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Abstract

We consider a half-soliton stationary state of the nonlinear Schrodinger equation with the power nonlin-
earity on a star graph consisting of N edges and a single vertex. For the subcritical power nonlinearity, the
half-soliton state is a degenerate critical point of the action functional under the mass constraint such that
the second variation is nonnegative. By using normal forms, we prove that the degenerate critical point is a
saddle point, for which the small perturbations to the half-soliton state grow slowly in time resulting in the
nonlinear instability of the half-soliton state. The result holds for any N > 3 and arbitrary subcritical power
nonlinearity. It gives a precise dynamical characterization of the previous result of Adami et al. (2012) [2],
where the half-soliton state was shown to be a saddle point of the action functional under the mass constraint
for N = 3 and for cubic nonlinearity.
© 2018 Elsevier Inc. All rights reserved.

1. Introduction

In many realistic physical experiments involving wave propagation in thin waveguides, multi-
dimensional models can be reduced approximately to the one-dimensional PDEs on graphs [9,
15,16,23]. Similarly, quantum nanowires and other thin structures in nanotechnology can be de-
scribed by the one-dimensional Schrodinger equation on graphs [18].

Spectral properties of Laplacian and other linear operators on graphs have been intensively
studied in the past twenty years [10,14]. The time evolution of linear PDEs on graphs is well
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defined by the standard semi-group theory, once a self-adjoint extension of the graph Laplacian
is constructed. On the other hand, the time evolution of nonlinear PDEs on graphs is a more
challenging problem involving interplay between nonlinear analysis, geometry, and the spec-
tral theory of non-self-adjoint operators. The nonlinear PDEs on graphs, mostly the nonlinear
Schrodinger equation (NLS), has been studied in the past five years in the context of existence,
stability, and propagation of solitary waves [25].

In a series of papers [1-5], Adami, Cacciapuoti, Finco, and Noja analyzed variational prop-
erties of stationary states on a star graph, which is the union of N half-lines (edges) connected
at a single vertex. For the standard Kirchhoff boundary conditions at the vertex and for odd N,
there is only one stationary state of the NLS on the star graph. This state is represented by
the half-solitons along each edge glued by their unique maxima at the vertex. By using a one-
parameter deformation of the NLS energy constrained by the fixed mass, it was shown that the
half-soliton state is a saddle point of the constrained NLS energy [2]. On the other hand, by
adding a focusing delta impurity to the vertex, it was proven that there exists a global minimizer
of the constrained NLS energy for a sufficiently small mass below the critical mass [1,3,4]. This
minimizer coincides with the N-tail state symmetric under exchange of edges, which has mono-
tonically decaying tails and which becomes the half-soliton state if the delta impurity vanishes.
In the concluding paper [5], it was proven that although the constrained minimization problem
admits no global minimizers for a sufficiently large mass above the critical mass, the N-tail state
symmetric under exchange of edges is still a local minimizer of the constrained NLS energy on
a star graph when a focusing delta impurity is added on the vertex.

Due to local minimization property, the N-tail state symmetric under exchange of edges is
orbitally stable in the time evolution of the NLS in the presence of the focusing delta impurity.
Although the second variation of the constrained energy was mentioned in the first work [1],
the authors obtained all the variational results in [3-5] from the energy formulation avoiding
the linearization procedure. In the same way, the saddle point geometry of energy at the half-
soliton state in the case of vanishing delta impurity was not related in [2] to the instability of the
half-soliton state in the time evolution of the NLS. It is quite well known that the saddle point
geometry does not necessarily imply instability of stationary states in Hamiltonian systems. In
the linearized Hamiltonian systems, eigenvalues of the negative energy may be accounted in the
neutrally stable modes that are bounded for all times [21]. Nonlinear instability of such states
may still appear in the nonlinear Hamiltonian systems due to resonant coupling between neu-
rally stable modes of negative energy and the continuous spectrum [22], however, this coupling
can be avoided in some Hamiltonian systems [13].

The recent works of Adami, Serra, and Tilli [6,7] were devoted to the existence of ground
states on the unbounded graphs that are connected to infinity after removal of any edge. It was
proven that if the infimum of the constrained NLS energy on the unbounded graph coincides with
the infimum of the constrained NLS energy on the infinite line, then it is not achieved (that is,
no ground state exists) for every such a graph with the exception of graphs isometric to the real
line [6]. The reason why the infimum is not achieved is a possibility to minimize the constrained
NLS energy by a family of NLS solitary waves escaping to infinity along one edge of the graph.
The star graph with vanishing delta impurity is an example of the unbounded graphs with no
ground states, moreover, the constrained NLS energy of the half-soliton state is strictly greater
than its infimum. Thus, the study in [6] provides a general argument of the computations in [2],
where it is shown that the one-parameter deformation of the half-soliton state with the fixed mass
reduces the NLS energy and connects the half-soliton state with the solitary wave escaping along
one edge of the star graph.
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Further works on existence and stability of stationary states on the unbounded graphs have
been developed in the context of the logarithmic NLS equation [8], the power NLS equation
with 8’ interactions [28], the power NLS equation on the tadpole graph [26], and the cubic NLS
equation on the periodic graph [17,30].

In the present work, we provide a dynamical characterization of the result in [2] for the NLS
with the power nonlinearity and in the case of an arbitrary star graph. By using dynamical system
methods (in particular, normal forms), we will verify that the half-soliton state is the saddle point
of the constrained NLS energy on the star graph and moreover it is dynamically unstable due to
the slow growth of perturbations. This nonlinear instability is likely to result in the destruction
of the half-soliton state pinned to the vertex and the formation of a solitary wave escaping to
infinity along one edge of the star graph.

Since the degenerate saddle points with positive second variation are rarely met in applications
of the NLS equations, it is the first time to the best of our knowledge when the energy method is
adopted to the proof of the nonlinear instability of the spectrally stable stationary states.

The paper is organized as follows. Section 2 states the main results for the NLS equation on
the star graph. Positivity of the second variation of the action functional is proven in Section 3.
Saddle point geometry near the half-soliton state is proven with normal forms in Section 4.
Dynamical characterization of the nonlinear instability of the half-soliton state is developed with
normal forms and energy estimates in Section 5.

2. Main results
Let I be a star graph, which is constructed by attaching N half-lines at a common vertex. Let
us choose the vertex as the origin and parameterize each edge of I' by RT. The Hilbert space on
the graph I is given by
LX) =@ L*(RY).
Elements in L2(T") are represented as vectors ¥ = (Y1, Yo, ..., WN)T of L2(RT)-functions with

each component corresponding to one edge. The squared norm of such L?(I")-functions is given
by

N
2 . 2
W12 == DI 17 2 ey
j=1

Similarly, we define the L2-based Sobolev spaces on the graph I’
HYM) =Y H*RY), keN

and equip them with suitable boundary conditions at the vertex. For the weak formulation of the
NLS on I', we define Hrl by using the continuity boundary conditions as in

Hp:={(WeH'(D): ¢1(0)=120)=--=yn(0)}, 2.1)

whereas for the strong formulation of the NLS on I, we define H% by using the Kirchhoff bound-
ary conditions as in
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N
HE = WeHXD): y1(0)=y0)=-=yyO0). Y ¥jO=0r. @22
j=1

The dual space to Hll is Hlf1 = H (D).
We consider the NLS equation on the star graph I" with the power nonlinearity in the normal-
ized form,

oW 5
i% =AY = (p+ DIV, 2.3)
where p >0, W =W(r,x), AV = (Y, ¥), ..., ;\/,)T is the Laplacian operator defined in the

componentwise sense with primes denoting derivatives in x, and the nonlinear term |W|>PW is
interpreted as a symbol for (|1 221, [¥2|2P 2, ..., [ 2P ya)T.

In the weak formulation, stationary states of the NLS are defined as critical points of the action
functional A, (V) := E(¥) + 0 Q (W) in the energy space H ! where w € R is a free parameter,
whereas

2p+2
EW) = W17 = 1WA S0y Q) =172, (2.4)
are the energy and mass functionals, respectively. The local well-posedness of the NLS evolution
in Hll follows by a standard contraction method. The energy E (W) and mass Q (W) are constants
of motion in the time evolution of the NLS flow in Hrl. See Propositions 2.1 and 2.2 in [4].

Remark 2.1. The local solutions of the NLS in Hll are extended globally in time by the energy
conservation and Gagliardo—Nirenberg inequality for the L2-subcritical power nonlinearity with
p € (0,2). On the other hand, local solutions to the NLS are known to blow up in a finite time in
the H'(I") norm for p = 2 (critical nonlinearity) and p > 2 (supercritical nonlinearity).

In the strong formulation, stationary states of the NLS are given by the standing wave solutions
of the form

U(t, x) = d,(x), D, HE,
where (w, ®,,) are real-valued solutions of the stationary NLS equation,
—AD, — (p+ )| ®y| Dy = —00P,, P, € Hf. 2.5)
Remark 2.2. The weak and strong formulations of the stationary states of the NLS on I' are
equivalent to each other because the Kirchhoff conditions in ng are natural boundary conditions
for critical points of A, in Hll.
No solution &, € le to the stationary NLS equation (2.5) exists for @ <0, because
o(—A)>0in L*T) and ®,(x), @ (x) > 0asx — oo if d, € ng by Sobolev’s embedding

theorems. Therefore, we consider @ > 0 in the stationary NLS equation (2.5). Since I" consists
of edges with the parametrization on R™, the scaling transformation
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D) =T D), z=wix (2.6)

can be used to scale the positive parameter o to unity. The normalized profile ® is now a solution
of the stationary NLS equation

AP+ D — (p+1)|®PO=0, e HE (2.7)

The stationary NLS equation (2.7) has a particular solution
1 1
Px)=0¢px)| . with ¢ (x) =sech? (px). (2.8)

This solution is labeled as the half-soliton state. If N is odd, the half-soliton state is a unique
solution to the stationary NLS equation (2.7) in ng, whereas if N is even, there exist additional
solutions with the translational parameters. See Theorem 5 in [4]. These solutions with the trans-
lational parameters are labeled as the shifted states and studied in our companion paper [20]. In
what follows, we only consider the half-soliton state for any N > 3.

Our main results are given as follows. Thanks to the scaling transformation, we set @ = 1 and
use notations A and ® for A,—; and O —;.

Theorem 2.3. Let A" (®) be the Hessian operator for the second variation of A(W) at ¥ = @ in
Hll. For every p € (0,2), it is true that (A" (®)V, V) 2y > 0 for every V € Hll N L2, where

L2i={verXry: (v, ) =0}, (2.9)

Moreover, (A" (®)V, V) =0ifand only if V € Hll N Lg belongs to a (N — 1)-dimensional
subspace X, := span{U(l), U, . . ., U(N_l)} C L%, where the orthogonal vectors are con-

structed by induction in Remark 3.7 below. Consequently, V = 0 is a degenerate minimizer of
(A" (®)V, V) 2(py in HL N L2

Remark 2.4.1f p =2, then (A"(®)V, V) 2 = 0 if and only if V € H. N L2 belongs to a
N-dimensional subspace of L% with an additional degeneracy. For p > 2, the second variation is
not positive in Hll NL2.

Theorem 2.5. Let X. = span{UD, U@, ..., UN=DY c L2 be defined as in Theorem 2.3. For
every p € [%, 2), there exists 6 > 0 such that for every c = (c1, 2, .. ., CN_1)T e RN-! satisfying
llcll <8, there exists a unique minimizer of the variational problem

M(c):= inf [A(Cb—i-clU(l) +aU? 4 ey UND Lyt —A(cb)]
UteHINL2N[X L

(2.10)
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such that ||UJ‘||H1(F) < A|lc|? for a c-independent constant A > 0. Moreover, M(c) is sign-

indefinite in c. Consequently, ® is a saddle point of A in Hll with respect to perturbations in
HINL?
r c*

Remark 2.6. The restriction p > % is used in order to expand A (P + U) up to the cubic terms
with respect to the perturbation U € Hll ) Lg and then to pass to normal forms. If p =2, ® is
still a nonlinear saddle point of A in Hll N L% but the proof needs to be modified by the fact
that X, is N-dimensional. If p > 2, it follows already from the second derivative test that ® is a
saddle point of A in H! N L2.

Theorem 2.7. For every p € [%, 2), there exists € > 0 such that for every § > O (sufficiently
small) there exists V € Hll with ”V”Hrl < 8 such that the unique global solution ¥(t) €

CR, H)NC' (R, H: ") 1o the NLS equation (2.3) starting with the initial datum W(0) = & +V
satisfies

inf [le™"W(t) — @l 1) > € for some fo > 0. (2.11)
feR

Consequently, the orbit {®e'?}ocr is unstable in the time evolution of the NLS equation (2.3) in
HY.
r

Remark 2.8. If p = 2, the instability claim of Theorem 2.7 follows from the same analysis as
the one applied to the NLS equation on the real line [11,27]. If p > 2, the instability claim of
Theorem 2.7 follows from the standard approach [19].

Theorems 2.3, 2.5, 2.7 are proven in Sections 3, 4, and 5, respectively.
3. Proof of Theorem 2.3

We set w = 1 by the scaling transformation (2.6) and consider the half-soliton state ® given
by (2.8). Substituting ¥ = & 4+ U + i W with real-valued U, W € Hll into the action functional
A(W) = E(¥) 4+ O(¥) and expanding in U, W yield

A@+U +iW) = A@) + (LU, U)oy + (LW, W) oy + NWU. W), (D)

where
(LU, U)oy ::/[(VU)2+U2—(2p+1)(p+1)<1>2pU2] dx,
r
(LW, W) ::/[(VW)2+ W2 —(p+ 1)c1>2PW2] dx,
r
and
RN 1
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In the strong formulation, we can also define the two Hessian operators

Ly=—A+1-Qp+1)(p+1Hd* : HE C LX) — LX(I), (3.2)
Lo=—A+1—(p+1)d*>": HZ C L*(I) — L*(I), (3.3)
where ®2P = (¢>12p R qb;p e ¢]2Vp )T. Both operators are extended as the self-adjoint operators

in L2(I"). The spectrum o (L+) C R consists of the continuous and discrete parts denoted by
oc(L+) and o), (L+) respectively.

By Weyl’s Theorem, since ®27 is bounded and decays exponentially fast to zero at infinity,
we have o.(L+) =0 (—A + 1) =[1, 00). Therefore, we are only concerned with the eigenvalues
of 0p(L4) in (—o0, 1). The following result shows that o,(L_) >0, 0 € 0,(L_) is simple, and
L_ is coercive in the subspace L% associated with a single constraint in (2.9).

Lemma 3.1. There exists C > 0 such that

(LW, W) 2y = C] W||§11(1_) forevery W € HL N L2, (3.4)
where LZ is given by (2.9).
Proof. By using (2.8), we write for every W = (wi, wa, ..., wy)? € H},
N T 2
(LW, W) = Z/ [(—) —i—wjz-—(p—i-l)d)z}’wﬂdx. (3.5)
i=ly

By using ¢” = ¢ — (p + )¢ T, (¢')? = ¢ — $?P+2, and integration by parts, we obtain

400 400 p )
/pw?d)z”dx:/ijﬂgdx
x

0 0

and

+o00 ¢/ b
/(wf o> w? )dx_ / w? <$> dx,
0

0

so that the representation (3.5) is formally equivalent to

N T

(LW, W) 2 = Z/q&z’%(%)‘zdxz& (3.6)

j=1y

Since ¢ (x) > 0 for every x € R* and 9, log¢ € L (R), the representation (3.6) is justified for
every W € H}. It follows from (3.6) that (L_W, W) 2 = 0 if and only if W € H}} satisfies
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i (&) =0 almost everywhere and for every j. 3.7
dx \ ¢

Sobolev’s embedding of H!(RT) into C(R™) and equation (3.7) imply that w; = c ;¢ for some
constant c;. The continuity boundary conditions in the definition of Hll in (2.1) then yield ¢; =
¢y = --- = cpy, which means that 0 is a simple eigenvalue of the operator L_ in (3.3) with the
eigenvector ®. Since eigenvalues of o, (L_) € (—00, 1) are isolated, the coercivity bound (3.4)
follows by the spectral theorem and Gérding inequality. [

In order to study o, (Ly) in (—o0, 1), we review the construction of exponentially decaying
solutions of the second-order differential equation

—u'(xX)+u@x)—QCp+D(p+1) sechz(px)u(x) =Au(x), xe€(0,00), A<l (3.8)
The following two lemmas recall some well-known results on the Schrodinger equation (3.8).

Lemma 3.2. For every A < 1, there exists a unique solution u € C'(R") to equation (3.8) such
that

lim u(x)eY' ™ =1. (3.9)

X—>+00

The other linearly independent solution to equation (3.8) diverges as x — +00.

Proof. See, e.g., Lemma 5.2 in [26]. The existence of a unique decaying solution as x — +00
is obtained after the boundary-value problem (3.8)—(3.9) is reformulated as the Volterra’s inte-
gral equation with a bounded kernel. The other linearly independent solution to the second-order
equation (3.8) diverges as x — 400 thanks to the x-independent and nonzero Wronskian deter-
minant between the two solutions. O

Lemma 3.3. If u(0) = 0 (resp. u’(0) = 0) for some Aoy < 1, the solution u of Lemma 3.2 is
extended into an odd (resp. even) eigenfunction of the Schrodinger equation (3.8) on the infinite
line. The point Ly becomes the eigenvalue of the associated Schrodinger operator defined in
L?(R). There exists exactly one Ao < 0 corresponding to u'(0) = 0 and a simple eigenvalue
Ao = 0 corresponding to u(0) = 0, all other such points Lg in (0, 1) are bounded away from zero.

Proof. The solution # in Lemma 3.2 is extended to an eigenfunction of the associated
Schrédinger operator defined in L?(R) by the reversibility of the Schrodinger equation (3.8)
with respect to the transformation x — —x. The count of eigenvalues follows by Sturm’s nodal
theorem since the odd eigenfunction for the eigenvalue Ag =0,

¢'(x) = — sech? (px) tanh(px)

has one zero on the infinite line. Hence, Ao = 0 is the second eigenvalue of the associated
Schrodinger equation with exactly one simple negative eigenvalue Ag < O that corresponds to
an even eigenfunction. All other eigenvalues in (0, 1) are bounded away from zero. O
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Remark 3.4. For p = 1, the solution # in Lemma 3.2 is available in the closed analytic form:

—JT=rx 3 — A +3+/1 — Atanhx —3sech? x
3—A+3/T—2 '

In this case, the eigenvalues and eigenfunctions in Lemma 3.3 are given by

ux)=e

1 2
A=-3: u(x):Zsech X,
1
A=0: ulx)= Etanhxsechx.

No other eigenvalues of the associated Schrodinger operator on L?(R) exist in (—oo0, 1).

By using Lemmas 3.2 and 3.3, we can now characterize o, (L) in (—00, 1). The follow-
ing result shows that o, (L) includes a simple negative eigenvalue and a zero eigenvalue of
multiplicity N — 1.

Lemma 3.5. Let u be a solution of Lemma 3.2 for A € (—00, 1). Then, Ly € (—00, 1) is an eigen-
value of o, (L) if and only if either u(0) =0 or u’(0) = 0 (both u(0) and u’'(0) cannot vanish
simultaneously). Moreover, Ay in 0, (L ) has multiplicity N — 1 if u(0) = 0 and multiplicity 1 if
u'(0) =0.

Proof. Let A € (—o0, 1) be an eigenvalue of o,(L4) and denote the eigenvector by U € ng.
Since U(x) and U’(x) decay to zero as x — 400, by Sobolev’s embedding of H*R1) to the
space C!'(RY), we can parameterize U € ng by using # from Lemma 3.2 as follows

c1
1e)

Ux)=u@) . |,
e

where (c1, c2, ..., cy) are some coefficients. By using the boundary conditions in the definition
of ng in (2.2), we obtain a homogeneous linear system on the coefficients:

ciu(0) = cou(0) = --- =cyu(0), c1u' )+ cou’(0) +--- +cyu’(0) =0. (3.10)

The determinant of the associated matrix is

1 -1 0 ... 0
1 0 -1 ... 0

A=uON ol 0 0 . 0 N0V 0). (3.11)
R

Therefore, U # 0 is an eigenvector for an eigenvalue Ag € (—oo, 1) if and only if A =0, which
is only possible in (3.11) if either u(0) = 0 or u’(0) = 0. Moreover, multiplicity of #(0) and u’(0)
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in A coincides with the multiplicity of the eigenvalue Ag because it gives the number of linearly
independent solutions of the homogeneous linear system (3.10). The assertion of the lemma is
proven. 0O

Corollary 3.6. There exists exactly one simple negative eigenvalue Ay < 0 in 0,(L4) and a zero
eigenvalue Ao =0 in o, (L) of multiplicity N — 1, all other possible eigenvalues of o,,(Ly) in
(0, 1) are bounded away from zero.

Proof. The result follows from Lemmas 3.3 and 3.5. O

Remark 3.7. For the simple eigenvalue A9 < 0 in 0,(L 1), the corresponding eigenvector is

1
U=ux)| .|,
1
where u(x) > 0 for every x € R with 1’ (0) = 0. For the eigenvalue Ao = 0 of multiplicity N — 1
in o), (L), the invariant subspace of L can be spanned by an orthogonal basis of eigenvectors

(D, @, .. UN=D} The orthogonal basis of eigenvectors can be constructed by induction
as follows:
1 1
N=3: UD=¢'x)|-1], UP=¢')| 1 |,
0 -2
1 1 1
N=4: UD=¢x) _01 ., UP =¢'(x) _12 U =o' (x) i ,
0 0 =3

and so on.

The following result shows that the operator L is positive in the subspace LZ associated
with a scalar constraint in (2.9), provided the nonlinearity power p is in (0, 2), and coercive on a
subspace of Lg orthogonal to ker(L ).

Lemma 3.8. For every p € (0,2), (L+U,U) 2y = 0 for every U € Hll N Lg, where Lg is
given by (2.9). Moreover (Ly+U,U) >y =0 if and only if U € Hll N Lg belongs to the
(N — 1)-dimensional subspace X. = span{U(l), U@, ..., UN-Dy ¢ Lg in the kernel of L.
Consequently, there exists Cp, > 0 such that

(L+U, UYp2qy = CpllUII3, forevery U € HE N L2N[X.]*. (3.12)

@)

Proof. Since o.(L1) =0(—A + 1) =[1, 00) by Weyl’s Theorem, the eigenvalues of o, (L)
at A9 < 0 and A = 0 given by Corollary 3.6 are isolated. Since (U, @) 2y = 0 for every
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1<k<N -1, L:LlCI) exists in L2(I") and is in fact given by L;lQD = —0ypPylw=1 up to an
addition of an arbitrary element in ker(L ;). By the well-known result (see Theorem 3.3 in [19]),
Ly| L2 (that is, L restricted on subspace Lg) is nonnegative if and only if

1d

02 (L3 @, @) 12y = — {80 Polo=t, D)2y = =5 =1 Polf)| - (3.13)
w=1

Moreover, ker(L | L%) =ker(Ly) if (Ljr1 @, ®);2 ) # 0. By the direct computation, we obtain

o0
1_1
”chHiZ(F):pr 2/¢(Z)2dz
0

so that

o0

d 1 1 1_3

— Pl =N === )0? 2 [ ¢(2)%dz, (3.14)

dw LA(D) » 2
0

so that L+|L§ >0if p € (0,2] and ker(L+|Lg) =ker(Ly) if p € (0, 2). This argument gives the
first two assertions of the lemma. The coercivity bound (3.12) follows from the spectral theorem
in L% and Garding inequality. O

Proof of Theorem 2.3. It follows from the expansion (3.1) that
1
§<A//(<D)V, V)LZ(F) = (L+U, U)LZ(F) + <L7W, W>L2(F) Wlth V = U + lW,

where U, W € HF1 are real-valued. The result of Theorem 2.3 follows by Lemmas 3.1
and 3.8. O

4. Proof of Theorem 2.5

To prove Theorem 2.5, it is sufficient to work with real-valued perturbations U € Hll N L% to
the critical point ® € Hll of the action functional A. Assuming p > %, we substitute W = @ 4 U
with real-valued U € HF1 into A (W) and expand in U to obtain

2
A@+U) =A@ +(L+U, U)oy = 3p(p+ D2+ (@ U2, U) 2y + S(U), (4.1)
where

O(”U”:;_]l(r))’ [7 € (%7 1) )

OUUIG ). P21

SWU) =
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Compared to the expansion (3.1), we have set W = 0 and have expanded the cubic term explicitly,
under the additional assumption p > % In what follows, we inspect convexity of A(® + U) with
respect to the small perturbation U € Hll N L%.

The quadratic form (L4 U, U) 2 (r is associated with the same operator L given by (3.2). By
Lemma 3.8, ker(L 1) = X. =span{U D U@ ... UN=D} for every p > 0, where the orthog-
onal vectors {U Oy, . uWN _1)} are constructed inductively in Remark 3.7. Furthermore,
by Lemma 3.8, if U € Hll N L?, that is, if U satisfies (U, CD>L2(1") = 0, then the quadratic form

(L+U, U) 2y is positive for p € (0, 2), whereas if U € HF1 N LZ N [Xc]t, the quadratic form is
coercive. Hence, we use the orthogonal decomposition for U € H! N L2:

U= UV +cU®+- + ey uV=D 4 U, 42)

where U+ € Hll N Lg N [X.]* satisfies (UL, U(j))Lz(r) = 0 for every j and the coefficients
(c1,c¢2,-..,cn—1) are found uniquely by

(u, U(j))L2(F)

¢j=—"—5—>, forevery j.
“ U(j) ”i2(r)
The following result shows how to define a unique mapping from ¢ = (c1,c2,...,cn—1) €

RVN-lto Ut e Hll N Lg N[X]+ for small c.

Lemma 4.1. For every p € [%, 2), there exists 8 > 0 and A > 0 such that for every ¢ € RN ™!
satisfying ||c|| < 8, there exists a unique minimizer U+ € H]l N L% N [X:1*E of the variational
problem

inf [A(CD +a UV +0UP 4 ey UND 4 Uty - A(CD)] . 43
UteHNLIN[X 1+

satisfying

U g1y < Allell®. 44
Proof. First, we find the critical point of A(® + U) with respect to U Le Hll N L% NIX ]+
for a given small ¢ € R¥~!. Therefore, we set up the Euler—Lagrange equation in the form

F(U*, ¢) =0, where

FUY,e): X xRV sy, X:=HINLIN[X]H, Y:=H'nL2n[XJt &5)

is given explicitly by
N—1 2
FWU*'. 0):=LU" = p(p+ D)2p+ DI* | Y ;0P Ut
j=1

N—-1
TR c;uP+Ut|,
j=1
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where 1, : L2(T") —~ L% N[X]* is the orthogonal projection operator and R(U) satisfies

o(lU]2 ) pe(d),

Operator function F satisfies the conditions of the implicit function theorem:

Hl(r') le

() FisaC?mapfrom X x RV "lto v;
(i) F(0,0)=0
(iii) Dy F(0,0) =TII.L4+I1. : X — Y is invertible with a bounded inverse from Y to X.

By the implicit function theorem (see Theorem 4.E in [32]), there are r > 0 and § > O such that
for each ¢ € RV~ with ||c|| < § there exists a unique solution U L e X of the operator equation
F(U™, ) =0with [UL | 1) < r such that the map

RN-lsc5Ut)ex (4.6)

is C% near ¢ = 0 and U+(0) = 0. Since Dy1F(0,0) =TI.LyI1. : X — Y is strictly positive,
the associated quadratic form is coercive according to the bound (3.12), hence the critical point
Ut=Ut@)isa unique infimum of the variational problem (4.3) near ¢ = 0.

It remains to prove the bound (4.4). To show this, we note that

2

N—1 N-—1
FO.0)=-p(p+DQ2p+ DI [ Y ;| —T R[> c;uP
j=1 j=1

satisfies || F (0, o)l Ly < Allc|? for a c-independent constant A > 0. Since F is a C? map from
X x R¥=!to Y and D.F(0,0) =0, we have D.UL(0) = 0, so that the C? map (4.6) satisfies
the bound (4.4). O

Proof of Theorem 2.5. Let us denote
M(c) = inf [A(q>+c1U<” 4 UD 4 gy, uN-D Lyl —A((D)],
UteHINL2N[X ]+
4.7)

where the infimum is achieved by Lemma 4.1 for sufficiently small ¢ € RN=!. Thanks to the
representation (4.1) and the bound (4.4), we obtain M (c) = My(c) + M (c), where

N—1IN—-1N-1
2
Mo (c) :=—§p(p+l)(2p+1) cicjc(@PUOUD, u®)y 5 1 (4.8)
i=1 1 k=1

2

~.
I
~

and

o(llel®), pe(3.1),

M@Z{mwm,sz
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In order to show that My(c) is sign-indefinite near ¢ = 0, it is sufficient to show that at least one
diagonal cubic coefficient in Mo(c) is nonzero. Since

+00 +00
2p+2
2p=1 ’3dx=—/sech7 x) tanh® xdx:—*,
|G (o) k(s = =5 b
0 0
we obtain
@ IYDYD, gDy ey = = PE=D o 4.9)
’ FO™o2p+nep+n 7 177 '
where the algorithmic construction of the orthogonal vectors {U Oy, W _1)} in
Remark 3.7 has been used. Since the diagonal coefficients in front of the cubic terms
cg, cg, e, ci,f] in My(c) are nonzero, Mo(c) and hence M (c) is sign-indefinite near c =0. O

Remark 4.2. We give explicit expressions for the function My(c):

N=3: Myl)= 2p2(c]2 — c%)cz,
N=4: Myl)= 2p2(c%cz + C%C3 — c% + 30303 — 4c§),

and so on. Note that the diagonal coefficients in front of cg and cg’ are nonzero, in agreement
with (4.8) and (4.9).

5. Proof of Theorem 2.7

The half-soliton state ® is a degenerate saddle point of the constrained action functional A.
We develop the proof of nonlinear instability of ® by using the energy method. The steps in the
proof of Theorem 2.7 are as follows.

First, we use the gauge symmetry and project a unique global solution to the NLS equation
(2.3) with p € (0,2) in Hll to the modulated stationary states {¢'? D}, With  near wy =1
and the symplectically orthogonal remainder term V. Second, we project the remainder term V
into the 2(N — 1)-dimensional subspace associated with the (N — 1)-dimensional subspace X,
defined in Theorem 2.3 and the symplectically orthogonal complement V. Third, we define a
truncated Hamiltonian system of (N — 1) degrees of freedom for the coefficients of the projection
on X.. Fourth, we use the energy conservation to control globally the time evolution of w and
V1L in terms of the initial conditions and the reduced energy for the finite-dimensional Hamilto-
nian system. Finally, we transfer the instability of the zero equilibrium in the finite-dimensional
system to the instability result (2.11) for the NLS equation (2.3).

5.1. Step 1: Modulated stationary states and a symplectically orthogonal remainder
We start with the standard result, which holds if (®,,, d,P,,) L2() #0.
Lemma 5.1. For every p € (0, 2), there exists 8o > O such that for every WV € Hll satisfying

§:=inf |e W — @ < 80, 5.1
inf fle Ity < o (.1
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there exists a unique choice for real-valued (0, w) and real-valued U, W € Hll in the orthogonal
decomposition

U=e[0y,+U+iW], (U, )2 =(W,0.Pu) 2y =0, (5.2)
satisfying the estimate
lo =11+ U +iW| g1 < C8, (5.3)
for some positive constant C > 0.

Proof. Let us define the following vector function G(0, w; ¥) : R? x H}! - R? given by
u | (Re(€0W =), @u) 2,
6000 ooy B0 200y |

the zeros of which represent the orthogonal constraints in (5.2).

Let 6y be the argument in infyegr le 0w — <I>||H1(r) for a given W € Hll satisfying (5.1).
Since the map R> w +— P, € LZ(F) is smooth, the vector function G is a C* map from R2 x
HF1 to R2. Thanks to the bound (5.1), there exists a 8-independent constant C > 0 such that
|G (6o, 1; W)| < C4. Also we obtain

0 (@, awq>w|w=1>L2(I‘)
D oG (6, 1; ) = —
0. G (60 ) |:(<D7 90 Polw=1)r2(r) 0
+[ <1m(_e—i90xy— @), D)2 (Re(e™ W — @), 3, q>w|w_ mm}
—(Re(e™"0W — @), 0, Pplo=1)r2) (IM(e™0W — D), 02Dy |w=1)2(r)

where (P, 00 Polw=1)12(r) # 0 if p € (0,2) and the second matrix is bounded by C§ with a
S-independent constant C > 0. Because the first matrix is invertible if p € (0,2) and § is small,
we conclude that there is 8y > 0 such that D, ,)G (o, 1; ¥) : R? — R? is invertible with the
O(1) bound on the inverse matrix for every § € (0, §p). By the local inverse mapping theorem (see
Theorem 4.F in [32]), for any W € Hll satisfying (5.1), there exists a unique solution (0, w) € R2
of the vector equation G (0, w; ¥) = 0 such that |6 — 6y| + |w — 1| < Cé with a -independent
constant C > (. Thus, the bound (5.3) is satisfied for w.

By using the definition of (U, W) in the decomposition (5.2) and the triangle inequality for
(6, w) near (b, 1), it is then straightforward to show that (U, W) are uniquely defined in Hll and
satisfy the bounds in (5.3). O

By global well-posedness theory, see Remark 2.1, if Wy € Hll, then there exists a unique

solution W(r) € C(R, H{) N C'(R, H: ') to the NLS equation (2.3) with p € (0,2) such that
W(0) = Wy. For every 6 > 0 (sufficiently small), we set

Vo=®+Up+iWo, |[[Uo+iWollgi) =<8, (5.4)

such that
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(UO, <D>L2(r) = Oa (WOv aa)q)w|w=l>L2(r) =0. (5-5)
Thus, in the initial decomposition (5.2), we choose 6p =0 and wg =1 atr = 0.
Remark 5.2. Compared to the statement of Theorem 2.7, the initial datum V := W (0) — & =
Up+iWy e HF1 is required to satisfy the constraints (5.5). A more general unstable solution can

be constructed by choosing different initial values for (6y, wg) in the decomposition (5.2).

Let us assume that W(¢) satisfies a priori bound
inf le W) — ® <e, tel0,1], 5.6
inf e W@ ~ @iy <€ 1€0.10] (5.6)

for some 7y > 0 and € > 0. This assumption is true at least for small 7y > O by the continuity of
the global solution W(¢). Fix € = §p defined by Lemma 5.1. As long as a priori assumption (5.6)
is satisfied, Lemma 5.1 yields that the unique solution W(¢) to the NLS equation (2.3) can be
represented as

W(r) =0 [Dy,) + U@ +iWD)], (5.7)

with
(U ©), Dot 120y = (W), 80 Polomot) 120y = 0. (5.8)
Since ¥(¢) € C(R, Hll) N CH(R, Hlfl) and the map R>sw+— o, € HF1 is smooth, we obtain
O(1), w(t)) € CH(0, 191, R?), hence U (t), W(t) € C([0, to], Hll) N C([0, n1, Hr_l). The proof
of Theorem 2.7 is achieved if we can show that there exists 7y > 0 such that the bound (5.6) is

true for ¢ € [0, 1y] but fails as ¢ > 1.
Substituting (5.7) into the NLS equation (2.3) yields the time evolution system for the remain-

der terms:
d (U _ 0 L_(w)\ (U : W
E(W)‘(—mw) 0 )(W)“Q_“’)(—(%w))
. 0, Py —Ry
()
where Ly (@)= —-A+w—Q2p+D)(p+ DHOF, L_(w)=—A+w— (p+ 1)d, and

Ro=(p+D[(@+0)?+ W) — a2 ]w, (5.10)
Ry =(p+1) [((% YUY+ W2>p (@4 +U) — OX (B +U) — 2pCI>3f’U] . (511

By using the orthogonality conditions (5.8) in the decomposition (5.7), we obtain from system
(5.9) the modulation equations for parameters (6, w):
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( (@, W>L2(r) —(00Pw, P — U>L2(r)> (9 - CU) — ( (Po. RU>L2(r) )
(00Puws Po+ U)oy —(05%Pw, W) 21 ) (80 Pow, Rw) 2y )

(5.12)

The modulation equations (5.12) and the time-evolution system (5.9) have been studied in
many contexts involving dynamics of solitary waves [12,24,29,31]. In the context of orbital in-
stability of the half-soliton states, we are able to avoid detailed analysis of system (5.9) and (5.12)
by using conservation of the energy E and mass Q defined by (2.4). The following result provide
some estimates on the derivatives of the modulation parameters 6 and w.

Lemma 5.3. Assume that w e Rand U, W € Hll satisfy
lo =1+ IIU+iWlgiqr) <€ (5.13)

for sufficiently small € > 0. For every p € [%, 2), there exists an e€-independent constant A > 0
such that

6 —ow| <A (||U||§,lm + ||W||i,lm) ol S AU oy IW gy (5.14)

Proof. If (®,,, 0,P,) L2(T) # 0 for p # 2 and under assumption (5.13), the coefficient matrix
of system (5.12) is invertible with the O(1) bound on the inverse matrix for sufficiently small
€ > 0. For every p > %, the Taylor expansion of the nonlinear functions Ry and Ry in (5.10)
and (5.11) yield

Ry =2p(p+ 1H®>P~'UW + Ry (5.15)
and
Rw = p(p + D)@2r! [(217 F U+ Wz] + Ry, (5.16)
where Ry and Ry satisfies
. . o(lU +iW|3, ). pe(3.1).
lRull gy + 1Rwll g1y = L HD
o O oWU +iWig,p). P

The leading-order terms in (5.15)—(5.16) and the Banach algebra property of H!(I') yield the
bound (5.14). 0O

5.2. Step 2: Symplectic projections to the neutral modes

Let us recall the orthogonal basis of eigenvectors constructed algorithmically in Remark 3.7.
We denote the corresponding invariant subspace by X := span{U®D , U® . . UN=D} For
each vector U) with 1 < Jj < N — 1, we construct the generalized vector W) from solutions
of the linear system L_ W) = U/), which exists uniquely in L% thanks to the fact that U/ e Lg
in (2.9) and ker(L_) = span{®}. Let us denote the corresponding invariant subspace by X} :=
span{w® w® o wh=Dy
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Lemma 5.4. Basis vectors in X and X} are symplectically orthogonal in the sense
WD, wh) oy =0, j#k and (U, WD) 20 > 0. (5.17)
Moreover, basis vectors are also orthogonal to each other.

Proof. Let us represent U by
U () =¢'(x)ej,

1 .
where e; € RY is x-independent and ¢ (x) = sech? (px). Then W) can be represented by the
explicit expression

w x)= —%xq) (x)e;.

Since {ey, 3, ..., exy_1} are orthogonal by the construction, the set (W, W@ _  Ww¥N-D}ig
also orthogonal. Moreover, it is orthogonal to the set (UM, U® ..., UN=D} 1t follows from
the explicit computation

) ) 1
(WD WD) a0y = 21012, lles 12 (5.18)
that (U, W) 2y > 0 for each j. Thus, (5.17) is proved. O

Although the coercivity of Ly was only proved with respect to the bases in X, see
Lemma 3.8, the result can now be transferred to the symplectically dual basis.

Lemma 5.5. For every p € (0, 2), there exists Cp, > 0 such that

(LeU, U) 2y = CpllU 3, forevery U € H{ N LEN[X*]*. (5.19)

()
Proof. It follows from Lemma 3.8 that (LU, U) 2y = 0 for p € (0,2) if U € Hll N Lg. More-
over, (L4 U,U) 2y =0 if and only if U € X.. Thanks to the orthogonality and positivity of
diagonal terms in the symplectically dual bases in X. and X, see (5.17), the coercivity bound
(5.19) follows from the bound (3.12) by the standard variational principle. O

Similarly, the coercivity of L_ was proved with respect to the constraint in L%, see Lemma 3.1.
The following lemma transfers the result to the symplectically dual constraint.

Lemma 5.6. For every p € (0, 2), there exists Cp, > 0 such that

(LW, W) 2 = CIWIIZ, forevery W € H N (L2)*, (5.20)

@T)

where (L3)* = {W € L* (D) : (W, 3Pulo=1)12(r) = 0}.
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Proof. It follows from Lemma 3.1 that (L_W, W) 2y >0 if W € Hll. Moreover, (L_W,
W) 2@y = 0 if and only if W € span(®). Thanks to the positivity (9, Peplw=1, P)12(r) > 0 in
(3.13) and (3.14) for p € (0, 2), the coercivity bound (5.20) follows from the bound (3.4) by the
standard variational principle. O

Remark 5.7. By using the scaling transformation (2.6), we can continue the basis vectors for
w # 1. For notational convenience, w is added as a subscript if the expressions are continued
with respect to w.

Recall the symplectically orthogonal decomposition of the unique solution W(¢) to the NLS
equation (2.3) in the form (5.7)—(5.8). Let us further decompose the remainder terms U (¢) and
W (¢) in (5.7) over the orthogonal bases in X, and X, which are also symplectically orthogonal
to each other by Lemma 5.4. More precisely, since w(¢) changes we set

N-1 N-1
U =Y c;OUSL+UR0). W= bW + W@, (5.21)
j=1 j=1

and require

U = WO, UY) 2y =0, 1<j<N-1. (5.22)

w(t)
Since {( (E)j), Wzgk))LZ(r)}lsj,ksN—l is a positive diagonal matrix by the conditions (5.17), the
projections ¢ = (c1,¢2,...,en—1)T € RV"Vand b = (b1,ba, ..., by—1)T € RV~ in (5.21)
are uniquely determined by U and W and so are the remainder terms U~ and W-. Because
w(r) € C1([0, 101, R) and U(r), W (1) € C([0, 10, H{) N C'([0, 101, Hr "), we have ¢ (1), b(r) €
C1(10, 101, RN =1y and UL (1), W(r) € C([0, 101, HY) N C' ([0, 101, H ).

When the decomposition (5.21) is substituted to the time evolution problem (5.9), we obtain

dut A de; j ;
T > |:d—tj _bi] U =L_(@W* + @ —o)W
j=1
N—1 )
— | 9,P, + Z iU | =Ry (5.23)
j=l
and
awt Zab; :
——+ 3 d_tfwy =—Li(@U* — (6 — ) [®,+ U]
j=I
N-—1 ]
—@ Y bj)d,WS + Ry, (5.24)
j=1

where Ry and Ry are rewritten from (5.10) and (5.11) after U and W are expressed by (5.21).
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By using symplectically orthogonal projections (5.22), we obtain from (5.23) and (5.24) the

system of differential equations for the amplitudes (c;,b;) forevery 1 < j <N —1:

dc : db
(WP, U9 2y [— —b; } =R, (WP, UD) oy = = =R, (5.25)
where
. B N ]
RC(‘/) = d) <8 W j LZ(F) Z W(‘/) 3 U( ))LZ(F)
+ 6 — ) (WS, W) 2y — (WS, Rud 2y,

<awU(j)

w

L
WS —

N-1

Z b[ (U(E)/) N awWa(j)>L2(1‘*)

i=1

=@ —)US, U) 20y + (U, Rw) 12y,
and we have used the orthogonality conditions:
(UG @0) 2y = (W 0,P0) 2y =0, 1</ <N -1

The terms & and 6 — w can be expressed from the system (5.12), where U and W are again
expressed by (5.21).

5.3. Step 3: Truncated Hamiltonian system of (N — 1) degrees of freedom

The truncated Hamiltonian system of (N — 1) degrees of freedom follows from the formal
truncation of system (5.25) with w = 1 at the leading order:

Yi= ﬂj’
<W(j)vU(j))L2(F)Bj

N—1N-1 )
=p(p+1HQ2p+1) kzl Zl (@2 luOU™ UD) 20 vievn-
= n=

(5.26)

By using the function My(y) given by (4.8), we can write the truncated system (5.26) in the
Hamiltonian form

2WD,UD) 1y = 8, Ho(y, B),
0\ yw / (5.27)
AW U 12 Bj = =0y, Ho(y, B),
which is generated by the Hamiltonian
N—-1 . '
Ho(y, ) ==Y (WD UD) 2 7 + Mo(y). (5.28)

j=1
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The reduced Hamiltonian Hy arises naturally in the expansion of the action functional A. The fol-
lowing result implies nonlinear instability of the zero equilibrium point in the finite-dimensional
Hamiltonian system (5.27)—(5.28).

Lemma 5.8. There exists € > 0 such that for every § > 0 (sufficiently small), there is an ini-
tial point (y(0), B(0)) with ||y (0)]| + 1B80)|| < 8§ such that the unique solution of the finite-
dimensional system (5.26) satisfies ||y (to)|| > € for some ty = O 172,

Proof. We claim that y; = y» = --- = yy—> = 0 is an invariant reduction of system (5.26). In
order to show this, we compute coefficients of the function Mo(y ) in (4.8) that contains y; y; YN -1
for eitheri # N — 1 or j # N — 1 or both:

00
<q)2p71 U(i>U(j), U<N71)>L2(l“) = (e;, ej)/¢2pil(¢/)3dx
0

Since (e;,e;) = 0 for every i # j, the function My(y) depends on yy_; only in the terms

VEYN=1s V3VN=1s ---» Yi_o¥N—1, as well as y3_,. Therefore, y; =y, = =yy_2 =0 is
an invariant solution of the first (N — 2) equations of system (5.26). The last equation yields the
following second-order differential equation for yn_1:

(WD gW=D) v = pp+ D@p + (@ U DU D gDy g,
(5.29)

where the coefficient is nonzero thanks to (4.9) and (5.18). Since the zero equilibrium is unstable

in the scalar equation (5.29), it is then unstable in system (5.26). If y (1) = O(e) for ¢t € [0, 1o],

then eztg = O(e), hence the nonlinear instability develops at the time span [0, zp] with 7y =
OE 2. o

Remark 5.9. For N =3, we have My(y) =2 pz(yl2 — yzz)yz. Computing the normalization con-
ditions (5.18), we obtain the following finite-dimensional system of degree two:

||¢)”%12(R+>y] = —4172)/1 )/2,

. (5.30)
3161172 g, 72 = =207 (0 =3¥3)

For N =4, we have My(y) = 2p2(y12y2 + )/12)/3 — y23 + 3)/22)/3 — 4)/33). Computing the normal-
ization conditions (5.18), we obtain the following finite-dimensional system of degree three:

||¢||iz(R+)J71 =—4p*ri(n+w).
31152, 72 = —20° (v =373 + 61213, (5.31)
2 . 2,2 2 2
3ol o, 73 =—P"(vi +3ry — 12y3).
Remark 5.10. For N = 3, the zero point (y1, y2) = (0, 0) is the only equilibrium point of system

(5.30). For N = 4, the zero point (y1, y2, ¥3) = (0,0, 0) is located at the intersections of three
lines of equilibria of system (5.31): y;1 =0, y» = 2y3; 1 = 3y3, y» = —y3; and y1 = —3y3,
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y2 = —y3. The lines of equilibria correspond to the shifted states studied in our companion paper
[20] for every even N.

5.4. Step 4: Expansion of the action functional
Recall the action functional A (W) = E(¥) 4+ Q(W), for which @ is a critical point. By using

the scaling transformation (2.6), we continue the action functional for @ # 1 and define the
following function:

A(t) == E(@u@ + U@ +iW1) — E(@) + o) [Q(Puw + U@ +iW @) — Q(P)].
(5.32)

As long as a priori bound (5.6) is satisfied, one can expand A by using the primary decomposition
(5.7) as follows:

A= D)+ (Ly(@U, Uy +{L_(@W, W) 2y + No(U, W), (5.33)
where the dependence of all quantities on ¢ is ignored, D(w) is defined by

D(w) = E(®,) — E(®) + 0 [Q(Pn) — Q(P)],

and
o(lU+iW|2, ). pe(0.),
Ny (U. W) = o . g,l(r) p (1 2)
(||U+lW||H1(F))7 pzia

is a continuation of N (U, W) defined by (3.1) with respect to w.
Since D'(w) = Q(®,) — Q(P) thanks to the variational characterization of ®,,, we have
D(1)=D’(1) =0, and

D) = (@ — DX(®, 3 Polo=1)12(q) + D), (5.34)

where D(w) = O(Jow — 1]?). Thanks to conservation of the energy E and mass Q defined by
(2.4) and to the phase invariance in the NLS, we represent A(#) in terms of the initial data
w(0)=wy=1, U(0) = Uy, and W (0) = Wy as follows:

At) = Ao+ (w(1) = D[Q(P + Up +iWp) — Q(P)], (5.35)

where

Ay =E(@+Uy+iWy) — E(®P)+ Q(P+ Up+iWpy) — O(P) (5.36)

is a constant of motion.

Let us now consider the secondary decomposition (5.21)—(5.22). If the solution given by (5.7)
and (5.21) satisfies a priori bound (5.6) for some 7y > 0 and € > 0, then the coefficients of the
secondary decomposition (5.21) are required to satisfy the bound



A. Kairzhan, D.E. Pelinovsky / J. Differential Equations 264 (2018) 7357-7383 7379

(@) = 1+ @I + 16O+ U@ +iW Ol g1y < A6, 1 €10, 10], (5.37)

for an e-independent constant A > 0. We substitute the secondary decomposition (5.21)—(5.22)
into the representation (5.33) and estimate the corresponding expansion.

Lemma 5.11. Assume that w € R, ¢, b € RN and UJ‘, wte Hll satisfy the bound (5.37) for
sufficiently small € > 0. For every p > %, there exists an e-independent constant A > 0 such that
the representation (5.33) is expanded as follows:

A=D(@)+ (L (@)U, UN) 2y + (Lo (@)W, W) 2

Z (WD UD) 20y b% + Mo(c) + Alw, e, b, U, W), (5.38)

with
|Aw,c,b, UL, W< A (u(ncn) eI gy + 10 51y + lo = 1HBI
+ NelIBIP + el W oy + 11U oy + 10 e o W1 ) (5:39)

where My(c) is given by (4.8) and

_Jodlel®), pe(31),
“(”C”)—{O(||c||4), pzf (5.40)

Proof. Forevery p > % Taylor expansion of N, (U, W) yields

2 2p—1772
No(U, W)= —EP(P +DQRp+ (PP U U) 2y
—2p(p + (PP W2 U) o) + Su(U, W),
where

o(|U + ngHl(r)) re(z.1).

o(lU +iw|* >1

Sw(U, W) = ).
Hl(l“) pP=

is a continuation of S(U) defined by (4.1) with respect to W and w. The expansion (5.38) holds
by substituting of (5.21) into (5.33) and estimating the remainder terms thanks to Banach algebra
property of H'(I") and the assumption (5.37). Only the end-point bounds are incorporated into
the estimate (5.39). O

We bring (5.35) and (5.38) together as follows:

Ao — Ho(c,b) = D(@) — (0 = D [Q(P + Up +iWo) — Q(P)]
L (@U, U)oy + (L (@)W, W) 2y + Alw, ¢, b, U, W), (5.41)
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where Hy(c, b) is given by (5.28). Recall that the energy E (W) and mass Q (W) are bounded in
Hll, whereas & is a critical point of E under fixed Q. Thanks to the bound (5.4) on the initial
data, the orthogonality (5.5), and the representation (5.36), there is an §-independent constant
A > 0 such that

Aol + |Q(® + Up +iWp) — Q(®)] < AS>. (5.42)

Thanks to the representations (4.8) and (5.28), there is a generic constant A > 0 such that
|Hoe. )| = A (llel* + 16]2) (5.43)

The value of w near wy = 1 and the remainder terms U~, W in the H'(I") norm can be con-
trolled in the time evolution of the NLS equation (2.3) by using the energy expansion (5.41). The
following lemma presents this result.

Lemma 5.12. Consider a solution to the NLS with p > % given by (5.7) and (5.21) with w(t) €
C'([0, 1], R), c(t), b(t) € CL([0, to], RN, and UL (1), W (r) € C([0, 1], H}!) satisfying the
bound (5.37) for sufficiently small € > 0. Then, there exists an €-independent constant A > 0
such that for every t € [0, ty],

o = 1P + |1 U +iWH 1y < A [82 + |Ho(c, )| + (il + llel 151 + ||b||3] ., (5.44)
where w(||c||) is the same as in (5.40).

Proof. The bound on |w — 1|2 follows from (5.34), (5.39), (5.41), and (5.42) thanks to the pos-
itivity of D”(1) = 2(®, 8,Polw=1)72(r)- The bounds on ||UL||i],(r) and ||Wl||§11(r) follow
from (5.39), (5.41), and (5.42) thanks to the coercivity of L (w) and L_(w) in Lemmas 5.5

and 5.6. O
5.5. Step 5: Closing the energy estimates

By Lemma 5.8, there exists a trajectory of the finite-dimensional system (5.26) near the zero
equilibrium which leaves the e-neighborhood of the zero equilibrium. This nonlinear instability
develops over the time span [0, fo] with ty = O(e~1/2). The second equation of system (5.26)
shows that if y (1) = O(€) for t € [0, 1p] and 19 = O(e~'/?), then B(t) = O(e>/?) for t € [0, 1.
It is also clear that the scaling above is consistent with the first equation of system (5.26). The
scaling above suggests to consider the following region in the phase space RV ~! x RN 1.

le@l < Ae, 6@ < Ae™?, 1€[0.10], 19 <Ae” ', (5.45)
for an e-independent constant A > 0. The region in (5.45) satisfies a priori assumption (5.37) for
¢ and b. The following result shows that a trajectory of the full system (5.25) follows closely to

the trajectory of the finite-dimensional system (5.26) in the region (5.45).

Lemma 5.13. Consider a solution y (1), B(t) € C'([0, 1], RN =) 10 the finite-dimensional sys-
tem (5.26) in the region (5.45) with sufficiently small € > 0. Then, a solution c(t),b(t) €
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cl(10, 7], RN 10 system (5.25) remains in the region (5.45) and there exist an €-independent
constant A > 0 such that

le(r) — y (Il < Av(e), [Ib(r) — B()]| < Ae'/?v(e), €0, 1), (5.46)
where
_ | o, pe(3.1),
v(e) = { 02y, p> 12. (5.47)

Proof. By the bounds (5.43) and (5.44), as well as a priori assumption (5.45), there exists an
(8, €)-independent constant A > 0 such that

lo@) = 1+ [USO +iWE Ol gy < A (8 + 63/2) . 1€l0,1)]. (5.48)

It makes sense to define 8 = O(e3/?) in the bound (5.4) on the initial data, which we will adopt
here. By using the decomposition (5.21) and the bounds (5.45) and (5.48) in (5.14), we get

0 —wl < A%, o] < A€, (5.49)

for an e-independent constant A > 0. By subtracting the first equation of system (5.26) from the
first equation of system (5.25), we obtain

¢j—vyj=bj—Bj+IF(c,b)j, (5.50)
where the vector F(c, b) € RV~ satisfies the estimate
IF(c.b)|| < Ae?, (5.51)

thanks to (5.15), (5.21), (5.48), and (5.49). By subtracting the second equation of system (5.26)
from the second equation of system (5.25), we obtain

N=IN=1  q2p—1 770 ;7m) 17()
o (@~ ly®Pu™ vy o
b =B =p+ DD 3 5 Gy

(ckCn = Yk¥n)
+[G(c, b)];, (5.52)
where the vector G(c, b) € RN ! satisfies the estimate
G (c, b)|l < Aev(e), (5.53)
thanks to (5.16), (5.21), (5.48), and (5.49), where v(¢€) is given by (5.47).

Let us assume that y (0) = ¢(0) and 8(0) = (0). Integrating equations (5.50) and (5.52) over
t € [0, to] with 79 < Ae /2 in the region (5.45), we obtain
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t
le@ —y@OI = / Ib(t") — Bt ldt' + Ae? (5.54)
0
and
t
1b(t) — B < Aé/ ey — y(t)lldt’ + Ae'?v(e), (5.55)
0

for a generic e-independent constant A > 0. Gronwall’s inequality for

Ib(t) — B + Ae'[lc) — y )
yields (5.46). O

Proof of Theorem 2.7. Let us consider the unstable solution (y, 8) to the finite-dimensional
system (5.26) according to Lemma 5.8. This solution belongs to the region (5.45). By
Lemma 5.13, the correction terms satisfy (5.46), hence the solution (c, b) to system (5.25) also
satisfies the bound (5.45) over the time span [0, 7] with 7y = OV,

By Lemma 5.12 and the elementary continuation argument, the components w, U L+ and W+t
satisfy the bound (5.48) with § = O(€3/2), so that the solution to the NLS equation (2.3) given
by (5.7) and (5.21) satisfies the bound (5.6) for ¢ € [0, fy].

Finally, the solution y to the finite-dimensional system (5.26) grows in time and reaches the
boundary in the region (5.45) by Lemma 5.8. The same is true for the full solution to the NLS
equation (5.21) thanks to the bounds (5.46) and (5.48). Hence, the solution starting with the initial
data satisfying the bound (5.4) with § = O(€3/?) reaches and crosses the boundary in (2.11) for
some 1o = O0(e~1/?). O
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