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Although shock waves are expected in this quasi-linear hyperbolic system
for a wide class of initial data, we find a sufficient condition on the initial
data that guarantee existence of a global classical solution continued from
a local solution. The sufficient conditions can be easily satisfied for the fluid KEYWORDS
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we develop a novel method of an additional argument, which allows to CLASSIFICATIONS

obtain local and global solutions to the quasi-linear hyperbolic systems in 35150, 35Q35, 76B03
physical rather than characteristic variables.
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1. Introduction

The shallow water system arises in the dispersionless limit of Euler equations and describes long waves
on the surface of an inviscid incompressible fluid (e.g. water). We assume that the surface waves are
two-dimensional in the (x, z)-variables and that the fluid is located between the hard bottom of the
varying depth at z = —h(x) and the free surface at z = 5 (t, x), where h is given and 7 is unknown.
In the case of surface waves free of vorticity, the velocity vector of the fluid’s motion is given by
the gradient of the velocity potential, which is found from the Laplace equation in variables (x, z). In
the dispersionless limit, for which the horizontal length of wave motion is much larger compared to
the vertical length, the Euler equations reduce to the shallow water system
{ dn + dx [uh(x) + m] =0, (L1)
Oty + udsu + goxn = 0, '

where u(t,x) is the horizontal component of velocity at the free surface z = n(t,x), and g is the
gravitational constant. In what follows, we set ¢ = 1 without loss of generality.

The shallow water system (1.1), which is also known as the Saint-Venant equations, is reviewed
in many texts and monographs (see, e.g. Section 5.1.1 in [1]). Recently, interest in the shallow water
system arises due to modeling of run-up of water waves towards the beach. [2] In particular, when
the bottom topography changes like h(x) ~ x*/3, the waves propagating towards the beach are free
of reflections. [3]
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Using the standard technique of Riemann invariants, one can diagonalize the quasi-linear system

(1.1) in new coordinates
z4(t,x) := u(t,x) £ 2+/h(x) + n(t, x), (1.2)

which are real if h(x) + n(t,x) > 0. This constraint corresponds to the hyperbolicity of the shallow
water system (1.1) and, physically, to the nonzero depth of the fluid flow over the variable bottom.
Substitution of (1.2) into (1.1) yields the system of symmetric quasi-linear equations

dzy + 2 (B3z4 +2_)0pzy = W (%), (13)
dz— + z(zy +32-)0z— = H (x). '
The characteristic speeds of the system (1.3) are given by
1
C+ = Z(?’Zi +zx) =uL Vhx) +n. (1.4)

System (1.3) in Riemann invariants is well-known, see, e.g. Sections 5.7 and 13.10 in [4]. Some explicit
solutions can be obtained in the case h'(x) = const using the hodograph transformation method, see,
e.g. recent works [2,5] and references therein. Review of exact solutions to the shallow water system
can be found in Section 16.2.1 in [6].

The Cauchy problem is posed for the system (1.3) with initial data

24(0,x) = px(x). (1.5)

Ifthe initial data ¢+ are defined on the infinite line in Sobolev spaces H*(R), then the Cauchy problem
(1.3) and (1.5) is known to be locally well-posed for s > % [7] The method of characteristics can be
used in a local neighborhood of any point if the initial data ¢ are C! functions near this point and
their first derivatives are Lipschitz continuous. [8] A good survey of the method of characteristics can
be found in [9,10]. Using modern analytical techniques, local solutions with only Lipschitz continuous
functions ¢+ can be obtained from a weak formulation of the quasi-linear system (1.3).

It is easy to recover the solution (u, 7) to the shallow water system (1.1) from the solution (z,z_)
to the system (1.3). Indeed, inverting (1.2) yields

1
u(t,x) = = [z4:(tL,x) + - (6, x0)], n(t,x) = e [z (t,x) — z,(l‘,x)]2 — h(x). (1.6)

N | =

The initial data for u and 7 are given by

1
up(x) = = [p+ ) +9-®], n0(x) = — [p1x) — p-®)]* = h(x), (1.7)

16

N | —

where positivity of h(x) + no(x) > 0 is assumed for every x.

For most quasi-linear systems, local solutions in Sobolev spaces H*(R) are not continued for all
times ¢ because wave breaking occurs in a finite time, resulting in appearance of the shock waves.
[11] However, depending on the initial values ¢ and the given profile /, the wave breaking may be
avoided and the local solutions can be continued for all finite times. We term such solutions as global
solutions and warn that these solutions are allowed to diverge in some norm as t — 00.

The alternative of the global existence is the wave breaking in a finite time, which happens when
the shock waves are formed in the quasi-linear hyperbolic systems. [11] We note that the wave
breaking can also occur in the presence of weak dispersion, if the initial data are sufficiently large in
some norm. [12,13]

This paper is devoted to the solvability of the classical system (1.3) both locally and globally. We
will consider the semi-infinite line [0, 00) for x. Generally speaking, a boundary condition is required
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at the finite boundary x = 0 for all positive times t > 0. However, if we find a condition on the initial
values ¢4 and the given profile 41 which ensure that both characteristic speeds c+ in (1.4) are negative
near x = 0 for all t > 0, then we can avoid setting boundary conditions at x = 0. Moreover, with
additional constraints on ¢+ and h, one can also continue classical solutions to the shallow water
system (1.1) globally in time and thus avoid wave breaking in a finite time.

Both local and global solutions to the quasi-linear system (1.3) are obtained using a similar
analytical technique, which we develop in this work. The technique relies on a novel method, termed as
the method of an additional argument. This method was pioneered for scalar conservation laws in [14,
15] and for systems of conservation laws in [16,17]. This method allows us to avoid technical problems
arising in other techniques such as the method of characteristics or the method of generalized
solutions. [10] For instance, the solvability condition in the method of characteristics relies on
invertibility of the characteristic variables, which may be difficult to prove (see discussion in Section
2.2 below). Compared to the method of characteristics, the method of an additional argument allows
us to obtain the local and global solvability of the quasi-linear system directly in physical coordinates.

In what follows, for a given T' > 0, we use notation

Qri={tx): te©T), xR,

for the domain of definition of the Cauchy problem associated with the system (1.3). We denote by
CH(Q7) the space of bounded functions of two variables in Q7, which are continuously differentiable
both in ¢ and x with bounded first derivatives. We also introduce the norm in the space of functions
C, (R™) with bounded and continuous derivatives up to the nth order:

n
Ihlicy == sup ()| + ) sup W x)l, he ClRY).

xeRT j=1 xeRT

The following two theorems present the main results obtained in this paper.
Theorem 1: Assume that ug, g € Cé RYYandh e Cg(RJ“) satisfy the conditions

h(x) =0, H(x)<0, xeRY, (1.8)
and
n0(x) = C,  up(x) < =2y/h(x) +no(x), x €RT, (1.9)
for a fixed positive constant C. Then, for every T > 0 satisfying the constraint
C 1
T < min [ =2, , (1.10)
Cp 15C,

where Cy, := ||h||cé and Cy = max{||g0+||cé, ||(p,||cé} with the initial data ¢+ = ug £ /h+ 1,
there exists a unique classical solution u,n € CU(Q7) to the shallow water system (1.1) such that
ult=0 = uo and nlt=0 = no.
Theorem 2: In addition to the conditions of Theorem 1, assume that ug, 19 € Cé R and h €
CE(RY) satisfy the conditions

W'(x) >0, xeR*" (1.11)

and
|W (x) + ng(x)]

Vh) + o)’

Then, for every T > 0, there exists a unique classical solution u,n € C(Qr) to the shallow water
system (1.1) such that u|,—o = uo and nl=0 = no.

up(x) > eR". (1.12)
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Remark 1: It follows from the definition (1.2) for Riemann invariants that conditions (1.9) are
satisfied if

P+(x) <0, ¢_(x) <0, xeRT. (1.13)

Similarly, condition (1.12) is satisfied if
¢ (x) >0, ¢ (x)>0, xeRT. (1.14)

Remark 2: Since the quasi-linear system (1.3) is written in the symmetric form, the result of
Theorem 1 agrees with the result of Kato [7] on the infinite line, since Sobolev space H*(R) with s > %
is continuously embedded into the space Cé (R). However, the Cauchy problem (1.3) and (1.5) on
the half-line cannot be solved by the method of Kato [7] unless a boundary condition is set at x = 0

in one way or another.

Remark 3: The result of Theorem 1 is stronger than the corresponding result of Courant and Lax
[8], which establishes the existence of classical solutions with Lipschitz continuity for their spatial
derivatives in a local neighborhood of any point x on R, provided the initial data are available near
this point. Although the formulations of the method of characteristics in [8] and the method of an
additional argument here are similar, our technique allows us to obtain the solution to the quasi-
linear system (1.3) in physical rather than characteristic coordinates. Also we obtain a stronger result
using the Schauder fixed point theorem (see Lemma 2 below) instead of the Arzeld-Ascoli theorem
on convergence of bounded and equicontinuous sequences for spatial derivatives.

Remark 4: Using the integral reformulation of the quasi-linear system (1.3) as in Section 2.1
below, one can relax conditions on the initial data ¢ . Lipschitz continuity of ¢4 is sufficient for
local solvability of the integral equations, similar to the technique developed in the method of
characteristics in [9]. However, for equivalence between the system of integral equations and the
quasi-linear system (1.3), we need to work with classical solutions, which are only obtained from
the C! functions ¢. Therefore, the condition of C! initial data is considered to be optimal in this
context.

The physical relevance of the conditions (1.8), (1.9), (1.11), and (1.12) is to provide the bottom
topography h and the initial values for u and 5 such that both the Riemann invariants z4+ and their
characteristic speeds c4 given by (1.2) and (1.4) are strictly negative, whereas the Riemann invariants
are monotonically increasing, see (1.13) and (1.14). Under these conditions, the surface waves do not
break in a finite time, because they move convectively to the finite boundary at x = 0, through which
they radiate away. These conditions can be satisfied, for instance, if

hx) = (1+x)7P, no(x) =C, uglx) =—2v/C + h(x), (1.15)

where p > 0 and C > 0 are fixed. Thus, the bottom topography becomes deeper near x = 0 and
uniform as x — 00, whereas the initial horizontal velocity is negative everywhere and the current is
stronger near x = 0 and becomes uniform asx — oo. Such configurations can model river waterfalls,
e.g. Niagara falls in Ontario, Canada.

Theorems 1 and 2 can be extended to the infinite line without any restrictions, as long as the
conditions (1.8), (1.9), (1.11), and (1.12) hold on the infinite line. The main example (1.15) does not
make sense on the infinite line, but the conditions can be satisfied for the shear flow on the flat bottom
with sign-definite, monotonically increasing velocity w9, which may vanish at one infinity but has a
non-vanishing background flow at the other infinity.

In a single-wave reduction of the system (1.3) with #'(x) = 0 and z4(t,x) = 0, the constraint
(1.12) guarantees that

776(96) >0, xeR".

Vh+nox)

@’ (x) = up(x) —
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This condition is well known [11] to exclude shock waves in the Cauchy problem posed for the

inviscid Burgers equation

{ dz— + 2z_0z_ =0, (L16)
Z-t=0 = ¢—.

In the same context, the constraint (1.9) ensures that _ (x) < 0foreveryx € RT, thelatter constraint

is only required to avoid the boundary condition on z_ at x = 0 for the evolution problem (1.16) on

the semi-infinite line R™.

The rest of this paper is organized as follows. Section 2 is devoted to the reformulation of the quasi-
linear system (1.3) as a system of integral equations using the method of an additional argument. The
equivalence between the quasi-linear system (1.3) and the system of integral equations is established.
In Section 3, we obtain a local solution of Theorem 1. In Section 4, we show that the local solution
in C11(Qr) can be extended for every T > 0 as in Theorem 2. The additional constraints (1.11) and
(1.12) allow us to control the rate of change of the spatial derivatives of the solution z+ during the
time evolution of the quasi-linear system (1.3).

2. Reformulation with the method of an additional argument

Here we adopt the method of an additional argument in order to reformulate the Cauchy problem
given by (1.3) and (1.5) as a boundary-value problem along characteristic coordinates. For a given
point (t,x) € Qr, we introduce the extended characteristic coordinates 14 (s; t,x) and n_(s; t,x)
from solutions to the system of differential equations

[324 (5, 14 (51 £,%)) + 2— (5,14 (51 £,)) ] »

0<s<t, (2.1)
[24 (s n—(s; £,%)) + 32— (s, n—(s; £,x)) ] »

d
{ b0 = %
N— (e _
s hx) =3
starting with the boundary values 74 (t; t, x) = x. In the characteristic variables, the system (1.3) can
be rewritten as the system of differential equations

ddL:(S: na(s; t,x)) = W (ni(s; £, %)), 02)
%(S,TI—(S; t,x)) = W (n—(s; t, x)),
starting with the initial values z4 (0, 74 (0; t,x)) = @+ (+(0; ¢, x)). The domain of definition of the
systems (2.1) and (2.2) is given by

Fr={Gtx): 0<s<t=<T, xeR"}, (2.3)

for a given T > 0. We denote by C5"(I'1) the space of bounded functions of three variables in
I, which are differentiable k-times with respect to s and ¢, m-times with respect to x, with bounded
derivatives. We also denote the supremum norm of a function U € C®%%(T"1) by

|U||:= sup |U(s;t,x)|. (2.4)

(s,t,x)el’r

The variable s is referred to as the additional argument of the system (2.1) and (2.2). The main
difference of the method of an additional argument from the method of characteristics is that the
system (2.1) is integrated backward in s from the current time ¢ to the initial time 0, whereas the system
(2.2) is integrated forward in s from the initial time 0 to the current time . Although the combined
system (2.1) and (2.2) represents a boundary-value problem instead of the Cauchy problem, we are
still able to rewrite the systems (2.1) and (2.2) as a system of integral equations and to solve it by
the Picard method of successful iterations. Compared to the method of characteristics, the solutions
z4(t,x) = z+(t, n+(t; t,x)) appear in physical rather than characteristic coordinates.
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2.1. Integral equations for classical solutions of system (1.3)

Integrating (2.1) backward in s, we obtain the system of integral equations

ny(s; tx) =x— ifst [3Z+(U,r]+(l); t,x)) +z— (v, ny(v; t,x))] dv, 0<s<t (2.5)
n_(s; t,x) = x — ;llfst [z (v, n—(v; £, %)) + 32— (v, n—(v; £,x)) ] dv, -t '

Integrating (2.2) forward in s, we obtain another system of integral equations

{ 2 (5,04(5 X)) = 91 (0405 £,)) + fo B (n1-(v; £,)))dv, 0<s<t (2.6)

z(;n-(s:£,%) = o-(-(0: £, %)) + [5 ' (n—(v: £, x)))dv,

From the geometric definition of the characteristic curves in the domain Q7 on the (¢, x) plane, we
have the connection formulas

z_ (5, m+(s; £,%)) = 2 (s, n—(8; 5, N4 (85 £, %)),
0<s<t. 2.7
{A&m@nm=a@mm&m@hmx =s= @7)
Let us denote
Zi(sit,x) = zx(s,nx(s; 1,x))  and  Ya(s; %) := zx(s, na(s; £, %)). (2.8)

It follows from the boundary conditions 74 (t; t,x) = x that Z4 (¢; t,x) = z+(¢,x) and Y. (¢; t,x) =
z¢(t, x). Furthermore, the system (2.7) is equivalent to the following relations between variables Z+
and Y4:

Yi(s;t,x) =Z_(s;8n+(s; £,x)), Y_(s;t,x) = Z4(s; 5, n—(s; £, %)). (2.9)

From now on, we will be writing systems using one equation with two subscripts. Using new notations,
we rewrite system (2.5) in the following form:

1 t
ne(s; t,x) =x — Z/ [SZi(v; t,x) + Yi(v; t,x)] dv, 0<s<t. (2.10)
N

Therefore, the characteristic coordinates can be eliminated from the systems (2.6) and (2.9), after
which we obtain the following integral equations for unknown functions Z4 and Y4 in I'7:

1 t
Zi(s;t,x) = @i (x - ;L/ [3Z+(v: t,x) + Y (v; £,%)] dv)
0
s 1 t
+/ W (x — 4_1/ [3Zi(r; t,x) + Yi(1; t,x)] dr) dv, (2.11)
0 v
and
1 t
Yi(s; t,x) = Z¢ <s; S, x — A_Lf [3Zi(v; t,x)+ Yi(v;t, x)] dv) . (2.12)
N
Our first result states that the system (2.11) and (2.12) is closed in I'r for every T > 0 under

conditions (1.8) and (1.13) on h and ¢..
Proposition 1:  Assume that h € Cé (RY) and o+ € Cg (RT). Under the conditions

Hx) <0, ¢i(x)<0, ¢ (x)<0, xeRY, (2.13)
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the system (2.11) and (2.12) is closed in T'r for every T > 0 in the sense that if a unique solution
(Zg, Yy) exists in CO%0(T'y), then

n+(s; t,x) >0,

Zi(s;t,x) <0, (s,t,x)elr. (2.14)
Yi(s;t,x) <0,

Proof: We obtain from (2.10), (2.11), and (2.12) for every (s, t,x) € I'r,
ne(sit,x) > x, Zi(s;t,x) < ox(M+(0;£,x)) <0, Yi(s;t,x) = Zz(s; 8, n+(s; £,x)) <0,

by using conditions (2.13) and the continuation arguments. Then, constraints (2.14) follow. O

Next, we show how the classical solutions to the Cauchy problem (1.3) and (1.5) are obtained from
suitable solutions to the integral system (2.11)-(2.12).

Proposition 2:  Assume that h € Cg(R"’) and ¢+ € Cll) (RY). If there exists a unique solution
(Zg,Ys) € CLLYTr) of the system (2.11) and (2.12), then zi(t,x) = Zi(t;t,x) is a classical
solution to system (1.3) in CY1(Qr) such that z4 (0,x) = @4 (x) for x € RT.

Proof: Let us introduce two differential operators W given by

_o 1 . o
Wif = =+ (3Z4(t; t,x) + Zx(t; t, %)) P

Applying W to the corresponding integral equation in the system (2.11) and using Y (¢; t,x) =
Z_(t; t,x) from (2.9), we obtain

1 t
(WiZ)(sit0) = =0, (-) /0 [3W+Z1)(s5 £,2) + (Wi Vi) (s 1,2 ds
B t
_le/() h”(-)([ [3(W+Z+)(r;t,x)+(W+Y+)(f§t’x)]dt) dv,

where the arguments of ¢/, (-) and 4" (-) are the same as in (2.11). Since we have the correspondence
between Yy and Z_ from the system (2.12), we obtain similarly

1 t
(WY ) (s; t,x) = —Z8XZ_( ) / [3(W+Z+)(v; t,x)+ (WieYi)(v; t,x)] dv,

where the argument of Z_( - ) is the same as in (2.12). Using the norm in 't defined by (2.4), we
obtain the following estimate

1 3
MWzl + W Yol = o <3||<p+||c1;t + Ellhllcgt2 + ||3xZ—||t) GIWLZ |l + [Wo Y ]) .

Note that [|8,Z_]|| < oo due to the assumption Z_ € C11(I'z), whereas ”(p+”Ci < 0o and ||h||c§ <
00 due to the assumptions on ¢4 and h. Let T be the smallest positive root of the algebraic equation

1 3 5
I <3||§0+||c;t+ Ellhllcgt + ||8xZ||t> =1
Then, for every t € [0, £, ] with £ := min (T, T'), we obtain

IWaZll + W4 Yo |l = 0,
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which 1mply W+Z+ = W+ Y+ =0in Ft+.
Applying W_ to the corresponding integral equations into the system (2.11) and (2.12), we obtain
similar estimates

1 3
MW—Z- |l + IW-Y-|| = 7 <3||<0||c;t+ Ellhllcgt2 + ||3xZ+||t) GIW-Z_|| + [W-Y_]).

Let T_ be the smallest positive root of the algebraic equation

. <3||¢_||c1t+ 2l st + ||axZ+||t) -
4 b 2 b
Then, for every t € [0,¢_] with t_ := min (T_, T), we obtain
[W_Z_|| + IW-Y_|| =0,
which implies W_Z_ = W_Y_ =0inTl%_.

Let z4(t,x) = Zi(t;t,x) and Ty := min (T4, T_, T). Then, for every t € [0, Tp], we use
0524 (t; t,x) = h'(x) that follows from system (2.11) and obtain

8z+ 0Z +

a7 + - (3z+ +z_ )— = —(t t,x) + (WiZo)(t; t,x) = K (x)
and
aai; + —(z4+ + 32— )— = %(r; tx)+ (W_Z_)(t; t,x) = W (x),

which is nothing but system (1.3). Therefore, zy+ € C'!(Qr,) is a solution to system (1.3) for Ty < T.
If Ty < T, then the continuation of the solution to the entire domain Q2 can be performed in a finite
number of steps. O

2.2. Integral equations for x-derivatives of system (1.3)

Let us denote u(t,x) := dyz+(t,x). If z+ € C1(Q7) as in Proposition 2, then uy € C®%(Q7).
Differentiating (2.5) with respect to x, we obtain a system of integral equations for x-derivatives of
the characteristic coordinates:

t
Er(s;t,x) =1— lef [3ui(v,ni(v; t,x)) + ux (v, nx(v; t,x))] Er(v;t,x)dy, 0<s=<t,
5 (2.15)

where £1.(s; t,x) := 9xn+(s; £, x) satisfies the initial conditions &4 (¢; t,x) = 1. There exists a unique
solution of the system (2.15) in the form

Eu(s: t,x) = e J PBume it tus e itaDEY g < ¢ < ¢ (2.16)

The main difficulty in the method of characteristics is to control positivity of £+ (s; t,x) in I'r
as T increases. The explicit expression (2.16) shows that positivity of £+ (s; ¢, x) in I'r follows from
boundness of u4 (¢, x) in Q7, but this property is hard to control. On the other hand, in the method
of an additional argument, we introduce

Ui(s; t,x) 1= 0xZ4(s; 1, %),  Va(s;t,x) := dxYi(s; £, %) (2.17)
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and define using (2.8) and the chain rule
Ut(s; t,x) = ux (s, n+(s; £,x)Ex(s; £,%), V(i t,x) = ux(s,n+(s; £, x)éx(s; £,x).  (2.18)

It follows from the boundary conditions n+(t;t,x) = x and &4(¢;t,x) = 1 that U+(t; t,x) =
ug (t,x) and Vi (t; t,x) = ux(t,x). If (Zy,Yy) € CPPI(I'r) as in Proposition 2, then (U, Vi) €
C%00(I'r). By differentiating the system (2.11) and (2.12) with respect to x, we obtain the system of
integral equations:

Ur(sit,x) = ¢4 (+) (1 — i/ot [3UL(v; t,x) 4+ Vi(v; t,0)] dv)
+/osh” () (1 - 4-11/: [3U+(t; t,%) + Vi(z; 1, %) dr) dv, (2.19)
and
Vi(s;t,x) = Ug (s; X — };/St [3Z+(v; t,x) 4+ Y (v; 1,%)] dv)
x (1 - i/st [3UL(v: t,x) 4+ Vi (v; £,x)] dv), (2.20)

where the arguments of ¢/, (- ) and h”( - ) are the same as in the system (2.11). On the other hand,
differentiating (2.10) in x yields the following relation

1 t
Er(s;t,x)=1— Z/ [3Ui(v; t,x) + Vi (v; t,x)] dv, 0<s<t. (2.21)

This relation is complementary to the expression (2.16).

The following proposition states that the variables Ut and V. are sign-definite in I'r for every
T > 0, for which a solution (Z+, Y+) € CHVI(T) exists, under additional conditions (1.11) and (1.14)
on hand ¢4.

Proposition 3:  Assume that h € CE(R*‘) and ¢+ € Cé(R“') satisfy (2.13), and the additional
conditions

H'(x) =0, ¢/ (x)>0, ¢ (x)>0, xeR". (2.22)
If a solution (Z+, Y+ ) to the system (2.11) and (2.12) exists in CLLY (), then

Er(s;it,x) <1,
Us(s;t,x) >0, (s,t,x) el'r. (2.23)
Vi(s;t,x) =0,

Proof: Assuming existence of solution (Z+, Y1) € CHM(I'r) to the system (2.11) and (2.12), we
have by Proposition 2 and the definition (2.17) that (Us, V1) € CO0%( ) and us € COUQp). By
(2.16), we have £+ (s; t,x) > 0 for every (s, t,x) € I'r. Then, using relations (2.21), conditions (2.22),
and the result of Proposition 1, we obtain from the system (2.19) and (2.20) that U+(s; ¢,x) > 0 and
Vi (s; t,x) > 0 for every (s,¢,x) € I'r. Using relations (2.21) again, we have £4.(s; t,x) < 1 for every
(s,t,x) € I'r. Thus, constraints (2.23) have been proved. O

Generally speaking, the chain rule (2.18) and the representation (2.21) only show that if U4 (s; £, x)
and V4 (s; £, x) remain bounded and positive for (s, t,x) € I'r, then &4 (s; £, x) may still vanish at the
same points (s, t,x) € 't for which either u4 (s, n+(s; t,x)) or uz (s, n+(s; t, x)) become unbounded.
However, divergence of uy(t,x) for (t,x) € Qr contradicts to the result of Proposition 2, if the
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solution (Zy, Y1) € CHPY(I'7) to the system (2.11) and (2.12) is obtained. Therefore, the essence
of the method of an additional argument is to ensure solvability of the system (2.11) and (2.12) in
CHEI(Tr), which would guarantee strict positivity of £4(s; £, x) for every (s, t,x) € I'r.

For completeness, we mention that if we substitute (2.16), (2.18) and (2.21) to the integral equation
(2.19), then we obtain

s (57251 £,)) = @l (203 £, x))e™ 1 o T3 (it itz (o (vt

n fs h”(’?:l: (v; t,x))e_i fvs7"31&(r,ni(t;t,x))—&-u:,:(r,ni(r;t,x)).yfdrdv’ (2.24)
0
which can be thought as a weak formulation of the system of differential equations

Bt (50455 1,50) + 21235, 14353 £,20) + Juag (5,01 (55 £, u (5, 0455 £,)) = B (1 (s; £,%)),
B (- (55 620) F+ 312 (50 (5 6,20) + Suy (5,71 (51 £,0)u (5,0 (5 £,2)) = B (53 £,),
(2.25)
where 0 < s < t, subject to the initial conditions u4(0,7+(0; t,x)) = ¢/L(n+(0; ¢,x)) and the
consistency conditions u= (s, n+(s; t,x)) = ux(s, nx(s; s, n+(s; 5, x))). The differential system (2.25)
can be derived by differentiating system (1.3) with respect to x for appropriate solutions z+ €
C>2(Q21) and using the characteristic equation (2.1). Again, control of boundness of uL (¢, x) for
(t,x) € Qr is very difficult within the evolution problem (2.25) or the system (2.24). However, all
these difficult steps are avoided in the method of an additional argument.

3. Local solution to system (2.11)-(2.12)

Here, we use the method of Picard’s successive approximations to prove existence of a local solution
to the system (2.11) and (2.12). At first, we are looking for local solutions in the space CO00 ().
The fixed existence time T > 0 is supposed to be small to ensure that the contraction method works.
Then, we obtain local solutions in the space CtV1(I'r) from the Schauder fixed-point theorem.
Assumptions of both Propositions 1 and 2 are satisfied for the local solutions in C"'!(I"z). Thus, by
correspondence between solutions to the system (2.11) and (2.12) and the quasi-linear system (1.3),
the results obtained in this section yield the proof of Theorem 1.

The main difficulty in the proof of existence of a local solution to the system (2.11) and (2.12) in
C%90(T' 1) is due to the fact that the integral equation (2.12) is composed of unknown functions. As
a result, the method of successive approximations consists of two levels, similar to what is described
in [17]. In order to close the system (2.11) and (2.12) in I't, we use the conditions (1.8) and (1.9) on
the function & and initial data ug and 7, the latter conditions are rewritten for ¢ in the form (1.13).

Lemma 1: Assumeh € Cg R and g+ € C; (R™) satisfying the constraints (1.8) and (1.13). Define

c, 1
T :=min | -2, — |, (3.1)
Cn 15C,

where C, = max{||¢+||cé, ||(p_||Cé} and Cy, = ||h||c§- Then, the system (2.11) and (2.12) admits a
unique solution in class (Z4+,Y4) € CO00 (') such that

IZ£] Y]l < 2C,. (3.2)

Proof: By Proposition 1, the system (2.11) and (2.12) is closed in I't in the sense of bounds (2.14).
In order to apply the Picard method, we start with the initial approximations

Zi)(s: t,x) = Yoy (s; £, %) = @+ (x) (3.3)
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and define the successive approximations {Z4(x), Y4 (n)}nen from the recursive iterations based on
the system (2.11) and (2.12) for n € N:

1 t
Zimy(s;t,x) = ¢+ (x - Z/ [3Zs(my (V5 £,%) + Y (y (05 £,) ] dV)
0
s 1 t
~|—/ W (x - Z/ [3Z+(m) (15 £,%) + Yi(ny (T3 1,%) ] dr) dv, (34)
0 v
and
1 t
Yim (s 6,%) = Zxmn-1) <s; 85X — Z/ [3Z+(m) (V5 £,%) + Yy (5 £,%) ] dV> . (3.5)
N

The system (3.4)-(3.5) isimplicitin (Z4(4), Y+(n)). Therefore, for eachn € N, weobtain Z4 1y, Y ()
from another sequence of successive approximations {Z(ik()n), Yf()n)}keN starting with the initial
approximations

20 (5 6,%) = Zeuon(si %) and Y (si6%) = Yeon(sitx), neN,  (3.6)

which is defined at least for n = 1. Successive approximations {Zf()n), Yilc()n) }ken are defined by the

explicit iteration scheme for k € N:
0] L B e k=1)
Zim(S6x) = @+ (x— 1 [3Zi(n) 5 6,x) + Y (v;t,x)] dv
0
(=t [ 325 0t + YE D @ ] de ) dv, 6)
; =1 i ) (TihX s (Ti6,x) | dT | dy, .

and
t
k 1 k— k—
Y (s ,2) = Zyuo) (s; Sx =7 /5 |:3Z(i(n)l)(‘}; L)+ Y sty x)] dv) : (3.8)

The construction of successive approximations to the two-level system in C®%%(I"r) is broken into
three steps.

Step 1. We prove for every n € N that the sequence {Zf()n), Yf()n)}keN satisfying (3.6), (3.7), and
(3.8) converges in CO%0(rr) fora fixed T > 0 satisfying (3.1), so that we can define

Zimy(s; t,x) 1= lim Zf_f()n) (s;t,x) and Yiy(s;t,x) := lim Yik()n) (s;t,x), neN. (3.9)
k—o0 k— o0

Let us introduce C,, := max{||¢4 ”C;’ llo— ||Cl1,} and Cy, := ||h||c§. It follows from (3.7) and (3.8) that

k k
1ZE00 1 < Co+ CUT <2Cp, IYE0 Il = 1 Zsupll, k€N, (3.10)

where we have used C,T < C, according to the constraint (3.1). Since the bounds (3.10) are
independent of k, if convergence to the limits (3.9) can be proved for each n € N, then by the
induction method, we have

ZLm s 1 Y2l <2Cp, neN. (3.11)

Bounds (3.11) are also satisfied for n = 0. Now, we establish convergence to the limits in (3.9).
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Using the fundamental theorem of calculus and the estimates similar to those in the proof of
Proposition 2, we derive the bounds on the distance between two successive approximations:

(k+1) (k) (k+1) (k) (k) (k=1) (k) (k=1)
3||Z:|:(n) _Z:t(,,)”+ ”Yi(,,) _Y:t(n)|| = K:I:(T) <3||Z:t(n) - Zi(y,) ” + ||Y:t(n) - Yi(,,) ”) > (3-12)

where we have denoted
1 3.,
Ki(T) := 1 3C, T + EChT F 0xZxu=lIT | . (3.13)
Let us assume by induction that (Z4(,—1), Yo(u—1)) € COOL(ry) satisfying

10xZ+n-1ll <3Cyp, N0xYxm-pll <4Cy, neN, (3.14)

which is satisfied at least for n = 1. It follows from (3.11) and (3.12) that

1 0 1 0
1228, — 20 1 1Y, — Y Il < 8KL(T)C,. (3.15)
Continuing on with (3.12) and (3.15), we obtain
k+1 k k k
12880 — 28 Y& — v I < @KL(1)F (8K (T)C,), ke N. (3.16)

Therefore, the sequence {Zic()n), Yj(tk) )}keN is Cauchy in C%%%(I'1) for each n € N if 4K (T) < 1.

(n

From the definition (3.13), bound (3.14), and C, T < C,, we have

3 15 1
4K (T) < 3C, T+ 2C,T+3C,T=—C,T < 5,

if T < ﬁ, according to the constraint (3.1). Hence, for each n € N, the sequence {Zf()n), Yj(:k()n) YkeN
converges as k — oo to a limit denoted by (Z (), Y4(»)) in C%0%( 1), asin (3.9).

Taking the limit k — oo in the recursive system (3.7)-(3.8), we obtain the recursive system
(3.4)-(3.5) for (Z+(n)> Y+(n)) in C%09%( ;). Therefore, (Z+(n)> Y+(n)) is alocal solution to the system
(3.4)-(3.5) for each n € N that satisfies bounds (3.11). Moreover, from the contraction principle, it
follows that the local solution to the system (3.4)—(3.5) is unique in C%%°(I'7) for each n € N.

Step 2. We prove that for each n € N, the solution (Z (), Yo ) € Co%0(I'1) to the system (3.4)
and (3.5) constructed in Step 1 belongs actually to CO01(I' ;) and satisfies the same bounds (3.14) as
the previous approximation (Z+(,—1), Y+ (n—1)). By differentiating the system (3.4)-(3.5) with respect
to x, we obtain a system of linear integral equations

Usin (s %) = @(-) (1 -1/ (Ui £3) + Vi (0 r,x»dv)
+ /: W) (1 — 4_11/: BUimy(t5 t,%) + Vi) (135 t,x))d'l:) dv (3.17)
and
Vi (s; £, %) = 0xZrm-1(+) (1 - ;i/ot BUxmy (s t,x) + Vo (v; t,X))dV> , (3.18)

where the arguments of ¢/, h”, and 8,Z+(,—1) are the same as in the system (3.4)-(3.5). We recall
that ¢/, " are continuous and by the method of induction, 8y Z+,—1) is also taken to be continuous,
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for each n € N. Since (Zi(n), Yam) € C*%(I'r) is substituted in the arguments of ¢/, h”, and
0xZ+(n—1)> we know that the coefficients of the linear system (3.17) and (3.18) are all continuous
functions in I'r.

We first claim that there exists a unique solution of the linear system (3.17) and (3.18) in CO00 ().
Indeed, let us rewrite the system in the form

Uiy | _ [ @C)+ foH'(-)dy ]
an [ Vi) ] B [ OxZpn-1(+) ’

where P is a perturbation to the identity matrix I given by

- + fos W(-) fvt BUx(ny(t; £,%) + Vagny (z; t,x))drdy

U 1 @i () fot BUxmy(v; t,x) + Ve (v; £, x))dv
P[ ﬂm]
4

Vi(n
" OxZx(n—1)(+) fot BUxmny(v; t,%) + Vi (v; £, x))dv

We estimate the norm of each component of the perturbation P in C*%%(T"'1) as follows

Usn) 1 6 2 | IUsmll
P < -TC, s 3.19
H [Vi(n) =209 3 ][IVl (3.19)
where we have used C, T < Cy and ||0xZ=(,—1)|l < 3C,. Eigenvalues of the matrix in (3.19) are 0 and
9.1f TC, < %, the norm induced by the perturbation P is strictly smaller than one. Therefore, the
matrix integral operator I + P is invertible and a unique solution (U (), V4(n)) to the linear system

(3.17) and (3.18) exists in C**0(T" 7).
Next, for every (s, t, x9) € I'r, we claim that the quotients

Za(n)(8; 1, %) — Za(n) (55 £, X0) and Yim(s; t,x) — Yy (s; ¢, x0)
X — X0 X — X0

remain bounded as x — x for every xy € R™. This is shown by repeating the estimates for the system
(3.4) and (3.5), where we are using the constraint on T in (3.1), and the smoothness properties on
@+, h, and Z+(,—_1). Now, by repeating the estimates for bounded functions

Ziny (85 t,%) — Zg(m) (s £, X0)
X — X0

Ei(n)(s; t,x,%0) := — Uz (s: t,x0)

and

Y (s £,%) — Yy (s: £, x0)
X — X0

Fimy(s; t,x,x0) == — Ve (s; £, x0)

and using uniqueness of solutions to the system (3.4) and (3.5) and their first variations (3.17)-(3.18),
we obtain for every (s, t,x9) € I'r that

lim Eqy(s;t,x,%0) =0 and  lim Fi(,)(s; t,x,x0) = 0.
X—> X0 X—> X0

Therefore, (Z4(n), Y+ (n)) are continuously differentiable with respect to x at every xo € Rt and

0xZt(m) (53 1,X) = Ur(m(s; 1,x)  and  0x Yoy (s; £, %) = Vi (s; t,x), (s, t,x) e I, (3.20)
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It remains to verify bounds (3.14) for (Z4(s), Y+ (). It follows from the second line of (3.19)
substituted to (3.18) that

3C, 3T
Vil £ —o— (1 +—I Uﬂn)n)
1—3C,T 4

< %% (1 v (321)
- 19 4

where we have used C, T < 1l5 Substituting this estimate to the first line of (3.19) and to Equation
(3.17) yields

2C,

1-3C,T (1+6T)

ULl <

IA

5 8
5Co (1+C,T) < 3Co (3.22)

where we have used again C, T < 1—15 Using the correspondence (3.20), we obtain
[0xZ+mll = 3Cps  [10xYie(m Il =4Cyp, n€N. (3.23)

The validity of the bounds (3.14) for every n € N is verified by the induction method.

Step 3. We prove under the same constraint (3.1) on T that the sequence {Z4 (1), Y- () }nen defined
by the recursive system (3.4)-(3.5) converges in C%%0(T' 1) to the solution (Zy, Y1) € CO%0(I'p)
satisfying the system (2.11) and (2.12) and the bound (3.2).

After the convergence to the limits (3.9) is proved, the index # in the system (3.4) and (3.5) can be
incremented by one using the induction method. Convergence of iterations {Z (), Y4 (1) }nen can be
considered in C%%%(I"1) with standard methods.

It follows from (3.4) and (3.5) with the fundamental theorem of calculus that

1 1
|Z+nr1) — Zew | < i (CwT - EChT2> Bzt = Zew | + | Yemen — Yem )
and

1
1Yty = Yam | < d l0xZzm || (3 |2+t — Zew | + | Yemen) — Yem )
| b

where C, and Cj, are the same constants as above. Under the conditions (3.1) and (3.23), we obtain

+ |1 Z5m) — Zxny

1
| Zxn1) = Ze | < m B Zem+1) = Zeow | + [ Yamrn) = Y [)
and
1
1Ytnin) = Y| < 2 B Zemry = Zew | + | Yemsn — Yem ) + | Z5m — Zrm-v ] -

From the inequalities above, we obtain

1
|Z+000) = Ze || < 55 1200 = Zra-n)

>
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and hence
1

35 UZeo = Zro-v] + 12-00 = Z-6-0 )

|Z+ 41y = Zoeon | + 1241y = Z-my | <

Therefore, the iteration map defined by the system (3.4)—(3.5) is a contraction in C**%(I"1). Hence,
the sequence {Z4(n), Y4+ (n) }nen is Cauchy in C%%T ;) and it converges as n — 00 to a limit,
denoted as (Z+, Y1), defined in the same function space. Moreover, taking the limit # — o0 in the
iterative system (3.4)-(3.5), we obtain the system (2.11) and (2.12) for the limiting functions (Z+, Y+).
Therefore, the limiting functions (Z+, Y+) are solutions of the system (2.11)-(2.12) in CO00 ().
Since the sequence {Zt (), Y4+ (1) }nen in C%99(I'1) satisfies the bounds (3.11) that are independent
of n, the limiting functions (Z, Y. ) satisfy the same bounds, which become bounds (3.2). Finally, it
follows from the contraction method that the local solution (Z, Y= ) is unique in C%%(I'z). O

Lemma 2: Under conditions of Lemma 1, the unique local solution to the system (2.11) and (2.12)
belongs to the class (Z+, Y1) € C**Y(I'y) and satisfies

[0xZ+ |l + [[0xZ— || < 15Cy,  [|0x Y4l + 9 Y—|| < 45C,. (3.24)
Proof: First, we prove existence of a unique solution (Uy, Vi) € C**%(I'r) to the system (2.19)
and (2.20) under the conditions of Lemma 1. Since solutions for (Z4, Y1) € C%%0(I'y) are already
obtained in Lemma 1, the coeflicients of the integral equation (2.19) and the arguments of the
unknown functions Uz in (2.20) are all continuous functions in I'r.

Equation (2.19) represents a linear relation between Uy and V. Equation (2.20) is linear with
respect to (V4, V_) and quadratic with respect to (UL, U_). Therefore, first we solve (2.20) to obtain
a unique map from (U;, U_) to (V, V_), then we substitute the map to (2.19) and solve the system
uniquely in (UL, U_) by using the Schauder fixed-point theorem.

Let us define a ball in C*%%(I'7) of a finite radius given by

UL+ U=l < 15C, =: 4. (3.25)

The integral equation (2.20) is rewritten in the explicit form
1 t 3 (!
Vi(s;t,x) + ZU;( .)/ Vi(v; t,x)dv = Fy = Ux(-) (1 — Z/ Ut (v; t,x)dv) (3.26)
N N
where U= ( - ) refers to
1 t
Ux (s; S, X — ‘—1/ [3Zi(v; t,x) + Yi(v; t,x)] dv) . (3.27)
N

For every (U4, U_) in the ball given by (3.25), we have

1 t 1 1
ZU:F( ) Vi txdy| < ZTIIU:FIIIIViII < Z”Vi”: (3.28)
N

where we have used the constraint C, T' < 1—15 Therefore, the second term in (3.26) is strictly smaller

than the first term in (3.26). Inverting the linear operator on V4 in C%%9(T'r) implies that for every
Us in the ball given by (3.25), there exists a unique solution V4 € C%%9(I'r) of Equation (3.26) such
that

4 4 3 7
IVl < §||F:t|| =5\ 2 IU£l ) IU=] = 5|IU¢|I < 3| U<|. (3.29)



APPLICABLE ANALYSIS (&) 1459

This unique solution defines a map from (U, U_) € C®%%(T'7) to (Vy, V_) € C®%(T'7). Since the
integral equation (3.26) is a quadratic polynomial on (U4, U-) € C*%%(I'1), the map C®%%(I'r) >
(Up, UZ) > (Vi Vo) € C¥%%(Tp) is C* in the ball (3.25).

Let us estimate the Lipschitz constant for the map C***(I'r) > (U, U_) +— (V4,V_) €
C%%0(I'). Denote the values (V,,V’) that correspond to the values (U, U’ ). Note that the
arguments of (U’,, U”) are the same as those of (U, U_) given by (3.27). Subtracting (3.26) for
(Uy,U_)and (U, U"), we obtain

Vi — Vi + 35Uz — UL f! Vadv + 43U [ (Ve — Vi)dy
= Uz = Uy (1= 3 f{ Usdv) = 3UL [} (Us — Up)dv.

Using estimates similar to (3.28) and (3.29), we obtain

4 3 1
IVe— Vil < §<1+ZT||Ui”+ZT”Vi”) IUx — Ugll + TIUL NN U — UL
7
=< §IIU¢—U§FII+IIUi—UiII <3|Us = ULl + 1Ux — ULl (3.30)

Next, we substitute the map C**%(I'r) 5 (U, U_) — (V4,V_) € C**0(I'7) to the integral
equation (2.19) and rewrite it in the explicit form:

l t
Us(s: 60+ 70() / (BU (v ) + Vi (v £,1))dv
0

s t s
+ i/ n’ ()/ [3U+(t; t,%) + Va(z; t,x) | drdv = G == ¢/ () +f W' ()dv, (3.31)
0 v 0

where the arguments for ¢/, and h” are uniquely defined continuous functions in I'r. Since the
mapping C**0(I'r) 5 (Uy, U_) > (V4, V_) € C¥Tr) is nonlinear, we solve the system (3.31)
by using the Schauder fixed-point theorem in the ball (3.25). Using bounds (3.29) and the constraint
CyT < Cy, we estimate the integral terms in the left-hand side of system (3.31) as follows:

1 t 1 1
sz;t)/ BUx(v; t,x) + Vi (v; t,x))dv|| < ZTC¢(3||U:I:|| + VLl < %(IIU+II + IIU—II)
0

and

IA

1, t 1
H—/ h (-)f [3U(c: £0) + V(@ 0] dedv| = S T2CLGIUL ]+ Ve l)
0 v

4

1
= % (ULl +10-1),

where we have used the constraint TC,, < % The integral terms in system (3.31) are strictly smaller

than the identity terms in the ball (3.25). Therefore, writing the fixed-point problem in the form

v =le e o] (332

shows that the nonlinear integral operator 7 maps the ball (3.25) to its smaller subset. The inho-
mogeneous terms G+ given by (3.31) are bounded by [|G+|| < 2C,. By the Schauder fixed-point
theorem, there exists a solution (U, U_) € C®®%(I'7) to the fixed-point problem (3.32) in the ball
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(3.25). The solution to the system of integral Equation (3.31) satisfies the bound

4C, 40
NUL 4+ 1U-| £ ——— < —C, <4
1-3TCy/2 ~ 9

and hence belongs to the ball (3.25). The solution is unique if the operator 7 is a contraction in
the ball (3.25).[18] This is proved directly using the Lipschitz continuity of the map C*%%(T'r) >
(Us, U-) > (V4, Vo) € C®00(I'y) with the Lipschitz constant given by (3.30). Indeed, we have

IA

1 t 1 ,
H?@/O [3(Us — UL) + (Vi — Vi)ldy ZTC¢(3||Ui — UL+ Ve — VLD

1 1
< —|Us = ULl + —|Us — UL
< 15|| + i”+20“ ¥ — Uzl

and a similar estimate for the second term in T'. Therefore, the operator 7 is a contraction in the ball
(3.25) so that the solution (U, U_) € C*%%(T'7) is unique.
For every (s,t,x0) € I'T, we repeat the estimates for the quotients

Zi(st,x) — Z1(s; t,x0) d Yi(s;t,x) — Yai(s;t,x0)
an
X — X0 X — X0

and prove that they remain bounded as x — xq for every xy € R*. Furthermore, by repeating the
estimates for bounded functions

Zy(s; t,x) — Z4(s5 £, Xx0)

Ei(s; tax’xo) = - Ui(s; t’xo)
X — X0
and Ya(s: %) — Ya(s; £, x0)
s, x) — S5 L X
Fi(s;t,x,x0) := = = o Vi(s; t,xp)
X — X0

and using uniqueness of solutions to the system (2.11) and (2.12) and their first variations (2.19)-
(2.20), we obtain for every (s, t,x9) € I'r that

lim E4+(s;t,x,x0) =0 and lim F4(s;f,x,x9) = 0.
X—> X0 X—> X0

Therefore, (Z, Y1) are continuously differentiable with respect to x at every xp € R™ and the
correspondence (2.17) is established. Bounds (3.24) follow from bounds (3.25) and (3.29). O

Remark 5: Bounds (3.24) are bigger than the n-independent bounds (3.23). Nevertheless, the bigger
bounds (3.24) are still sufficient for invertibility of the characteristic coordinates &4 (s; t,x) with
respect to x for every (s,¢,x) € I'r. Indeed, bounds (3.24) imply that

>

AN

1 [t 1 3
H—/ [3U+(v; t,x) 4+ V(v t,x) ] dv sZT(3|IUiII+IIViII)§ZT(||U+II+||U—II)§
S

4

where the constraint C,T < % has been used. Therefore, it follows from (2.21) that if (U, V1)
are x-derivatives of the local solution (Z4, Y1) in Lemmas 1 and 2, then £4(s; t,x) > 0 for every
(s,t,x) e I'r.

Lemma 3:  Under conditions of Lemma 1, the unique local solution to the system of integral Equations
(2.11) and (2.12) belongs to the class (Z+, Y+) € CHM(I'p).

Proof: ByLemmas 1and 2, there exists a unique solution (Z4, Y+) € C%**(I'7) to the system (2.11)
and (2.12). We show that the solution actually belongs to C1(I"7).
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Let us compute the derivatives of the system (2.11) and (2.12) in t:
1 / 1 s "
0:Z4(s; t,x) = —Zgoi( ) (3Zi(t; £,x) + Yi(t; t, x)) 2 h'(H)dv (3Zi(t; t,x) + Yi(t; t,x))
0

1 t
—Zgo/i( . )/ (30:Z4+(v; t,x) + 0: Y (v; t,x))dv
0

1 s t
2 / H' () (f (30;Z+(T; t,x) + 0: Y (1 t,x))dt) dv (3.33)
0 v
and
1 t
0 Yi(s;t,x) = —ZBxZ;( ')/ (33t Z4(v; t,x) + 0 Y (v £, x))dv, (3.34)
0

where the arguments of ¢/, h”, and 9xZ. are the same as in the system (2.11)-(2.12). They are given
continuous functions of their arguments.

Using similar estimates as in Step 2 in the proof of Lemma 1, we can use invertibility of the linear
integral operators and prove existence and uniqueness of solutions to the system (3.33)-(3.34) for
(3:Z+,3; Y1) in C*%0(T'1). Moreover, the t-derivatives of (Z, Y<) satisfy the following bounds:

1 1 1
192+l = 7 (CwT + EChT2> (3l18:Z )l + N10: Y |l) + 7o+ GiT) GlIZell + Y1)

and
1
10: Y| < leaxZﬂlT(3||3tZi|| + 19 Yxll) -

Using bounds (3.1), (3.2), and (3.24), we confirm that ||0;Z+|| and [|0;Y+|| are bounded in I'r.
Therefore, the solution (Z4, Y1) to the system (2.11) and (2.12) belongs to COLL( ).
Finally, we compute the derivatives of the system (2.11) and (2.12) in s

t
0 Z4(s;t,x) = K <x — ;1/ (BZL(v; t,x) + Y (v; t,x))dv) (3.35)
and
OsYa(sit,x) = 0sZ4 () + 0 Zx(+) + }LaxZ:F( )BZL(s; t,x) + Yi(s; £,%)). (3.36)

From (3.35), we confirm that ||9;Z| is bounded in I'7. Then, from (3.36) and the bounds on
Z+ € CV(T 1), we confirm that ||9; Y+ || is also bounded in I't. Therefore, the solution (Z4, Y+) to
the system (2.11) and (2.12) belongs to CULN(T ). O

The proof of Theorem 1 follows from the results of Lemmas 1-3, as well as the correspondence
result of Proposition 2. Solutions to the shallow water system (1.1) are related to the solutions to the
system (1.3) using the transformation (1.6).

4, Global solution to system (2.11)-(2.12)

It follows from the correspondence z+ (t,x) = Z4(t; t,x) for (t,x) € Qr and the bounds (3.2) and
(3.24) that the local solution to the system (1.3) at time t = T satisfies the estimates

lz2(T, it = 15C,. (4.1)
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If we attempt to continue this local solution beyond the time t+ = T by a recurrent use of Lemmas
1-3, then we will run into the following obstacle.

Let us denote the solution to the system (2.11) and (2.12) given by Lemmas 1-3 extended from
time Ty,—1 to Ty, by (Z(im), Yﬂ(tm)) for m € N, where Ty = 0. Then, iterating bound (4.1) with the

bounds (3.2) and (3.24), we obtain
12" (T gy < 157Cy m €N, (4.2)

Furthermore, using the constraint (3.1) on the continuation time, we have

Tm — m € N. (4.3)

m—1 = m,

Since the series ZmEN 157 converges, we have Ty, 1= limy, o Ty < 00, so that the continuation
technique results in a local solution to the system (1.3) over a finite time span [0, T).

In order to be able to extend the local solution to the system (2.11) and (2.12) without restriction
on time T, we shall find sharper bounds on the growth of the x-derivatives of the solution (Z+, Y+).
This is only possible under additional conditions (1.11) and (1.12) on the function 4 and initial data,
the latter conditions are rewritten in the form (1.14). The key result is the following lemma.

Lemma 4: In addition to the conditions of Lemma 1, assume that conditions (1.11) and (1.14) are
satisfied. Then, the unique solution (Z4+,Y+) € CO%1(T'1) to the system (2.11) and (2.12) constructed
in Lemmas 1 and 2 satisfy the improved bounds

[0xZ+ I, 10x Y]l < 2C,. (4.4)

Proof: The components (Ux, V1) satisfy the system (2.19) and (2.20) with the correspondence
(2.17). By Proposition 3 and Remark 5, we have 0 < £1.(s; t,x) < 1, U+(s; t,x) > 0,and V4 (s; t,x) >
0 for every (s, t,x) € I'r, where &4 are related to U4 and Vi by (2.21). Therefore, the system (2.19)
and (2.20) implies the bounds

ULl = Cp + CpT < 2Cy,  ||Vill = Uzl < 2C,

where we have used C,T < C, as in Lemma 1. Due to the correspondence (2.17), we have obtained
the bounds (4.4). O

The sharper bounds (4.4) can be used to continue the local solution z4 (t,x) = Zi(¢; t,x) to the
system (1.3) globally in time. The next lemma establish piecewise continuation of solutions to the
system (2.11) and (2.12) in CHb1(T'r) for larger values of T.

Lemma5: Let (Zim), Yim))for m € N denote the sequence of solutions to the system (2.11) and (2.12)
on the interval [ Tp,—1, Ty, starting with initial data

2 (T1,%) = Z8" D (T1s Tyo1, %),
where Ty = 0 and Zi_fn (0;0,x) = ¢+ (x). Assume h € CL(RT) and ¢+ € C(R™) satisfy the bounds
(1.8), (1.11), (1.13), and (1.14). Define C, := max{||<p+||cl1’, ||<p_||Cé} and Cy, 1= ||h||C§. Assume that

(Zim), Yim)) e CYYY(Tr, 1, ,) for an m € N satisfies the bounds

1ZE 1 1Y 10 Z8 1 19 Y™ | < (m + 1)C,. (4.5)
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Then, the system (2.11) and (2.12) admits a unique solution in class
@D YD)y € M T )
satisfying the bounds
NZE YOI 0.2V 1 10 YETV ) < (m +2)C, (4.6)

while the time span [Ty, Tm+1] is defined by

T, T, in (e ! (4.7)
— =min| —, —— . .
ml T Am Cp 15(m+ 1)C,

Proof: The first step of the induction method with bound (4.5) and the time constraint (4.7) is
justified by Lemmas 1-4.

By Proposition 1, the system (2.11) and (2.12) remains closed in I't,, _1,, |, so that z4 (Ty,,x) <0
and 9yz4 (T, x) > 0 remain true for every x € R™. Then, the system (2.11) and (2.12) remains
closed in I'r,,,, _1,, as long as the solution exists. Let us denote T := Ty 41 — Tin.

We review bounds used in the proof of Lemma 1. Since the superscript now refer to the (m + 1)th
local solution defined on the interval [ T}y, Tynt11], we only look at the convergence of iterations defined
by the implicit system (3.4) and (3.5). It follows from these integral equations that bounds (3.11) for

the successive approximations {Z(i”(’:l;l), Yﬂ;‘; D}nEN become

1ZUEP N < (m+ 1)Cy + CuT < (m +2)C,,

1 1
IYSEsP= 12801 < (m+2)C,,

eN, (4.8)

where we have used C,T < C, according to the constraint (4.7). If convergence of successive
approximations {Z(i"&gl), Yﬂ';;l) }nen as n — 00 is proved, then bounds (4.8) yield the first bounds

in (4.6). To prove the convergence, we first assume as in Step 1 that
182 < @m+3)Cyr 10:Y | < Gm+4)Cy, neN, (4.9)

which is true for n = 1. From the definition (3.13), bounds (4.5), (4.9), and C, T < C,, convergence
of successive approximations at the second level of Picard iterations in C*%(I'r, =Ty (Step 1) is
guaranteed if

5Qm+3) . 2m+3

0T = gomsy < b (@410

3
4K+ (T) <3(m+ DC, T + EChTZ +(2m+3)C,T <

where we have used C, T < as in the constraint (4.7). Thus, successive approximations at

1
— 15(m+1)
the second level of Picard iterations converge in C%%(I'7) to the solution {Zﬂ';’;l), Yﬂ’:} 1)},,6N for

everyn € N.
We hence check that {Zi"g;gl), Yj(!?;gl)}neN belongs to C*%1(I') (Step 2). Let us now rewrite
bounds (3.19) in order to check consistency with the bounds (4.9). We obtain

Usin || < Ly, [ 30m+2) (mt2) T 100

where we have used C;, T < C,, and || 8xZ£_L"(l:_li) || < (2m+ 3)C,. Since the upper bound in (4.11) has

the norm being strictly smaller than one, under the constraint (4.7) on the time step T', we establish
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existence and uniqueness of partial derivatives of (Ziﬂ(';sl), YL'E’;; Y in x for each n € N. Moreover,
we can estimate them by obtaining bounds similar to (3.21) and (3.22). Using (4.11), we obtain

2m+3)C 3T
Iyl = S (1 " z"axZi"E:)D'O

+(n) - 2m+3
§ 1—28C,T
20(2m + 3)C(p 3T (m+1)
T (1 + T”axzﬂ:(n) ), (4.12)

where we have used (4.7) as well as 2m+3 < 3(m+1). By using (4.7), (4.11), (4.12), 2m+3 < 3(m+1),
and m + 2 < 2(m + 1), we obtain

1
[ENAGS

(m+2)C, 52m + 3)
e — 2 (1+ =" C,T

15(m+2)
1— 19 CpT 19

20
< Sm+2)C, < @m+3)C,. (4.13)

Substituting (4.13) to (4.12), we obtain

20(2m + 3)C 3(2m + 3)
(m+1) 4
||axY:|:(n) ” = T (1 + TCwT
23(2 3
< %cw < (Bm+4)C,. (4.14)

By the induction method, we obtain that bounds (4.9) are valid for every n € N.
Convergence of the successive approximations {Zﬂ';’;l), Yﬂ’;;l)}neN at the first level of Picard
iterations is proved in C%%%(I'r) similarly to the proof of Lemma 1 (Step 3). Since the sequence

{Z(iy?:lgl), Yj(["z;gl)}neN satisfies the bounds (4.8) that are independent of #, the limiting functions

(ZE_I"H), Yj(EmH)) € CO%9(Tr) satisty the first two bounds in (4.6).
Although the bounds (4.9) are independent of n, we still need to prove that (Z(imﬂ), Yj(tmﬂ)) belong

to C**1(I"1). We hence follow the proof of Lemma 2 and obtain (Zim'H), Yj(tm“)) e Co%l(ry)
together with the bounds

1020 4+ 10,270 < 15(m + 1D)Cy 10V V) 4 10, YTV < 45(m + 1)C,. (4.15)

Although the bounds (4.15) are bigger than bounds (4.9), which are independent of #, they are
. . (m+1) 5, (m+1) . .
sufficient to control the local solution (Z " 7, Y, ") on I'r. In particular, the characteristic

coordinates are still invertible in x, because the integral part of (2.21) is estimated as follows:

1 3
2T (30281 + 10,8 V1) < 2150m + DG, T <

W

As a result, for the local solution in (ZimH), Yj(tm“)) e COOL(Ip), we still have £+ (s; t,x) > 0 for
every (s, t,x) € I'r.
The proof of Lemma 3 applies verbatim, so that we actually have (Zim“), YimH)) e CHBI(Tp).
Finally, we improve the bounds (4.15) by using the technique in Lemma 4. In particular, we have
8xZ§Em+l)(s; t,x) > 0 and aijE’"“)(s; t,x) > 0, and &4(s; t,x) < 1 for every (s,t,x) € I'r. As a
result, the system (2.19) and (2.20) imply the bounds

19: 281 < (m+ DCy + CuT < (m+2)Cp, 13 YY" VN < 10,28V < (m +2)C,,

which yields the last two bounds in (4.6). O
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With Lemma 5, we finally extend the local solution to every T > 0 and thus prove Theorem 2. By
Lemma 5 and the induction method, we construct a sequence of local solutions {(Z}. (m) (m))}meN €
CHLY(Tr, 1, ,) to the system (2.11) and (2.12). The sequence is extended to the tlme T, which is
obtained from (4.7) as

m

1
= Ty — T, 4.16
Tm Z k= T = kz 15kC,’ (4.16)

where we assumed C, < ISC; for simplicity. Since the harmonic series Y po ; % diverges, the sequence
of local solutions is extended to arbitrary time T > 0 by incrementing the values of m.

By Proposition 2, we obtain the classical solution to system (1.3) by z+(¢,x) = Zi(¢; t,x) for
every (t,x) € I'r and every T > 0. Using the transformation formulas (1.6), we obtain the classical
solution (u, n) to the shallow water system (1.1). Thus, the proof of Theorem 2 is complete.
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