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Abstract

A variety of natural phenomena are described by a nonlinear diffusion equation
with an absorption term. In this report self-similar solutions to the nonlinear diffusion
equation are constructed for reversing interfaces. The asymptotic behaviours of the
solution for small and large concentrations are determined through a method of invari-
ant manifolds and then connected numerically. Bifurcation diagrams are offered and
justified with a Schrödinger equation equivalent to a 3-dimensional isotropic harmonic
oscillator.
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1 Introduction

The slow diffusion equation with absorption describes a variety of physical processes includ-
ing: the spread of thin viscous films with evaporation [1], dispersion of biological populations
with a death rate [7], nonlinear heat conduction with heat loss [8] and fluid flows in porous
media with drainage [2]. Here it takes the following form

∂h

∂t
=

∂

∂x

(
hm

∂h

∂x

)
− hn (1.1)

where h is a positive function with compact support. The dependent variable h represents
a concentration or temperature while x and t denote space and time respectively. This form
describes a family of equations each with different values of m and n in the exponents. The
parameters m and n are restricted to the ranges m > 0 and n < 1 corresponding to slow
diffusion and strong absorption respectively. The exponents are further limited by a technical
constraint m+ n > 1 which emerges later (equation (1.8)) to ensure the desired dynamics.

Interfaces correspond to the points on the x-axis where positive solutions h meet regions
where h is identically zero. Slow diffusion (m > 0) enforces that the interfaces move at a
finite speed [8] and strong absorption (n < 1) ensures finite-time extinction [9, 10] i.e. the
solution eventually vanishes with h = 0 everywhere. The initial shape of h and the values
of m and n will determine the behaviour of the interface. The interface may have one of
several behaviours: (i) the interface will recede monotonically until the solution vanishes
completely, (ii) the interface will initially advance then reverse its behaviour and recede, or
(iii) more complicated behaviour with multiple instances of advancing and receding motion.

Denoting the location of the left interface by x = `(t), the behaviour of the interface
is described as “reversing” if ˙̀ < 0 before reversing time and ˙̀ > 0 after reversing time (a
dot denotes differentiation with respect to time). The term “anti-reversing” describes the
opposite scenario. This report seeks to construct a self-similar solution of h in which the
interface exhibits reversing or anti-reversing behaviour.

The boundary conditions on (1.1) are the conditions that h must be continuous at the
interface h|x=`(t) = 0 and that the flux of h through the interface is zero. The zero flux
condition is written [5]:

˙̀ = −hm−1∂h
∂x
|x=`(t) +

(
(1− n) ∂

∂x
(hn)|x=`(t)

)−1
A self-similar solution of equation (1.1) captures the relevant dynamics of reversing in-

terfaces. Placing the location and time of a reversing event at the origin of space and time,
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reversing interfaces can be described with the self-similar reduction [6]:

h(x, t) = (±t)
1

1−nH±(ξ), ξ = x(±t)−
m+1−n
2(1−n) , ±t > 0 (1.2)

The pair of functions H+ and H− must then be found from the following equations:

d

dξ

(
Hm
±
dH±
dξ

)
± m+ 1− n

2(1− n)
ξ
dH±
dξ

= Hn
± ±

1

1− n
H± (1.3)

The required solutions are positive functions on the semi-infinite line [A±,∞) that satisfy:

(i) : H±(ξ)→ 0 as ξ → A± (1.4)

(ii) :H±(ξ) is monotonically increasing for all ξ > A± (1.5)

(iii) : H±(ξ)→ +∞ as ξ → +∞ (1.6)

In addition, continuity of h at t = 0 means that H+ and H− must be matched in the far-field
of ξ, i.e.

lim
ξ→∞

H+(ξ)

H−(ξ)
= 1 (1.7)

Each solution to (1.1), made of a matching pair of functions H+ and H−, will have a corre-
sponding pair of values A+ and A− for which the interface will exhibit reversing (A± > 0)
or anti-reversing behaviour (A± < 0).

The solutions of this form imply the following behaviour for the interface [4]:

`(t) = A±(±t)
m+1−n
2(1−n) (1.8)

Reversing behaviour requires the ˙̀(t)|t=0 = 0 and so (1.8) implies m+1−n
2(1−n) > 1, which is

equivalent to the constraint m+ n > 1 discussed earlier.
The case when A± = 0 has an exact solution:

H0(ξ) =

(
ξ

xQ

) 2
m+1−n

, x2Q =
2(m+ 1 + n)

(m+ 1− n)2
, (1.9)

which corresponds to a stationary solution of (1.1) with h(x, t) = h(x) =
(

x
xQ

) 2
m+1−n .

Solutions which exhibit reversing or anti-reversing behaviours with A± 6= 0 need to be
found numerically. Preliminary results for the case n = 0 were developed in [3]. This
report extends the method and results for all n > 1 − m. The numerical procedure to
produce solutions is generated using a dynamical system framework in §2 which can be used
to rigorously justify asymptotic behaviours. The numerical results will be covered in §3.
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Bifurcations of solutions with A± 6= 0 from the stationary solution (1.9) are studied in §4.

2 Invariant Manifolds

This section describes the dynamical systems framework which will be used later (in §3) to
construct solutions numerically.

2.1 Near-Field

For small values of H± the scalar equation (1.3) can be written as a vector system with the
variables u = H± and w = Hm

±
dH±
dξ

.

du

dξ
=
w

um

dw

dξ
=un ± u

1− n
∓ m+ 1− n

2(1− n)
ξ
w

um

The interface is located at ξ = A but at this point u = 0 resulting in a singularity. The way
around this is to use a parametrization with a new variable τ such that

dξ

dτ
= um with ξ → A as τ → −∞

Denoting a derivative with respect to τ with a dot, the following dynamical system is ob-
tained:

ξ̇ =um

u̇ =w (2.1)

ẇ =um
(
un ± u

1− n

)
∓ m+ 1− n

2(1− n)
ξw

The family of equilibrium points for this system is given by (ξ, u, w) = (A, 0, 0) with
A ∈ R an arbitrary parameter. Each equilibrium point is associated with the Jacobian
matrix 0 mum−1 0

0 0 1

∓m+1−n
2(1−n) (m+ n)um+n−1 ± 1+m

1−n u
m ∓m+1−n

2(1−n) ξ

 |(A,0,0) =
 0 0 0

0 0 1

0 0 ∓m+1−n
2(1−n) A


This matrix has a double zero eigenvalue and a nonzero eigenvalue ±m+1−n

2(1−n) A, if A 6= 0.
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The linearization of the dynamical system therefore has a two-dimensional center manifold
and a one-dimensional stable (±A > 0) or unstable (±A < 0) manifold. A trajectory
corresponding to a viable solution must leave the equilibrium point as τ increases.

For ±A > 0 the escapeing trajectory must belong to the center manifold Wc. This
manifold is parametrized by (ξ, u) near (A, 0) while

w =
2(1− n)

(m+ 1− n)A
um+n + · · · (2.2)

Dynamics of the system on the center manifoldWc is topologically equivalent to the dynamics
of the two-dimensional system ξ̇ = um

u̇ = ± 2um

(m+1)A

For every ±A > 0, there exists exactly one trajectory on Wc, which approaches the equilib-
rium point (A, 0, 0) as τ → −∞ if ±A > 0.

For ±A < 0, the trajectory leaving the equilibrium point belongs to the unstable manifold
Wu . This manifold is parametrized by u near 0 while

ξ = A∓ 2(1− n)
m(m+ 1− n)A

um + · · · (2.3)

w = ∓m+ 1− n
2(1− n)

Au+ · · ·

Dynamics of the system on the unstable manifoldWu is topologically equivalent to dynamics
of the linear equation

u̇ = ∓m+ 1− n
2(1− n)

Au .

2.2 Far-Field

Trajectories departing from the equilibrium point are expected to arrive at infinite values of
ξ and u. To study behaviour in the far-field a transformation to variables (x, y, z) is used
such that an infinite value of u maps to a zero value of y. The following transformation
works:

ξ =
x

y
m+1−n
2(1−n)

, u =
1

y
1

1−n

, w =
z

y
m+3−n
2(1−n)

.
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This results in a singularity in the derivatives with respect to τ and so another parametriza-
tion to the new variable s can be used such that

dτ

ds
= y

m+1−n
2(1−n) with y → 0 as s→ +∞ .

A new dynamical system is obtained (denoting a derivative with respect to s with a
prime)

x′ =y −
(
m+ 1− n

2

)
xz

y′ =− (1− n)yz (2.4)

z′ =y2 ±
(

1

1− n

)
y ∓

(
m+ 1− n
2(1− n)

)
xz −

(
m+ 3− n

2

)
z2

The family of equilibrium points for this system is given by (x, y, z) = (x0, 0, 0) with
x0 ∈ R an arbitrary parameter. Each equilibrium point is associated with the Jacobian
matrix 

−
(
m+1−n

2

)
z 1 −

(
m+1−n

2

)
x

0 −(1− n)z −(1− n)y
∓
(
m+1−n
2(1−n)

)
z 2y ±

(
1

1−n

)
y ∓

(
m+1−n
2(1−n)

)
x− (m+ 3− n) z

 |(x0,0,0)

=


0 1 −

(
m+1−n

2

)
x0

0 0 0

0 ± 1
1−n ∓

(
m+1−n
2(1−n)

)
x0


This matrix has a double zero eigenvalue and a simple eigenvalue ∓

(
m+1−n
2(1−n)

)
x0, if x0 6= 0.

Relevant trajectories in the system require x0 > 0. If x0 > 0, the linearization of the system
therefore has a two-dimensional center manifold and a one-dimensional stable or unstable
manifold depending on the upper or lower sign.

The center manifold Wc is parametrized by (x, z) near (x0, 0) while

y =
m+ 1− n

2

[
xz ± (1− n)

(
1− m+ 1− n

2
x20

)
z2
]
+ · · · (2.5)

The dynamics of the system on the center manifold Wc is topologically equivalent to the
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dynamics in the two-dimensional linear systemx′ = ±(1− n)
(
m+1−n

2

) (
1− m+1−n

2
x20
)
z2

z′ = −z2
(2.6)

There exists exactly one trajectory on Wc which approaches the equilibrium (x0, 0, 0) as
s→ +∞.

3 Numerical Results

This section describes the numerical approach which is used to find solutions for H+ and H−
by connecting behaviours of the near-field and far-field systems.

3.1 Solutions for H− (t < 0)

A solution of (1.3) before reversing can be constructed numerically as a trajectory from
infinite to finite values of H−. This can be done by integrating the system (2.4) from the
equilibrium point (x0, 0, 0) in the far-field towards the equilibrium point (A−, 0, 0) of the
system (2.1) in the near-field. This is done via the following numerical procedure:

1. Select a value of x0 > 0. The trajectory would then follow an integration of (2.4)
backward in the value s. However since (x0, 0, 0) is an equilibrium point, starting at exactly
x = x0 is poor choice as the trajectory will not escape the equilibrium point. The solution
is to take a small step δ � 1 away from (x0, 0, 0) in the z direction and use asymptotic
behaviour along the center manifold (2.5) to determine the initial values of x and y:

x = x0 + (1− n)
(
m+1−n

2

) (
1− m+1−n

2
x20
)
δ

y =
(
m+1−n

2

)
x0δ

z = δ

With these initial conditions the system can be integrated with decreasing values of s.
As in [3] the integration was carried out with the ode45 routine in MATLAB using choosing
δ ∈ (10−3, 10−2).

2. Physically relevant trajectories must reach some point (ξ, u, w) = (A−, 0, 0) in the
near field. For accurate integration in the near-field a switch of variables in required so the
integration can continued with the near-field system (2.1) with decreasing τ . The conditions
for when this switch occurs is fairly arbitrary. Here, a value of xy−

m+1−n
2(1−n) = ξ = 20 was

used, in the same fashion as [3]. The MATLAB Events function was used to automate
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stopping integration, saving the current (x, y, z) values, converting them to (ξ, u, w) values
then starting integration of the near-field system. The near-field system was integrated with
the ode15s routine.

3. Not all x0 values will result in trajectories that reach the near field equilibrium
point but trajectories must reach either the u = 0 or w = 0 plane. If for two trajectories
corresponding to different selected values of x0, one crosses u = 0 and the other w = 0 then
there must exist an intermediate value of x0 for which the trajectory reaches a point where
both u = 0 and w = 0. To find this x0 value a bisection algorithm was constructed to narrow
down the range of desired x0 values to arbitrary accuracy (machine precision). The Events
function was again used to detect if either u = 0 or w = 0 occurred causing the integration
the stop and recording the final values of either (ξ, u) or (ξ, w) choosing the non-zero element
of (u,w).

(a) 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

x0

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

(b) 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

x0

-2

-1

0

1

2

3

4

5

(c) 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

x0

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

0.3

(d) 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

x0

-2

-1

0

1

2

3

4

5

Figure 3.1: (a) m = 3, n = +1/2, (b) m = 3, n = −1/2, (c) m = 5, n = +1/2, (d)
m = 5, n = −1/2. The blue, red, and black curves show the value of w at u = 0, the value
of u at w = 0, and the value of ξ at the termination point respectively. The dashed vertical
line marks the location of xQ.

8



The non-trivial solutions for H− correspond to trajectories with particular initial values
x0 = x∗0 which reach (A−, 0, 0) for some finite A− 6= 0. Trivial solutions which reach ξ =

A− = 0 correspond to x∗0 = xQ =
√

2(m+ 1 + n)/(m + 1 − n) and the stationary solution
of (1.3). So by selecting a reasonable range of x0 values containing xQ the numerical scheme
is guaranteed to find at least one value x∗0 for all values of m > 1, n < 1, m + n > 1.
Representative plots of the resulting final ξ, u or w values for a range of initial x0 values and
a range of m and n values are found in Figure 3.1. The crossing point of trajectory through
the zero of the y-axis corresponds to a value of x∗0.

As seen in Figure 3.1 the behaviour of trajectories in the near-field is different between
solutions with A− < 0 and A− > 0. For A− < 0 obtaining a high accuracy value of A− is
more difficult and an extrapolation procedure is used to estimate its value.

The found x∗0 values are plotted against m for different values of n in Figure 3.2. It
can be seen that in addition to the trivial solution there are many other solutions. The
colour of points on this plot indicates the sign of A−, typical values of A− along a curve in
Figure 3.2 are plotted against m in Figure 3.3. Another noteworthy feature of Figure 3.2
are the additional branches of solutions that depart from the x0 = xQ branch at each value
of m = (1− n)(2k − 1) for k ∈ N. The appearance of these branches is justified in §4.

(a)
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Figure 3.2: The variation of x∗0 versus m for different values of n: (a) n = 1/2, (b) n = 0,
(c) n = −1/2 and (d) n = −1. The black points correspond to the stationary solution (1.9)
while points in red or blue correspond to A− > 0 and A− < 0 respectively. (Continued on
next page)
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Figure 3.3: Panel (a) shows the variation of A− with m along the red and blue curves
emanating from the black curve near m = 3

2
with n = 1

2
. Panel (b) shows the same plot

zoomed in to see positive values of A−.

3.2 H+(t > 0)

Solutions to (1.3) for time after reversing can be constructed with a numerical routine similar
to that described in (3.1). In this case trajectories can be constructed from small to infinite
values ofH+. This can be done by integrating the system (2.1) from the near-field equilibrium
point (A+, 0, 0) towards the far-field equilibrium point (x0, 0, 0). This done with the following
numerical routine:

1. Select a value of A+ 6= 0. Since this is an equilibrium point the initial conditions a small
step ε � 1 away must be used. For A+ > 0 the trajectory will follow the center manifold
(2.2). Taking the step ε in the ξ direction the initial values for u and w are determined from
the asymptotic behaviour:

ξ = A+ + ε ,

u =
(

2
m+1−n

) (
ε
A+

) 1
1−n ,

w =
(

2(1−n)
(m+1−n)A+

)(
2ε

(m+1−n)A+

)m+n
1−n .

For A+ < 0 the trajectory will be along the unstable manifold (2.3) and the initial values
of u and w are determined from the asymptotic behaviour:

11




ξ = A+ + ε ,

u =
(
m(m+1−n)|A+|ε

2(1−n)

) 1
m ,

w =
(

2(1−n)
(m+1−n)A+

)(
m(m+1−n)|A+|ε

2(1−n)

) 1
m .

In either case the system can then be integrated with increasing values of τ . This was carried
out with the ode45 routine in MATLAB with ε = 10−1.

2. All trajectories leaving the near field along the center or unstable manifold will even-
tually approach the equilibrium point (x0, 0, 0) in the far-field. In this case rather than
switching to the far-field system the value of x0 can be found to arbitrary accuracy simply
through the value of ξu−(m+1−n)/2 ≈ x0 at some very large value of τ = τ∞. Here, τ∞ ∼ 105

was found to be sufficient.
Carrying this out for a variety of choices of A+ it appears that x0 is a monotonically

increasing function of A+. A plot for different values of m and n can be found in Figure 3.4.
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Figure 3.4: Plots of variation of x0 with A+ for different values of m and n: (a) m = 2 and
(b) m = 3. The solid, dashed and dotted lines correspond to n = −1/2, n = 0, and n = +1/2
respectively. The markers at A+ = 0 correspond to x0 = xQ for the stationary solution (1.9).

3.3 Summary

The main results are as follows: (i) for each value of m and n such that m > 0, n < 1, and
m + n > 1, there exists at least one value of x0 = x∗0 (different from x0 = xQ) that defines
a trajectory emanating from (x, y, z) = (x∗0, 0, 0) and terminating at (ξ, u, w) = (A−, 0, 0)
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and thus is a suitable solution for H−, and (ii) for every value of A+ ∈ R there exists a
corresponding value of x0 and thus there are an infinite number of suitable solutions for H+.

The remaining step in obtaining a physically relevant solution is then to invoke the
condition (1.7) to match a particular H+ to the obtained H−. This condition is equivalent to
requiring that H+ and H− have the same value of x0. Any solution for H− is characterized
by a single value of x0 which then corresponds to a unique value of A+.

4 Location of Bifurcations

As seen in Figure 3.2 the self-similar solutions bifurcate off of the stationary solution (1.9)
where A = 0. The stationary solution is given again by:

H0(ξ) =

(
ξ

xQ

) 2
m+1−n

, x2Q =
2(m+ 1 + n)

(m+ 1− n)2

Near the bifurcation, the new self-similar solution can be found to leading order by linearizing
(1.3) with

H−(ξ) = H0(ξ) + v(ξ)

The allowed locations for bifurcation in the parameter space can be found by searching for
the zero eigenvalue of the operator A in the linear eigenvalue problem

Av =
d2

dξ2
(Hm

0 v)−
m+ 1− n
2(1− n)

ξ
dv

dξ
− nHn−1

0 v +
1

1− n
v = λv .

Substituting the explicit form of H0 and changing variables to z = ξ
xQ

for neatness, this is
equivalent to the eigenvalue problem for an operator B such that:

Bv =
d2

dz2

(
z

2m
m+1−nv

)
− m+ 1− n

2(1− n)
x2Qz

dv

dz
− nx2Qz

2(1−n)
m+1−nv = µv .

where µ = x2Q(λ− 1
1−n). Analysis is challenging due to the complicated form of the exponents

but this equation can be greatly simplified with the change of variables:

y =
m+ 1− n

1− n
z

1−n
m+1−n

This results in another eigenvalue problem:

d2v

dy2
+

(
3m

(1− n)y
−
x2Qy

2

)
dv

dy
+

(
2(m2 −m− n− n2)

(1− n)2y2

)
v = µv .
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As y = 0 is a regular singular point a Frobenius series solution can be obtained. Alternatively
the terms with containing dv

dy
can be removed with the transformation

w(y) = u(y)e

´(x2Qy

2
− 3m

2(1−n)y

)
dy

which results in the following eigenvalue problem

d2u

dy2
−
(
(m+ 4n)(m+ 2n+ 2)

4(1− n)2y2
+
x4Q
16
y2
)
u =

(
µ−

(3m+ 1− n)x2Q
4(1− n)

)
u .

This equation is in the same form as the Schrödinger equation for a 3-dimensional isotropic
harmonic oscillator, i.e.

d2u

dr2
−
(
`(`+ 1)

r2
+
Mω2r2

2

)
u =

2ME

~2
u

for a particle of mass M with energy E. This is a well-studied problem found in many
textbooks [11]. The permissible energy values are

Ek =

(
2k + `+

3

2

)
~ω, with k ∈ N and ` ∈ {0, 1, . . . , k} .

These correspond well to the eigenvalues for λ and µ and thereby the following expressions
can be found:

µ−
(3m+ 1− n)x2Q

4(1− n)
=
x2Q
2

(
2k +

m+ 4n

2(1− n)
+

3

2

)
,

λ =
m

2
− (1− n)(k − 1

2
) .

The zero eigenvalue determines the values of m where a bifurcation can occur.

m = (1− n)(2k − 1) for k ∈ N .

This is the main result, which corresponds well to the bifurcation values seen in Figure 3.2.

5 Conclusion

Self-similar reversing and anti-reversing solutions have been constructed for the nonlinear
diffusion equation (1.1) with parameters m > 0, n < 1 and m+n > 1. These solutions were
constructed using the dynamical systems framework of §2 which parametrizes trajectories
in. The numerical routine described in §3 produces a matching pair of solutions H− and H+
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of the differential equations (1.3) which can then be transformed into physically meaningful
solutions via the self-similar reduction (1.2). The appearance of these solutions at particular
locations as branches off of the stationary solution (1.9) was justified in §4.

For every value of m and n within the constraints at least one suitable solution was
identified. This solution is in addition to the exact solution (1.9) which in the original space
and time variables does not exhibit reversing or anti-reversing behaviour. It was found that
there are a limited number of H− solutions, each of which is defined by a pair of values x∗0
and A−. On the other hand, there are an infinite number of H+ solutions each corresponding
to a pair of values x0 and A+. A full solution then corresponds to one of the H− solutions
and the H+ solution with a matching x0 value. This determines a complete solution with
reversing behaviour determined by the values of A+ and A−. Solutions with A−, A+ > 0

correspond to a reversing solution where the left interfaces advances for t < 0 and then
recedes for t > 0. Solutions with A−, A+ < 0 correspond to an anti-reversing solution where
the interface recedes for t < 0 and then advances for t > 0.

The nonlinear diffusion admits two different traveling wave solutions, one with advancing
interfaces driven by diffusion

h ∼ (x− `(t))1/m, ˙̀(t) < 0 ,

and the other with receding interfaces driven by absorption

h ∼ (x− `(t))1/(1−n), ˙̀(t) > 0 .

This study describes the transition between the two behaviours. Any numerical scheme
attempting to solve (1.1) must also capture this transition. In general 1.1 is hard to solve
numerically because it has a free boundary, is nonlinear and is degenerate (h′ = ∞ at the
interface). The results of this report are robust and therefore can be used to validate PDE
methods to solve (1.1).
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