2.1. Let (u,v) € L*(R) N L>®(R) and (uy,v,) € L*(R). For every A € R\ {0}, there
exists unique bounded Jost functions ngi)()\) and ngi)()\). For every x € R, ngi) and ngi) are
continued analytically in C* and satisfy the following limits as |\ — oo and X — 0 along a

contour in the domains of their analyticity:

(£) ()
.ony (N ny - (A)
1 ! 1 2 = 2.5
|/\|1£>noo ni™ v Al=oo 125 > 2
and
lim [nfoongi)()\)} =e; +vey, lim [ngtoongi)()\)} = uey + (1 4 uwv)es, (2.6)
A—0 A—0
where

nE = et Sl U4y oo o= JE (ulP+ol)dy

Recall that A\ := ¢? and that A € R for ( € (R UR). Hence we define new scattering
coefficients for A € R\{0} as

a(A) = a(Q), B+(N) =¢b(C), B-(N):=CTD(C).

After the folding transformation (2.4), the scattering relations (2.2) are modified as follows
() \) — (D) A B-(A\)e™

w0 =10 (5 O ). (2.7
where
!
!
The following lemma was proven in [23, Lemma 6].

O(\) A=2A"Har + }l(x +ATHt (2.8)

Lemma 2.2. Let (u,v) € LY(R) N L*®(R) and (uy,v,) € L'(R). Then, « is continued analyt-
ically into CT with the following limits in C*:

lm a(\) = e Je(ul+ol)dy (2.9)
[A| =00
and
lim a(A) = e el +ol)dy, (2.10)

A—0
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whereas B+ are not continued analytically outside R and satisfy the limaits

‘/\lﬁinoo Br(A) = lim Br(A) = 0.

The RH problem for the modified Jost functions n(*)(\) is constructed as follows. We first
define the sectionally meromorphic matrix P(\) € C**2 by

(=)
(ngﬂ(x), %) . AecCH

(=)
) e _

By using (2.5) and (2.9), we obtain the following limits as |A\] — oo in the domain of mero-
morphicity of P(\):

P()\) = (2.11)

+oo
lim P(\) = ( e 0 ) _. p~, (2.12)

[A| =00 0 n

where P> = (P>)~1. We finally define M(\) := (P>)"!P()\) and formulate the normalized
RH problem.

RH problem. Find a complex-valued function M (\) with the following properties:
e M (M) is meromorphic in C\ R.
e M(A) — T as |\ = oo, where I is the 2-by-2 identity matrix.
o M (A\)=M_(NV(A) for every A € R, where M1 () := I (l/\i)miOM(/\) and
m(\)—
. 1 —r_(\)e2?™ BN
V)= (e 13Oy ) e =

It follows from (2.6) and (2.10) (see also [9, Proposition 2.24]) that the potentials (u,v)
for solutions of the MTM system (1.1) can be recovered from solutions of the RH problem by
using the following asymptotic limits taken in the domains of meromorphicity of M(\):

U= }\IL% Mi(N), v= }\13% My (N). (2.13)

Solvability of the RH problem under some conditions of the reflection coefficients 74 (\)
was studied in [9, 23]. In this work, we consider the reflectionless case r1(A) =0 for A € R in
the particular case when «(\) admits a double pole at Ay € C™.

It is well-known (see, e.g., [9, 18]) that a simple pole of a()) leads to a single-soliton
solution. For completeness, we give details of the RH problem with a simple pole in Appendix
A. To simplify the presentation of soliton solutions, we should use the basic symmetries of
the MTM system. In particular, the relativistically invariant MTM system (1.1) admits the
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Lorentz symmetry

(2.1) (1;(;)1/4u z+ct _ttex
WAy [Nl AVIEETVISE L e (<1, 1), (2.14)
v(z,t) (Lte) /4y (ot trer
1—c Vi-c?’ V/1-c?
In addition, it admits the translational and rotational symmetries
u(z,t) u(r + mg, t + tg)el
L}(x, t)] L)(x ot +t)e|  Tofe b€ R (2.15)

By using (2.14) and (2.15), the single-soliton solutions can be expressed in a short form:

{ u(x,t) = i(siny)sech (x sin~y — 1%) e—itcos,

U(I,t) = —i(sin ’7>SeCh (Z’ Sin’y + Z%) e—itcos'\/7 (216)

where v € (0,7) is a free parameter. More general single-soliton solutions can be extended
with speed parameter ¢ € (—1,1) by using (2.14) and with two translational parameters
xo, to € R by using (2.15), where translation in 6 is linearly dependent from translation in .

The normalized single-soliton solution (2.16) corresponds to the simple pole of the RH
problem at \g = €7 € C™ with v € (0, 7), see Appendix A. The double-soliton solutions will
also be constructed for Ay = ¢ € CT. The following theorem gives the explicit representation
of the double-soliton solutions. As we show in Appendix B, this representation coincides with
the explicit formula obtained by the bilinear Hirota method developed in [4].

Theorem 2.1. Let \g = € with v € (0,7) be a double pole of the RH problem. Then, the
solution (u,v) of the MTM system (1.1) obtained from (2.13) is given by

u= N , U= N, : (2.17)

D(M) D(M)
where
N, = 4i(sin y)2e #sinytitcosy— ((z — Zo) cosy + i(t — o) siny +
—e I coty + (z — Tg) cosy — i(t — To) sin])
N, = 4i(sin 7)26_“1“7_“"057_% ((z — &) cosy — i(t — o) sin~y
—e PSR coty + (x — Fg) cosy + i(t — To) siny + 1)),
and

D(M) =1+ 6—4xsin’y—2i’y + 26—2xsin'y—i'y

.92 2
1 ~ 1
1+ 2(sin~y)? | cot — 7 —| +2(siny)* [t~
><< + 2(sin ) [co v+ (x xo)cos.’y—irQ} + 2(sin~y) { 0+28in71 ),

where Tg,ty € R are arbitrary parameters in addition to parameters ¢ € (—1,1) and zg,ty € R
obtained from the transformations (2.14) and (2.15).
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Remark 2.2. Parameter ty is trivially removed by using translational symmetries (2.15) with
translations in 6y and ty. Hence, the double-soliton solutions of Theorem 2.1 only have two
non-trivial parameters: vy € (0,7) and Ty € R.

Although the explicit form of double-soliton solutions in Theorem 2.1 can be obtained
by algebraic methods such as Darboux transformations or the bilinear Hirota method, see
Appendix B, the RH problem enables us to clarify the Lax spectrum of the double-soliton
solutions. Based on the solution in Section 3, we prove that (, := v/Ag = e2?7 is a double
eigenvalue of the linear system (1.2) with only one eigenvector 1, € H'(R,C?) and one
generalized eigenvector ¢y € H'(R,C?). The eigenvector and the generalized eigenvector
satisfy the following linear equations:

axwo - L(U’7 v, CO)¢07 8t¢0 = A(“’? v, CO)wO (218)

and

axwl = L(“v v, CO)wl + aCL(U‘7 v, CO)w(J? al‘/’l/}l = A(U, v, CO)wl + aCA(u7 v, C())w()v (219>
where (u,v) is given by (2.17) and ¢, = €7
The knowledge of eigenvectors and generalized eigenvectors in (2.18) and (2.19) is partic-
ularly important when the exponential double-soliton solution of Theorem 2.1 converges as
v — 7 to the algebraic double-soliton solution obtained in [8]. The following theorem states
that the corresponding Lax spectrum includes the double embedded eigenvalue (y = ¢ of the
linear system (1.2) with only one eigenvector 1)y € H'(R,C?) and one generalized eigenvector
Y € HY(R, C?) satisfying (2.18) and (2.19) for ¢, = i.

Theorem 2.3. Let Ay = € be a double pole of the RH problem with the solutg'on (u,v) of the
MTM system (1.1) obtained in Theorem 2.1. With proper choice of Ty and to, this solution
transforms in the limit v — 7w to the form:

—8a% — dix? 4 20 — i — 4i(t — 1o) (i + 22) + 8o

sot 4 Siad + 222 + 2w — 1 — 4(t — {o)? + 4To(i + 22)

et (2.20)

Uglg (7, 1) =

and

=St i 4 2 i it — o) (i — 2x) 4 8T
Valg (7, ) = 7

st — 3iad 4 222 — 2iw — 1 — 4(t — 1p)? — 4T (i — 22)

e’ (2.21)

where To,ty € R are (new) arbitrary parameters in addition to parameters ¢ € (—1,1) and
xo,to € R obtained from the transformations (2.14) and (2.15). The linear equations (2.18)
and (2.19) with (u,v) = (Ualg, Vaig) and (o = i admit the eigenvector

Yo = e Ty, (2.22)
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where T~ = [T(vag,1)] " = ( ! . ) and ng = (g1, ng2)” is given by

Walg —1
207 — 2i(t — to) + 3
sat — Biad + 222 — 2w — T — A(t — 1o)? — 430 (1 — 22)
—2ix? — 4z + 2(t — o) + 2i

sot — Siad 4 222 — 2w — 1 — 4(t — 1)? — 4T (i — 22)

noy — et Jieo(lulHol)dy

i [T 2 2 ; .
— o~ 1 Jfoc([ul+ o) dy+it et

No2

and the generalized eigenvector
Py = 2ie” 2 T 'y + 0T (v, O)tbo, (2.23)

where O:T (v, () = ( 8 ? ) and ny = (ny1,n12)7 is given by

1-..3 2 4 - re . ~ 1 C~
nyy e St oty ~50° = 207 — v 4 a(t — to) +2ilt — by) — 5 = 2T
sat — Biad + 222 — 2w — T — A(t — 1o)? — 430 (i — 22)

Ny e~ b Jue (> +ol)dy it —32® —ix® — Ra 4 ix(t — o) + 5i 4 3(t — b)) — 27

sat — Siad + 222 — 2w — 7 — A(t — 1o)? — 4Zo(i — 22)

it

Remark 2.4. The eigenvector 1y and generalized eigenvector vy in (2.22) and (2.23) for the
double embedded eigenvalue ( = i satisfy the criterion for the spatial decay in [15, Lemma
6.4], namely 1o = O(|x|72) and ¥, = O(|z|™!) as |z| = .

Remark 2.5. The algebraic double-soliton given by (2.20) and (2.21) reduces to the explicit
expression obtained in [8] by using the transformation

r— -z, t——t, u—u, vV— -,

due to a different normalization of the MTM system used in [8].

3. EXPONENTIAL DOUBLE-SOLITONS FOR A DOUBLE POLE

Here we study solutions of the normalized RH problem for the refelectionless potential
r+(A) =0 for A € R with a double pole of M()\) at \g € C*. By symmetry (2.3), Ag € C™ is
also a double pole of M (A). The normalized RH problem can be rewritten in the form:

RH problem. Find a complex-valued function M (\) with the following properties:

e M ()) has double poles at A\ € C* and \g € C™.
o M(A) — I as |\ = oo, where I is the 2-by-2 identity matrix.
o M. () = M_(A) for every A € R, where M (\) := lm M(N).

Im(\)—=0
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In order to regularize the RH problem, we subtract the residue conditions in both sides of
the formula M, (\) = M_()) and obtain the following solution of the normalized RH problem:

Resyoag My (A)  Resy_s,M_(\) P32 Mi(\) P2 M_())

M) =1 R _
D T P N N (S W

(3.1)

where Resy_), is the residue coefficient and P;i ) 18 the double pole coefficient at A = Ag.

3.1. Computations of the residue coefficients. In order to compute the residue coeffi-
cients, we use the following result.

Lemma 3.1. Assume f and g be analytic in a complex region Q) € C such that g has a double
pole at zy € Q with g(z9) = ¢'(20) =0, ¢"(20) # 0, and f(z0) # 0. The residue coefficients of
f/g at z = zy are given by

F) 20 20" ) o S
9(z)  g"(=)  3lg"(2)]? T Te(z) ¢"(2)

Res,—.,

Proof. Under conditions of the lemma, we have
f(z) = f(z0) + '(20)(2 = 20) + O((z — 20)*),
9(2) = 30" o)z — 20" + 20" (o) 2 — 200" + O((= — 0)")
from which the result follows by the Laurent expansion of f(z)/g(z). O

The residue coefficients in (3.1) are obtained from (2.11) and (2.12):

n$”) . n)
Resy—y, My (A) = (P)~* (6 ReSA:AOE(—)(\;\)> : Pﬁ/\OMJr()\) = (P®)! (O PA2A02—<)\)> :

) ) ) e .
Resy_3, M_(\) = (P=)~! (ResHO;(—A(?) 0), P M-(\) = (P=)~ (Pﬁo ;(A()A) 0)7

where 0 is a 2-by-1 zero vector. Based on Lemma 3.1 and this representation, we obtain the
residue coefficients in the following proposition.

Proposition 3.1. The residue coefficients of M (\) at A = \g are given by

[ (=)
- ny (A i
Py (21()\) = Agn{™ ()€, (3.2)
S
n )\ 1 / -/
Resyox, 3@()) — Ao | () () + 0{ D (M) 20 (M) + Bo)|, (33)
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where Ay and By are arbitrary coefficients. The residue conditions of M_(\) at A = \g are
given by

(=)
ny (A S <\ —920(X
P)\2)\0 ;é()(\> ) - _AO)\Onng)()‘O)e 2 9(/\0)7 (34)
[ \ . - _
Resy_3, ()(\)) = —Aghge 2000 [(ngﬂ) (o) + nS™ (Xo) (—2i6'(Xo) + Bo + Ay 1)] . (3.5)

Proof. By assumption, Ay = (2 is a double zero of () extended to C* by Lemma 2.2. Since
it folows from (2.2) that

a(A) = a(¢) = det(¥1(0), ¥5(Q),

we conclude that there exists a constant ey such that

1/15_)({0) = €0¢§+)(C0)- (3-6)

Furthermore, since (g is the double zero of a(¢), we have
= /(o) = det ({7, wf7) + det (7, (W) |,
= det (7, —eo(u) + W) ) |

so that there exists another constant hg such that

(W57 (o) = eo(¥{") (Co) + hotl ™ (Go)- (3.7)
By using transformation (2.4), we rewrite (3.6) as
ny ) (ho) = el " (o), (3.8)

where () is given by (2.8). This expression agrees with (2.7) for a(A\g) = 0. By using
transformation (2.4) again and the product rule, we derive

(nt") (M) = (260) T (v, Go) (1) (o) — 2iGot’ (M)t (Go)Je 7
+ (260) " [OCT (v, Q)] (Go)e 0,
(n5 ) (Ao) = (263) 7T (v, o) [(57)(C) + 2iGof’ (Mo)]e™ ) — (2¢3) 70l (Ao)
+(26) MO (v, o)) (Go)el ),
which imply due to (3.7) and (3.8) that

(1) (o) = €909 {05 (n{) (o) + (263) ™" (ho + oot (Xo) — oG Int P (M), (3.9)

in agreement with the derivative of (2.7) at A = A.
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We use the chain rule
a/(A) = (20)7"d(¢),
a"(A) = (20)*[a"(¢) — ¢ (Q)],
a”(A) = (20)7*[a"(¢) = 3¢"a"(¢) + 3¢ ().

By using (3.8) and (3.9), we compute from the expressions in Lemma 3.1 that

(=) 2, (=)
- ny ' (A) _8{0712 (Mo) _8eolo (1) i0(Xo)
P)\iAo [ a()\) ] o a”(CO) - a//(CO) 1y (/\0>62 (310)
and
Ree |1 V] 8G(057Y) _ AGms” () [a”(G) — 367" (G0)]
o e @ (Go) 3la" () | (3.11)
_ 8e0Co 21’9()\0){ (+)y (+) < - ho B a"” (o) )}
a"(Co)e () (o) +mi (o) | 26 (ho) + 2e0C0  6Coa”(Co) /|
Let
_ 8eolo B ho a”(G) (3.12)

C Q) °7 2e0ly 6Goa"(Co)’
then (3.10) and (3.11) are transformed into (3.2) and (3.3).

By using the symmetry condition (2.3), we have
d0=( 0 5 )i0 wo-(1 )i
! ~\ -1 0 2 T2 L1 0 1 ’
from which we obtain with the help of (3.6) and (3.7) that
7/47)(60) = —éowéﬂ(éto)
and
(W17)(Go) = —a(e57) (Go) — Rows” ().

Furthermore, by using the transformation (2.4) and its derivative, similarly to (3.8) and (3.9),
we obtain

i (ho) = —EoCons” (Ag)e~200%0)

and

Ny 0% - - 1 - - _
WgWQMZ_KMWﬂP@@gW@®+§mr4kﬁﬂﬂd+%gwﬂﬂﬁﬁ-
By using these expressions we compute from Lemma 3.1, similarly to (3.10) and (3.11), that

(=) _ 73
o [N 8BGh () —2i(h)
P)\ZS\O [ @(5\) ] - d//(go) n2 (Ao)e (313)
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and
i (V)
a(})
82008 2000 { NI (+) ( 0y ho 1 a" (¢o) )]
= —= e n Ao)+ 15 (Aog) | —2i0'(Ng) + ——= + = — ———— ]| .
7(%) (n57) (M) + 157" (Ao) (Ao) 2els T8 6003 (Go)
Using the same notations (3.12) for Ay and By, we transform (3.13) and (3.14) into (3.4) and
(3.5). 0

Resy_x, [
(3.14)

3.2. Computation of solutions of the linear algebraic system. Using the first column
of M(A) in (3.1) for A € C,, we obtain from (3.4) and (3.5) that

A S o

PP =i e = G2 [ O 20) (20 0) + By A1) P e 270
A 3.15
Ao (3.15)

- (ngr))/(;\())e—zw(xo)'

Using the second column of M (A) in (3.1) for A € C_, we obtain from (3.2) and (3.3) that

A y i
ns () = nf>es + m [14+ (A = A) (206 (Mo) + Bo)] ni") (Ag)e2#)

A i
- _0)\0 (n§+))'()\0)e2 9(,\0)'

We can close the algebraic system by evaluating (3.15) at A = Ay and (3.16) at A = Ag:
n{M (o) = ni®e; — Coro [14+ (Ao — Xo) (=236 (Ao) + By + Ay V)] kP () 2000)
_ 6_105\0()\0 — 5\0)<ng+))1<5\0)6—2i9()\0)7

(3.16)
_l’_

\ N , (3.17)
nSY (Ao) = nf e + Co [1— (Ao — o) (206 (Mo) + Bo)] ni™ (Ag)eX )
— Cy(No — 5\0)(”§+))/(A0)€2z‘6(>\o)7
as well as their derivatives at A = A\g and A = )\ respectively:
(7)Y (Ag) = Codo [2(\0 — Ao)~* = 20 (Ao) + Bo + Ay ] nd" (hg)e2000)
+ Codo(n$PY (N 3*21'9(5\0)’
0Ao(n3"") (Ao) 518)

(ng+)>,(5\0) = CO [2(/\0 — 5\0)_1 - 229,(/\0) - BQ] n(1+)(/\0)€2i0()\0)
= Golny”) o),
where
Ao

Cypi=—m—.
O o — M)
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The following proposition solves the linear system (3.17) and (3.18) and derive the explicit
representation for the exponential double-soliton solution of the MTM system (1.1) by using
the recovery formulas (2.13).

Proposition 3.2. The potentials u(x,t) and v(x,t) in (2.13) are expressed from solutions of
the RH problem with a double pole by

N, N,

u:D(M), U:D(M)’ (3.19)

where
Ny = =25 Age?"P0(2i8/ (Mo) + By = Ay ') = Ay | o Re e =2000) (3.20)

X [4(Ao = Xo) ™! 4 (=200 (No) + Bo + Ag ) Aot — 301,
N, = e 00 (20 (80) + B) + Al G 204000 o)
X [=4(Xo = Xo) ™!+ (200" (No) + Bo)doAg ' — 3A5].
and

D(M) — 14+ |C’0|45\ge4w()‘0)74"9(5‘0)
+ |CoP A0 =21000) T6 1 9(Xg — Xo)(—2i8'(No) + Bo + Ayt — 2i6 (Ao) — Bo)
—(Xo = X0)*(—2i0'(No) + Bo + Ay ) (210 (Ao) + Bo)]

(3.22)
Proof. By substituting (3.1), (3.2), and (3.3) into (2.13), we obtain
u = }\1{{(1) Mlg()\)
(-) (-)
b Ny’ (A) 1 n$P;2 Ny (A)
TN Resx= [ a(\) 3z )\2 Py a(\) | (3.23)
1 )
=~ @ Age??0) [ (nf ) (%) + nf}) (o) 20/ (o) + By = 451)]
0

where the second index for vectors ngﬂ and ngf) denotes the corresponding components of

2-vectors. Similarly, by substituting (3.1), (3.4), and (3.5) into (2.13), we obtain
v = lim MQl()\)
A—=0

1
= —==n OORGS)\ 2o
Ao

/\2 " A=Xo ) (324)

a(A)
=mn % Age o) [( g))/()‘ )+”22 (AO)(_QiQI(S‘O) + BO)] )

[n&g’u)

JRE— [nS)(A)
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The linear system (3.17) and (3.18) can be rewritten for the vectors ng+)(/\0) and (ngﬂ)’()\o):

u ng+)()\0) _(nfe; — Codo [1 + (Mo — Xo)(—2i0'(Xg) + By + 5\61)} n;”_e—%”o)eg
(ng+)>’()\0) a C_(()/_\() [2()\0 — 5\0)71 — 229/(5\0) + Bo + 5\61} n;”’oe*%o(/\o)eg

where

)

 (Mnl Mol
M= <M21] M22]>

with I being a 2-by-2 identity matrix and M;; being scalar entries given by

My = 1+ |CoPApe? P =2000)[3 1 (Ng — Xo) (=20 (No) + Bo + Agh) — 2(Xo — Xo) (26 (No) + Bo)
— (Mo — Ao)?(=2i0"(No) + Bo + Ay 1)(2i0'(\o) + Bo)],

My = —|Co|*Ae2?P0)=2000) (N — XY [2 + (Mg — Ao) (=216 (No) + Bo + A1)

May = —|Co[Ag(Ag — Ag) ™12 PR =200 g 1 (Xg — Xg)(—=2i6' (Xo) + Bo + Ag")
= 3(Xo — X0)(2i6'(Xo) + Bo) — (Ao — Ao)*(2i6' (o) + Bo)(—2i6' (M) + Bo + A )],

Moy = 1+ |Co|PRge?Po)=2000)[3 1 (Ng — Xo)(—2i0' (No) + Bo + Ay 1))

By Cramer’s rule, we obtain the first components of vectors ngﬂ()\o) and (ngﬂ)/ (No):

n(fOMQQ (+) ’ )\ _ —TZCIXJM21
D(M) ) (nll )( 0) .D(M) )

where D(M) = My Moy — Mis My recovers (3.22) after cancelation of several terms at |Cp|*.
Substituting (3.25) into (3.23), we get u in the form (3.19) with

N, = =g Age®P0) [~ Moy + Moo (2i60'(Xo) + By — Ag Y]
2.

n{7 (M) = (3.25)

which yields (3.20) after cancelation of several terms at |Cj

For the vectors néﬂ()\o) and (néﬂ)’()\o), the linear system (3.17) and (3.18) can be rewritten

as
M st (Mo) _ (n;_OOCQ + Co [1 = (Ao — Ao)(2i6 (Xg) + By)] nfw62i9(Ao)el>
(né+)>/()\0) CO [2()\0 — )\0)_1 — 229,()\0) — BO} n;rooeﬁgo\o)el 3

where

- (MnI Ml

M=1"= .

<M21[ M221>

with

My = 1+ |Co[>Ae2?P0)=2000)[3 4 9(Ng — No)(=2i6'(Ao) + By + A5 ") — (Ao — Ao)(2i6' (No) + Bo)
— (Mo — Ao)2(—=2i0'(No) + Bo + Ay 1) (210 (\o) + Bo)],
My = |Co[PAge2 00 =2000) (X — XY [2 — (Ao — Ao)(2i6' (No) + Bo)] ,
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Moy = |Co* Ao (Ao — Ag) 1200 =2000) 14 4 3(Ng — No)(—2i0' (Xo) + By + Agh)
— (Mo — A0)(2i0'(Ao) + Bo) — (Ao — Xo)*(2i0'(Xo) + Bo)(—2i0'(Xo) + By + Ay )],
Moz = 1+ |CoPAge? 02000 (3 — (X — X0)(2i6/(Ao) + Bo)].
By Cramer’s rule, we obtain the second components of vectors ngﬂ()\o) and (ngﬂ)’ (No):
OOM _ ooM
=B ()Y () = — 22 (3.26)
D(M) D(M)

where D(M) = My, Myy — My Moy = D(M) is given by (3.22). Substituting (3.26) into (3.24),
we get v in the form (3.19) with

n%s’ (o)

N, = Aoe2000) [ N7y + No(—2i0 (No) + BO)] ,

which yields (3.21) after cancelation of several terms at |Cp|*. O

3.3. Proof of Theorem 2.1. In order to rewrite the recovered potentials of Proposition 3.2
in the simplified form of Theorem 2.1, we set \g = ¢ € S' N CT with v € (0,7). A more
general solution is obtained with the Lorentz symmetry (2.14).

Since \g = €7, we obtain
2i0(N\g) = —x sin~y + it cos 7,
4i0'(No) = i(x +t) +i(x — t)e 7,
and complex conjugate for —2if(X\g) and —4if (o).

Let us define Ag = (Ao — ;\0)2)\3/2 = —4(sin 7)26%, which yields Cy = ¢2". A more general
solution with two translational parameters xq,ty € R can be obtained by the translational

symmetry (2.15) or by including two additional parameters in Ay € C. Then it follows from
(3.20), (3.21), and (3.22) that

N, = 2i(sin 7)26_“1“7+“"’057+% (x+t+ (z—t)e " —2iBy + 2ie”"
—e I Y (siny) T+ (x + t+ (z — )€ + 2iBy + 2ie" e — 6ie”]) |

N, = 2i(sin 7)26_“11”_2“0”_% (z+t+ (z—t)e* + 2iB,
—e I Y (siny) T+ (z + t+ (z — t)e > — 2iBy)e* + 6ie”])

and
D(M) = 1 4 e~ 4esin7=2i7 | o~2esing—iy
X [6+4(siny)(z + ¢ + (x — t) cos 2y + i(By — By + €"))
+(siny)*(z + t + (z — t)e*7 + 2iBy + 2ie”) (z + t + (z — t)e > — 2iBy)] .
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By using trigonometric identities, we reduce expressions for N,, N, and D(M) to the form:

o —asiny-it cosy— 12 o iy
N, = 4i(sin~y)?e "o 15 (g cosy + it siny — iBoe + i

—2xsin ’yf'i'y[

—e 2coty + z cosy — it siny + iBoe ),

N, = 4i(sin 7)26_“in7_m°”_% (z cosy — itsiny + iBye "
—e 2SI coty 4 w cosy + it siny — iBoe' +1) ,
D(M) = 1 ¢~ tsin1=2i7 | g,—2esiny—iy
X [3+ 2(sin)(2z(cosv)? + 2t(siny)* + i(By — By + €"7))
+2(siny)*(z cosy — itsiny + iBoe™ " + i)(x cosy + it siny — iBoe™)] .
By selecting By = —ie™"[&g cosy + ity sin~] with arbitrary parameters o and #y, we obtain

the same expressions for N, and N, as in Theorem 2.1. Regarding the expression for D(M),
we obtain

D(M) =1 4 e—4zsin'y—2iy 4 26—2xsin'y—i~/
x [3+ 2(sinv)[2(z — Zo)(cos¥)* + 2(t — to)(sin ) + i cosy — sin]
+2(siny)?[(z — &o) cosy — i(t — to) siny + ] [(x — o) cosy + i(t — &o) sin)]] .
Expanding the bracket being 2e=2%57=9 yields
3 — 2(sinvy)? + 2i(siny)(cos ) + 4(sin ) (cos v)*(x — Fo) + 2(sin~)3(t — to)
+ 2(siny)?(cos v)2(z — Zg)? 4 2i(siny)?(cos y)(x — o) + 2(siny)*(t — £o)?

.92 2

1 ~

=1+ 2(sin~)? |cot — 7 - 2(siny)* |t —
+ 2(siny)” |cot vy + (x xo)COSWrQ} + 2(sin ) [ o+28m7} ;

which coincides with the expression for D(M) in Theorem 2.1.

3.4. Computations of eigenvectors and generalized eigenvectors. An eigenvector of
the linear system (2.18) is given by ¥\ (¢) for ¢; = €7 with v € (0,7), which decays
exponentially as |z| — oo due to (2.1) and (3.6). By using the transformation (2.4), we
obtain

U (G) = e[ (v, ) Mt (M), (3.27)

where
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and ngJ’)()\o) with A\g = €7 is obtained from the linear system in the proof of Proposition 3.2.
By Cramer’s rule, as in (3.25), we obtain

n§+)()\o) = ﬁp“ ( _OOXoegie(xO??;\ZQle + Mishy) ) ) (3.28)
where
by =1+ (Ao — Ao)(—2i0'(Mo) + Bo + A\g1),
by = (Ao — Ao) (2 + (Ao — o) (—2i0 (N\o) + By + A\ 1)),
and we recall that P> = diag(n] >, nd ) with
nie = o1 Jroo(lulP+vI*)dy _ i
By using the same definitions of Ag and By as in the proof of Theorem 2.1, we obtain
My = —4i(siny)®e 57 (cot vy + (x — %) cosy — i(t — {o) siny) ,
Moy = 1+ (sinvy)e "7 (3coty + 2(x — &) cosy — 2i(t — o) siny — i)
which yields the second component of the vector ngJ’)()\o) in the explicit form:
_C_Yoj\oe—Qie(;\o)(M22bl + Ml2b2) _ _e—xsim—itcosy—%

x (e + 2sinv[(z — Tp) cosy — i(t — fp) siny] — e 2T |

A generalized eigenvector of the linear system (2.19) is given by ( §+))' (Co) for ¢o = e
with v € (0,7), which decays exponentially as |z| — oo due to (2.1), (3.6), and (3.7). By
differentiating the transformation (2.4) in A = ¢? at Ay = (2 = €"7, we obtain

(457) () = 26 [T (v, )]~ (i) (o) + 2068 (M) (o)
=0T (v, Q) (G),
where ¢§+)(CO) is given by the exponentially decaying eigenfunction (3.27) and

0T (v,¢) = (8 g’) .

Hence, in order to obtain ( ﬁ)’ (Co), we only need to compute (ngﬂ)’ (A\o) and use the trans-
formation (3.29). By Cramer’s rule, as in (3.25), we obtain

(+)y _; o [ =My
Y00 = 5P s 0+ A) ) (330)

Proceeding similarly, we obtain

My =1+ e 23777 (3 4 2(siny)e"[(z — Zo) cosy — i(t — To) siny + i

(3.29)

+ 4(siny)e ™ [(x — To) cosy + i(t — ty) sin ]
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+4(sinv)?[(z — &o) cosy — i(t — to) siny + ] [(x — o) cosy + i(t — o) sinA]) ,

1
M21 -

—2gx siny—ivy 2) : iy -~ o t—g . .
sinfye (2 + (siny)e[(x — Zo) cosy — i(t — to) siny + 1]

+ 3(siny)e ™ [(x — To) cosy + i(t — ty) sin ]
+2(siny)?[(z — &o) cosy — i(t — to) siny + ] [(x — o) cosy + i(t — o) sinA]) ,

which yields the second component of the vector (ngﬂ)’ (Ao) in the explicit form:

CYOS\Oe’QiG(;\O)(Mlle + Mo1by) = _je~®siny—itcosy—Fy (cot v+ (x — Fg) cosy — i(t — to) siny
+e 2SI (ot y 4 (z — Zo) cosy + i(t — To) siny + i) .
Remark 3.1. The explicit expressions (3.28) and (3.30) confirm that both the eigenvector

(3.27) and the generalized eigenvector (3.29) decays exponentially as x — Fo00 since D(M) —
1 asz — +oo and D ~ e 457720 g5 3 — —c0.

3.5. Numerical illustration of the exponential double-solitons. We plot the exponen-
tial double-soliton solutions of Theorem 2.1 in Figure 1 for three different values of v. The
translational parameters in (2.17) are set to Ty = e and ty = 2si1n7' The solutions describe
scattering of two identical solitons which slowly approach to each other, overlap, and then
slowly diverge from each other.

FIGURE 1. (Color online) The surface plots of |u(x,t)|> + |v(z,t)|* for the ex-
ponential double-soliton solutions with (a) v = %, (b) v = &, and (c) v = 3.

We shall find the approximate distance between the two identical solitons for large |z|+|t|.
It follows from the bilinear equations, see [4, 8] and Appendix B, that

[Nl + [Ny | 0, DM)

DODE ~ os 8 DM

[ul? + |v|* = : (3.31)

~—
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Therefore, we just need to investigate the behavior of D(M) for large |z| + |t|. The dominant
terms of D(M) as |z| + [t| — oo are given by
D(M) ~ =259 (o=205i09=07 | g (gin 4)42)
from which we obtain that
In |¢|

|z| ~ ——, as |z|+ |t| — oc. (3.32)
sin 7y

The dependence (3.32) is shown in Figure 2 by red line together with the contour plots from
Figure 1.

FIGURE 2. (Color online) The contour plots of |u(z,t)|? + |v(z,t)|? for the solutions

of Figure 1 with (a) v =%, (b) v = %ﬂ, (c) v = %ﬂ.

4. LIMIT TO THE ALGEBRAIC DOUBLE-SOLITONS

Here we take the limit v — 7 of the exponential double-solitons in Theorem 2.1 to derive
the algebraic double-solitons. We show that the algebraic double-solitons correspond to the
double embedded eigenvalue (y = 7 in the linear systems (2.18) and (2.19). In order to obtain
nontrivial limits, we change the arbitrary parameters #, and %, used in Section 3 with the
transformation

To — To + 1 , t~0—>£0+ - .
sin 7y 2siny

(4.1)

The two computations below give the proof of Theorem 2.3.

4.1. Computations of (2.20) and (2.21). Let v := 7 — ¢ and consider the limit ¢ — 07.
Taylor’s expansions yield

1
siny =¢ — 653 +O(),
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2
cosy=—1+ % +O(eh).

To obtain (2.20) and (2.21), we only need to substitute (4.1) into D(M), N, and N, given

below (2.17) and collect together the coefficients of Taylor expanion at powers ¢, €2, €3, and

e!. With the transformation (4.1), we rewrite D(M) as
D(M) =14+ 674xsin772i7 + 2672xsin'yfi'y

12

X (1 + 2(sin7y)? [(m — Tp) cosy + % + 2(siny)*(t — 50)2> .

Expansion as € — 0 gives nonzero terms at powers 2, €3, and &*:

62 : —43%0(2—2%4-;2'0),
g3 —430(i — 22) (i — 22 + Tp),
1 1 N
gt E(i —27)* + g(z' —27)(i — 62) — 4(t — t9)* — 230(i — 22)%(i — 22 + Tp)

2
+ <088 — 162 + 50)
With the transformation (4.1), we rewrite N, and N, as

. ) i - 7
N, = di(sin e esnhitcos -3 (— coty + (& — Fo) cosy + it o) siny + &

— e 2esiny—iy {cot v+ (x — Zg) cosy — i(t — 1) siny + %} )
and

N, = 4i(sin 7)23*“1“*““57’% (— coty + (x — Tg) cosy — i(t — to) siny + %

et {cotfy + (z — Fo) cosy +i(t — o) siny + %] > :

The expression in the circular brackets for N, and N, are multiplied by
4i(sin V)Qe’“sm”’ﬂtcom’% ~ 42Tt as £ — 0.

Since the expansions of the exponential factors in powers of € do not modify the limit of ¢ — 0,
we collect nonzero terms in the expansions of N,e~#7 and N,e 7 at powers €2, €3, and
gt
g 8;%0,
g3 47¢(i — 2x),

4i 20 .

1 N
gt §(¢ —22)% + 530(i — 22)% — 4i(t — to)(i — 27) + = — 3%
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and
e®: 8,
g3 434(i — 27),
et %(z’ —22)% + 53¢(i — 21)* + 4i(t — o) (i — 27) + % - ?@0.
By rescaling 7o — Zoe2, we now obtain the nontrivial limit at the power &*:
lim D(M)e™ = %1:1:4 — gix?’ + 22% — 2ix — }1 — 4(t —1y)* — 470 (i — 22),
lim Nye'e™ = —§x3 + 4ix® + 22 + i — 4i(t — to)(i — 27) + 8,

) 8 -
lim Nye e = —ggf” + 4ix® + 22 + i + 4i(t — to)(i — 2x) + 8,

e—0

which yields the explicit expressions (2.20) and (2.21) from the quotients given by (2.17).

4.2. Computations of (2.22) and (2.23). We substitute the phase shift (4.1) into ngﬂ(/\o)
and (ngﬂ)’ (Ao) given in (3.28) and (3.30). These expressions define the eigenvector and the

generalized eigenvector of the linear systems (2.18) and (2.19) for (), = e by (3.27) and (3.29)
respectively. By using v := 7 — € and expanding in powers of ¢, we derive (2.22) and (2.23).

After the transformation (4.1), we rewrite Mg and —Coige™2%00) (Maygaby + Mysb,) in (3.28)
as follows:

Msy =1+ (siny)e "7 (coty + 2(x — o) cosy — 2i(t — tp) sin~)
and

3iy

o C_«Oj\oe—QiO(;\o)(Mmbl + Mlng) _ _6—CCSin’y—itCOS'y—T
X (e” + 2sin7y {— coty + (x — Fg) cosy — i(t — to) siny + %] — 62‘“1“72”) )

Expansion as € — 0 gives nonzero terms at powers ¢!, and £2.

e The coeflicients of Mas:
gl 23,
2 2 o - 1 .
e®: 2x* = 2i(t —ty) + 5 4.
e The coefficients of —6_’05\06_2"9(5‘0)(M22b1 + Mysby)etteos:
1

el — 2iF,

.3
g2 2ix® +da —2(t —ty) — 5@' + 3% + 2izF.
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Rescaling o — Zoe? yields the nontrivial limit at the power £
g y p

|
lim Mayge™2 = 227 — 2i(t — 1) + =,
e—0 2

_ . . . 3
hn(l) (_Co)\oedw()\o)(Mzzbl + M12192)€7Zt> 2 = —2ix* —4x +2(t —to) + 52
E—
By using (3.27) and (3.28), taking the limit

Yo 1= ll_f}(l) EQ@DEH(CO),
we obtain (2.22) with

Ny = ll_I)% 827154_) ()\0)
given below (2.22) in the explicit form.

To obtain a nontrivial limit for the generalized eigenvector, we rewrite the expression (3.29)
in the equivalent form:

(7Y (G0) =200 = 20) 417 ()
= 260" [T (0, 60)] ™ | (7Y o) + (18 (o) = 200 = A) ) i (o)

— 10T (v, O (o),

After the transformation (4.1), we rewrite —My; and Coge 200 (My1by + My b1) in (3.30)
as follows:

— My = —2ie " {SifW [(z — Zo)*(cos7)? + (t — to)*(sinv)?] +i(t — fo) siny cosy + —8127]
and

CfOXOG—QiG(S\O)(MHbQ + M21b1) — _ie—xsin’y—itcosv—%'y

X ((az — o) cosy — i(t — o) siny + % 4 e 2SI (9 Fg) cosy + it — o) siny + %]) :
Expansion as € — 0 gives nonzero terms at powers €%, ¢!, and €2 for both components of the
numerator of (n{")(Ag) + (0 (Xo) — 2(Xo — Xo) ™) n{™ o).

e The coefficients of —M21 + (29/()\0) — 2(/\() - /_\0)71) MQQI

O — 27,

et ixdy + 20T,

4 ~ 1 4
e S0 + w(t — o) — gix3 + 20z’ — S+ Tol

1 N
+ 32% — diwii — 22° — 277 — 5+ 2i(t — o).
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e The coeflicients of

C'OS\OG_Qie(XO) [Mlle + M21b1 - (29,()\0) — 2()\0 — 5\0)_1) (M22b1 + M12b2)} eitCOSW .

it 2

ee’ . — 21,
eed . 6iTg — baiy,
; . - o~ . 5. 1 15
elet s dx(t —to) — itTo — ix® + v §x3 -
- 155 35
+3(t — to) + == — 62°T¢ — ity + —ixTo.
12 2
Rescaling 7o — Zoe? yields the nontrivial limit at the power &%
llj}r{l} [—Mgl + (ZQ/()\()) - 2(/\0 - /_\0)_1) M22j| 8_2
1 5 s 4. - . ~ 1 .
=gz’ ~ 2z — 3t +a(t —ty) + 2i(t — to) — 5 2i,
hl’I(l) 005\06721.9(;\0) [Mllbg + Mglbl — (ZGI(A()) — 2()\0 — 5\0)71) (M22b1 + Mlgbz)] eiit&‘iQ
e—

1 15 ~ 5 -

By using (3.29) and (3.30), taking the limit
v = lime? [ () (60) = 200 = 20) 1Y (@)
e—0
we obtain (2.23) with
o= lim =2 [ (1) (o) + (i'(ho) — 2% = 20) ™) n{” ()]

given below (2.23) in the explicit form.

APPENDIX A. SINGLE-SOLITON FROM A SIMPLE POLE

Here we consider solutions of the normalized RH problem for the refelectionless potential
r+(A) = 0 for A € R with a simple pole at Ay € C*. By symmetry (2.3), both A\ € C* and
Ao € C™ are poles of M(A) in C. The normalized RH problem can be rewritten in the form:

RH problem. Find a complex-valued function M (\) with the following properties:
e M ()) has simple poles at A\ € C* and Ay € C™.
o M(A) — I as |\ = oo, where I is the 2-by-2 identity matrix.

o M. () = M_(X) for every A € R, where M (\) := lm M(N).
Im(A)—=+0
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The solution of the RH problem is immediately given by

Resy=x, M4 () N ReSA:XOM—(A)
A—Xo A—X

In order to compute the residue terms, we note from (2.11) that Ao is a simple zero of a(\)
extended to C* by Lemma 2.2. Since it follows from (2.2) that

a(A) = a(¢) = det (v{7(Q), ¥57(0))

we define (; := v/\g and a constant by € C such that the columns of ¥*)(() satisfying (2.1)
are related at ( = (y by

(A.1)

M(z,t,\) =1+

QP;)(CO) = bowgﬂ (Co)- (A.2)

Since \g € C*, it follows from (2.1) and (A.2) that wéf)(ﬁb) decays to zero exponentially fast
both as x — fo00. Hence it is the eigenvector of the linear system (1.2) for ¢ = (.

By using the transformation (2.4), we can rewrite (A.2) in the form:
ny” (o) = boy i (o), (A.3)

where () is given by (2.8). By using (2.11) and (A.3), we compute the residue term as
follows

(-)
o5 _lg (o) _(a bo ) () 2i000)
R AZ)\OP(A) (0 O/(/\O) > <O COO/()\O) 1 ()\0) ) ) (A4)

where 0 is the 2-by-1 null vector.

By using the symmetry condition (2.3), we have
Po=( 9 5 )E0 wo-(] 3 )io,
then (A.2) can be transformed into
Y7 (Go) = —bots (o)
Using the transformation (2.4), we obtain
{7 (Ro) = —boCons™ (Ag)e 7200, (A.5)

from which we compute the other residue term by using (2.11) and (A.5):

S 7z )
Resy_5, P(\) = (”; (%)) 6) = (—;?g\z)ngﬂ()\o)e_%e(“) 6) : (A.6)
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We recall that M()\) = [P*]"1P(\) with P> = diag(n]>,ng>) with nj> = nfoo see

Y

(2.12). Using the first column of (A.1) at A = Ay due to (A.4) and the second column of (A.1)
at A = Ag due to (A.6), we obtain a closed system of linear algebraic equations:

oG - 0
()\0) =n] e — 0=0 néﬂ(/\g)e’mg(’\(’) (A7)
Ao — Ao
and
)y Co () (\,) £2i0(Xo) AS
ny (0)—”2 €2+/\0 )\0”1 (Ao)e ) (A.8)
where e; = (1,0)7, e5 = (0,1)7, and
bo
co 1= )
’ o' (o)
Then, from (A.7) and (A.8), we have
Moo +o0 ,—2i0(Xo) /_\0|CO|2 2i0(Mo)—2i0(No),, (+)
()\0) = Tll 61 — N — 5\077/2 e ey + me 0 0 n§ ()\0)7

_ Moleol? o 90 5
n§Y (ho) = ey + — - net0e, +—O|CO—‘ e2000)=2i000) (1) (3.

Ao — Ao (Ao — Ao)?
By using (2.13), we obtain the explicit solutions to the MTM system (1.1) in the form
_ z —_— 5 o—2i0(A0)
w=lim Myp(A) = = ni*ni}) (Ag)e 2700 = — —— —
A—0 Ao N\ — oPleol? J2i0(x)—2i0(X0)
(Ao—A0)?
and
- = —2i0(Xo)
=1 — +00 (+) —2i0(No) _ Co€
v ,l\li% M (A) = coni ™ (2)nz;’ (Mo)e 1 — Xoleol®_ 2i6(x0)—2i6(R0)
(Ao—A0)?

To simplify the expressions for the single-soliton solution (u,v), we pick \g = € with
v € (0,7) on S N C*. A more general solution can be obtained with the Lorentz symmetry
(2.14). If Ny = €7, we obtain from (2.8) that

2i0(Ng) = —ax + i,
where a = siny and 8 = cos~. In addition, we choose
co = 21 8in 76%
and obtain the single-soliton solution in the form

s efa:vfiﬁtJr% . L 2’}/ _ipt A9
u(z,t) = O Tty — tesech{az— 2 | e (A.9)
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and

—ax—ift— %

v(x,t) = —2ia = —ia sech (ax + g) et (A.10)

1 + efZawfi'y

which coincides with (2.16) since a = siny and 8 = cosy. A more general solution with
two translational parameters z,ty € R can be obtained by using the symmetries (2.15) or by
introducing two translational parameters in the expression for ¢y € C.

Finally, we write the explicit form of the eigenvector w§+)(§0), see (A.2), which satisfies
(2.18) with (u,v) given by (A.9)-(A.10) and with ¢, = 2. By using the transformation (2.4),
we write

U (G) = €909 [T (v, Go)) " nf” (M),

where
1 0
real = (_le, i)
and
) T B
LA 1 — (;\_M?%em(xo)—m(?\o)
0—A0

1 ni>
= — - . 3i
1 4 e—20am—iy \ gmow—ifl=ly, o

1 i 6ax+ig+gfjoo(|u\2+|v|2)dx
= gsech {az + o o iBt—iv— % [T (ulP+oP)de | -

1 9 9 sin?
4 /R(M + [vl)de /R cosh(2sin~y z) + cos~y =7

Hence we can write

' 1 . lam—&—iﬂt—l-il-i-ifxoo(‘u|2+|v‘2)d$
0P (Ng) = §Sech (am%— ﬂ) ( TR ; (A.11)

We note that

5 o boa—4Bt—4 7 (ul+lof?)de
which decays exponentially to 0 as & — +o00. Since [T'(v,(y)]~* is bounded, then ¢§+)(§0) €
H'(R,C?) is an exponentially decaying eigenvector of the linear system (2.18).

The algebraic soliton appears in the singular limit v — 7, where (;, — 7. The simple
eigenvalue (y = 7 is embedded into the continuous spectrum of the Lax system (1.2), which is
located on R U (iR). By writing v := m — € and taking the limit ¢ — 0 in (A.9) and (A.10),
we obtain . .

21 it o(z,t) = — 221 it
1+ 2z

(A.12)
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The eigenvector 1y for the simple embedded eigenvalue (y = i of the linear system (2.18) with
(u,v) given by (A.12) is obtained from (A.11) in the limit € — 0 in the explicit form:

BT (+) o 1 1 0 6—5+zarctan(2z)
Yo = ]él—r% €¢1 <CO) 14+ %z (iv —i> < e%—%—zarctan(h) ) <A13>

where we have used the elementary integral

1 [ v 2
[ s = [ e = 3 arctan(en).

Based on the explicit expression (A.13), we confirm that 1y € H'(R,C?) is an algebraically
decaying eigenvector of the linear system (2.18) such that |[¢(z)] = O(|z|™!) as |z| — .

APPENDIX B. EXPONENTIAL DOUBLE-SOLITONS IN THE BILINEAR HIROTA METHOD

Here we obtain the exponential double-soliton solutions by using the bilinear Hirota
method developed in [4]. To proceed with computations, we use the parameterization from
[8] and write the general exponential two-soliton solutions in the form:

h
u = %, v = ?, (B.1)
where
f=1+ e~ 2-im e~ 22— + A126—2€1—2§2—iv1—iv2 — 44/6104 sin 7y, sin ,726—61—52—%71—%%
§peim—n2) Joel(m—m2)
X - -
(616~ s(nta2) _ 5265 V1+72)) + (5165(71+72) — 526—5(71+V2))2 ’
h = _@16—51—i771 1+ (pl p2) e 22tz | _ d26—€2—i772 1+ (pl pz) —2&1+im ’
P1+ D2 I P+ P2
and
. 2 - [ 2
g= M_le—ﬁl—inl 14+ (p1 — p2> e—2£2+3i’72 4 M_Qe—ﬁz—im 14+ (p1 — pz) e—2§1+3i')/1 7
D1 1+ P2 D2 D1+ p2

with arbitrary parameters v; € (0,7), §; > 0, (z;,t;) € R? and uniquely defined for j = 1,2
as

pi=iie™ . a; = 2y/;sinve 7
& = sin-y; 5(5]“'_5]' )x+§(5j—6j t+x; ),

1 1
nj = COS7; (5(5]- —6; )z + 5(53‘ +0; )t + tj) :
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and

Ao — (5% + 02 — 28,0 cos(y; — 72))2
12 62 + 65 — 26105 cos(y1 +72) )

Due to Lorentz transformation (2.14), we can consider the exponential double-solitons with
zero speed, for which we take 0; = 9, = 1. In addition, we use translational symmetry and
replace e 12 by e¢2sin (2322) in all expressions.

Considering f, we obtain

f=1+sin’ (%) [e7267m 4 em20212] 4 gip? (%) 21— 26—~

+ 2sin vy, sin 726’51*52’%71’%72 cos(m — 12).

We now define the small parameter ¢ from v; = v+ € and 75 = v — € and take the limit
e — 0 for a given v € (0, 7). In order to get a nontrivial limit, we also define the translational
parameters x; o from the power series:

& = (siny)(x + 1) =log(e) + oz — xg) + €B(x — Tp) — %eZa(a: — 7)) + O(%),

6 = (sin ) (2 + 22) = log(0) + e — 20) — Bl — o) — Pl — Fo) + O(E),

with new translational parameters zg, 7o, 7o € R and with o = sin v, B = cos~y. Similarly, we
define the translational parameters ¢; o from the power series:

M= (cosu) (4 1) = — 5+ Bt — to) = ealt — i) — 5EB(t — bo) + O(),

= (cs ) (¢ + t2) = 5 + Bt — to) + calt — fo) - %85@ — i)+ 0,

with new translational parameters to, to, 1?0 e R. With these choices, we expand the expression
for f in powers of € and obtain the following explicit expression

lim f =1+4e > [24 a®(28(x — o) +14)* + 4o’ (t — £9)*] + e 4727, (B.2)

e—0

where & := a(x — xg).

Considering h, we obtain

h = —2sin Y1 sin (%) 6—61—in1—i'y71

e—in — elv2 2

—i —i 2
1+ (—e noe 72) sin? (% +72) 6_2&“71] )

—j —i 2
1+ (6 N—e ”) sin? (12 6—252+m]

. . Y1+ Y2 _52_1772_”72
2 sin 7y, sin ( 2 ) e 2 e ——— 5
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With the choice of the translational parameters above, we expand the expression for i in the
powers in € and obtain the following explicit expression

limh = 4ia26_€_in_% [— coty + Bz — To) — ia(t — ??0) + %

e—0

—e~ % (com + B(x — To) +ia(t —ty) + %)} : (B.3)

where 1 := [(t — to).

Considering g, we obtain

g = 2siny sin (71 ;%) p—E1—im+3

i —§ 2

|+ e~ — e sin? [ 1 + 72 o262 +3im2
e—i'Vl — ei“/Q 2
—i —iy2\ 2

m e — e sin? [ + 72 o~ 261+3im
6_172 — ei'71 2 .

With the same computations, this yields the following explicit expression

+ 2siny, sin <% —12_72> R

limg = —dia?e~Eint3 [— coty + Bz — Tp) — ia(t — 1) — L
e—0 2
—e %t <cot’y + B(x — o) +ia(t — 1) — %)} : (B.4)

The exponential double-solitons are given by the explicit expression (B.1) with f, h, and ¢
given by (B.2), (B.3), and (B.4). By using translational symmetry, we can redefine

i’0—>i‘0— , £0—>£0—

sin 7y 2sinvy

to obtain exactly the same expressions as in Theorem 2.1 for f = D(M), h = N,,, and g = N,,.
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