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Abstract

Rogue periodic waves stand for rogue waves on a periodic background. Two
families of travelling periodic waves of the modified Korteweg—de Vries
(mKdV) equation in the focusing case are expressed by the Jacobian elliptic
functions dn and cn. By using one-fold and two-fold Darboux transformations
of the travelling periodic waves, we construct new explicit solutions for the
mKdV equation. Since the dn-periodic wave is modulationally stable with
respect to long-wave perturbations, the new solution constructed from the
dn-periodic wave is a nonlinear superposition of an algebraically decaying
soliton and the dn-periodic wave. On the other hand, since the cn-periodic
wave is modulationally unstable with respect to long-wave perturbations, the
new solution constructed from the cn-periodic wave is a rogue wave on the
cn-periodic background, which generalizes the classical rogue wave (the so-called
Peregrine’s breather) of the nonlinear Schrodinger equation. We compute the
magnification factor for the rogue cn-periodic wave of the mKdV equation and
show that it remains constant for all amplitudes. As a by-product of our work, we
find explicit expressions for the periodic eigenfunctions of the spectral problem
associated with the dn and cn periodic waves of the mKdV equation.
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1. Introduction

The simplest models for nonlinear waves in fluids such as the nonlinear Schrédinger equa-
tion (NLS), the Korteweg—de Vries equation (KdV), and the modified Korteweg—de Vries
equation (mKdV) have many things in common. First, they appear to be integrable by using
the inverse scattering transform method for the same AKNS (Ablowitz—Kaup—Newell-Segur)
spectral problem [1]. Second, there exist asymptotic transformations of one nonlinear evo-
lution equation to another nonlinear evolution equation, e.g. from defocusing NLS to KdV
and from KdV and focusing mKdV to the defocusing and focusing NLS respectively [37].

The modulation instability of the constant wave background in the focusing NLS equa-
tion has been a paramount concept in modern nonlinear physics [38]. More recently, the spec-
tral instability of the periodic waves expressed by the Jacobian elliptic functions dn and cn
has been investigated in the focusing NLS [18] (see also [23, 25]). Regarding periodic waves
in the focusing mKdV equation, it was found that the dn-periodic waves are modulationally
stable with respect to the long-wave perturbations, whereas the cn-periodic waves are modu-
lationally unstable [7, 8] (see also [17]).

The outcome of the modulation instability in the focusing NLS equation is the emergence
of localized spatially temporal patterns on the background of the unstable periodic or quasi-
periodic waves (see review in [9]). Such spatially temporal patterns are known under the
generic name of rogue waves [26].

In the simplest setting of the constant wave background, the rogue waves are expressed as
rational solutions of the NLS equation. Explicit expressions for such rational solutions have
been obtained by using available algebraic constructions such as applications of the multi-fold
Darboux transformations [2, 19, 29]. For example, if the focusing NLS equation is set in the
form

Wy + e + 21917 = 1 =0, (1.1
then the classical rogue wave up to the translations in (x, f) is given by
4(1 + 4ir
Bot) = 1 — L+ 4D (1.2)

1+ A2+ 1682°

Aslt| + |x] — oo, the rogue wave (1.2) approaches the constant wave background 1 (x, 1) = L
On the other hand, at (x, 7) = (0, 0), the rogue wave reaches a maximum at |[¢/(0,0)| = 3, from
which we define the magnification factor of the constant wave background to be My = 3. The
rogue wave (1.2) was derived by Peregrine [32] as an outcome of the modulation instability of
the constant wave background, and is sometimes referred to as Peregrine’s breather.

Rogue waves over nonconstant backgrounds (e.g. periodic waves or two-phase solutions)
were addressed only recently in the context of the focusing NLS equation (1.1). Computations
of such rogue waves rely on the numerical implementation of the Darboux transformation to
the periodic waves [27] or the two-phase solutions [10] of the NLS. Further analytical work
to characterize the general two-phase solutions of the NLS can be found in [36] and in [5, 6].

The purpose of this work is to obtain exact solutions for the rogue waves on the periodic
background, which we name here as rogue periodic waves. Computations of such rogue waves
are developed by an analytical algorithm with a precise characterization of the periodic and
nonperiodic eigenfunctions of the AKNS spectral problem at the periodic wave. Although our
computations are reported in the context of the focusing mKdV equation, the algorithm can
be applied to other nonlinear evolution equations associated with the AKNS spectral problem
such as the focusing NLS.
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Hence we consider the focusing mKdV equation written in the normalized form

u; + 61l uy + tyy = 0. (1.3)

Some particular rational and trigonometric solutions of the mKdV were recently constructed
in [15] and discussed in connection with the rogue waves of the NLS. In comparison with
[15], the novelty of our work is to obtain the rogue periodic waves expressed by the Jacobian
elliptic functions and to investigate how these rogue periodic waves generalize the classical
rogue wave in the small-amplitude limit (1.2). In particular, we shall compute explicitly the
magnification factor for the rogue periodic waves that depends on the elliptic modulus of the
Jacobian elliptic functions.

There are two particular travelling periodic wave solutions of the mKdV. One solution is
strictly positive and is given by the dn elliptic function. The other solution is sign-indefinite
and is given by the cn elliptic function. Up to the translations in (x, ) as well as the scaling
transformation, a positive solution is given by

Ugn (X, 1) = dn(x — ct;k), ¢ = ca(k) =2 — K, (1.4
whereas the sign-indefinite solution is given by
Uen(x,1) = ken(x — ct; k), ¢ = cen(k) 1= 2k* — 1. (1.5)

In both cases, k € (0, 1) is the elliptic modulus, which defines two different asymptotic limits.
As k — 0, we obtain the following Stokes expansions of the two periodic waves:

1
Ugn(x,1) ~ 1 — Ek2 sin?(x — 2¢) (1.6)

and
Uen(x, 1) ~ kcos(x +1). (1.7)

As is well known [22, 30], the mKdV equation can be reduced asymptotically to the NLS
equation in the small-amplitude limit. The cn-periodic wave of the mKdV is reduced asymp-
totically at the order O(k) to the constant wave background )y of the NLS equation (1.1),
which is modulationally unstable with respect to the long-wave perturbations. Hence, the
cn-periodic wave for the mKdV generalizes the constant wave background of the NLS and
inherits the modulation instability with respect to long-wave perturbations. The dn-periodic
wave has a nonzero mean value, which is large enough to make the dn-periodic wave modu-
lationally stable [22].

In the limit £ — 1, both Jacobian elliptic functions (1.4) and (1.5) converge to the nor-
malized mKdV soliton

udn(x, t)7 ucn(x, t) — usoliton(x, t) - sech(x - t)- (18)

Very recently, the rogue waves of the mKdV built from a superposition of slowly interacting
nearly identical solitons were considered numerically [33] and analytically [34]. It was found
in these studies that the magnification factor of the rogue waves built from N nearly identical
solitons is exactly N.

In our work, we construct new solutions to the mKdV equation (1.3) from the dn and cn
Jacobian elliptic functions. For a given travelling periodic wave upe,(x, t) = U(x — ct) with the
period L, we say that the new solution u is a rogue periodic wave if

xoier[l(;f,L] ilelng lu(x,t) = U(x —ct —x0)] - 0 as t— too. (1.9)
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This definition corresponds to the common understanding of rogue waves as waves that appear
from nowhere and disappear without a trace as time evolves [3].

We construct new solutions to the mKdV equation (1.3) by means of the following algo-
rithm. First, by using the algebraic technique based on the nonlinearization of the Lax pair
[11], we obtain explicit expressions for the eigenvalues A with Re(A) > 0 and the associated
periodic eigenfunctions in the AKNS spectral problem associated with the Jacobian ellip-
tic functions. These eigenvalues correspond to the branch points of the continuous bands,
when the AKNS spectral problem with the periodic potentials is considered on the real line
with the help of the Floquet-Bloch transform [9]. For each periodic eigenfunction, we con-
struct the second, linearly independent solution of the AKNS spectral problem, which is not
periodic but linearly growing in (x,¢). The latter solution is expressed in terms of integrals
of the Jacobian elliptic functions and is hence not explicit. Finally, by using the one-fold
and two-fold Darboux transformations [24] with nonperiodic solutions of the AKNS spectral
problem, we obtain new solutions to the mKdV equation (1.3). Although the resulting solu-
tions are not explicit, we prove that the new solution constructed from the cn-periodic wave
approaches the cn-periodic wave in the sense of definition (1.9), hence it is a rogue cn-periodic
wave. The magnification factor is computed in the explicit form from the maximum of the
new solution at the origin (x,7) = (0,0). Regarding the new solution constructed from the
dn-periodic wave, it approaches the dn-periodic wave almost everywhere on the (x,7) plane,
but excluding a particular direction x = ¢, with some ¢, > c; therefore, it is not a rogue wave
in the sense of definition (1.9).

Figure 1 shows a new solution obtained from the dn-periodic wave for k = 0.5 (left) and
k =10.99 (right). The new solution describes a nonlinear superposition of the algebraically
decaying soliton of the mKdV [31] and the dn-periodic wave. The maximal amplitude at
the origin is brought by the algebraic soliton from infinity. Hence it is not a rogue wave in
the sense of the definition (1.9). This outcome of our algorithm is related to the fact that the
dn-periodic wave in the mKdV is modulationally stable with respect to the long-wave pertur-
bations [8]. Indeed, it is argued in [4] with several examples involving the constant wave back-
ground that the rogue wave solutions exist only in the parameter regions where the constant
wave background is modulationally unstable.

Figure 2 shows a new solution obtained from the cn-periodic wave for k = 0.5 (left) and
k =0.99 (right). This solution is a rogue wave on the periodic background in the sense of
definition (1.9). The existence of such a rogue periodic wave is related to the fact that the
cn-periodic wave in the mKdV is modulationally unstable with respect to the long-wave per-
turbations [8].

The magnification factors of the new solutions can be computed in the explicit form:

My(k) =24+ V1=K, M) =3, kel0,1]. (1.10)

It is remarkable that the magnification factor M., (k) = 3 is independent of the wave amplitude
in agreement with M, = 3 for the classical rogue wave (1.2). At the same time Mg, (k) € [2,3]
and My, (k) — 3 as k — O thanks to the limit limy_,o ug,(x, 1) = 1, which gives the same
potential to the AKNS spectral problem as the constant wave background ) (x, ) = 1 of the
NLS equation (1.1).

In the soliton limit (1.8), My,(k) — 2 as k — 1 in agreement with the recent results in
[33, 34]. Indeed, the new solution obtained from the dn-periodic wave degenerates as k — 1
to the two-soliton solutions constructed of two nearly identical solitons. Such solutions are
constructed by the one-fold Darboux transformation from the one-soliton solutions, when the
eigenfunction of the AKNS spectral problem is nondecaying (exponentially growing) [28].
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Figure 1. Nonlinear superposition of an algebraically decaying soliton and the
dn-periodic wave for k = 0.5 (left) and k = 0.99 (right).

Figure 2. The rogue cn-periodic wave for k = 0.5 (left) and k = 0.99 (right).

Therefore, the magnification factor M4,(1) = 2 is explained by the weak interaction between
two nearly identical solitons. On the other hand, M,(1) = 3 is explained by the fact that the
rogue cn-periodic wave is built from the two-fold Darboux transformation; hence it degener-
ates as k — 1 to the three-soliton solutions constructed of three nearly identical solitons [34].

The paper is organized as follows. Section 2 gives details of the periodic eigenfunctions
of the AKNS spectral problem associated with the dn and cn Jacobian elliptic functions. The
nonperiodic solutions of the AKNS spectral problem are computed in section 3. Section 4
presents the general N-fold Darboux transformation for the mKdV equation and the explicit
formulas for the one-fold and two-fold Darboux transformations. The new solutions are con-
structed in sections 5 and 6 from the dn-periodic and cn-periodic waves respectively. The
appendix gives a proof of the N-fold Darboux transformations in the explicit form.

2. Periodic eigenfunctions of the AKNS spectral problem

The mKdV equation (1.3) is obtained as a compatibility condition of the following Lax pair
of two linear equations for the vector ¢ = (¢1, p2)":

A u
ox=UNu)p, U\u)= N E 2.1)
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and

—4X\3 — 22 —4D2u — 2, — 2u3 — Uy,
pr=VAup, V(Au)= (4)\214 — 2ty + 23 + uyy AN 4+ 20 ) ’
(2.2)
The first linear equation (2.1) is referred to as the AKNS spectral problem, as it defines the
spectral parameter A for a given potential u(x, 7) at a frozen time , e.g. at t = 0. By using the
Pauli matrices

(01 (0 —i (1 0
o1 = 1 0 > 0y = i 0 s g3 = 0 —1 s
we can rewrite U(A, u) and V(A u) in (2.1) and (2.2) in the form
U(\ u) = Aoz + uosoy, (2.3)

VI u) = —(4X3 + 20203 — 4\ uosoy — 2 oy — (2 + uy)ozoy. (2.4)

If u is either dn or cn Jacobian elliptic functions (1.4) and (1.5), the potentials are L-periodic
in x with the period L = 2K (k) for dn-functions and L = 4K (k) for cn-functions, where K (k)
is the complete elliptic integral. If the AKNS spectral problem (2.1) is considered in the space
of L-periodic functions, then the admissible set for the spectral parameter A is discrete, as the
AKNS spectral problem has a purely point spectrum.

In the case of periodic or quasi-periodic potentials u, the algebraic technique based on the
nonlinearization of the Lax pair [11] (see also applications in [12-14, 20]) can be used to
obtain explicit solutions for the eigenfunctions of the AKNS spectral problem related to the
particular eigenvalues A\ with Re(A) > 0. Below we simplify the general method in order to
obtain particular solutions of the AKNS spectral problem for the periodic waves in the focus-
ing mKdV equation (1.3). The following two propositions represent the explicit expressions
for eigenvalues and periodic eigenfunctions of systems (2.1) and (2.2) related to the travelling
periodic wave solution of the mKdV.

Proposition 1. Ler u be a travelling wave solution of the mKdV equation (1.3) satisfying

d’u 3 du\’ 4 2
@—&—214 = cu, o +u =cu +d, 2.5)

where ¢ and d are real constants parameterized by
c=4)\ +2E), d= —E} (2.6)

with possibly complex \y and Ey. Then, there exists a solution ¢ = (@1, p2)" to the AKNS
spectral problem (2.1) with A\ = \; such that

1 du
2 2

——, 4\ =FEy—u". .
¥ 2N dr 1912 0 2.7)

Pitei=u ¢f-
In particular, if u is periodic in x, then o is periodic in x.
Proof. Following [11], we set u = ¢? + 3 and consider a nonlinearization of the AKNS

spectral problem (2.1) given by the Hamiltonian system
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dor _ OH — dyr _ OH

P 87902’ P _87901’ (2.8)
which is related to the Hamiltonian function
1 1
H(p1,02) = < (61 + 93)* + Mipipr = S Eo, (2.9)

4 4

where E| is constant in x. It follows from (2.9) that 4\ ;> = Ey — u?. Also note that

du dyy dys 2 2
—_— = 2 _— e - 2)\ - s
] (‘/71 | + @2 1 ) 1(p1 — ¥3)

so that all three equations in (2.7) are satisfied by the construction.
Let us introduce

Q(A):< A @%—Hp%)’ W()\):<W11(A) Wia(\) ) 2.10)

S B Wian(=A) =W (=)
with
P1p2 P12 Ey—u*
Wii(A) =1- =1l-c 0y :
1) A n AN 2(A2 = A7) @1
(p% @% 2Au + uy

Win(\) =

D W WIS W TP T b (2.12)

where the constraints (2.7) have been used. One can check directly that the Lax equation

LW = 2w ()~ W), @13

is satisfied for every A € C if and only if (¢4, ;) satisfies the Hamiltonian system (2.8) with
(2.9). In particular, the (1, 2)-entry in the above relations yields the equation
d

aWu(/\) = 22AWi(\) — 2(2 + @) Wi (). (2.14)

Substituting (2.11) and (2.12) into (2.14) yields the differential equation

d’u 3 2

@ +2u’ = (4)\1 + ZEO)M.
This equation yields ¢ = 4\? + 2E, in comparison with the first equation in (2.5). It follows
from (2.10) with the first representations in (2.11) and (2.12) that

det[W(N)] = —[Wi1(A)]* — Win(A)War (M)

4x o102 + (01 + 93)*

JEpY

Ey
:—1—1—7’
JEpY
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hence det[W()] has only simple poles at A = ;. On the other hand, computing det[W ()]
with the second representations in (2.11) and (2.12) yields double poles at A = +X; unless the
following constraint is satisfied:

2
d
<dz> +u* — (403 + 2E)u* + E} = 0.

This equation yields d = —E3 in comparison with the second equation in (2.5). Hence, the
compatibility condition of the Lax equation (2.13) yields the differential constraints on u
given by the two differential equations in (2.5) with parameters ¢ and d related to A\ and Ej by
the constraints (2.6). O

Proposition 2. Letu, ¢ = (1, v2)" and A\ be the same as in proposition 1. Then o(x — ct)
satisfies the linear system (2.2) with A = A\; and u(x — ct).

Proof. By using (2.5), we rewrite the first equation of system (2.2) with A = A, as

o1 = — (AN} +20u%) o1 — (4NTu 4 2wy + cu) . (2.15)

By using (2.7), we note that
(403 + 2u®) @1 + (4hu + 2u) 2 = (402 + 2% + 8X1p192) 01 = (M3 4 2Ep) ).

By using (2.6) and the first equation in system (2.1), equation (2.15) becomes
Oip1 = —Ai1cpr — cupy = —cOepr,

hence ¢;(x — ct) is a solution of system (2.1) and (2.2) with A = A\; and u(x — ct). Similar
computations hold for ¢, by symmetry from the second equations in systems (2.1) and (2.2).

O

For the dn Jacobian elliptic functions (1.4), we have c =2 — k> and d = k* — 1 < 0. Since
u(x) > 0 for every x € R, the periodic eigenfunction ¢ = (1, 2)" in proposition 1 is real,
with parameters £y = ++v/1 — k? and

/\%:E{Z—kZZFZ\/lsz]. (2.16)

4

Taking the positive square root of (2.16), we obtain two particular real points

A (k) == % (1 +1- k2> , 2.17)

such that 0 < A_(k) < A4 (k) < 1 for every k € (0,1). As k — 0, we have A_(k) — 0 and
A4 (k) — 1, whereas as k — 1, we have A_(k), A\ (k) — 1/2.

For the cn Jacobian elliptic functions (1.5), we have ¢ = 2k* — 1 and d = k*(1 — k?) > 0.
Since u(x) is sign-indefinite, the periodic eigenfunction ¢ = (¢, 2)" in proposition 1 is com-
plex-valued with parameters Ey = +iky/1 — k2 and

A2 = % [2/8 — 1 7 2iky/1 — k2] . (2.18)
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"y A s A

Figure 3. The spectral plane for the dn-periodic (left) and cn-periodic (right) waves
with k = 0.75.

Defining the square root of (2.18) in the first quadrant of the complex plane, we obtain

A(k) = % (k +iv1— k2) . (2.19)

As k — 0, we have A\;(k) — 1/2, whereas as k — 1, we have A\;(k) — 1/2.

Figure 3 shows the spectral plane of A\ with the schematic representation of the Floquet—
Bloch spectrum for the dn-periodic wave with k = 0.75 (left) and the cn-periodic wave with
k = 0.75 (right). The branch points Ay (k) and A;(k) obtained in (2.17) and (2.19) are marked
explicitly as the end points of the Floquet—Bloch spectral bands away from the imaginary axis.

3. Nonperiodic solutions of the AKNS spectral problem

Here we construct the second linearly independent solution to the AKNS spectral problem (2.1)
with A = \j and extend it to satisfy the linear system (2.2). The second solution is no longer peri-
odic in variables (x, 7). The following two propositions represent the corresponding solutions.

Proposition 3. Let u, A, Eyp and ¢ = (1, p2)" be the same as in proposition 1. Assume
that u(x)> — Eg # 0 for every x. The second linearly independent solution of the AKNS
spectral problem (2.1) with A = Ay is given by v = (¢1,v,)", where

0—1
= , wz:QH, (3.1)
¥2 P1
and
_ S AN ()

In particular, if u is periodic in x, then 0 grows linearly in x as |x| — 00, so that 1| and ¢, are
not periodic in X.

Proof. Since the AKNS spectral problem (2.1) is related to the traceless matrix, the Wron-
skian of the two linearly independent solutions ¢ = (1, w2)" and ¢ = (¥1,1,)" is independ-
ent of x. Normalizing it by two, we write the relation

1 — @2t =2,

from which the representation (3.1) follows with arbitrary 6. If u(x)> — Ey # O for every x,
then ;(x) # 0 and ,(x) # 0 for every x. Substituting (3.1) into (2.1), we obtain the follow-
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ing scalar linear differential equation for 6:

S ek S ks

dx ©1p2 ©1p2

By using the relations (2.7), we rewrite it in the equivalent forms:

o 2uu AN u? d 0 B AN u?
I/t2 — Eo o (l/t2 — E0)2 ’

p— ? JR—
dx u2 — E() u2 — E() dx
Integrating the last equation with the boundary condition 8(0) = 0, we obtain (3.2). O

Proposition 4. Ler u, Ay, Eyp, 0 = (01, 2)" and ¥ = (11,1,)" be the same as in proposi-
tion 3. Then, 1 = (1,1,)" expressed by (3.1) satisfies the linear system (2.2) with A = A\ and
u(x — ct) if 0 is expressed by

O(x, 1) = —4X (u(x — ct)2 —Ey) |:/0"_C (u(yl)lz(y)Eo)zdy —1. 3.3)

Proof. By using (2.5), we rewrite the first equation of system (2.2) with A = A, as
Dbt = — (4N + 20quP) ey — (dMTu+ 20, + cu)s. (3.4)
By using (2.7) and (3.1), and expressing Jy2 from the second equation of system (2.2), we

obtain from (3.4):

5,0 — (4N3u — 2\ uy, + cu)pr (0 — 1) _ (403U + 2\ u, + cu)pa (6 + 1)
t P2 1
= —16X 20100 — —— [0(02 — ¢?) + @2 +
19192 o1 [ (03 — 1) + ¢ 902}

= 4/\1 (u2 - E()) - c8x0.

Let us represent § = —4\; (u? — Eg)x so that  satisfies
Orx = —coyx — 1.

Hence x(x,t) = —t + f(x — ct), where fis obtained from (3.2) in the form

e
o= | WO — B Y

to yield the representation (3.3). Similar computations hold for v, by symmetry from the sec-
ond equations in systems (2.1) and (2.2). O

Note that a more general solution for 1) = (t1,,)" is defined arbitrary up to an addition
to the first solution ¢ = (1, v2)". However, this addition is equivalent to the arbitrary choice
of the lower limit in the integral (3.3), which is then equivalent to the translation in time .
Thus, the second linearly independent solution in the form (3.1) and (3.3) is unique up to the
translation in x and ¢.
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4. One-fold, two-fold and N-fold Darboux transformations

Here we give the explicit formulas for the one-fold and two-fold Darboux transformations
for the focusing mKdV equation (1.3), as well as the general formula for the N-fold Darboux
transformation. Although the formal derivation of the N-fold Darboux transformation can be
found in several sources, e.g. in book [24] or the original papers [21, 35], we find it useful to
derive the explicit transformation formulas by using purely algebraic calculations.

By definition, we say that 7(\) is a Darboux transformation if

o =T\, 4.1)

where ¢ satisfies (2.1) and (2.2) for a particular potential u and ¢ satisfies (2.1) and (2.2) for
anew potential u, which is related to u. The transformation formulas between ¢ and & follow
from the Darboux equations

TN + TINU(Nu) = UNU)T(N) 4.2)

and
TN+ TN V(A u) = V(A u)T(N). 4.3)
In many derivations, e.g. in [21, 24, 35], the N-fold Darboux transformation is deduced
formally from a linear system of equations imposed on the coefficients of the polynomial
representation of 7(\) without checking all the constraints arising from the Darboux equa-
tions (4.2) and (4.3). In order to avoid such formal computations, in the appendix we give a
rigorous derivation of the N-fold Darboux transformation in the explicit form and show how
the Darboux equations (4.2) and (4.3) are satisfied. Our derivation relies on a particular imple-
mentation of the dressing method [39, 40], which was recently reviewed in the context of the

cubic NLS equation in [16].
The general N-fold Darboux transformation is given by the following theorem.

Theorem 1. Let u be a smooth solution of the mKdV equation (1.3). Let
©® = (prqi)’, 1 <k <N be a particular smooth nonzero solution of system (2.1) and
(2.2) with fixed X = A\, € C\{0} and potential u. Assume that \y # £\; for every k # j. Let
{3®Y ) <ken be a solution of the linear algebraic system

N

(Q(j) (Q(k)

) = §4444l444442 (k) 1<j<

g301Y @, S \N, 4.4
301 kgl )\j )\k J 4.4)

where ((p(j), w(k)) = pipk + q;qx is the inner vector product. Assume that the linear system
(4.4) has a unique solution. Then, 3% = (pr, qx)", 1 < k < N is a particular solution of sys-
tem (2.1) and (2.2) with X\ = A\, and the new potential u given by

N N
U=u+2) ppi=u—2> g 4.5)
=1 =1

Consequently, u is a new solution of the mKdV equation (1.3).

The proof of theorem 1 is given in the appendix. The following two propositions repre-
sent the one-fold and two-fold Darboux transformation formulas deduced from theorem 1 for
N =1 and N = 2 respectively.
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Proposition 5. Let u be a smooth solution of the mKdV equation (1.3). Let ¢ = (p,q)" be
a particular smooth nonzero solution of systems (2.1) and (2.2) with fixed A = A\, € C\{0}.
Then,

~ 4X\pq
u=u-+ 4.6
r+q 0

is a new solution of the mKdV equation (1.3).
Proof. Solving the linear system (4.4) for ¢ = (p,q)" yields

~ 2/\16] ~ 72)\1[)

= 5 5> = 5 . 5- 4’.7

Porve e @D

Substituting (4.7) into (4.5) for N = 1 results in the transformation formula (4.6). O

Proposition 6. Let u be a smooth solution of the mKdV equation (1.3). Let o) = ( py, qi)'
be a particular smooth nonzero solution of system (2.1) and (2.2) with fixed A = N, € C\{0}
for k = 1,2 such that \y # £X\,. Then,

47 = N3) [Mip1qi (P} + @3) — Mapaaa (P + 4)]

R D ) -2 e+ (R -]
is a new solution of the mKdV equation (1.3).
Proof. The linear system (4.4) is generated by the matrix A with the entries

R AP “9)

= . 1<,
TN T M J

For N = 2, we compute the determinant of this matrix as
e
o AN (A + X2)?

1
= Oy T [T+ a) (2 + )

=2\ (4pip2qiqe + (P —aD)(P3 — 3))] -

det(A) A+ M)A+ a)(p3 + 43) — AN (pipe + 4192)°]

Solving the linear system (4.4) with Cramer’s rule yields the components

~ (M 4+ X)q1(p3 + @) — 220q2(pip2 + q192)
b 20 (M + Ap)det(A)

and

. M +H)a(pr+ @) - 2Mq(pip2 + q192)

p2= 2)\1()\1 + )\z)det(A)

Substituting these formulas into the representation (4.5) with N = 2 and reordering the similar
terms results in the transformation formula (4.8). O
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5. New solution obtained from the dn-periodic wave

Here we apply the one-fold Darboux transformation (4.6) to the Jacobian elliptic function dn
in (1.4) in order to obtain a new solution to the mKdV equation (1.3). The new solution repre-
sents a nonlinear superposition of an algebraically decaying soliton and the dn-periodic wave,
hence the maximal amplitude is brought to the origin by the algebraic soliton from infinity.
The rogue dn-periodic wave in the sense of the definition (1.9) does not exist in the mKdV
equation (1.3), because the dn-periodic wave is modulationally stable.

Let u be the dn-periodic wave (1.4), and ¢ = (1, 2 )" be the periodic eigenfunction of the
linear systems (2.1) and (2.2) with A = )\ defined by propositions 1 and 2. Since the connec-
tion formulas (2.7) are satisfied for every ¢ € R, substituting p = ¢; and ¢ = ¢, into the one-
fold Darboux transformation (4.6) yields another solution of the mKdV equation in the form

4oy Ey

PP+ps u
where Ey = ++v/1 — k2. However, since

u=u

s

dn(x + K(k); k) =

the new solution # to the mKdV equation (1.3) is obtained trivially by the spatial translation of
the dn-periodic wave on the half-period %L = K (k). This computation explains why we need
to use the second nonperiodic solution v instead of the periodic eigenfunction .

Let u be the dn-periodic wave (1.4), and ¢ = (11, 1,)" be the nonperiodic solution to the lin-
ear systems (2.1) and (2.2) with A = \; defined by propositions 3 and 4. Recall that there exist
two choices for A; in (2.17). However, for the choice A} = A_(k), we have Ey = /1 — k? and
u(x)?* — Ey = 0 for some values of x in[—K (k), K (k)]; therefore, the assumption of proposition
3 is not satisfied. For the choice A\; = A, (k), we have Ey = —v/1 — k2 and u(x)?> — Ey > 0
for every x, therefore, the assumption of proposition 3 is satisfied. Substituting p = v, and
q = 1, given by (3.1) into the one-fold Darboux transformation (4.6) with A; = A4 (k) and
Ey = —V'1 — k? yields another solution of the mKdV equation in the form

AX\12h11y . 4hip1o2(0 — 1)

U+ 3 (1 +@3)(1 +60%) = 2(} — 3)0
By using the relations (2.7) again, we finally write the new solution in the form
(1 — at%n)(uzzin +VI1- kZ)

(1 + 9§n)udn — Al_lednu;n

u=u-+

Udn—alg = Udn + 6.1

where

Uan (Y )2

dy —t|.
24+ V1 —k?)? Y
If k = 0, then ugy(x, ) =1, \y = 1, ¢ = 2, Oy (x,1) = —2(x — 6¢) and

4
T aE e

Oun(x, 1) = =4 (ugn(x — Ct)z +V1I-R) |:/0xc (than(y)
n 5.2)

k=0: ug_ag(x,t) =—1
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Although this expression is an analogue of the rogue wave of the NLS on the constant wave
background [2, 15], it corresponds to the algebraically decaying soliton of the mKdV [31].
If k = 1, then ugy(x, 1) = sech(x — 1), \; = 3, c = 1,
Oan(x,1) = —(x — 3t)sech?(x — 1) — tanh(x — 1),
and
1 — (x — 37) tanh(x — 1)
1+ (x — 3t)2sech?(x — 1)

k=1: ug_ag(x,1) = 2sech(x —1r)

in agreement with the two-soliton solutions of the mKdV for two nearly identical solitons
[33, 34].

Next, we show that for every k € [0, 1), there exists a particular line x = ¢,t with ¢, > ¢
such that 64, (x, r) given by (5.2) remains bounded as |x| + |#| — oco. This value of ¢, gives the
speed of the algebraically decaying soliton propagating on the dn-periodic wave background.
For instance, if k = 0 then ¢, = 6 > 2 = ¢. To show the claim above, we inspect the expression

/x—ct Ugn (y)Z dy ,
o (ua(y)?+V1-k)?
Since the integrand is a positive L = 2K (k)-periodic function with a positive mean value
denoted by I(k), then the expression can be written as
I(k)(x — ct) — t + a periodic function of (x, ).

Therefore, 0,,(x, t) is bounded at x = c,t, where ¢, = ¢ + [I(k)]™! > c.
Except for the line x = c.t, the function 8,,(x, f) given by (5.2) grows linearly in x and 7 as
|x| 4+ |#| — oo for every k € [0, 1). Hence the representation (5.1) yields asymptotic behaviour

VI—&2
Udn—aig (¥, ) ~ Tdn(—crk) —dn(x — ct + K(k); k) = —utan(x — ct + K(k)).

The maximal value of ug,—aig(x, 1) as |x| + |t| = oo, except for the line x = ¢,z, coincides with
the maximal value of ug,(x, t) = dn(x — ct; k).

For t = 0, ugy(x, 0) is even in x and 0,4, (x, 0) is odd in x, hence ug,—q (%, 0) is even in x. The
maximal value of ug,(x, 0) occurs at 14,(0,0) = 1. Since ug,—alg (x,0) is even in x, then x =0
is an extremal point of uz,—ay(x, 0). Moreover, 8fudn_alg (0,0) < 0, which follows from the
expansions ug,(x, 0) = 1 — k%% + O(x*), 04, (x,0) = —4X (1 + V1 — k2)~x + O(x*), and

1
Udn—alg(%,0) =2+ /1 — k2 — |8 = 3k* + 8\/1 — k2 — Ek%/l — | X+ 0.

Hence x = 0 is the point of the maximum of uz,—ag(x, 0). Defining the magnification number
as

—aig(0,0
Manll) = — o=@, 7,

n E) 0
el By P52 0)

we obtain the expression in (1.10). The value M ,(k) corresponds to the amplitude of the alge-
braically decaying soliton propagating on the background of the dn-periodic wave.
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6. New solution obtained from the cn-periodic wave

Here we apply the one-fold and two-fold Darboux transformations (4.6) and (4.8) to the
Jacobian elliptic function cn in (1.5) in order to obtain a new solution to the mKdV equa-
tion (1.3). This is a proper rogue wave on the cn-periodic background in the sense of the
definition (1.9) because the cn-periodic wave is modulationally unstable.

Let u be the cn-periodic wave (1.5), by ¢ = (¢1, ¢2)" be the periodic solution to the linear
systems (2.1) and (2.2) with A = A; defined by propositions 1 and 2. Without loss of general-
ity, we choose A\; = A\;(k), where \;(k) is given by (2.19), so that Ey = —ikv/1 — k2. Since
the periodic solution ¢ is complex, the one-fold Darboux transformation (4.6) produces a
complex-valued solution to the mKdV; hence we should use the two-fold Darboux transfor-
mation (4.8).

By virtue of relations (2.7), substituting (pi,q1) = (p1,2) with Ay =X\, and
(p2,92) = (P, P,) with Ay = ); into the two-fold Darboux transformation (4.8) yields
another solution of the mKdV equation in the form

- 43 (1 — k*)u _

R Y EI e Ry 1 ) g 0 A
where the first-order invariant in (2.5) is used in the second identity with ¢ = 2k*> — 1 and
d = K*(1 — k*). Thus, the new solution & in the two-fold transformation (4.8) is trivially
related to the previous solution u if the functions ( py,q1) and ( pa, ¢2) are periodic.

Let us now consider the nonperiodic solution ¢ = (11, )" to the linear systems (2.1) and
(2.2) with A = \;. The assumption of proposition 3 is satisfied because Ey = —ikv/1 — k2 # 0
for k € (0,1) and u(x)?> — Eg # 0 for every x. Therefore, the nonperiodic solution ¢ in
propositions 3 and 4 is well defined. Substituting (p;,q1) = (¢¥1,%,) with A\; = \; and
(p2,q2) = (¥,,) with X\ = ); into the two-fold Darboux transformation (4.8) yields
another solution of the mKdV in the form

AR @) N )]
u=u — =uU—+ —,
(3 + X163 + 0312 — 2N Al Il + 107 - 3] P2

where
Fi = 8Im(O)Im [Arproa(1 = 03)[(1+8°) (@ +%3) - 2028 - #3)]]
Fy = Re(N))|(1+6%)(¢F + ¢3) — 20(¢7 — @3)[?
= NP (411 = O Ploi Ploa® + (1 +6%)(07 = 93) = 20(1 + 92) ).
By using relations (2.7) and (2.19), we finally write the new solution in the form

G

o 6.1)

Ucn—rogue = Uen +
where
Gi = 4kv/1 — KIm [(ugn F k1T — R2)(1— 02)[(1 + 02 ten — Ny Beniil]]

Gy = (1= 2)|(1 + 02, )uten = Ay Ocnity
+ |l - 962n|2 [uécln + kz(l - kz)] + ‘(1 + ecz‘n)(Z)‘I)_luén - 296"l”tC’l|2’
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and

x—ct 2
cn\AX>» =—4 cn - 2 i 1-— 2 / en (y) — .
Oen(x, 1) A (then(x — ct)” + ik 1 — k?) [ ; (ucn(y)2+ikm)2dy t o

As k — 0, then ue,(x,1) = 0, Ay = 1/2, Ocu(x,1) = 0 and uep—rogue (%, 1) — 0. Although
the limit is zero, one can derive asymptotic expansions at the order of O(k), recovering the
rogue wave of the NLS equation (1.1), according to the asymptotic transformation of the
focusing mKdV to the focusing NLS in the small-amplitude limit [22]. The rogue cn-periodic
wave generalizes the rogue wave (1.2) on the constant wave background.

As k — 1, then ug,(x, ) — sech(x — ), A\ — 1/2, and it may first seem that the second
term in (6.1) vanishes. However, G; = O(1 — k*) and G, = O(1 — k?), hence a nontrivial
limit exists to yield a three-soliton solution to the mKdV with three nearly identical solitons
[34].

Let us inspect the expression

A Mcn(y)2 o xX—ct ucn(y)Z(ucn(y)Z - lk“’ 1 - k2)2 _
/0 (ten()? + ikv/1 — kz)zdy - /0 (uen(y)* + K2(1 = k2))? et

For every k € (0, 1), the imaginary part in the integrand is a negative L = 4K (k)-periodic
function with a negative mean value. It is only bounded on the line x = ct, however, the real
part of the last term in the expression grows linearly in #. Therefore, for every k € (0, 1),
|0cn (x, 2)| grows linearly in x and 7 as |x| 4 || — oo everywhere on the (x, ) plane. Hence the
representation (6.1) yields the asymptotic behaviour

4K (1 — k) uen (x, 1)
(262 — Vuen(x,1)2 — (Otten(x,1))? — ten(x, 1)* — K2(1 — &?)

ucn—rogue(xa t) ~ ucn(X, t) +
= _ucn(xa t)»

where the first-order invariant in (2.5) is used for the last identity with ¢ = 2k*> — 1 and
d = k*(1 — k*). The maximal value of uey—rogue(,7) as |x| + |t| — 0o coincides with the
maximal value of u.,(x, 1) = ken(x — ct; k).

For t = 0, uc,(x, 0) is even in x and 6., (x, 0) is odd in x, hence uc,—rogue (X, 0) is even in x. The
maximal value of u,(x, 0) occurs at u.,(0, 0) = k. Since uen—rogue (x,0)is even in x, then x = 0
is an extremal point of Ue,—rogue (X, 0). Moreover, 92uen—rogue(0,0) < 0, which follows from
the expansions u,(x,0) =k — Jkx® + O(x*), 0., (x,0) = =4\ (K — ikv'T — K2)x + O(x%),
and

3
Uen—rogue (X, 0) = 3k — [zk + 16k3] K+ 0.

Hence x = 0 is the point of the maximum of tc,—rogue (¥, 0). Defining the magnification num-
ber as

M, (k) _ Ucn—rogue (0, 0) =3,

max |tten (x,0)]
XE[—2K(K) 2K (k)]

we obtain the expression in (1.10). The magnification factor is independent of the amplitude
of the cn-periodic wave.
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Appendix. Proof of N-fold Darboux transformation

Here we prove theorem 1 with explicit algebraic computations. The Darboux transformation
matrix 7(A) in (4.1) is sought in the following explicit form:

N
1 N
T\ =1+ Fy T, Ti =W @ (M) 003, (A.D)

where the sign ® denotes the outer vector product and / denotes an identity 2 X 2 matrix.

We note that o®) € ker(T;) and @ € ran(T}). It is assumed in theorem 1 that
©® = (pr.qr)',1 < k < N is a particular smooth nonzero solution to system (2.1) and (2.2)
with fixed A = )\, € C\{0} satisfying M\ # %) for every k # j, whereas {$(®) ),y is a
unique solution of the linear algebraic system (4.4). Deeper in the proof, we will be able to
show that 3*) = (5, gx)", 1 < k < N is a particular solution to system (2.1) and (2.2) with
A = X and the new potential u is given by the transformation formula (4.5).

First, let us show that the two lines in the definition (4.5) are identical. Let us define entries
of the matrix A by (4.9). Each entry is finite, moreover, Aj = Ay;. The linear system (4.4) can
be split into two parts as follows:

N o) o) N o) k)
“”Aj . =g Y WA,- o R (A2)

k=1 k=1

Thanks to the symmetry of A, we obtain from (A.2):

) k) /)
Z% 33 Yt i - 33 A’ e~ zp,p, (A3)

J=1 k=1 j=1 k=1

This proves that the two lines in the definition (4.5) are identical. For further use, let us also
derive another relation from the system (A.2):

N N N N .
D o Naigi = > A=Y ¥V, 0")pig
j=1 =1

j=1 k=1

- () () + (S0 ) ()

= % (@—u (Zpqu ZPM) (A4)
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Next, we show the validity of the Darboux equation (4.2) under the transformation formula
(A.1). Substituting (A.1) into (4.2) yields the following equations at the simple poles:

0Tk + TiU( My u) = UM )Ty, 1< k<N, (A.5)
and the following equation at the constant term
N
FIZO’301 = uo3o; + Z Tk0'3 — O’3Tk. (A6)
k=1

Equation (A.6) yields (4.5) due to representation (A.1).

Let us show that equation (A.5) is satisfied if <p(k) solves (2.1) with A = \; and u, whereas
@(k) solves (2.1) with A\ = )\; and u. Recall that 003 = —030;1 and 0,0, = 0303 = I.
Substituting (A.1) on both sides of (A.5) yields

{&c(ﬁ(k)] ® (go(k))’alog + (ﬁ(k) ® [5)(((,0("))’} o103 + {5(k) ® (tp(k))tm@U()\l, u)
- [axgz(k)} ® (¢®Y 03 + 3% [ax(gp(@)f} a103 — 30 © (oYU, u) o103

= [069] & (¢Wyor0;

and
ULBEY @ (p9) 0102 = [2.6Y] @ (¢©) o100,

hence equation (A.5) is satisfied.

We show now that if {gp(k)}lgng solve (2.1) with {\; }1<k<y and u and {(ﬁ(k)}lgkg,v are
obtained from the linear algebraic system (4.4), then {G(k)}lgk@, solve (2.1) with { M hi<rsw
and u. We note from the linear system (2.1) that

2, 0®) = (N + M) (D, a3p). (A7)
Differentiating (4.4) in x and substituting (2.3) and (A.7) yields

N
(oD, o) o~
LGNSR S oy P} 90( ) _ )\ka3<p( ) —ua301g0( )
kz:; A+ A [ ' }
N
= (@~ = [(so(f), a3p®)E® + (o, w(")>03§5(")] =0, (A®)
k=1

where the last equality is due to the transformation formula (4.5). Thus, if the linear system
(4.4) is assumed to admit a unique solution, then G(k) solves (2.1) with A = )\ and u.

It remains to show the validity of the Darboux equation (4.3) under the transformation
formula (A.1). Substituting (A.1) into (4.3) yields the following equations at the simple poles:

0Tk + TiV( A u) = VA )Ty, 1 <k<N, (A.9)
the same equation (A.6) at A? and the following two equations at A' and \° respectively:
N N N
ﬁ203 +uo1 + Zﬁz o3 T, = M2(73 “+ u,oq1 + ZMZ Tvozo1 + 2 Z )\k(Tk(T3 — (T3Tk)
k=1 k=1 k=1

(A.10)
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and

N N N N

(2313 +ﬁm)0301 + 202 ZO’3Tk + 2u, ZO’] T, + 4};2 Moo Ty + 42)\%0’37}
k=1 k=1 k=1 k=1

N N N N
— (2u3 + Uy )o3or + 2u? Z Tio3 + 2u, Z Tvo1 + 4u Z MTrozop + 4 Z )\%Tk@.

k=1 k=1 k=1 k=1
(A.11)
Let us show that equation (A.9) is satisfied if <p(k) solves (2.2) with A = \; and u, whereas
@(k) solves (2.2) with A = )\, and u. Substituting (A.1) into both sides of (A.9) yields

08Y] @ (@W)o03+ 80 @ [8(pY)] 105 + B0 @ (6DY o103V (A1, 1)

= [3,@(]()} ® ((p(k))’0103 + Q(k) ® [5t(g0(k))’} 0103 — @(k) ® (go(k))’V(/\l,u)talcn
= [8@(“} ® (<p(1<))t01(,3

and

vOuRnEh @ (pW)ors = [880] @ (¢W)aias,

hence equation (A.9) is satisfied.
In order to show the validity of equation (A.10), we differentiate (A.6) in x and substitute
(A.5) to obtain

N N N
(ﬁx — MX)UL = ZZ /\k(TkO'3 — (T3Tk) +ﬁZ(UlTkU3 — O’30’1Tk) + MZ(O'3TkO'1 + Tk0'30'1).
k=1 k=1 k=1 (A.12)
Substituting (A.12) into (A.10) yields a simplified form of the equation:
N N
(ﬂz — u2)03 —|—ﬁz o1Tvo3 + o301 T + MZO’3TkO'1 — Tyo30; = 0. (A.13)
k=1 k=1
Further substituting (A.6) into (A.13) yields
N
Z(O’]Tk0'3—|—0'30'1Tk—|—TkO'30'] —O’3Tk0']) =0. (A.14)
k=1
The validity of equation (A.14) is satisfied thanks again to equation (A.6):
N N
('ll—u)a3 :Z(Tk0'30'1 —0'3Tk0'1), (M—ﬁ)03 ZZ(U]TkU3+U3O']Tk). (A15)
k=1 k=1

Hence, equation (A.10) is satisfied.
In order to show the validity of equation (A.11), we differentiate (A.12) in x and substitute
(A.5) to obtain
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N N
(ljlxx — thx)0'30'1 :42)\%(7—‘1(0'3 — 0'3Tk) + 2122 )\k(O'lTkO'3 — 0'30'1Tk)
k=1 k=1
N N
—+ 21/!2 )\k(03TkO'1 + Tk0'30'1) + U, 2(0301Tk03 — (TlTk)
k=1 k=1

N N
-I-MXZ(Tle +O’3Tk030'1 u —|—u Z O'3Tk—TkO'3
k=1 k=1

N
4 2uit Z o301Troy + 01Tro3071). (A.16)

Substituting (A.6) and (A.16) into (A.11) yields a simplified form of the equation:

N N
Zﬁz )\k(UlTkU3 + U30’1Tk) + ZMZAk(03Tk01 — Tk0'301)
k=1 k=1
N N N
+ﬁx2(0301Tk0’3+0’1Tk —I—MXZ o3Tro307 —Tk0'1 M —u? Z Tk0'3—|-O'3Tk
k=1 k=1 k=1
N
+ 2uu Z(O’30’1Tk0'| + o01Tyo3z01 + Troz — 0'3Tk) =0. (A.17)
k=1

The last term on the left-hand side of (A.17) is identically zero thanks to equation (A.14) after
multiplication by o on the right. Multiplication of equation (A.14) by o3 on the right allows us
to group the terms containing u, and u,. As a result, we rewrite (A.17) in the equivalent form

N N
ZﬂZAk(UlTkU3 + 0’30’1Tk) + 2MZ )\k(USTkUI — Tk0'30'1)
k=1 k=1
N N
+ (e — ) > (03Tko301 — Teon) + (@ —u?) Y (Tvos + 03Ti) = 0. (A.18)
k=1 k=1
Multiplying (A.12) by o from the left and from the right, we obtain
N N N
(x — u )l = ZZAk(UITk% + 0301Ty) +ﬁZ(Tk03 +03Tx) + MZ(U|U3T1<U1 + 01Txo3071)
k=1 k=1 k=1
and
N N N
(ﬁx — th)l = ZZAk(Tk(BO'] — U3Tk01) -‘rﬁZ(O’]TkO}U] — U30’1Tk0'1) + MZ(O'g,Tk + Tk0'3),
k=1 k=1 k=1

from which one can rewrite (A.18) in the equivalent form

N
(ﬁx — ux)(u — M)I — ( — ux) (O’3Tk0'301 — Tk0'1) = O,
k=1
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which is satisfied thanks to equation (A.15). Hence, equation (A.11) is satisfied.

Finally, we show that if {¢®)};<;<n solves (2.2) with { )\ }1<x<y and u and {0} pn
are obtained from the linear algebraic system (4.4), then { a(k)}lgkg ~ solves (2.2) with
{M}<rgy and . We note from the linear system (2.2) that

AW, o) = = + M) [4OF = AN+ AD) +267] (o), o301))
+ 4N = AuleW, 30100) = 2(N + N)ur (P, a1 o™). (A.19)
Differentiating (4.4) in ¢ and substituting (2.4) and (A.19) yields

(.0}
A+ M

M=

[8,(5(") + (4)\k + 2/\ku2)03g0(k) + 4)\kua3alg0( )+ 2)\ku,\01<p(k> + (2u + um)a3altp(k)]
k=1

N
Z [(4/\2 NN+ AN+ 207) (0D, 30 0) + 4N — N)u(pW), o300y + 2ux(<p(j),01ga(k)>] g®

N
Z< W, SO(k)) [(4/\£ — AN 4)\2 + 2u2)aa<p(") + 4N — )\.)Eogalg(k) + ZExa@(k)]
k=
+ 20 =)o W) + 4N (u — W)W = 2)(uy — W) a3 + (203 + gy — 20 — T ). (A.20)

~

+

The terms proportional to 4)\1-2 cancel out due to the same relation (A.8). The terms propor-
tional to 2); cancel out if the following relation is true:

N
(? — ) o1oD) + (ty — uy) oz = 22 M {<<p(j)’g3¢(k)> 50 4 (o), otk )>03@(k)}
k=1
N N

+ zﬁz<¢(l), QO(k)>O'3(71¢(k) +2u Z(cp(l)’ 0—30—1('0(k)>§5(k)_ (AZ])
k=1 k=1

The other A\j-independent terms cancel out if the following relation is true:

(2P + T — 26° — ) ) ﬂtZAz { (6D, 5300V G® 4 (o), cp(k)>03<p(k)}
k=1

+2MZZ (), 50 Uwu«)”uzz D, 30 @) 50
k=1

N
+ 452 )\k<<,0(j), @(k)>0301¢(k) +4u Z )\k<90(j)» 030190(16))@(@
k=1 k=1

N N
+ 2, S (0D, o) 30 + 20, 3 (00, 0y )5, (A22)
= k=1

Provided equations (A.21) and (A.22) are satisfied, the right-hand side of equation (A.20) is
zero. If the linear system (4.4) is assumed to admit a unique solution, then cﬁ(") solves (2.2)
with {/\k}]gng and u.
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Finally, we show the validity of equations (A.21) and (A.22). In order to show (A.21), we
first obtain the relation

B (D, 30®Y = (A + M) (0D, 00 + 2u(p), 510, (A.23)

in addition to the relation (A.7). Then, we differentiate (A.8) in x, substitute (2.3), (A.7) and
(A.23), and obtain

(s — ) oD + (i — uyuosoy o) =2 Z ¢ [ ), 030®) 0330 1 (1), o050
k=1

N N
Z{ , 03030150 + (o), 1) a@<"}+2uz Lo e® | (A24)
k=1 k=1

where the relation (A.8) was used to cancel the ); term. By using the transformation formulas
(4.5), we verify that

N
(it — w)or o) = Z [<(p(1),0-1<p(k)>0-3@(k) _ @(»7030]@(@@(@} _ (A25)
k=1

This allows us to simplify (A.24) to the form

(i — ) o) _22 A <@<j>,03¢<k>>03¢<k> n <<p<j>,</,<k>>¢<k>]

+u

Mz

<<p(j)’ g3¢(k)>g301(5(k) + <¢(j)’ Sﬁ(k)>f71§5(k)
=L J

Il
-

+u

M=

_<Qp(j),glsp(k)>g(k) + <90(1'),0301¢(k)>03¢(k)_ ) (A.26)
1
Substituting (A.26) into (A.21) yields the following equation:

~
Il

@ =)o) =i (6D, 6®)0301 3 — (6D, 036®) 0,5

+u Z [ D, 03010050 — (oD, gy ok )>0.3¢(k)} (A27)
Thanks to the relations (A.8) and (A.25), equation (A.27) is satisfied, and so is equation (A.21).
In order to show (A.22), we first obtain the relations
O 16®) = (N = M) (0. a30100) —2u(pD 30®)  (A28)
and
e, 73019") = (O = M) (W, 1), (A.29)

Then, we differentiate (A.26) in x, substitute (2.3), (A.7), (A.23), (A.28) and (A.29), and
obtain
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(e — ) oD + (i — uy)or301 0 _4ZA2{ ), 30 30 4 (o (J)’(p(k)>0-3¢(k)}
k=1

N
+ zuzxk [, 036®)013® + (9D, 0730130 + 4> M6, 716173 30

k=1
N
+ﬁxz [<@(1),U3w(k)>0301¢(k) + <<P("),90(k)>0190(k)}
k=1
N o .
Y [(wm, 1@ 0 4 <@(1)»030190(k)>0'390(k)}
k=1
N
+iny [ ), o19®) 30,50 4 <@(J)’U3o-](p(k)>o-]6(k)}
k=1
N
—y [ , a3 NGO 4 (), (")>0390(")] - 2u? Z D, a3p0)gH), (A.30)
k=1

k=1

where the relation (A.26) was used to cancel the A; term. Substituting (A.30) into (A.22) and
using (A.8) and (A.25) yields

2@ — i) oD = Qu — ) (e — ux)o3010) + 77 Z [ (oD, 0@y 50 <¢<j>,gw(k>>¢<k)}
k=1

+4“ZZ (), 3™V ® — iy XN:[ D, 01030130 + (o <j>,a301¢<k>>alw(k>]
k=1 k=1
—I—ZMZ)\k [ RGP G <¢(j>,gw(k>>gl¢(k>]
+ 4uZ:)\k [(tp(j),0301<p(k)>¢(k) _ <@<j>,01¢<k>>gw<k>] (A31)
Substituting (A.26)—(A.31) yields

N

200 — u) (i + i+ 1)) = Z [ (0D, 0 )y g® <¢<j>,03(p<k>>¢(k>}

N
+ zﬁuz [@(/‘),(p(/«%ﬁ(/«) — (oD, g3 pM)G® 2<<p(j>,01¢<k>>0301¢<k>}
12 Z[ G, 73030 1+ (6D, 5100530, 30 — (6D, 730y o >>01¢<k>}
k=

+4”2Ak[ ), 03010 Y30 4 (o0, o) g3, G®

(oD, 010®)053® — (00, 3@ 0] . (A32)
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By using the relations (A.3) and explicit computations, we obtain

N

3 [0, 69)0:50 — (00, a2 ®)Y = 2D, 316 ® )y 39

k=1
N N

= (@—u)p =2 (Zpkﬁk - Zﬁk%) a1, (A.33)
k=1 k=1

N - B B

Z [2<90(J),03<,0(k)>(5(k) + <<p(J),Crl<p(k)>CT301§5(k) _ <§0(1),030'1<,0(k)>0'1<;(k)

k=1
N N

= @—we +2 (Zpkifk - Zﬁk%) a1t (A.34)
k=1 k=1

and

N
3 A [@o),am(p(k))@(k) + (oD, o0y, 5O
k=1

9) ®)y ~<k>]

a1

N N
=-2 (Z PP — Y Ak?ka) aip. (A.35)

k=1 k=1

—<<,0(j),0190(k)>0395(k) — (oY), o3¢

Substituting (A.33)—(A.35) in (A.32) cancels all terms thanks to the relations (A.4) and (A.8).
Therefore, equation (A.32) is satisfied and so is equation (A.22).
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