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Abstract We give an alternative proof of the theorem, which states that no propagation
failure occurs for the discrete Nagumo equation with “translationally invariant” stationary
monotonic fronts. The theorem was recently proved with the use of the invariant manifolds
for lattice differential equations by Hupkes, Pelinovsky, and Sandstede. The alternative proof
relies on the analysis of the advance-delay operator associated with the translationally invari-
ant stationary front. This operator exhibits an infinite-dimensional kernel spanned by Fourier
harmonics of front’s translations, which are accounted when the stationary front is continued
into the traveling one.
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1 Introduction

We consider the discrete Nagumo equation
duy
dt

where f () is a function with three equilibrium states {—1, a, 1} forafixeda € (—1, 1) such
that

= }712 (n1(t) = 2un (1) + un—1(1)) + f(un()), neZ, tekR, (1.1)

f(ED = f(a) =0, f'(£1) <0, and f'(a) > 0. (1.2)

Under the condition (1.2), equilibrium states {—1, 1} are stable with respect to the time
evolution of the discrete Nagumo Eq. (1.1).
If f(u) is cubic, e.g.

fuy,) =2(1 - ui)(un —a), ac(—1,1), (1.3)
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itis known at least for large 7 > 0 [14] that a propagation failure occurs, that is, no traveling
monotonic fronts between stable equilibrium states {—1, 1} exist for small a # 0.
Propagation failure of monotonic fronts in discrete parabolic equations has been studied in
many details in the recent years, in particular, by Erneux and Nicolis [9], Cahn et al. [4], Chow
et al. [5], Fath [10], Elmer and Van Vleck [8], Elmer [7], and Hoffman and Mallet-Paret [12].
We say that [a—, ay] witha_ < 0 < a is the propagation failure interval if no traveling
front

uy(t) = ¢p(hn —ct) . ¢(z) e C'(R), ¢'(z) >0, VzeR, lim g =%1, (14)

exists for ¢ # 0 in the discrete Nagumo Eq. (1.1) fora € [a—, a+].

Note that the propagation failure is generic for other nonlinear functions f(u) with two
stable equilibrium states such as sinusoidal, piecewise linear (zigzag), and linear with a step
(McKean) functions. On the other hand, traveling fronts in the discrete Nagumo equation gen-
erally exist for all values of ¢ > Ofora € (a4, 1) and forall valuesof ¢ < Ofora € (—1,a_).
Theorem 2.1 and Corollary 2.5 in Mallet-Paret [17] state under some generic assumptions
on f(u) that for each value of a € (—1,a-) U (a4, 1), there is a unique speed ¢ = c«(a)
of the traveling monotonic front such that lim,_, ., c,(a) = 0. Numerical evidences of this
result are given by Abell et al. [1].

If a_ = 0 = ay, the propagation failure interval [a_, a] shrinks to the point {0}. It was
found by Elmer [7] for zigzag nonlinearity that there may exist a countable set of points
{hi}ren for parameter i of the discrete Nagumo Eq. (1.1), when no propagation failure
occurs.

Traveling monotonic fronts (1.4) of the discrete Nagumo Eq. (1.1) are found from the
differential advanced-delay equation

d¢

1
—e - = 0N -20@ + -+ f$@), zeR (15

In the anti-continuum limit 7 — oo, the differential advance-delay Eq. (1.5) reduces to the
differential equation, which admits a simple solution for the cubic nonlinear function (1.3):
traveling fronts exist for any ¢ > 0 if @ = 1 and for any ¢ < 0 if @ = —1. Therefore, the
propagation failure for 7 = oo occurs for all values of @ in (—1, 1), which suggests that

ay — *lash — oo.

In what follows, we consider finite values of 4 > 0.

If a_ < 0 < a4 (that is, the propagation failure occurs), Theorem 2.3 in Mallet-Paret
[17] states that a sequence of traveling fronts {¢x(z)}ren of the differential advance-delay
Eq. (1.5) with speeds {ci}ren such that ¢ (0) = 0 and ¢ — 0 as k — oo converges to the
stationary front at all but countable many points z € R. The limiting front

Poo(2) = lim0¢>k(z), zeR (1.6)
Cl—>

is generally discontinuous on R and the limit ¢ — 0 corresponds to the singular perturbation
theory.

Let us now discuss a different example of the nonlinear function f(u) in the discrete
Nagumo Eq. (1.1). We consider a class of gradient discrete Nagumo equation obtained from

the variational principle

duy, SA
=—, nelz, (1.7)
dt Suy,

where the energy functional A is given by
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unttnyr  log (L+h*(1—u2))  2a(1—tu?)u,
A= ”h’z’ + o L — 1+h2(1_”a2). (1.8)

nez

Variations of A shows that the nonlinear function f(u,) in the discrete Nagumo Eq. (1.1)
takes the form

2(1 —u2)(uy — a) (1 +h2(1 + auy))
(1+h2(1 —ud)) (14 h2(1 — a?))

and it has only three equilibrium states {—1, a, 1} on the interval [—1, 1] ifa € (—1, 1). For
this example, the differential advance-delay Eq. (1.5) becomes

f(un) =

; (1.9)

dp  dz+h)+o(z—h) 2¢(2) 2a (1 - ¢*(2))
—_— = —_ - ’ Z € R’
dz h? B2 (14 h2(1 = ¢%(2))) 1+h%(1 —a?)
and there exists an exact traveling front solution forany 27 > 0 anda € (—1, 1)
arcsinh(h) 2a
¢(z) = tanh(bz), b= . (1.10)

h T+ —ad)y

We can see from (1.10) that ¢ = 0 at a = 0 and that the limiting solution (1.6) is smooth in z
for all 1 > 0. These facts suggest that no propagation failure occurs in the discrete Nagumo
Eq. (1.1) with the special nonlinear function (1.9).

We note that the nonlinearity similar to (1.9) is used in Section 3.3 of [1] to construct exact
tanh-solutions for the traveling front with a particular speed c. Figure 5 in [1] shows that the
propagation failure interval is nonempty for their model, whereas this interval is empty for
the model with the nonlinearity (1.9).

The special nonlinear function (1.9) corresponds to the discrete Nagumo Eq. (1.1) with
so-called “translationally invariant” stationary fronts, because the solution u,, = ¢ (hn — s)
for ¢ = 0 can be translated with the arbitrary parameter s € R. The construction of lattice
differential equations with translationally invariant stationary fronts was considered in the
past by Speight [18], Flach et al. [11] Kevrekidis [15], Dmitriev et al. [6], and Barashenkov
et al. [2], in a more general context of nonlinear functions f that depend both on u, and
(Un—1, ng1).

Itis the goal of this work to confirm that the existence of translationally invariant stationary
fronts in the discrete Nagumo Eq. (1.1) gives a sufficient condition for the absence of propa-
gation failure for traveling fronts under some technical assumptions on the nonlinear function
f(u,). The proof can be extended to the case of nonlinear functions f(u,—1, u,, Un+1) for
the price of more technical and lengthy computations.

The main theorem was proved recently by Hupkes et al. [13] using invariant manifolds for
coupled differential equations on a lattice. Here we give an alternative proof of this theorem
using spectral analysis of the linearized differential advance-delay operators. There exists
no similarity between analysis of dynamics in coupled systems of differential equations (an
initial-value problem) and analysis of existence of particular solutions in the differential
advance-delay equation (a boundary-value problem). Differential advance-delay equations
are considered by many researchers in the context of traveling waves in lattices, e.g. by
Mallet-Paret [16,17]. Motivated by the alternative proof of Theorem 1, we shall clarify
important properties associated to the differential advance-delay equations in the singular
perturbation limit ¢ — 0, when these equations degenerate into advance-delay equations.

Assumption 1 Let f be a C2-smooth function with respect to both « and a such that

Fu) = fow) + afi(u) + O,
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where fj is odd and fi is even. Assume that the stationary advance-delay equation

1
2 @@t h) =20@) + e —m)+ fole2) =0, zeR (1.11)
admits for any & > 0 a stationary front ¢(z) with the properties

9(2) € Coa®), ¢'(2) >0, VzeR,
¢(z) — *£1 as z — Foo exponentially fast. (1.12)

Also assume that

file() <0, zeR. (1.13)

Remark 1 In the continuous limit 4 — 0, the advance-delay Eq. (1.11) reduces formally to
the second-order differential equation

@"(x) + folp(x)) =0, xeR.

Under the constraint (1.2) on the odd nonlinear function fy(¢), there exists a unique odd
stationary front ¢ (x) such that limy_, +00 ¢(x) = £1.

The following main results state that, under Assumption 1, the translationally invariant
stationary front (1.12) is uniquely continued as the traveling front (1.4) for a # 0 along a
curve ¢ = ¢4 (a) with ¢,(0) = 0 and ¢, (0) # 0. At the same time, the translationally invariant
stationary front (1.12) can not be continued as a stationary front for any a # 0. Because of
some technical limitations of the proof, we have to assume analyticity of the function ¢(z)
and the smallness of the parameter & > 0.

Theorem 1 Let Assumption 1 be met and assume that ¢(2) is real analytic for all z € R.
There exists hg > 0 such that for any h € (0, hg), no propagation failure occurs and there
exists a unique family of traveling front solutions (1.4) of the differential advance-delay
Eq. (1.5) for a unique ¢ = cy(a) near a = 0. Moreover, c,(a) is C' near a = 0 and
0 < ¢, (0) < oo

Remark 2 The previous example with the nonlinear function (1.9) show that Assumption 1
and Theorem 1 hold with
2h

'(0) = , heR.
O = T aresmnay” €

In particular, ¢/, (0) — 2ash — 0 and ¢, (0) - 0 as h — oo.

Corollary 1 Let Assumption I be met. No stationary fronts of the difference equation

1
72 @nt1 =200+ on-1) + f(on) =0, n e (1.14)

exist in a neighborhood of the translationally invariant stationary front (1.12) for a small

a #0.

We note that the zigzag nonlinearity considered by Elmer [7] provides a different example
of the nonlinear function f (u,), where no propagation failure occurs for a countable set of
values {/ }xen for the parameter / in the discrete Nagumo Eq. (1.1). While it is still true that
a continuous set of stationary fronts exists for any 7 = hy, k € Nand a = 0 (Lemma 21 in
[7]) and no stationary fronts exist for & = hy and a # 0 (Fig. 7 in [7]), our translationally
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invariant family of stationary fronts exists for all sufficiently small # > 0. We do not claim
that our results would imply existence of traveling fronts along the curve ¢ = cx(a) with
lim,—0 c«(a) = 0 in the case of zigzag nonlinearity for 27 = hj (no numerical data for ¢ # 0
are included in [7]).

The article is organized as follows. Differential advance-delay operators in the singular
limit ¢ — 0 are considered in Sect. 2. The proof of the main results is developed in Sect. 3.
Section 4 discusses other examples.

2 Differential Advance-Delay Operators as ¢ — 0

We shall consider the differential advance-delay operator L. : H I(R) > L%(R) defined by

L)@ = =L~ e+ 1) =20 @ + Y~ )
—fol@@)¥(2), z€R. 2.1
We also define the adjoint operator L} : H I(R) > LA(R) by
L)@ = 2 L Wt ) =20 @)+ e = )

—fo@@) ¥ (2), zeR. 2.2)
Sampling the advance-delay operator Lo on {z,,(s) = hn — s},cz for a fixed s € R gives

the self-adjoint difference operator M : 12(Z) — 1%(Z) defined by

1
(Ms¥), = 52 Wna1 = 2 + Y1) — fol(hn — )Y, n €L (2.3)

The following lemmas describe properties of Mg, Lo, and L. for small ¢ € R. In what
follows, we use bold letters to denote vectors in [2(Z), plain letters to denote functions in
LZ(R), and subscripts to denote elements of sequences, i.e.,

acl®(2), a(z)eL*®), and {a,}nez.

Lemma 1 Let Assumption 1 be satisfied. For any s € R, there exists a one-dimensional
kernel of My given by

Ker(Mj) = span{x (s)} € I*(Z), x(s) = {x(hn — $)}nez,

where x(z) = ¢'(z) € Ceven(R) N L*(R) and x(z) > 0 for all z € R. Moreover; 0 is the
smallest isolated eigenvalue of M and the rest of the spectrum of My is real and strictly
positive.

Proof The existence of x(s) is a consequence of Assumption 1. We note that My is a
second-order self-adjoint difference operator in [>(Z) and the discrete Wronskian

W[Wa 0] = WH+19n - 1pngn—H

is constant in n € N for any two eigenvectors ¥ and #. Therefore, there may exist at most
one decaying eigenvector of M; for the zero eigenvalue.

Since x(s) > O for any s € R, Sturm’s theory for difference equations implies that O
is the smallest eigenvalue of M. Finally, as a consequence of the condition (1.2), operator
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M; is asymptotically hyperbolic in the sense that (M¥), is represented asymptotically as
n — oo by

1
(M*4), = 52 Wne1 = 29 + Y1) — foEDY, n el (2.4)

Because fj(+1) < 0, the purely continuous spectrum of M * in [2(Z) is strictly positive
and bounded away from zero. The purely continuous spectrum of M* gives the continuous
spectrum of M thanks to the fast (exponential) decay of {x (hn — s)},ez to 0 as n — =£oo.

]

Lemma 2 Under the same conditions as in Lemma 1, dimKer(Ly) = oo and Ker(Lg) C
L2(R) is spanned by the set of eigenvectors {x "} ez, where

x™ () = x (@™, k= 2771 (2.5)
and x(z) = ¢'(2).
Proof If x € Ker(Lo), then x ™ e Ker(Lg) for any m € Z, thanks to the fact that

ei/(mh — eZﬂim =1, meZ.

If x € Ker(Lg), then fx € Ker(Lg) for any h-periodic function f(z) € Lger (R). Complete-

ness of the infinite set of eigenvectors {x (2)€*™mzY,, ez follows from the completeness of the
orthogonal basis {e'“""*},, <z in the space of h-periodic functions in L%er (R). ]

Remark 3 Sampling at {z,,(s) = hn — s},ez for each m € Z shows that

X,gm)(s) = x"M(hn—s) = X,(lo)(s)e_i’(ms, m € 7.
Therefore, x " (s) = e~ x(s), that is, all eigenvectors (2.5) in Ker(Lg) C L3(R) are
parallel to the same eigenvector x (s) € Ker(My) C 12(2).

Remark 4 In the continuous limit # — 0 (see Remark 1), the advance-delay operator L
converges formally to the continuous Schrédinger operator

L=-3}— fi(px)).

The zero eigenvalue of L is isolated from the rest of the spectrum of L and it is simple with
the even positive eigenfunction x (x) = ¢’ (x).

Because the zero eigenvalue of Ly has infinite multiplicity, the perturbation theory in the
singular limit ¢ — 0 is a delicate analytical problem. It involves a variant of the Lyapunov—
Schmidt reduction algorithm with an infinite number of projections. To get definite results
in the infinite-dimensional projective algorithm, we will assume that the Fourier transform
of x(z) decays exponentially in the Fourier space [or, equivalently, that x (z) is real analytic
for all z € R denoted by x € C”(R)] and that the lattice spacing & > 0 is sufficiently small.

Lemma 3 Let Assumption 1 be satisfied and assume that x(z) € C&.,(R). There exist
ho > 0 and co > 0 such that for any h € (0, hg) and c € (0, cg), operator L. has a unique
eigenvector-eigenvalue pair

(ke Xe) EC X L, A =0O(c?) as ¢—0 (2.6)

and an infinite set of simple eigenvalues
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MW = —ikme, xIM (@) = xe(2)e™, m e L. 2.7

All other eigenvalues of L. are bounded away from zero as ¢ — 0.

Proof If (A, xc) € C x L? is an eigenvector-eigenvalue pair of operator L. for any ¢ € R,
then

(he — ikme, xo(z)e*™) € C x L?

is also an eigenvector-eigenvalue pair of operator L. for any m € Z.
To study the pair (A, x.) € C x L? for small ¢ # 0, we write

Xe(2) = X0(2) + ex12) + X (2), (2.8)
where xo(z) € C2.. (R) N L2(R) and x,(z) € C®(R) N L2(R) will be specified below. The

even
function x (z) € LQ(R) is the remainder term. Let us define the leading-order function

x0() = x(@) D ame™ ™, (2.9)
mez

where the set {a,, }mez is to be found from a projection algorithm. If xo(z) is even and real,
then {a,, }mez satisfy the reduction

aym = ay = d—py, m € 7. (2.10)
We also add the normalization @y = 1. Consider the inhomogeneous equation for xi(z),

Lox1 = Fi, where Fi(z) := x{(2)- (2.11)

The solvability condition F; € Ran(Lg) for this equation is equivalent to the system

(x™, F)2 =0, nez, (2.12)

because Ly is self-adjoint in L2(R).
Let F (k) be the Fourier transform of F(z) € L%(R) given by

~ . 1 ~ .
F(k) = / F(2)e'*dz, sothat F(z) = 3 / F(k)e ™ dk. (2.13)
T
R R

Projection Eqs. (2.12) are equivalent to the following system on {a,, }mez,

i > mam x2(kc(m — 1)) + > amx X (c(m —n)) =0, neZ (2.14)

mez mez

If x(z) € C*(R), then x (k) decays to zero exponentially fast as |k| — oo. Since k = 27”

and /2 > 0 is small, the coefficients in the linear system (2.14) are strictly diagonally domi-
nant and exponentially small in & for [m — n| > 1. We also note that ﬂ(O) = 0, whereas
x2(0) > 0. As a result, under the normalization ay = 1, there exists a unique solution of
the system (2.14) for {a;}mez\{0; With the symmetry (2.10). Equation (2.14) at n = 0 is
redundant under the symmetry (2.10).

Let {a;; }mez be uniquely defined by the system (2.14) under the symmetry (2.10). Let
Py be the orthogonal projection operator from L2 to Ran(Lg). We write the solution of the
inhomogeneous Eq. (2.11) in the form

X1(2) = PoLg PoFi(2) + x(2) D b, (2.15)

mez
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where the set {b,, } ez is to be found from the projection algorithm under the normalization
bo = 0. Note that PoLy ' PoFi(z) € C2(R) N L(R).
The remainder term x satisfies the residual equation

(Lo —cd; —AcDx = F, where I:"(z) = Ae(x0(2) +cx1(2) + czx{(z). (2.16)

For uniqueness, we require that ¥ € Ran(Lg). The solvability condition for Eq. (2.16) is
equivalent to the infinite system of equations,

G = (X", F 4 co. %+ reX)2 = (X", Fp2 —c(@.x"™, %) 2 =0, nei.
(2.17)

Recall that the spectrum of PyLg Py is bounded away from zero by a positive number and
that cd; is a skew-adjoint perturbation to the self-adjoint operator L¢. As a result, the real
part of the spectrum of Py(Lo — cd;) Py is bounded from below by a positive number [3]. By
the Inverse Function Theorem, for small ¢ and A, there exists a unique solution of Eq. (2.16)
for ¥ € Ran(Lg) under the solvability condition (2.17) such that for some D, D" > 0,

(1 =2)X 172 < D((PoLoPo — e D)%, %) 12 = D((Lo — ¢d. — AT, %) 12
= D(F, )12 < D' %l 12(* + %o,
that is,
AD>0: |5l2 <D+ Ao). (2.18)
Thanks to the bound (2.18), the solvability system (2.17) can be written by
G" = (X" hexo + P xidiz + O che) =0, n €L, 2.19)

or explicitly,

G =0 > amxP(elm — ) +ikc® Y mbyux2(c(m —n) + Y byx'x(c(m —n))

meZ mez meZ
I
+c2<x<">, (PoLg' PoF) > + O3 che) =0, nel (2.20)
L2
Again, because of the exponential decay of x (k) as |k| — oo, the coefficients in the linear
system (2.20) are exponentially small in 4 for [m — n| > 1. For n # 0, the system (2.20)
admits a unique solution for {b,, }nez\ {0} such that sup,, .7 |6, | = O(1) asc — 0.Forn = 0,

the system (2.20) gives a uniquely solvable equation for A., which shows that A, = 0]
asc — 0. O

Remark 5 Expansion (2.8) with the leading-order term (2.9) shows that || x. — x || ;2 does not
converge to zero as ¢ — 0 because of the projections to all other eigenvectors {x ™ },,ez in
Ker(Lo) C L*(R).

Remark 6 For the Schrodinger operator L = —Bf — fo(p(x)) (see Remark 4), expansion
(2.8) becomes

Xe=x+exi +Ex+0p(), he=cPa+ 0, (2.21)
where

Lx=0, Lxi=x'(x), Lx»=xj(x)+rxx), etc.
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Since L is a self-adjoint operator and x (x) € C%,,(R) N H?(R), we obtain uniquely
1) = L7 (x) € C94(R) N HA(R)
and

, / L*l /’ ’
AZ:_(X X12>L2=< X 2)( )12 -0
X172 X172

after which a unique solution exists for x2(x) € C&q,(R) N H 2(R) NRan(L). Since cdy is
a regular perturbation to L, perturbation series expansion (2.21) is standard in the regular
perturbation theory. In the case of the advance-delay operator Lo, cd is a singular perturba-
tion to L¢ and the perturbation series expansion can only be extended after infinitely many

projections are accounted at each order in powers of c.

Lemma 4 Let (A, xc) denote the eigenvalue—eigenvector pair in Lemma 3 for ¢ # 0. Then
dimKer(L} — x.1) =1,
and there is a 6, € Ker(LY — A.I). Similarly,
Ker(L¥ — ™ [) = span {95'")} , (2.22)
where
A = x—ikme, 00 (2) = 0c()e M, m e L. (2.23)

Moreover, eigenvectors { Xc(m) } ” and {95'1)} ” are orthogonal in the sense
me ne

<Qc(n)7 Xc(m)>L2 =8um(Oc, Xc)p2, m,n €L, (224)

where (0, xc)p2 # 0.

Proof The differential advance-delay operator L. is asymptotically hyperbolic in the sense
that (L.y)(z) is represented asymptotically as z — F00 by

dy

1
(LEY)(2) = TR (W@ +h) =2y + ¥z —h) = fy(EDY ().

Using Fourier transform, we obtain for any ¢ € R,
[e%s) . 4 2 k /
o(LY) = {—ick+ el sin 7))~ Jo(xD), keRjy.

Because fj(£1) < 0, the spectrum of L2° is bounded away from zero for any ¢ € R.
Assumptions of Theorem A of Mallet-Paret in [16] are satisfied for any ¢ # 0 and the differ-
ential advance-delay operator L. for ¢ # 0 is a Fredholm operator of index zero. Existence
of the one-dimensional dimKer(L} — A.I) spanned by 6, € L2(R) follows from Fredholm’s
Alternative Theorem. Existence of the infinitely many eigenvalues (2.22) follows from the
explicit form of L.

The orthogonality relations (2.24) follow from the fact that the isolated eigenvalues in the
set {Aﬁ"’)}mez are simple. ]
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Let us consider the inhomogeneous equation

(Le — XDy =f, c¢#0, (2.25)

for a given f(z) € L?(R). The following lemma gives the main result needed for the proof
of Theorem 1 in Sect. 3.

Lemma5 For any f(z) € L*(R), there exists a unique solution ¥ (z) € HY(R) N
[Ker(L. — )LCI)]J' of the inhomogeneous problem (2.25) if and only if (0., )2 = 0. More-
over, for any small ¢ > 0, there is D > 0 such that

D
iz = 102 (2.26)

If. in addition, for any ¢ > 0, f(z) € L*(R) satisfies
O, fy2 =0, Vnez, (2.27)

then there exists a unique solution

i
V() e H'®)N [EBmeZKer (Lc - Agmn)] (2.28)
of the inhomogeneous problem (2.25) such that

D >0: Yl <DIfle (2.29)

Proof Since L. for ¢ # 0 is a Fredholm operator of index zero, Ker(L, — A1) = span{x.},
and Ker(L} — A.I) = span{f.}, Fredholm’s Alternative Theorem gives existence of a unique
solution Y € H LR) N [Ker(Le — Acl )]l of the inhomogeneous problem (2.25) if and only
if (6., f);2 = 0. To prove bound (2.26), we use orthogonality of eigenvectors (2.24) and
spectral decompositions. For any f(z) € L?(R), we obtain

. gém)7 .
yo=3 D o4,

St keme (e, Ko

- 1
where ¢ € [@meZKer(LC — )»E.m)l)] and the singular term m = 0 is missing thanks to the

constraint (0, f);2 = 0. The function 1/}(2) does not give a singular contribution to ||| ;2
as ¢ — 0, whereas the summation term gives O(c™") contribution to ||| 2. 1f f (z) satisfies
infinitely many constraints (2.27), the summation term is zero and v (z) = V¥ (z) satisfies
(2.29). O

Corollary 2 If f(z) € H'(R) satisfies infinitely many constraints (2.27) for any small ¢ > 0,
then there exists a unique solution (2.28) of the inhomogeneous Eq. (2.25) such that

3D >0: [[Wllm < DIfllm- (2.30)

Proof Toextend bound (2.29)to H', we note that the advance-delay operator L is abounded

operator from H*(R) to H*(R) for any s > 0. Let P. and P} are the orthogonal projection
1 il

operators to [@meZKer(Lj — Agm)l)] and [@meZKer(LC — Agm)l)] respectively. Then,

PY(Le — Acl )~1 P, is a bounded operator from H*(R) to H*(R) uniformly asc — 0. O
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Fig. 1 Numerical approximation of spectrum of L. for ¢ = 0 (left) and ¢ = 0.1 (right)

To illustrate Lemmas 3 and 5, we consider the example of the advance-delay operator L
associated with the special nonlinearity (1.9) and the exact solution (1.10). The corresponding
operator L is given by

1
(Loy)(2) = —hfz(l/f(z +h) =29 () +¥(z—h)

2(2 — 3sech?(bz) — h%sech* (b)Y (z)
(1 + h2sech?(bz))? .

(2.31)

Operator Lg : L>(R) — L*(R) is a self-adjoint operator and its kernel is generated by
x (z) = sech®(bz).

Eigenvectors and eigenvalues of L. and L are computed numerically using the six-order
finite-difference approximation of the derivative operator with the step size of 0.05, the
truncation of the computational domain on [—20, 20], and the MATLAB eigenvalue solver.

The spectrum of L. and Lg is shown on Fig. 1. In agreement with Lemma 3, we observe
many eigenvalues bifurcating from O for ¢ # 0 along the imaginary axis. There is only one
real eigenvalue A, in the neighborhood of 0 for small ¢ # 0. Behavior of A, and || x. — x |12
as ¢ — Oisillustrated on Fig. 2. We confirmed numerically the convergence rate A, = O(c?)
as ¢ — 0 (Lemma 3). On the other hand, the right panel of the figure shows that || x. — x 2
does not converge to zero as ¢ — 0 because of the projections to all other eigenvectors
(Remark 5).

We compute eigenvector 6. of the adjoint operator L} numerically and use

<0C! fO)L2
191125

Je=fo— X, where fo(z) = sech(bz).

The norm ||| ;2 of the solution of the inhomogeneous Eq. (2.25) with f = f. is shown on
the left panel of Fig. 3. The norm ||| ;2 diverges as ¢ — 0 in agreement with Lemma 5.
We confirm numerically the divergence rate ||y ||;2 = O(cHasec— 0. A typical solution
¥ (2) for ¢ = 0.1 is shown on the right panel of Fig. 3.
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Fig. 2 Left: convergence of the smallest eigenvalue of L. as ¢ — 0. The dotted curve shows the power fit
with ¢1:9997, Right: the norm || xc — x|l ;2 versus c for the corresponding eigenvector
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Fig.3 Left: the norm ||| ; 2 versus c. The dotted curve shows the power fit with 709993, Right: the solution
¥ (z) forc =0.1

3 Proof of the Main Results

Let us start with the proof of Corollary 1, which is shorter than the proof of Theorem 1.

Proof of Corollary I Letus consider the stationary front that solves the difference Eq. (1.14).
Let {¢,(s) = @(hn — s)},cz be the translationally invariant front for @ = 0 that exists by
Assumption 1. Substituting

p=96)+¥
to the difference Eq. (1.14), we obtain the persistence problem for ¢,
My =ah +N®), 3.1
where the nth components of the vectors are given by 4, = f1(p,(s)) and

N = fon(s) +VYn) = fo(@n(s) + ¥n) — afi(@nls) + ¥n)
+f0(@n ()Y = fol@n(5)) = fo(@n(SNVn + a (f1(@n(s) + ¥m) — filgn)) .
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Since f is C? both in u, and a, whereas I2(Z) is a Banach algebra with respect to pointwise
multiplication, there is a positive constant C such that

INa@W) 2 < € (@ + lall¥llz + 1¥117) - 3.2)
By Lemma 1, we have
Ker(My) = span{x(s)} C lz(Z).

Since M is a Fredholm operator of index zero, Fredholm’s Alternative Theorem tells us that
no solution ¥ € (2(Z) of Eq. (3.1) exists in a neighborhood of 0 12z) if

(x(s),ah +N@¥))p #0 (3.3)

for afixed s € R. By Assumption 1, x (s) is positive and h is negative, so that (x (s), h)2 <0
for all s € R. In view of the bound (3.2) and the smallness of a, we infer that (3.3) holds for
small a # 0. Therefore, no stationary fronts of the difference Eq. (1.14) exist in a neighbor-
hood of ¢(s) for any s € R and small a # 0. O

Let us now consider the traveling front that solves the differential advance-delay Eq. (1.5).
Let ¢(z) be a solution of the advance-delay Eq. (1.11) for a = 0. The following result shows
that the solution is not unique and it is in fact a member of an infinite-dimensional family of
solutions.

Lemma 6 Let ¢(z) be a solution of the advance-delay Eq. (1.11) with properties (1.12). Let

g€ Cller(O, h) satisfy ||g’|lL~ < 1. Then, ¢(Z) is also a solution of the same Eq. (1.11) with
the same properties (1.12) if

2=2-8@1@), ¢@) =9Z-g@) =9¢Q). (3.4)
Proof If g(Z £ h) = g(2), then

p(zxh)=9(Zxh—gZxh) =¢(E=Eh), (3.5)

so that ¢(z) satisfies the same equation as ¢(z). To ensure that ¢(Z) is a monotonically
increasing front, we need invertibility of the mapping z + Z, thatis, 1 — g’(Z) > 0 for all
7 € R, which is guaranteed by the assumption that ||g’||z~ < 1. O

We need the periodic function g(Z) in order to cancel the terms of the order O(c, @) in
solutions of the differential advance-delay Eq. (1.5) in a neighborhood of ¢(z). Using the
Fourier series, we represent

dz 1

=10 o =1 > bme™ ™, (3.6)

mez

where coefficients {b,,};,cz are to be found from a projection algorithm. To this end, we
substitute

(@) =¢@) + ()
to the differential advance-delay Eq. (1.5) and obtain the persistence problem for v (z),

Ly =h+ N®W), 3.7

where

h(z) = cx(2) (1 +> b»neik’”z) +aFi(2), ¥@)=¢'Q), F@=f@Q),

mez
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and
NW) = fle+v¥) — fole+ V) —afi(p+v¥)
+fole +¥) — fole) — fo(@¥ +a (file +¥) — fi(@),

where we have used identities (3.4) and (3.5). The following result describes properties of
the source term and the nonlinear vector field in Eq. (3.7).

Lemma 7 Let Assumption 1 be satisfied. Then, 2 € H'(R) and N(¥) maps H'(R) to
H! (R). Moreover, for small a, ¢, and ¥, € H 1 (R), there exists C > 0 such that

IAllz2 < C(lel +lal).
INWIg < C (@ +lally g + 1 170)
INW) = N = € (lal + 19l + 1) 1Y = Pl

Proof The proof follows from the properties of f in Assumption 1 and the fact that H'(R)
is a Banach algebra with respect to pointwise multiplication. O

Remark 7 If f is the special nonlinear function (1.9) and b,, = 0 for all m € 7Z, then
2a(1 - ¢*(2))
1+h2(1 —a?)’

If p(z) = tanh(bz) and ¢ = ﬁ then /1(z) = 0. In this case, ¥ (z) = 0 satisfies (3.7).
Hence expression (1.10) is an exact solution of Eq. (1.5).

h(z) =c¢'(z) —

Proof of Theorem 1 Let P, and P} be the projection operator to subspaces

1 1
[@meZKer(Lj —Ag"”l)] and [@meZKer(Lc—,\g"”l)] .

Using an infinite-dimensional analogue of the method of Lyapunov—Schmidt reductions, we
are looking for a solution of the persistence problem (3.7) in function space

Ve H'®)N [@meZKer(Lc - AS“U)]L. (3.8)
The solvability condition for the persistence problem (3.7) is given by
G () == (O, h+ NW)) 2 + 2O )2 =0, neZ (3.9)
Because of the system (3.9), we can write
v =H®W) = P*L.'P.(h + N(¥)). (3.10)

Let Bs(HY) denqtes a closed_ball of radius 8 > 0 in H!(R). Thanks to Corollary 2 and
Lemma 7, H(y) : Bs(H 1y — Bj (H isa Lipschitz continuous map for sufficiently small
Ic], |a|, and § > O such that

AC>0: [[HO)g = C(c|+ la)).

Moreover, the map is a contraction for sufficiently small |c|, |a|, and § > 0. By Banach’s
Fixed-Point Theorem, for sufficiently small @ and c, there exists a unique map R? 5 (c,a) —
Y € H'(R) such that v satisfies Eq. (3.10) and

AC>0: ¥l = C(cl + lal). (CREY)
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Therefore, for small a and ¢, we have
G () = (0, hy 2 + O@* + lallc| + ) neZ (3.12)

In the explicit form, we can write

(O h)y2 =c (9’} (—kn) + > bl (kc(m — n))) +abFy (kn),

mez

where F denotes again the Fourier transform (2.13). Without the loss of generality, we set
bg = 0.
By Lemmas 3 and 4, there exists a limiting function

00(z) = lim 0.(z), z €R,
c—0

and the distance ||6p — x || L is exponentially small in & as & — 0. Since x (z) > 0 for all
z € R, this implies that 6p(z) > O for all z € R for sufficiently small # > 0. As a result,
thanks to the assumption f{(¢(z)) < 0 for all z € R, we have

80(0) >0, BoFi(0) <0. (3.13)
Thanks to the analyticity of x (z) for z € R and smallness of 2 > 0, the Fourier transform
of 0.(z) and X (z) decays to zero exponentially fast as |k| — oco. Since x = 2,—1”, this means

that @\Z(K (m — n)) is exponentially small in & for [m — n| > 1. Solving the system (3.12)
separately for the component n = 0 and for the components n € Z\{0}, we have forn = 0,

GO) = c(e’Jz(O) + > bulex (xm))

mez

+afeF1(0) + O (a + lalle| + ¢?) = 0. (3.14)

Under the condition (3.13), the scalar Eq. (3.14) is solved using the Implicit Function The-
orem in a local neighborhood of ¢ = 0 and @ = 0 for sufficiently small 4 > 0. For a given
{by}nez with by = 0, there exists a unique solution

) B0 F1(0)
c=cy(a) =cra+ O@a*), ci =—— — > 0. (3.15)
QOX(O) + ZmEZ meOX(Km)

For the components n € Z\ {0}, the system (3.12) under the relation (3.15) is rewritten in
the form

bafe X (0) + 0 X (—Kkn) + 3 () bbeX (Km = 1) G F, (n)
007 (0) + ez bbo X (cm) 60 F1(0)

+ O(a), n € Z\{0}.

Again, thanks to fact that O/L} (k(m — n)) is exponentially small in 2 > O for |m —n| > 1,
there is a unique solution for {b,,}mez\(0) such that sup,, . |by| is exponentially small in
h > 0. This construction completes the proof of Theorem 1. O

Remark 8 Itis an essential ingredient of the proof of Theorem 1 that we invert the differential
advance-delay operator (L, — A1) for ¢ # 0 instead of the limiting advance-delay operator
Ly. The Lyapunov—Schmidt reductions can not be constructed from the bifurcation point
¢ = 0 directly because cd, is a singular perturbation operator to Lg.
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4 Discussions

Theorem 1 and Corollary 1 were also proven recently in [13], where nontrivial examples are
constructed numerically. If the condition f{((p (z)) < O for all z € R is violated, the numer-
ical examples show that propagation failure may occur in the discrete Nagumo equation in
spite of the existence of the translationally invariant stationary fronts for ¢ = 0. Here we will
discuss another example of the same kind.

Let us consider a hybrid nonlinearity between the cubic nonlinearity (1.3) and the varia-
tional nonlinearity (1.9) in the form

2(1 — uz) (up — a)(1 + (1 + auy))
(1 +h2(1 = uD)(1 +h2(1 = a?))

S up) = + 20l — up) (up — a), 4.1
where (a, ) are real parameters. For any small nonzero p, we claim that the translationally
invariant stationary front of the advance-delay Eq. (1.11) with properties (1.12) is destroyed.
This fact suggests that the propagation failure interval is non-empty for any p # 0.

Let us look for solutions of the advance-delay Eq. (1.11) in the form ¢(z) = ¢o(z) + ¥ (2),
where ¢q(z) is the translationally invariant stationary front for © = 0 and ¥ (z) is found from
the persistence problem in the form

Loy =h+ N@),

where

h(z) = 2u(l — 93 (2)90(z) € Higq(R)

and N () is the nonlinear vector field such that N (y) : Hl,(R) — H!, (R) and

3IC>0: NIy < C(ullvlg +1¥13,).

If we only consider the eigenvector xo € Ker(Lg), where xo(z) = (p6 (), the
Fredholm condition is satisfied trivially because # and N (i) are defined in Lgdd (R) whereas
Xo is defined in Lgven (R). In this case, we could (errously) conclude that L is invertible on
the space Holdd (R) with a bounded inverse in Holdd (R) and that the translationally invariant
stationary front with properties (1.12) persists with respect to parameter u near u = 0.

However, this result is false and the reason for this failure is the fact that Ker(L) is
spanned by an infinite set of eigenvectors { Xém)}mez. We will show that 4 is not orthogonal

to Ker(L¢) spanned by { Xém)}mez by showing that the translationally invariant stationary
front with properties (1.12) does not persist in the advance-delay Eq. (1.11) for the hybrid
nonlinear function (4.1) with small u # 0.

By a contradiction, we shall assume that there exists a smooth family of the translationally
invariant stationary front ¢(z) with properties (1.12) for small i # 0 and prove that Ker(Mj)
disappears for any u # 0, where M; is the difference operator associated with the stationary
front {p(hn — s)}nez.

Expanding the family of the stationary front ¢(z) in the perturbation series,

9(2) = 90(2) + 191 (2) + O(U) € Hogq(R),
we obtain a similar expansion of the difference operator for any s € R,

My = MO +uMP +0?),
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where Ker(M”) = span(x(s)) C [2(Z) and (xo(s))n = @} (hn —s), n € Z. Perturbation
theory for zero eigenvalue

X() = Xo(s) + 1x1() + OW?), A= pr + 0w,

leads to the perturbation equation

MO x1(s) + M xo(s) = A1 xo(s).

where xo(s). My xo(s) € >(2).

For s = 0, x¢(0) and Mél)xo(O) are even on n € Z so that A1 # 0 (generally) and the

smallest eigenvalue of My moves from zero if u # 0. This gives the contradiction with the
existence of translationally invariant stationary front with properties (1.12) for small u # 0.
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