SIAM J. APPL. MATH. (© 2005 Society for Industrial and Applied Mathematics
Vol. 65, No. 4, pp. 1101-1129

MODELING OF WAVE RESONANCES IN LOW-CONTRAST
PHOTONIC CRYSTALS*
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Abstract. Coupled-mode equations are derived from Maxwell equations for modeling of low-
contrast cubic-lattice photonic crystals in three spatial dimensions. Coupled-mode equations describe
resonantly interacting Bloch waves in stop bands of the photonic crystal. We study the linear
boundary-value problem for stationary transmission of four counter-propagating and two oblique
waves on the plane. Well-posedness of the boundary-value problem is proved by using the method
of separation of variables and generalized Fourier series. For applications in photonic optics, we
compute integral invariants for transmission, reflection, and diffraction of resonant waves.
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1. Introduction. Photonic band-gap crystals are periodic optical materials, the
spectrum of which consists of bands separated by band gaps [13]. Linear periodic
properties of the isotropic photonic crystals are modeled with the Maxwell equations

(1.1) V’E — Tz —V(V-E, V- (n’E) =0,

where n = n(x) is the periodic refractive index, E = (E, E,, E,) is the electric field
vector, X = (x,y, z) is the physical space, t is the time variable, V = (0, 0y, 0) is the
gradient vector, and c is the speed of light. Components of the magnetic field vector
are eliminated from the Maxwell equations (1.1) [13].

The Maxwell equations (1.1) in one dimension can be simplified for a linearly
polarized light, such that E = (E,0,0), where E = FE(z,t) and n = n(z). The scalar
component E(z,t) solves the wave equation with the periodic speed variations

0’FE 3 n%(z) 0°F
022 2 Ot?

(1.2) =0.

If the refractive index n(z) is a periodic function with period zg, the linear spectrum
—iwt

of the wave equation (1.2) reduces to the Mathieu equation for E(z,t) = ¥(z)e™ ",
where w is the eigenvalue and 9 (z) is the eigenfunction of the spectral problem

2
(1.3) P+ %ng(z)w =0.

According to the Floquet theory [12], solutions of the Mathieu equation (1.3) take the
form ¥(z) = ¥(2)e*“)* where WU(z 4 zy) = ¥(z) and k = k(w) is the propagation
constant. For a general class of periodic potentials n?(z), there exist infinitely many
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intervals of w, called band gaps, where the propagation constant k(w) is purely imagi-
nary and the Bloch function 1 (z) is unbounded in z. The band gaps are supported by
the low-contrast photonic crystal with the refractive index n(z) = ng + en1(z), where
ng is constant and e is small parameter.

The linear Maxwell equations (1.1) in two and three dimensions can also be re-
duced to a spectral problem for E(x,t) = 1 (x)e” ! where w is the eigenvalue and
P (x) is the eigenvector. When n(x) is a periodic function in z, y, z with periods z,
Yo, 20, respectively, the eigenvector 1)(x) satisfies the Floquet theorem [12] and has
the form of the Bloch wave: t(x) = ¥(x)e!(Ferthyy+k=2)  where ¥(x) is periodic in
x, y, and z with periods z¢, Yo, and zg, and w = w(kz, ky, k.). No band gaps exist in
the linear spectrum for low-contrast photonic crystals. As a result, the bounded Bloch
functions 1 (x) may exist for any value of w € R. High-contrast photonic crystals may,
however, exhibit band gaps for some configurations of the refractive index n(x) [13].

Modeling of time-dependent responses of photonic crystals in three spatial di-
mensions can be computationally difficult in the framework of the Maxwell equations,
especially if the nonlinear and nonlocal dispersive terms are taken into account. A
more efficient method is based on reduction of Maxwell equations (1.1) to the coupled-
mode equations [23]. For instance, shock wave singularities may occur in the nonlinear
Maxwell equations but they do not occur in the nonlinear coupled-mode equations
[8]. Coupled-mode equations are typically derived in the first band gap of the Bragg
resonance between two counter-propagating waves in one spatial dimension [20, 21].
More complicated coupled-mode equations are considered for three-dimensional non-
linear photonic crystals [1, 2, 3, 6]. Recent reviews [4, 5] also include classification of
different resonances of Bloch waves in photonic crystals with quadratic nonlinearities.

In this paper, we classify wave resonances and coupled-mode equations for low-
contrast cubic-lattice photonic crystals in three spatial dimensions. Since low-contrast
crystals do not support band gaps beyond one dimension [12, 13], resonances are con-
sidered in stop bands of the linear spectrum [10]. Stop bands occur between resonant
counter-propagating waves, which could be coupled resonantly with other oblique
Bloch waves. The number of resonant Bloch waves depends on the geometric configu-
ration of the incident wave with respect to the cubic lattice. When the Maxwell equa-
tions are truncated with the perturbation series expansions, coupled-mode equations
for the lowest-order Bragg resonances are derived and studied in bounded domains,
subject to the radiation boundary conditions. The radiation boundary conditions
describe transmission of the incident Bloch waves which generate resonantly reflected
and diffracted Bloch waves in the photonic crystals.

We study here the linear coupled-mode equations for four counter-propagating
and two oblique Bloch waves on the plane. It is not a priori clear why the stationary
boundary-value problem with radiation boundary conditions is well posed, since it is
specified by non—self-adjoint operators on the bounded domains. We prove, however,
the well-posedness of the linear stationary problem by using separation of variables
and generalized Fourier series [24]. Eigenfunction expansions and convergence of
generalized Fourier series follow from the general theory [7]. As a result, we construct
explicit analytical expressions for stationary transmission, reflection, and diffraction
of resonant Bloch waves, which are used in modeling of the low-contrast photonic
crystals.

Other applications of optical photonic structures include nonlinear phenomena,
such as bistable stationary transmission and gap soliton propagation [6, 14, 15, 22].
Very little is known about the persistence of such phenomena in two and three spatial
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dimensions, especially given that no band gap exists in low-contrast three-dimensional
photonic structures. The coupled-mode equations can be generalized to include the
weakly nonlinear (cubic) terms and to extend the time-dependent problems to the
nonlinear coupled-mode equations [18, 19]. Well-posedness of the nonlinear stationary
problems is beyond the scope of this manuscript, which only presents solutions of the
linear stationary problems. Nevertheless, linear analysis opens the road to nonlinear
analysis of the corresponding boundary-value problems.

The paper is organized as follows. Classification of resonances in low-contrast
cubic-lattice crystals is given in section 2. Derivation of coupled-mode equations for
lowest-order resonances is described in section 3. The linear stationary boundary-
value problems for four counter-propagating and two oblique resonant Bloch waves
are analyzed in section 4. Section 5 concludes the paper. Appendix A gives deriva-
tion and explicit forms of the nonlinear coupled-mode equations with cubic (Kerr)
nonlinearities.

2. Classification of resonances. When the optical material is homogeneous,
such that n(x) = ng is constant, the linear spectrum of the Maxwell equations (1.1)
is defined by the free transverse waves,

(2.1) E(x,t) = ee!kx—wt)

where ey is the polarization vector, k = (k;, ky, k.) is the wave vector, and w = w(k)
is the wave frequency. It follows from system (1.1) that

2
(2.2) k- ey =0, wQ:%(kﬁmjmﬁ).
0

For each wave vector k there exist two independent polarizations el({l) and el(f) such

that ef(l) : el(f) = 0. This degeneracy in the polarization vector is neglected here by
the assumption that the incident wave is linearly polarized.

When the optical material is periodic such that n(x 4+ x¢) = n(xg), the linear
spectrum of the Maxwell equations (1.1) is defined by the Bloch waves:

(2.3) E(x,t) = ¥(x)e kx—wt)

where W(x +x¢) = ¥(x) is the periodic envelope, k = (k;, ky, k) is the wave vector,
and w = w(k) is the wave frequency. Existence of the Bloch waves (2.3) for the
Maxwell equations (1.1) is proved in [12]. The geometric configuration of the photonic
crystal is defined by the fundamental (linearly independent) lattice vectors x; 2 3 and
fundamental reciprocal lattice vectors ky 2 3 such that k; - x; = 276; j, where 1 < 4,
j < 3 (see [10]). Therefore, the linear refractive index n(x) can be expanded into a
triple Fourier series:

(2.4) n(x) = ng E : O[nm’lei(nkl+mk2+zk3).x7
(n,m,l)€Z3

where the factor ng is included for convenience. If mg is the mean value of n(x),
then ag,0,0 = 1. Let the wave vector k in the incident Bloch wave (2.3) be chosen as
k = k;,. The incident wave vector k;, is expanded in terms of the lattice vectors:

1
(25) kin = é(pkl + qu -+ Tkg),
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where (p,q,r) € R? are parameters. The Bloch wave (2.3) is represented by triple
Fourier series for ¥(x), such that E(x,t) consists of an infinite superposition of free
k(n,m,l):

transverse waves with the wave vectors kg ,;

(2.6) k"D = ki + nky +mks + ks, (n,m, 1) € Z5.

out

The wave vector kéﬁ;’”’” with a nonempty triple (n,m,!) is said to be resonant with

the wave vector ki, if |kc(:1’tm’l)| = |kin| such that |w(kgﬁ’tm’l))\ = |w(kin)|-
We consider here a simple cubic crystal, where the fundamental lattice vectors

and reciprocal lattice vectors are all orthogonal [10]:

27
(2.7) X1,2,3 = 0€1,2,3, k123 =koei 23, ko= -
where e; 2 3 are unit vectors in R®. The coordinate axes (x,y, z) are oriented along
the axes of the simple cubic crystal, while the incident wave vector ki, is directed
according to the spherical angles (6, ) as follows:

. in = k(sin @ cos ¢, sin 6 sin ¢, cos S <OL<m 0<p<2r
(2.8) k k(sin6 p,sin @ sin @, 0), keR, 0<6 0 < ¢ < 2m,

where k = |k;,|. When 6 = 0, the wave vector k;, is perpendicular to the (z,y) crystal
plane. For the simple cubic crystal, the set of resonant Bloch waves is given by the
set of triples

(2.9) S={(n,m, 1) €Z :n(n+p)+mim+q)+1(1+r)=0},

where

(2.10) p= 2k sin 6 cos ¢, q= 2" sin @ sin ¢, r= 2k cos .
ko kO ko

The set S always has a zero solution: (n,m,l) = (0,0,0). When (p,q,7) € Z* and
|| +1g|+ || # 0, the set S has at least one nonzero solution: (n,m,l) = (—p, —q, —7).
The set S is also bounded, since (n,m,[) are integer solutions inside the sphere:

(211) (n+2) + (e 2Y 4 (142 = (:0)2<oo.

When (p,q,7) € Z3, resonant triples (n,m,[) can all be classified analytically. How-
ever, when (p,q,r) ¢ Z3, additional resonant triples may also exist. In solid state
physics [10], a geometric solution for the resonant triples (n,m, 1) is constructed from
the condition that the vector G(™™h = k((:;’tm’l) — ki lies on the edge of sectors
of the reciprocal lattice. Here we review particular resonant sets S for integer and
noninteger values of (p, q,).

2.1. A family of one-dimensional resonances. The one-dimensional Bragg
resonance occurs when the incident wave is coupled with the counter-propagating
reflected wave such that the set S has at least one nonzero solution: (n,m,l) =
(0,0, —r), where r € Z. The values of p and ¢ are not defined for the Bragg resonance
when n = m = 0. As a result, spherical angles 6 and ¢ in the parametrization (2.8)
are arbitrary, while the wave number k satisfies the Bragg resonance condition [10]:

(2.12) rko = 2k cos 6
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such that rA = 2acosf, where )\ is the wavelength. The one-dimensional Bragg
resonance is generalized in three dimensions for p = ¢ = 0 and r € Z,, when the
geometric configuration for the Bragg resonance (2.12) is fixed at the specific value
f# =0, and

(2.13) ki = g(o, 0,r), k%% = (0, 0, —1).

The incident wave is directed to the z-axis of the cubic lattice crystal, and the wave-
length is A = 2a/r. The family of Bragg resonances with p = ¢ = 0 and r € Z,
may include not only the two counter-propagating waves (2.13) but also other Bloch
waves in three-dimensional photonic crystals. The lowest-order resonant sets S for
p=¢q=0and r € Z; are listed below:

r=1:8=1{(0,0,0),(0,0,—1)},
r=2:8=1{(0,0,0), (1,0, ~1), (—1 ),(0,1,—1),(0,_1,_1),(0,0, “9),
r=3:8={(0 0,0), (1,1, — ),( 1),(1,-1,-1),(=1,—1,-1),

( 2)?( )7(1,_1,—2),(_17—1,_2)7(0,0,—3)}~

The dimension of S depends on the total number of all possible integer solutions
for (n,m,l). The sets S for higher-order resonances with » € Z, can be found
algorithmically, with symbolic computing software.

2.2. A family of two-dimensional resonances. Two-dimensional Bragg reso-
nances occur when the incident wave vector k;, is resonant to the counter-propagating

reflected wave vector kgutp ’ q,O), as well as to two other diffracted wave vectors kg?l’t 40)

and k((mtp -0:0) , where (p,q) € Z2. The value of r is not defined for the two-dimensional
resonance, such that the angle 6 in the parametrization (2.8) is arbitrary, while k and
 satisfy the resonance conditions

(2.14) = arctan (q) , VD% + ¢*ko = 2ksin .
p

The two-dimensional Bragg resonances are generalized in three dimensions for (p, q) €
Z% and r = 0, when the geometric configuration for the Bragg resonance (2.14) is
fixed at the specific value 0 = 7, and

™ i
kin = E(p7 q, 0)7 k(()utf77 @0) E(_pv_Q7O)7
0,—q,0 7T ,0,0 ™
(215) k((>ut ©0) = E(p7 —q, 0)7 k(()utfj )= E(_pa q, O)

The incident wave k;, is directed along the diagonal of the (pz, gy)-cell of the cubic
lattice crystal, and the wavelength is A = 2a//p? + ¢2.

The families of Bragg resonances with (p,q) € Zf_ and r = 0 may include not
only the four resonant waves (2.15) but also other Bloch waves in three-dimensional
photonic crystals. The lowest-order resonant sets S for (p,q) € Zi and r = 0 are
listed below:

pzlv q:1 1§ = {(Oa 070)7 (717070% (07 717 O)a (717 715 0)}7

p=2, ¢=1:8 =1{(0,0,0),(0,-1,0),(-1,0,1),(-1,0,-1),(-1,-1,1),(-1,—-1,-1),
(=2,0,0),(-2,-1,0)},
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p:27 q:2 1§ = {(Oa 070)7 (Oa _17 1)v (07 _17 _1)7 (07 _2a 0)7 (_15 07 1)7 (_17
(_17 -2, 1), (_L -2, _1)7 (_2’ 0, 0)> (_2’ -1, 1)a (_ ,—1

(—=2,-2,0)}.
2.3. Two-dimensional resonances of oblique waves. The resonant set S

can be nonempty for (p,q,7) ¢ Z3, which correspond to oblique Bloch waves. For
instance, two oblique waves can be resonant on the (x,y)-plane if

07_1)1
) _1)7

™ n.m ™
n — E(paq70)a k(()ulg 0 = g(p—’— 2naQ+ 2m70)7

(2.16) ki
where (n,m) € Z? are arbitrary and (p, q) € R? are taken on the straight line:
(2.17) np+mq = —(n® +m?).

Similarly, three oblique waves can be resonant on the (x, y)-plane if

T
kinzf 7307
(P4, 0)

k{0 = g(p +2n1,q + 2m1,0),
(2.18) kit ™ = Z(p+2ms, + 2ms, 0),

where (ny,m;) € Z? and (ng, mg) € 7?2 are arbitrary subject to the constraint m;ne %
maony, while (p, q) take rational values
my(n3 +m3) —ma(ni +mi) ni(n3 +m3) — na(nf +m3)

(2.19) p= ) q= .
maoNn1 — MiN2 n2my — N1ma

In the general case, two oblique waves (2.16) or three oblique waves (2.18) may have
resonances with other Bloch waves in three-dimensional photonic crystals.

2.4. A family of three-dimensional resonances. When (p,q,7) € Zi, the
resonant sets S include eight coupled waves for fully three-dimensional Bragg reso-
nance:

™ D —q.—T ™
kin = E(pa q, T)v k(()utp) @) = E(_pv —-q, _T)a
—p,0,0 4 0,—q,0 7T
k(()uf ) = g(_pv an)v k(()ut o0) = E(p7 _Q7r)a
0,0,—r 7T —p,—q,0 m
k(()ut ) = g(p7Qa —T'), k(()utp ! ) = E(_p7 _Q7r)a
—p,0,—r) _ T 0,—q—r) _ T
(2.20) kol = epan), KT = -0 ).

The resonance condition for the three-dimensional Bragg resonance takes the form

2 2
(221) Y = arctan (q> , 0 = arctan <m> , p2 + q2 + Tzko = 2k.
p T

The incident wave kj, is directed along the diagonal of the (pzx,qy,rz)-cell of the
cubic lattice crystal, and the wavelength is A = 2a/+/p? + ¢ + r2. The eight waves
(2.20) can be coupled with some other resonant waves such that dim(S) > 8 for
(p,q,r) € Z3.. For instance, dim(S) = 8 for (p,q,r) = (1,1,1) and (p,q,7) = (2,1, 1),
but dim(S) = 10 for (p,q,7) = (2,2,1) and dim(S) = 16 for (p,q,r) = (3,2,1).
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3. Derivation of coupled-mode equations. The dispersion surface w = w(k)
for the Bloch waves (2.3) in the periodic photonic crystal is defined by the profile
of the refractive index n(x). We shall consider the asymptotic approximation of the
dispersion surface w = w(k) in the limit when the photonic crystal is low-contrast,
such that the refractive index n(x) is given by

(3.1) n(x) = ng + eny(x),

where ng is a constant and e is small parameter. It is proved in [12] that the Bloch
waves (2.3) are smooth functions of €, such that the asymptotic solution of the Maxwell
equations (1.1) as € — 0 takes the form of the perturbation series expansions:

(3.2) E(x,t) = Eo(x,t) + eEi(x,t) + O(e?).

The leading-order term Eg(x,t) consists of free transverse waves (2.1) with wave
vectors kgﬁ’tm’l), given by (2.6), such that the asymptotic form (3.2) represents the
Bloch wave (2.3) as € # 0.

Coupled-mode equations are derived by separating resonant free waves from
nonresonant free waves in the Bloch wave (2.3), where the resonant set S with
N = dim(S) < oo is defined by (2.9). Let Eg(x,t) be a linear superposition of
N resonant waves with wave vectors k; at the same frequency w:

N
(3.3) Eo(x,t) = Y Aj(X, T)ey, ™ X =— T=—,

j=1

where w and k; are related by the same dispersion equation (2.2), A;(X,T) is the
envelope amplitude of the jth resonant wave (2.1), and (X,T) are slow variables.
The slow variables represent a deformation of the dispersion surface w = w(k;) due to
the low-contrast periodic photonic crystal. The degeneracy in the polarization vector
is neglected by the assumption that the incident wave is linearly polarized with the
polarization vector e;, = ey,,. The triple Fourier series (2.4) for the cubic-lattice
crystal (2.7) is simplified as follows:

(34) ny (X) =ny Z an’m’leiko(nw-‘rmy-i-lz%
(n,m,l)€Z3

where ag,0,0 = 0. The Fourier coefficients o, m, satisfy the constraints
(35) QApom,l = Q—n,—m,—1,

due to the reality of nj(x);

(36) Upml = Amnl = Qnlm = O mn,

due to the crystal isotropy in the directions of x,y, z-axes; and

(3'7) O_pm,l = Onml, On—m, = 0nml, OQnm,—l = Qnm,l,

due to the crystal symmetry with respect to the origin (0,0,0). (The latter property
can be achieved by a simple shift of (x,y, z).) It follows from constraints (3.5) and
(3.7) that all coefficients v, m for (n,m,l) € Z* are real-valued.
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It follows from (1.1), (3.1), and (3.2) that the first-order correction term E; (x, ¢)
solves the nonhomogeneous linear problem

i% 82E1 n%w BQEQ

2 _ — 970%™ _ .
VE =G or ~ ¥ o 2V Vx) B
2’/10711 (X) 62E0 2
(3.8) 2 gt V(Y- Eo),

where Vx = (0x, 0y, dz) and the second equation of (1.1) has been used. The right-
hand side of the nonhomogeneous equation (3.8) has resonant terms, which are parallel
to the free-wave resonant solutions of the homogeneous problem. The resonant terms
lead to the secular growth of E;(x,¢) in ¢ unless they are identically zero. The latter
conditions define the coupled-mode equations for amplitudes A4;(X,T), j =1,..., N,
in the general form

A, k;
(3.9) i((9T3+<];~VX)Aj)+Z@MAk=o, j=1,...,N,
k#j

where the elements {dj, ki< j.k<n are related to the Fourier coefficients of the resonant
waves {Qn,m,i}(n,m,)es- The explicit forms of the coupled-mode equations (3.9) are
given for two and four counter-propagating and two oblique resonant Bloch waves.

3.1. Coupled-mode equations for two counter-propagating waves. The
lowest-order Bragg resonance for two counter-propagating waves (2.13) occurs for
r =1, when

(3.10) k, = g(o,o, 1), ko= g(o,o, ~1).

Let Ay = A (Z,T) and As = A_(Z,T) be the amplitudes of the right (forward) and
left (backward) propagating waves, respectively. The envelope amplitudes are not
modulated across the (X, Y)-plane, since the coupled-mode equations for Ay are es-
sentially one-dimensional. The polarization vectors are chosen in the z-direction such
that ex, = ex, = (1,0,0) and Eg = (Ey (2, Z,T)e~** 0,0). The nonhomogeneous
equation (3.8) at the z-component of the solution E; at e~ takes the form

0 9?2
V2E) » + k?Ey » = —2ik*—Ey » — 2k——F »
1,0 + 1,: 7 o o 9205 0
242 2 92
(3.11) M) 20Tmx) g
no ’ ng O0xz2 ’

By removing the resonant terms at e***#, the coupled-mode equations for amplitudes
Ay (Z,T) take the form

(DA, DAL B
(3.12) i <8T + 54 ) tad. =0,
(O0A_  OA_
(313) 1 (81—' — {9Z) + OéA+ = 0,

where a = a,0,1 = @0,0,—1. The coupled-mode equations (3.12)—(3.13) can be defined
on the interval 0 < Z < L, for T' > 0, where the end points at Z =0 and Z = L, are
the left and right (x,y)-planes, which cut a slice of the photonic crystal. The linear
system (3.12)—(3.13) is reviewed in [23]. The nonlinear coupled-mode equations are
derived in [6, 22] and analyzed recently in [8, 14, 15].
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3.2. Coupled-mode equations for four counter-propagating waves. The
lowest-order resonance for four counter-propagating waves (2.15) occurs for p = ¢ = 1,
when

™ ™ ™ ™
3.14) k;=—(1,1,0 ko, =—(1,—-1,0 k;=—(-1,1,0 k,=—(—-1,-1,0).
( ) 1 a(u7)7 2 CL(’ 7)7 3 a( u7)7 4 CL( 3 7)

Let A1 = AL (X,Y,T) and Ay = A_(X,Y,T) be the amplitudes of the counter-
propagating waves along the main diagonal of the (z,y) plane, while Ay = B4 (X,Y,T)
and A3 = B_(X,Y,T) are the amplitudes of the counter-propagating waves along the
antidiagonal of the (x,y)-plane. The envelope amplitudes are not modulated in the
Z-direction, since the coupled-mode equations for A4 and By are essentially two-
dimensional. The polarization vectors are chosen in the z-direction such that ey, =
(0,0,1), 1 < j < 4, and Eg = (0,0, Ep »(z,y,X,Y,T)e”**). The nonhomogeneous
equation (3.8) at the z-component of the solution E; at e~ takes the form

) 9? 0?
V2E) ., +k°Ey, = —2ik* ——Eo , — 2k

——Fy, —2k———F..
oT 0Xox Yoy
2k*n4 (x) 2 0%n4(x)
3.15 Ep. +— Ey,.
(3.15) ng %, +n0 022 0,
- (tkxtky)

By removing the resonant terms at ev2 , the coupled-mode equations for
amplitudes A4 (X,Y,T) and BL(X,Y,T) take the form

(3.16) i<5;;+‘9af‘;+3;;>+aA+5(B++B):07
(3.17) i<aaAT— f%‘;‘ 3541;)+QA++5(B++B_)0,
(3.18) z'(@(f;#?a]i* —afy,*>+5(A++A_)+aB_=o,
(3.19) z’(a;;‘ - aai'_ + 8£;) + (AL +A-)+aB; =0,

where o = o110 =a_1,_10 =a1,_10 =a_1,10 and 8 = ag,1,0 = Q1,00 = Q0,—1,0 =
a_1,0,0- The coupled-mode equations (3.16)-(3.19) can be defined in the domain
(X,Y) € D and T > 0, where D is a domain on the (z,y)-plane of the photonic
crystal. The system has not been previously studied in literature, to the best of our
knowledge.

3.3. Coupled-mode equations for two oblique waves. Two oblique reso-
nant waves on the (x,y)-plane are defined by the resonant wave vectors (2.16) under
the constraint (2.17). Assuming that e; = ez = (0,0, 1), the Maxwell equations can
be reduced to the same form (3.15), where the resonant terms are eliminated at the

wave vectors k1 = k;, and ko = kgﬁ;"“o). The coupled-mode equations for amplitudes
A1 2(X,Y,T) take the form
. 8A1 P 8141 q 8A1
3.20 Ao =0
(3.20) Z<8T+‘/—pz+qzaxJﬂ/—puqzay Tadz =0,
[ A, p+2n 0As q+2m 0A;
3.21 A1 =0
(3:21) <8T+‘/7p2+q2ax+,/7pz+qzay ad =0,
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where & = vy m,0 = Q—pn,—m,0. Coupled-mode equations (3.20)—(3.21) for two oblique
waves cannot be reduced to the one-dimensional system (3.12)—(3.13), since the char-
acteristics in the system (3.20)—(3.21) are no longer parallel.

The coupled-mode equations for three oblique resonant waves (2.18) can be de-
rived similarly, subject to the resonance condition (2.19). Three characteristics along

the wave vectors k; = ki, ko = kgﬁ%’ml’o), and k3 = kéﬁ’;"m’o) belong to the same
(X,Y)-plane. The stationary transmission problem for the three oblique waves is
hence a boundary-value problem on the (X, Y)-plane with three (linearly dependent)
characteristic coordinates. Oblique interaction of three oblique resonant Bloch waves

in a hexagonal crystal was considered numerically in [18].

4. Analysis of stationary transmission. The stationary transmission prob-
lem follows from separation of variables in the coupled-mode equations (3.9):

(4.1) Aj(X,T) = a;(X)e™ T, j=1,...,N,

where 2 is the detuning frequency. When the boundary-value problem for a;(X) is
well posed in a bounded domain, analytical solutions for the linear stationary coupled-
mode equations can be derived by using separation of variables and generalized Fourier
series [24]. Exploiting these analytical solutions, integral invariants of the stationary
transmission, reflection, and diffraction of the resonant Bloch waves can be computed
explicitly. We analyze here the stationary coupled-mode equations for two and four
counter-propagating and two oblique resonant Bloch waves.

4.1. Transmission of two counter-propagating waves. After separation of
variables (4.1), the linear coupled-mode equations (3.12)—(3.13) reduce to the following
ODE system:

d

(4.2) i% +Qay +aa_ =0,
da_

(4.3) ,Z-dLZ +aay +Qa_ = 0.

The problem (4.2)—(4.3) is defined on the interval 0 < Z < Lz. When the inci-
dent wave strikes the photonic crystal from the left, the linear system (4.2)—(4.3) is
completed by the boundary conditions

(4.4) a4 (0) = ay, a_(Lz) =0,

where a is the given amplitude of the incident wave at the left (x,y)-plane of the
crystal. The general solution of the ODE system (4.2)—(4.3) is given explicitly as
follows:

ay _ « KZ « —KZ
(4.5) (a_>c+<9+m>e Jrc_(Q_Z.E)e ,

where cy € C are arbitrary and s € C is the root of the determinant equation

(4.6) k=vaZ-—0Q2

When £ = iK, K € R, the linear dispersion relation Q = Q(K) follows from the
quadratic equation

(4.7) 0? =+ K%
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The two branches of the dispersion relation (4.7) correspond to the two counter-
propagating resonant waves. Their resonance leads to the photonic stop band, which is
located in the interval || < |a|. Let Q = 0 for simplicity; i.e., the detuning frequency
is fixed in the middle of the stop band. The unique solution of the boundary-value
problem (4.2)—(4.4) follows from the general solution (4.5):

(4.8) ay oy cosha(Ly — 2)
' coshalLy \ —isinha(Lyz —2Z2) )°

W )=
The transmittance T and reflectance R are defined from the other boundary values

of the solution (4.8),

2 1

)
cosh? aL z

(4.9) T =

at+(Lz) a—(0) ’2 _ sinh®aly
a+(0) a+(0)

such that the balance identity T'+ R = 1 is satisfied. The analytical solution (4.8)
for the two counter-propagating waves is well known [23] and is reproduced here for
comparison with the case of four counter-propagating and two oblique waves on the
plane.

- )
cosh? aLL z

4.2. Transmission of four counter-propagating waves. The stationary trans-
mission of four counter-propagating waves in the coupled-mode equations (3.16)—
(3.19) is studied in the characteristic coordinates (&, n):

_X+Y X-Y

2 1T

(4.10) 3

After the separation of variables (4.1), the linear coupled-mode equations (3.16)—(3.19)
reduce to the PDE system

(4.11) i%+9a+—|—aa,_ + B (by +b-) =0,
Oda_

(4.12) —za—£+aa++9a_ + 0 (by +b_-) =0,

(4.13) z‘%l);+ﬁ(a++a_)+ﬂb++ab_ =0,
Ob_

(4.14) —za—n+6(a++a_)+ab++9b_ =0.

The problem (4.11)—(4.14) is defined in a bounded domain on the plane (§,7). We
consider the rectangle

(4.15) D={(&n):0<E<Le, 0<n< Ly},

which corresponds to a rectangle in physical coordinates (X,Y), rotated at 45° in
characteristic coordinates (£,7). When the incident wave moves along the main di-
agonal in the (X,Y)-plane of the photonic crystal, the linear system (4.11)—(4.14) is
completed by the boundary conditions

(416) a4 (07 77) = a4 (n)v a—(Lév 77) =0, b+ (ga O) =0, b_ (ga L’r]) =0,

where a4 (n) is the given amplitude of the incident wave at the left boundary of the
crystal. The linear dispersion relation 2 = Q(K¢, K,,), where (K¢, K;,) are Fourier
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wave numbers, follows from the determinant equation of the linear PDE system (4.11)—
(4.14).

LEMMA 4.1. The linear dispersion relation Q = Q(K¢, K,) is defined by the roots
of D(Q, K¢, Ky)), where

(417)  D(Q,Ke, Ky) = (9% —a® = K2)(Q° — o® — K]) — 43%(Q — a)*.

There exist real-valued roots of D(0, K¢, K,) = 0 for a? < 482, while no real-valued
roots exist for o® > 432

Proof. The determinant equation follows from the PDE system (4.11)—(4.14) for
the Fourier modes ¢!E¢€+Kan) in the explicit form

Q— Kg « B g
(4.18) D(Q, K¢, Ky) = g ¢ JrgKé Q _ﬂfg7 g
ﬁ ﬁ o Q—I—Kn

Although the straightforward computations of D(2, K¢, K,,) are involved technically,
it is easy to compute that

oD
(4.19) 20 = 20(Q° — o — KZ) +2Q(Q° — o — K}) — 83°Q + 8a3”
and
(4.20) D(0,Ke, Ky) = (o + KZ)(o® + K7) — 40 5%

Integrating (4.19)-(4.20), we find that D(S2, K¢, K,;) is given by (4.17). When o? >
4%, the function D(0, K¢, K,)) is positive definite on (K¢, K,) € R? such that no
real-valued roots (K¢, K,)) exist for @ = 0. When a? < 4/, there exist two curves on
the (K¢, K,)-plane, which correspond to the real-valued roots of D(0, K¢, K,,). d

There are four surfaces of the dispersion relations Q = Q(K¢, K,), which cor-
respond to the four resonant counter-propagating Bloch waves. When a2 > 442,
the interaction of four resonant waves leads to a stop band near the zero detuning
frequency Q = 0. When o? < 432, no stop bands occur in the interaction of the
four resonant waves. We consider solutions of the system (4.11)-(4.14) at Q@ = 0.
By separating variables [24], we reduce the PDE problem to two ODE problems as
follows:

(4.21) ac€m) = up (©wal), o (6n) = u_(©waln),
(4.22) b (& m) = wp(§vr(n),  b-(§,n) = we(§)v-(n),
where

(4.23) va(n)+vo(n) = pea(n),  ws(€) +u_(§) = —Awy(©),

parameters (), p) are arbitrary, and vectors (uy,u_)T and (vy,v_)T solve the two
uncoupled ODE systems

ECENIESEECRIES

and

am (g ) ()= (D) (),
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where I' = A/p. The boundary conditions for (4.24)-(4.25) follow from (4.16) as
follows:

(4.26) uy(0) =1, u_(L¢) =0
and
(4.27) v4(0) =v_(Ly) =0.

The homogeneous problem (4.25) and (4.27) defines the spectrum of I', while the
inhomogeneous problem (4.24) and (4.26) defines a particular solution (4.21)—(4.22).
The general solution of the problem (4.11)—(4.14) with the boundary values (4.16)
is thought to be a linear superposition of infinitely many particular solutions, if the
convergence and completeness of the decomposition formulas can be proved [24]. We
first give solutions of the two problems above and then consider the orthogonality and
completeness of the generalized Fourier series.

LEMMA 4.2. All eigenvalues T' of the homogeneous problem (4.25) and (4.27) are
given by monzero roots of the characteristic equation

2
(4.28) R= {k eC: (Z;Z) e ?*In =1, Re(k) > 0, k#o}

such that

o? + k2

(4.29) = "5u3

Let o > 0. Then the roots k € R are all located in the first open quadrant of k € C.
Moreover, all roots are simple, and there exist C' > 0 and N € Z, such that only one
root k € R is located in each rectangle:

430) DFf={pec. ™=l L Ut o m<cl, >N,
oL, oL,

and
dn+1 4

4s)) Do ={pec.TUWED Tl EY k<ol wsw
2L, 2L,

Proof. The general solution of the ODE system (4.25) with the use of (4.29) is
found explicitly as follows:

CREA a—Fk \ ik atk \ ik
(4.32) (v_>_ck<a+k)e +Ck<oz—k e .
The coefficients ¢ and c_j, satisfy the relations due to the boundary conditions (4.27):

Ck E+a k—a _gur
4. _—= = ? n
(4.33) c_r k-« k—|—o¢e

b

from which the characteristic equation (4.28) for roots k € C follows. The symmetric
roots k and (—k) correspond to the same I' and v (n). The root k = 0 corresponds
to the zero solution for vy (n). Therefore, the roots k¥ = 0 and Re(k) < 0 are excluded
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from the definition of R. The characteristic equation (4.28) results in the modulus
equation

|k — o
|k + af

_ |eikL,,

When « > 0, the left-hand side equals 1 at Re(k) = 0 and is smaller than 1 for
Re(k) > 0. The right-hand side equals 1 at Im(k) = 0 and is larger than 1 for
Im(k) < 0. Therefore, roots k € R may occur only in the first open quadrant of
keC.

Let the roots k € R be defined by the function f(k) = (k—a)?e=2*En — (k+a)? =
0. Then,

2i(k + o)

(4.34) f'(k) = H—a)

[(k* — a®)L, + 2ia].
Since the values of k2 —a? for k € R are located in the upper half-plane of the complex
plane, f/(k) # 0 for @ > 0 such that all roots of k € R are simple.

The characteristic equation (4.28) splits into two sets of roots R4 and R_ such
that Ry UR_ =R, where

k—a )
4, =qkeC:——— e " =41 Re(k .
(4.35) R+ { eC o€ ,Re()>0}
We consider the set k € R4 and rewrite it in the form f(k) + g(k) = 0, where
) 2a
k) = e*n —1 k) =
FR) =M1, gl =

The function f(k) has a zero at

2
=k, =" p>1
Ly
Let us consider the domain 152 :
~ dn -1 dn+1
pr={pec. =D T+l o <ol ns N,
2L, 2L,

for some large C' > 0 and N > 1, such that % > «. The domain ﬁf{ surrounds
n

a simple zero of f(k) at k = k,, such that |f(k)| > |g(k)| on the boundary of D;. By
Rouche’s theorem, the function f(k) + g(k) has the same number of zeros inside ﬁj{
as f(k) does, i.e., only one zero. Since the roots are located in the first open quadrant
of k € C, the root in @fL is located in D;f. The same analysis applies to the second
set k € R_ in the domain D,; . d

Roots k € R and (—k) € R are shown in Figure 1 from the numerical solution
of the characteristic equation (4.28) for o = 1 and L, = 20. In agreement with
Lemma 4.2, all roots £ € R are isolated points in the first open quadrant, which
accumulate to the real axis of k at infinity. The standard analysis of analytic functions
at infinity leads to the asymptotic formula for distribution of large roots k in the
domain |k| > ko > 1:

2mn i« 1 _ w(l+2n) 2i 1
436) kf="—+—+0(= k, = o=
(4:36) ks L, T (n2>’ " L, * (1 + 2n) + (n2>’




MODELING OF WAVE RESONANCES IN PHOTONIC CRYSTALS 1115

Im(k) .
* *
*
0.1 [ * .
*
*
*
*
* *%
***
* Fx
k.
**%***
*
0 - -
HE Kok e
kg, *
‘ﬁ* *
% *
*
*
-0.1F . ]
* *
| | |
-5 -2.5 0 2.5
Re(k)

FiG. 1. Roots k € R and (—k) € R of the characteristic equation (4.28) for a = 1 and
Ly = 20. Dark dots show roots of Ry, and bright dots show roots of R_. The dotted curves show
the leading-order asymptotic approzimation (4.36).

where n is a large positive integer. The leading order of the asymptotic approximation
(4.36) is also shown in Figure 1 by dotted curves. The two sets in (4.36) correspond to
the splitting & € Ry in (4.35). The eigenfunction v(n) = vy (n) + v_(n) is symmetric
(antisymmetric) with respect to n = L, /2 for k € R4 (k € R_). Moreover, explicit
formulas for v(n) follow from (4.32) and (4.33):

L

(437) k€R+ 3U(77)=C+COSI<J(277—77),
L

(4.38) keR_:o(n) = c_sink (277 _ n)7

where (¢4, c_) are normalization constants. Asymptotic solutions (4.36) correspond
to two sets of eigenfunctions

(4.39) {cos(ﬂ'nﬁ), sin (W) } - Zz 1,

which solve the homogeneous Neumann problem on the normalized interval —1 <7 <
1.

LEMMA 4.3. Let T’ be an eigenvalue of the problem (4.25) and (4.27). There
exists a unique solution of the nonhomogeneous problem (4.24) and (4.26) for this T.
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Proof. A general solution of the ODE system (4.24) is found explicitly as follows:

2 2 2 2 2 2
up ) o +k* =20 iaAen a® +k*—243 —iaAgn
( ) = dx ( IR\ 02+ k2 4282 )€ :

u_ Ae(a? + k%) + 232
(4.40)
where
432

The relation (4.41) satisfies the determinant equation (4.17) such that D(0, e, k) =
0. Using the boundary conditions (4.26), coefficients d and d_j are found uniquely,
under the constraint

(4.42) ug = A (a? + k) cos argLe + 2i3% sin argLe #0.
We show that ug # 0. The equation ug = 0 can be rewritten in the form

()\k? — 1)2 _ 2ia Le
(4.43) o= .

By analysis of Lemma 4.2, it is clear that nonzero roots of the characteristic equation
(4.43) may exist only in the first and third open quadrants of Ay € C for « > 0, such
that the values of A2 4 1 are located in the upper half-plane of the complex plane.
The zero root A\, = 0 is located on the real axis for A2 + 1. On the other hand, the
values of 432 /(a? + k?) for k € R are located in the lower half-plane. Therefore, the
relation (4.41) leads to a contradiction, which proves that ug # 0. a

Solutions of the nonhomogeneous problem (4.24) and (4.26) with the normaliza-
tion u4(0) = up # 0 can be written explicitly by eliminating dj and d_j, from the
implicit form (4.40):

2
( ZJ: > = )\k(a2—|—k2) < (1) > COSO&)\k(Lg—f)—Fi < o2 +i§_ 252 ) sina)\k(Lg —f)
(4.44)
When the representation (4.21) is used for ay(n) = a4+(0,n), the function ay(n)
is expanded as a series of scalar eigenfunctions v(n) = v4(n) + v—(n), defined for
roots k € R. This decomposition is possible only if the set of eigenfunctions v(n) is
orthogonal and complete.

LEMMA 4.4. There exists a set of normalized and orthogonal eigenfunctions v;(n)

for distinct roots k = k; € R, according to the inner product

L"]
(4.45) /O vi(n)vj(n)dn = 6.

Proof. The set of adjoint eigenvectors to the problem (4.25) and (4.27) with re-
spect to the standard inner product in L%([0, L,)]) is given by the vectors (v_,v.)7.
As a result, the scalar eigenfunctions v;(n) for distinct roots k = k; satisfy the or-
thogonality relations (4.45) with ¢ # j. The scalar eigenfunction v(n) is found from
(4.32) and (4.33) in the explicit form

(4.46) v(n) = co(k cos kn + iasin kn),
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where cg is a normalization constant. Integrating v*(n) on n € [0, L,], we confirm that
the eigenfunctions v;(n) can be normalized by the inner product (4.45) with ¢ = j,
under the constraint

(4.47) (k* — @®) Ly, + 2ia # 0.

Since the roots k € R are all simple, such that f'(k) # 0 in (4.34), the constraint
(4.47) is met. O

PROPOSITION 4.5. Any continuously differentiable complex-valued function f(n)
on 0 <n < L, is uniquely represented by the series of eigenfunctions

(4.48) =Y cum), = / " fGnyu; (n)en,

all k}j €ER

and the series converges to f(n) uniformly on 0 <n < L,,.
Proof. 1t follows from (4.25) and (4.27) that the scalar eigenfunction v(n) solves
the second-order boundary-value problem

(4.49) v + k0 =0
such that
(4.50) iv'(0) + av(0) = 0, —iv'(Ly) + awv(L,) = 0.

The Sommerfeld radiation boundary conditions (4.50) explain why the spectrum of
the formally self-adjoint operator (4.49) is complex-valued. The statement of the
proposition follows from the expansion theorem [7, p. 303], since the theorem’s con-
dition is satisfied: As 4 = 1, where Ag 4 is the determinant of the second and fourth
columns of the matrix A, associated with the boundary conditions

a 1 0 0
A= ( 0 0 a —i ) ’

As a result, the Fourier series of asymptotic eigenfunctions (4.39) approximates the
series expansion (4.48) for large roots k = ki uniformly on 7 € [0, L,)]. The uniform
convergence of (4.48) follows from that of the Fourier series [24]. d

Using separation of variables and convergence of series of eigenfunctions, we sum-
marize the existence and uniqueness results on the generalized Fourier series solutions
of the linear boundary-value problem (4.11)—(4.14) and (4.16) with Q = 0.

PROPOSITION 4.6. Let the set {c;} be uniquely defined by the series (4.48) for

fm) = ay(n). There exists a unique solution of the boundary-value problem (4.11)—
(4.14) and (4.16) with Q = 0 in the domain (4.15):

(4.51) aen= 3 =50 ) 4o m),

u
all k;eR T

(0
(4.52) o e = 3 ol

all er Ui 0)
(

(4.53) b =— 3 ou® i@,

all k;eR

(4.54) bem=— 3 o; a8 +u—5(6)

v—;(n).
all kjER Tju+;(0) ’
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We illustrate the generalized Fourier series solutions (4.51)—(4.54) with two examples:
(i) a single term of the generalized Fourier series and (ii) a constant input function
ay(n) = ag. For both examples, we compute the integral invariants for the inci-
dent (Zi,), transmitted (Zout), reflected (Zyof), and diffracted (Zair) waves from their
definitions:

L, Ly,
(455) T = / s (O m)Pdy,  Tow = / las (e, m)|2dn,

Ly Le
(456) Iref = A ‘af(ovn)‘zdna Idif = /0 (|b+(57 Ln)|2 + |b7 (6; O)|2)d§

Let the transmittance T, reflectance R, and diffractance D be defined from the rela-
tions

Iout Iref Z-dif

4.57 T = R= D= )
(4.57) Tin’ Tin’ Tin
The integral invariants satisfy the balance identity
(4.58) R+T+ D=1,
which follows from integration of the balance equation

0 0
(4.59) (75(|6l+|2 —la—[*) + 877(|b+|2 —[b-*) =0.

First, we consider a single term of the Fourier series solutions (4.51)-(4.54). The
transmittance and reflectance for k € R are found from (4.44) in the explicit form

2

)\k(a2 + k2)
4.60 Ty =
(4.60) ¥ ‘ Ai(a2 + k2) cos adpLe + 2% sin o, Le
24 k2 — 282)sinacL 2
(4.61) R — (a® + I} )sm.oz k .5
Ak(a? 4+ k2) cos alg Le + 2032 sin o, Le

while the diffractance is found from the balance identity as Dy = 1 — Ty — Ry. These
integral invariants of the stationary transmission for « = 1 and L¢ = L, = 20 are
shown in Figure 2 for § = 0.25 and in Figure 3 for 8 = 0.75. In the first case, when
a? > 432, there is a stop band at Q = 0, such that all modes are fully reflected except
for small losses due to diffraction. In the second case, when a? < 432, there is no
stop band at = 0, such that transmittance and diffractance are large for smaller
values of |k| and become negligible for larger values of |k|.
Next, we consider a constant input function:

(462) Q- (77) =ay, NE [07 Ln]v
when ¢; can be found from (4.48),

dicog
kj[L(KF — a?) + 2ia]’

(463) Cj = kj S R+,

and ¢; = 0 for k; € R_. The solution surfaces |a (&,7)|? and by (¢, 7)|? in the domain
(4.15) are shown for o =1, L¢ = L,, = 20, and oy = 1 in Figure 4 for § = 0.25 and
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Fic. 2. Transmittance (Ty), reflectance (Ry), and diffractance (Dy) versus Re(k) for the roots
k€ R when a =1, 8 =0.25, and L¢ = Ly = 20.

in Figure 5 for § = 0.75. We can see from the figures that the boundary conditions
(4.16) are satisfied by the truncated generalized Fourier series (4.51)—(4.54) with only
30 first terms.

The Parseval identity cannot be applied to eigenfunctions v;(n), because the
inner product (4.45) is not the standard inner product in L?([0, L,]). As a result,
the energy spectrum of Iy, Iref, and Igi cannot be decomposed into a superposition
of the squared amplitudes |cj|2. Nevertheless, the numerical values for T, R, and D
can be found from numerical integration of the solution surfaces (4.55)—(4.56). The
numerical values are

8=025:T~3x1071% R=~0.9853, D~ 0.0147,
B=0.75:T~0.7394, R=~0.0133, D ~ 0.2473,

such that T+ R+ D ~ 1. When a2 > 432, there exists a stop band at Q = 0, and the
incident wave is reflected from the photonic crystal with energy loss of 1.5% due to
diffraction. When o < 4/32, there is no stop band at 2 = 0, and the incident wave is
transmitted along the photonic crystal with energy loss of 26% due to reflection and
diffraction.

4.3. Transmission of two oblique waves. The stationary transmission of two
oblique waves in the coupled-mode equations (3.20)—(3.21) becomes diagonal in the
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Fic. 3. Transmittance (Ty), reflectance (Ry), and diffractance (Dy) versus Re(k) for the roots
k€ R when a =1, 8 =0.75, and L¢ = Ly = 20.

characteristic coordinates (§,7):

_ pE+ (p+2n)n y = €+ (g+2m)n

After the separation of variables (4.1), the linear coupled-mode equations (3.20)—(3.21)
reduce to the PDE system

(4.64) X

(90,1

(4.65) 2575 + Qaq + aaz =0,
(4.66) 1292 4 qay 4 Qap = 0
. 877 1 2 — .
Coordinate axes (£,n) are parallel to the wave vectors k1 = k;, and ko = k((fl’tm"o),

but they are no longer orthogonal. The problem (4.65)—(4.66) is defined in a bounded
domain on the plane (£,17). We consider the same rectangle D, defined by (4.15).
When the incident wave is illuminated in the direction of the wave vector k; but not
in the direction of the wave vector ko, the linear system (4.65)—(4.66) is completed
by the boundary conditions

(4.67) a1(0,n) = aa(n),  a2(§,0) =0.
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FIG. 4. Solution surfaces |a+|?(€,m) and |bx|%(€,n) on the domain (4.15) for a =1, 8 = 0.25,
L¢ = Ly =20, and ay = 1.

The linear dispersion relation Q = Q(K¢, K,)), where (K¢, K,)) are Fourier wave num-
bers, is given explicitly as

Ke+ K, \? Ke — K, \2
(4.68) (Q— f; ”) :a2+(52’7) .

Two surfaces of the dispersion relation (4.68) correspond to the two oblique resonant
waves. In a moving reference frame on the plane (£, 7) there exists a stop band in the
dispersion relation (4.68). We consider solutions of the system (4.65)—(4.66) at 2 =0
by using the Fourier transform

(4.69) ai(€,n) = / kee(k) etk k) g

oo
(4.70) as(€,m) = / c(k)eio k™ etk g
It follows from the boundary conditions (4.67) that

L, )
(4.71) ke(k) = — / ar(n)e"®*ndy, ke R,

2m Jo

and

(4.72) 0= / c(k)e™ "k, 0< &< Le.
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FiG. 5. Solution surfaces |a+|?(¢,m) and |bx|%(€,n) on the domain (4.15) for a =1, 8 = 0.75,
L¢ = Ly =20, and ay = 1.

Interchanging integrals, we reduce the constraint (4.72) to the form

L o0 . _1
o m sina(kn — k
N / ( o ar)dan, 0<é<Le.

The inner integral is zero for £ > 0 and n > 0, due to the table integral 3.871 on
p. 474 of [9]. Therefore, the constraint (4.72) is satisfied, and a unique solution of the
problem (4.65)—(4.67) exists in the form (4.69)-(4.71).

We illustrate the Fourier transform solution (4.69)—(4.70) with the constant input
function

(4.74) ar(n) = a1, n €0, Ly,

when ¢(k) can be found from (4.71):

1— —iakLy,
(4.75) (k)= L-—¢

“om 2 PR

Evaluating Fourier integrals (4.69)—(4.70) with the help of the table integral 3.871 on
p. 474 of 9], we find the explicit solution of the stationary problem:

@) a(en) = ahEaVE), e = R aVE)
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Fic. 6. Solution surfaces |a1|2(€,m) and |az|2(€,m) on the domain (4.15) fora =1, Lg = Ly =
10, and a1 = 1.

where Jy 1(2) are Bessel functions [9]. Figure 6 shows the solution surfaces |a1 (£, n)|?
and |a2(&,n)|? in the domain (4.15) for « = 1, L¢ = L,, = 10, and a; = 1. The inte-
gral invariants for the stationary transmission follow from integration of the balance

equation:

0

0
e 2 -~ 2 __
(417) |a1| + ‘GQ‘ =0.
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We define the incident (Z;,), transmitted (Zoy), and diffracted (Zyi¢) intensities by

Ln Ln L§
T = / a3 (0,7) 2, Tous = / lay (Le m) Py, Tas = / las(€, L) 2de.
0 0 0

(4.78)

The transmittance (T') and diffractance (D) are defined by the same relations (4.57),
and the balance identity T'+ D = 1 follows from integration of the balance equation
(4.77). The numerical values for T' and D are found from numerical integration of the
solution surfaces (4.78) as follows:

T ~0.032, D=~ 0.968,

such that T4+ D =~ 1. These values show that the incident wave is diffracted to
the oblique resonance wave such that only 3.2% of the wave energy remains in the
transmitted wave.

4.4. General transmission problems. A general system of coupled-mode
equations (3.9) can be diagonalized in characteristic coordinates, similarly to the
case of four counter-propagating and two oblique resonant waves. The characteristic
coordinates are introduced from the set of resonant wave vectors as follows:

0  kj, 0 kj, 0 k. 0

o6, " k OX "k oY |k 0z’

(4.79) j=1,...,N,

such that the characteristic coordinate £; extends in the direction of the wave vector

k;. The characteristic coordinates (&1,...,&n) € RY are related to the physical
coordinates (X,Y, Z) € R3 as follows:
N
— il
(4.80) X—Xo+j;§ s

where Xo € R? is an arbitrary point. The boundary-value problem for the linear
stationary transmission with {2 = 0 can be rewritten in the form

Oas
(4.81) i 4N aypar =0, j=1,...,N.
0¢; s
k#j
We consider the domain of definition in the cone (&1,...,¢N) € Rf, subject to the

Goursat boundary values

aj(gla"'7§j—1707£j+17"'7£N) - aj(gla"'7£j—1a£j+17"'7£N)7 ] = 13"'3N'
(4.82)
The Goursat boundary-value problem (4.81)—(4.82) can be rewritten as the Volterra
integral equations:

&;
(4.83) aj(§;) = a; + Z/ > 6y wan(E))dg).

O k#j

By the contraction mapping principle [11], there exists a unique solution of the
Volterra equations (4.83) in the cone (&1,...,&y) € RY, such that we have the fol-
lowing result.
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THEOREM 4.7. Let D be a convex domain in R3, which is cut by the characteristic
coordinate projections & = 0, j = 1,...,N. There exists a unique solution a; =
a;(&1,...,&N), which corresponds to the boundary-value problem (4.81)-(4.82) and
depends smoothly on the boundary values o, j =1,..., N.

If N = rank(ky,...,ky), there exists only one domain D C R, which corre-
sponds to the cone & >0, j =1,...,N. The case of two oblique waves on the plane
(X,Y) gives an example of this situation for N = 2. The Goursat problem (4.81)—
(4.82) is rewritten as the PDE problem (4.65)—(4.66) with the boundary values (4.67),
which is solved with the explicit Fourier transform solutions (4.69)—(4.71).

If N > rank(ky,...,ky), the characteristic coordinates (&1,...,&y) are linearly
dependent such that there exist multiple ways to choose a convex domain D C R?
that corresponds to the cone {; > 0, 7 = 1,...,N. The case of four counter-
propagating waves on the plane (X,Y’) gives an example of this situation for N = 4
and rank(ki,...,ky) = 2. In this case, we have chosen that & = &, & = 7,
&=L, —n,and §& = L — &, such that 0 < { < Le and 0 <7 < L,,. As a result,
the Goursat problem (4.81)—(4.82) is rewritten as the PDE problem (4.11)—(4.14)
with the boundary values (4.16). Theorem 4.7 does not guarantee well-posedness of
(4.11)—(4.14), while explicit Fourier series solutions (4.51)—(4.54) do (see Proposition
46).

5. Summary and open problems. We have shown that the coupled-mode
equations can be used for analysis and modeling of resonant interaction of Bloch waves
in low-contrast cubic-lattice three-dimensional photonic crystals. The analytical so-
lutions for the linear stationary transmission problem are found by using separation
of variables and generalized Fourier series. We have proved that the linear stationary
boundary-value problem is well-posed in the context of four counter-propagating and
two oblique waves on the plane. We have also given general results on well-posedness
of the general linear stationary transmission problem.

It remains an open problem to prove well-posedness of the nonlinear stationary
boundary-value problem for small-norm and finite-norm solutions. Nonstationary
transmission problems are also of interest, and very few analytical results are avail-
able on local and global well-posedness of the nonstationary nonlinear coupled-mode
equations. Finally, numerical approximations of the stationary and nonstationary,
fully nonlinear coupled-mode equations can be constructed in bounded domains with
the method of orthogonal polynomials [17]. All these problems are beyond the scope
of the present work.

Appendix A. Nonlinear coupled-mode equations with cubic nonlin-
earities. Modeling of nonlinear photonic band-gap crystals with cubic (Kerr) non-
linearities is based on the Maxwell equations, where the polarization vector depends
nonlinearly on the electric field vector E (see [13]). When the nonlinearity terms are
small, nonlocal (dispersive) terms in the polarization vector can be neglected, and the
low-contrast weakly nonlinear photonic crystals can be modeled with the Maxwell
equations (1.1), where the refractive index n = n(x,|E|?) is decomposed into the
linear and nonlinear parts [23]:

(A1) n(x, |[E|?) = ng + eny (x) + ena(x)|E[?,

where ng is constant and e is of small parameter. When the photonic crystal has
cubic-lattice structure, the periodic functions n(x) and ns(x) are expanded into the
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triple Fourier series (3.4) and

(A2) nQ(X) ="No Z /Bn,m,leiko(nm+my+lZ)a ﬂn,m,l = B—n,—m,—la
(n,m,l)€Z3

where the factor ng is included for convenience. Derivation of the nonlinear coupled-
mode equations is based on rigorous methods of Lyapunov—Schmidt reductions [16].
Equivalently, the formal derivation can be recovered with perturbation series expan-
sions [19], which follows the formalism (3.2) and (3.3) outlined in section 3. The
first-order correction term E;(x,t) solves the nonhomogeneous problem (3.8) with
additional nonlinear terms:

2 92 2 2
9 ng 0°E; ngw 0°Eq
VB -G e =2 ara (V- VX B
2n0n1(x) 82E0 2
20T Bl -E
c? ot? + nov (Vna - Eo)
2710712 (X) 9 82 Eo 2 2
(A?)) 2 |E0| 012 + FOV (Vn2|EO| . Eo)

The cubic nonlinear terms generate N3 terms from the leading-order solution (3.3),
which all give resonant terms by means of the triple series (A.2). By removing the
resonant terms, the nonlinear coupled-mode equations for A;(X,T), j =1,..., N, are
derived in the general form:

. [ O0A, k; R R -
i <8Tj + <kj . VX) Aj) + Z Qj Ak + Z By ky ko ks Aty Aky Akg = 0,
k#j 1<k1,k2,ks<N
(A4)

where the elements {Bﬁkhk%kg}1§j7k17k2,k3§N are related to the Fourier coefficients
of the resonant waves {3, m,i}(n,m,)es- The explicit forms of the nonlinear coupled-
mode equations are given below for two and four counter-propagating and two oblique
resonant Bloch waves.

The nonlinear coupled-mode equations for two counter-propagating waves (3.10)
generalize the linear equations (3.12)—(3.13) as follows:

. [0A 0A
i (a; + az+> +aA_ + Booo(| A4 +2[A_[P) Ay
(A.5) + Bo,o1 (2| A4 )? + |A_[P) A= + Boo,—1 A5 A + Bo2A+ A2 =0,
[OA_  OA_
i <8T - 8Z> +aAy + Bo002lA4 P+ |A_)A

(A.6) + Bo0,1(|AL P + 2[4 ) Ay + Boo1 AL A2 + foo,2AT A =0.

The system (A.5)—(A.6) is reviewed in [8, 23] for Bp0,1 = Bo,02 = 0 and analyzed
in [14, 15] for ﬂ0,0,l 75 0 and ﬁ07072 = 0. When ﬂ01071,ﬂo7072 7é 0, the system (312)*
(3.13) is the most general coupled-mode system for Bragg resonance of two counter-
propagating waves [6, 22].

The nonlinear coupled-mode equations for four counter-propagating waves (3.14)
generalize the linear equations (3.16)—(3.19) as follows:

(0AL  0AL  0A4
(A7) Z<8T tox Ty

> + OéA_ +ﬁ(B+ + B_) + F+(A+,A_,B+,B_) = 0,
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(O0A_ O0A_ 0A
(AS) 7’( oT - X - 8Y>+CKA++6(B++B ) *(A+,AfaB+vB*)_07

0B, 0B, OB
(A.9) z( aT+ + a); - a;) +8(As+A)+aB_ +G (A, A B ,B_)=0,

(0B_ 0B_ 0B_
(A.lO)z( 9T T ax + Y

) +B(Ay+A)+aBL +G_(A4,A_,B;,B_) =0,

where the cubic nonlinear functions are given by

Fi=fooo((|A+* +2[A-|? +2[By[* + 2|B_))A4 +24_B,B_)
+B80,-1,0(AT By + 244 A_B_) + _100(A3B- + 24, A_By)
+B11.0((21AL2 + |A_]? +2|BL|? +2|B_|*)A- + 2A+B+B )
+00,1,0((21 A+ > +2[A_* + [B4[* + 2|B_ ) By + 24, A_B_)
+B-11,024A4ByB_ + A_B%) + 1, _10(2A; B B_ + A_B?)
+B1,00((2[A4* +2[A_ + 2| B4 |* + |B_ ") B_ + 24, A_B,)
+ B2,00(A4 B2 +2A_B{B_) + f21,0(2A4 A_B_ + A2 B)
+B1,20(A2B_ +2A, A_B.) + f2,_1,0B+B% + f_120B1B_

+ Bo2,0(Ar BT +2A_ByB_)+ 11043 A_ + B22041 A%,

Fo= 61 10((A+? +21A-? +2[BL | + 2| B_|) Ay +24_B.B_)
+B-1,-20(A1By +2ALA_B_)+ B2 _10(A2B_ + 24, A_By)
+00,00((2|A4 > +[A-> +2|B4|* +2|B_[*)A_ + 24, B, B_)
+B-100((2[A4[* +2|A_* + |BL | +2|B_|*) By + 24, A_B_)
+B-200(2A+B+B_+A_B%) + By _20(2A1BB_ + A_B?)
+B0,-1,0((2[ A4 > + 2| A + 2|B4 | + |B_ ) B- + 24, A_By)
+B1,-10(AL B2 +2A_ByB_)+ 10024, A_B_ + A2 B})
+B01,0(A2B_ +2AL A_By) + 1,208+ B> + 2,108} B_
+B8-11,0(A4 BT +2A_B.B_) + B_a_20ATA_ + 311044 A%,

Gi=Bo,-10((|A+[* +2]A_* + 2By + 2|B_ ) A} + 2A_B, B_)
+B0,—2,0(A3 By +24, A_B_ )+ B_1 _10(ATB_ +2A.A_B.)
+B1,00((2/A4* +[A_|* +2|B4|* +2|B_)A_ + 24, B, B_)
+ Boo.o((2]AL? +2/A_2 +|BL|* +2|B_|*)By +24,A_B_)
+B-1,002A4ByB_+A_B3)+ 31 _20(2A;B,B_+ A_B?)
+B11.0(2lAL P +2/A_ 2 +2|BL|* + |B_|*)B_ + 24, A_B,)
+ B2, 10(A4 B2 +24_ BB )+ 20024+ A_B_+ A’ B,)
+B11,0(A2B_ +2A, A_By) + f2,-20B+B% + f-11,0B2B-

+ Bo1,0(ALBY +2A_BLB )+ 81 _20AT A+ B210AL A%,

G-=F-1,00((|A+[* +2[A_[* +2[B4[* +2|B_ ) A4 +24_B, B_)
+B-1,-10(AT By +2ALA_B_)+ B_200(A1B_ +2A.A_B.)
+00,1,0((21 A+ > +[A-[* +2[B4[* + 2|B_*)A_ + 24, B, B_)
+B-1,1,0(21A4 2+ 2|A- P + B> + 2|B- ) By + 24, A_B_)
+B-21,0(2A+ByB_+A_B%)+ By _10(2A;BB_ + A_B?)
+ Booo((2]AL|? +2|A_|> +2|By >+ |B_|*)B_ + 24, A_B,)
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+,61,070(;1+BE + 2A_B+B_) + 51,1,0(2121_;,_14_3_ + A2_B+)
+B0.2,0(A2B_ +2AL A_By) + 1,108+ B> + 22083 B_
+B-1,20(A+ BT +2A_B.B_ )+ B_o _10ATA_ + Br20AL A%,

The nonlinear coupled-mode equations for two oblique waves (2.16) generalize the
linear equations (3.20)—(3.21) as follows:

(A.11)

T

(A.12)

0A;

0A 0A
L) 4 ads + Bo,o.0(|A1]? + 2| A2]*) Ay

p
aT + /p2 + q2

0A, p+2n 0A, q+2m 0As

1 q
8X + ,/p2_|-q2 8Y

+ B —mo(2|A1* + |A2|*) As + BrmoA2 Ay + B_opn om0 A1 A3 =0,

+ Ay + Bo,0,0(21A1|* + |A2?) Ay

8T +1/p2+q2 8X +1/p2-|—q2 8Y

+ Brmo(|A1]2 + 2| A2 A1 + B —m.0A1 A3 + Ban2mo0AT Ay = 0.

The system (A.11)—(A.12) and its generalization to three oblique resonant waves are
reviewed in [18, 19].
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