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Abstract

Combining the usual energy functional with a higher-order conserved quantity originating from integra-
bility theory, we show that the black soliton is a local minimizer of a quantity that is conserved along the
flow of the cubic defocusing NLS equation in one space dimension. This unconstrained variational charac-
terization gives an elementary proof of the orbital stability of the black soliton with respect to perturbations
in HX(R).
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

In this work we show how the techniques developed in the companion paper [5] to inves-
tigate the stability properties of the cnoidal periodic waves of the cubic defocusing nonlinear
Schrodinger equation in one space dimension can be extended to provide a new and rather ele-
mentary proof of orbital stability in the limiting case of the black soliton. We thus consider the
cubic defocusing NLS equation

iV (6, 1)+ Yren (6, 1) — [, DY (x, 1) =0, (1.1)
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where ¥ is a complex-valued function of (x,#) € R x R. The black soliton is the particular
solution of (1.1) given by ¥ (x, ) = e "'up(x), where

1o (x) =tanh(%), xeR. (1.2)

For the later use, we note that the soliton profile uq : R — R satisfies the differential equations

1
uh=—(1—u?), hence ul +ug—us=0. (1.3)
0 ﬁ ( O) 0 0
The NLS equation (1.1) has many symmetries and conserved quantities, which play a cru-
cial role in the dynamics of the system. In particular, the gauge invariance ¥ — ¢/ and the

translation invariance ¥ > ¥ (- — &) give rise to the conservation of the charge Q and the mo-
mentum M, respectively, where

QW) = /(Ilﬁl2 —1)dx, M) = %f(l/_u/fx — Y dx. (1.4)
R

R

Since the NLS equation (1.1) is an autonomous Hamiltonian system, we also have the conserva-
tion of the energy

1
EW) =f<|wx|2+ S(i- |w|2)2> dx. (15)
R

In what follows, our goal is to study the stability of the black soliton (1.2), and we shall therefore
restrict ourselves to solutions of (1.1) for which || — 1 as |x| — co. This is why we defined
the conserved quantities (1.4), (1.5) in such a way that the integrands vanish when || = 1 and
Yy =0.

The nonlinear stability of the black soliton (1.2) has been studied in several recent works. In
[1] the authors apply the variational method of Cazenave and Lions [3], which relies on the fact
that the black soliton (1.2) is a global minimizer of the energy E for a fixed value of the momen-
tum M. The difficulty with this approach is that the momentum is not defined for all finite-energy
solutions, so that the integral defining M in (1.4) has to be renormalized and properly interpreted.
A slightly different proof was subsequently given in [8], in the spirit of the work by Weinstein
[12] and Grillakis, Shatah, and Strauss [9]. The main idea is to show that the energy functional
(1.5) becomes coercive in a neighborhood of the black soliton (1.2) if the conservation of the
momentum is used to get rid of one unstable direction. Both results in [1,8] are variational in
nature and establish orbital stability of the black soliton in the energy space. Note that asymp-
totic stability of the black soliton is also proved in [8], using ideas and techniques developed by
Martel and Merle for the generalized Korteweg—de Vries equation [10]. In a different direction,
a more precise orbital stability result was obtained in [7] for sufficiently smooth and localized
perturbations, using the inverse scattering transform method which relies on the integrability of
the cubic defocusing NLS equation (1.1). Similarly, asymptotic stability of the black soliton and
several dark solitons was recently proved in [4].
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As consequence of integrability, the NLS equation (1.1) has many conserved quantities in
addition to the charge, the momentum, and the energy. In the present work, we introduce a new
variational approach based on the higher-order functional

1 - - 1
S) =/[|w”|2 + 31y Pyl + S W+ Y)? + (1 - |w|2)2<1 + 5|w|2>] dx, (1.6)
R

which is also conserved under the evolution defined by (1.1). The latter claim can be proved by a
straightforward but cumbersome calculation, or by more educated techniques as described, e.g.,
in [11, Section 2.3]. The natural domain of definition for the functional (1.6) is the H? energy
space defined by

X={yeH. Ry e H®), 1 - [y|* e L*®)}. (1.7)

Indeed, if ¥ € X, then ¢ := 1 — || belongs to H!(R), because || < |1 — |¢|*| € L?>(R) and
¢ = —|¥|x € L?(R). By Sobolev’s embedding of H'(R) into L>®(R), we thus have || =
1 — ¢ € L*°(R), and from the definitions (1.6) and (1.7) it follows easily that S(yr) < oco. Since
ué, ug, and 1 — u(z) decay exponentially to zero as |x| — oo, it is clear that ug + Hz(R) C X, so
that the functional (1.6) is well defined for H? perturbations of the soliton profile u¢. This allows
us to define the differential of S at ug, and a direct calculation using the differential equations
(1.3) reveals that ug is a critical point of S, in the sense that S’(ug) = 0.

Unfortunately, the second variation S”(ug) has no definite sign [5], hence it is not possible
to prove orbital stability of the black soliton using the functional S alone. As is explained in the
companion paper [5], which is devoted to the stability of periodic waves for the NLS equation
(1.1), it is possible to cure that problem by subtracting from S an appropriate multiple of the
energy E, which is well defined on X and also satisfies E'(1g) = 0. The optimal choice is

AW)=SW) -2EWY), v eX. (1.8)

We then have A’(ug) = 0, and the starting point of our approach is the following result, which
asserts that the second variation A”(u¢) is nonnegative.

Proposition 1.1. The second variation of the functional (1.8) at the black soliton (1.2) is nonneg-
ative for perturbations in H*>(R).

It is important to realize that Proposition 1.1 gives an unconstrained variational character-
ization of the black soliton u(, which is our main motivation for introducing the higher-order
conserved quantity (1.6). In contrast, the approach in [1,8] relies on the fact that u( is a min-
imum of the energy E(v) subject to the constraint M () = M (ug), where M is a suitably
renormalized version of the momentum M defined in (1.4).

The proof of Proposition 1.1 developed in Section 2 actually shows that the second variation
A’ (ug) is positive except for degeneracies due to symmetries: the nonnegative self-adjoint oper-
ator associated with A”(u¢) has a simple zero eigenvalue which is due to translation invariance,
and the essential spectrum extends all the way to the origin due to gauge invariance. As a conse-
quence, perturbations in H>(R) can include slow modulations of the phase of the black soliton
far away from the origin, which hardly increase the functional A. This means that the second
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variation A” (ug) is not coercive in H2(R), even if modulation parameters are used to remove
the zero modes due to the symmetries. For that reason, we are not able to control the perturba-
tions of the black soliton in the topology of H2(R), but only in a weaker sense that allows for a
slow drift of the phase at infinity, see Section 3 below for a more detailed discussion.

To formulate our main result, we equip the space X with the distance

dr(Yr1, ¥2) = [ (W1 = V2| gy + 11V112 = 192 oy + 11 = V2ll2_popys (129

where R > 1 is a parameter. Note that dp is the exact analogue, at the H 2 Jevel, of the distance
that is used in previous variational studies of the black soliton, including [1,6,8]. As is easily
verified, a function ¢ € HI%)C (R) belongs to X if and only if dg (¥, up) < oo; moreover, different
choices of R give equivalent distances on X. To prove orbital stability of the black soliton with
profile ug, the idea is to consider solutions ¢ of the NLS equation (1.1) for which dg (¥, ug)
is small. This is certainly the case if ||[Yy — ugl| g2 is small, but the converse is not true because
dgr (¥, ug) does not control the L? norm of the difference ¥ — ug on the whole real line. We shall
prove in Section 4 that the distance dp is well adapted to the functional A near ug, in the sense
that

AW — A(ug) > Cdr(¥, ug)®>  when dg(¥, ug) < 1, (1.10)

provided the perturbation v — u( satisfies a pair of orthogonality conditions. As is usual in orbital
stability theory, these orthogonality conditions can be fulfilled if we replace v by ¢! (- 4 &) for
some appropriate modulation parameters 6, & € R, see Section 3 below. It is then easy to deduce
from (1.10) that solutions of the NLS equation (1.1) with initial data ¥ satisfying dg (19, ug) < 1
will stay close for all times to the orbit of the black soliton under the group of translations and
phase rotations. The precise statement is:

Theorem 1.2. Fix R > 1 and let ug € X be the black soliton (1.2). Given any € > 0, there exists
8 > 0 such that, for any Yo € X satisfying

dr (Yo, up) <9, (1.11)

the global solution (-, t) of the NLS equation (1.1) with initial data uq has the following prop-
erty. For any t € R, there exist £(t) € R and 0(t) € R/(2nZ) such that

dr(e Dy (- +E(1), 1), u0) <e. (1.12)
Moreover & and 0 are continuously differentiable functions of t which satisfy
EO|+1]0()| <Ce, teR, (1.13)
for some positive constant C.
Remark 1.3. It is known from the work of Zhidkov [13] that the Cauchy problem for the NLS

equation (1.1) is globally well-posed in X. This is the functional framework that is used to define
solutions of (1.1) in Theorem 1.2.
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Remark 1.4. Except for the use of a different distance dg, which controls the perturbations in the
topology of HI%C (R), Theorem 1.2 is the exact analogue of the orbital stability results obtained
in [1,8]. However the proof is quite different, and in some sense simpler, because the profile ug

of the black soliton is an unconstrained local minimizer of the higher-order functional A.

Remark 1.5. It is also possible to prove asymptotic stability results for the black soliton of
the cubic NLS equation (1.1). In that perspective, it is useful to consider the black soliton as a
member of the one-parameter family of traveling dark solitons, given by the exact expression

it B 1 ) 1 1 ) iv
ey (x +vt,t)= l—Ev tanh E_va +ﬁ’ (1.14)

where v € (—+/2, /2). Asymptotic stability of the family of dark solitons with nonzero speed
v was proved in [2], using the Madelung transformation and the hydrodynamic formulation of
the NLS equation. This approach applies to solutions whose modulus is strictly positive, and
therefore excludes the case of the black soliton. Very recently, the asymptotic stability of the
black soliton (within the one-parameter family of all dark solitons) has been established in [4,8].

The rest of this article is organized as follows. In Section 2 we establish positivity and co-
ercivity properties for the quadratic form associated with the second variation of the functional
(1.8) at ug. In Section 3, we introduce modulation parameters in a neighborhood of the soliton
profile to eliminate the zero modes of the second variation A” (o). Combining these results and
using a new variable borrowed from [8], we prove in Section 4 the orbital stability of the black
soliton (1.3) in the space X.

2. Positivity and coercivity of the second variation

Let ug be the soliton profile (1.2) and A = § — 2E be the functional defined by (1.5), (1.6),
and (1.8). In this section, we prove that the second variation A”(ug) is nonnegative, as stated
in Proposition 1.1, and we deduce some coercivity properties that will be used in the proof of
Theorem 1.2. We consider perturbations of uq of the form ¥ = ug +u +iv, where u,v € H 2(}R)
are real-valued. As in [5], the second variations at u( of the functionals £ and S satisfy

1
5(E”(uo)[u, vl [u, v]) = (Lyu,u) 2 + (L_v, v);2,

1
(8" @o)lw, v1, [, v1) = (Mpu, u) 2 + (M—v, v) 12,

where (-,-);2 denotes the usual scalar product in L?(R). The self-adjoint operators L+ and M
have the following expressions:

Li=—3+3u}—1,  My=0}—53,uld, — Sul+ 15u — 4,

Lo=—3+ud—1,  M_=08}—30,udd, +ul— 1. (2.1)
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In view of (1.8), it follows that

1
5(A”(uo)[u, v], [u, v]) = (Kqu,u) 2 + (K_v,v) 2, (2.2)

where K1 = M1 — 2L .. More explicitly, the quadratic forms associated with K4 are given by

(Kyu,u)p2 = /(u)%x + (5uf — 2)us + (9uf — Sug — 2)u?) dx, (2.3)
R

(K_v,v),2= f(vﬁx + (3ug — 2)vi + (1 — ug)v?) dx. (2.4)
R

Our first task is to show that the quadratic forms (2.3), (2.4) are nonnegative on H 2(]R). Due
to translation invariance of the NLS equation (1.1), we have L u, = My u; = 0, hence also
Kyuy=0.Asu,e H 2(R), this shows that the quadratic form associated with K has a neutral
direction, hence is not strictly positive, see Lemma 2.1 below. The situation is slightly different
for K_: due to gauge invariance, we have L_ug = M_ug = 0, hence K_uo = 0, but of course
ug ¢ H 2(R). In fact, the result of Lemma 2.3 below shows that the quadratic form associated
with K_ is strictly positive on H2(R).

We first prove that the quadratic form (2.3) is nonnegative, see also [5, Corollary 4.5].

Lemma 2.1. For any u € H*(R), we have
(Kyu,u)p2 = well7, + |wl7, >0, (2.5)
where w = u, + «/zuou.

Proof. Integrating by parts and using the differential equations (1.3) satisfied by ug, we easily
obtain

/wz dx = /(ui + Zﬁuouux + 2u%u2) dx = /(ui + (3u% — l)uz) dx. (2.6)
R R R
Similarly, as wy = uxx + v 2ugux + \/Eu{)u, we find

/ w?dx = /(uix + 23 2ugu gy + 2u(2)u)2C + Zﬁué)uuxx + duouguuy + 2u62u2) dx
R

(2, + (5ud —3)u? + (1 — ud) (5ub — 1)u?) dx, 2.7)

Z
Rf
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because 2u62 — 4(uouy) = (1 — u(z))(Su% — 1). If we now combine (2.6) and (2.7), we see that
[lwy ||i2 + |lw ||i2 is equal to the right-hand side of (2.3), which is the desired conclusion. O

Remark 2.2. The right-hand side of (2.5) vanishes if and only if w = 0, which is equivalent to
u = Cuy, for some constant C. Thus zero is a simple eigenvalue of K in L?(R). Moreover,
since up(x) — £1 as x — $o00, it is clear from (2.3) that the essential spectrum of K is the
interval [2, 00). Thus if we restrict ourselves to the orthogonal complement of u, with respect
to the scalar product (-, -); 2, the spectrum of K is bounded from below by a strictly positive
constant, and the corresponding quadratic form is thus coercive in the topology of H2(R), see
Remark 2.7 below.

We next prove the positivity of the quadratic form (2.4), see also [5, Lemma 4.1].

Lemma 2.3. For any v € H*(R), we have
2
(K-v,v) 12 = |L-v[[}> + [uovx — ugv[ > = 0, 2.8)
where L_ = —8)% + u(Z) -1

Proof. Integrating by parts we obtain

/(L_v)zdx = /(v)%x +2(1— u(z))vvxx +(1— u%)zvz) dx
R R

= /(v%x +2(ud — 1)v2 — 2(uoup) v’ + (1 - u(z))sz) dx.
R

Similarly, we have
/(uovx — u6v)2 dx = /(u%vf + (uouf))/vz + u62v2) dx.
R R

It follows that

Il + v — ol = [ (2 + (3 — 202+ [ d)? — wou]o?) .
R

and that expression coincides with the right-hand side of (2.4) since (1 — 14(2))2 — uoug =1- u%

by (1.3). This proves (2.8). O

Remark 2.4. The right-hand side of (2.8) vanishes if and only if L_v =0 and ugv, — ugv =0,
namely if v = Cug for some constant C. As ug ¢ HZ2(R), this shows that (K_v, v);2 > 0 for
any nonzero v € H 2(R). However, since |ug(x)| — 1 as |x| — o0, it is clear from the represen-
tation (2.4) that zero belongs to the essential spectrum of the operator K_, hence the associated
quadratic form is not coercive in the topology of H>(R). Some weaker coercivity property will
nevertheless be established below, see Remark 2.9.
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Remark 2.5. In view of the decomposition (2.2), Proposition 1.1 is an immediate consequence
of Lemmas 2.1 and 2.3.

In the rest of this section, we show that the quadratic forms (2.3), (2.4) are not only positive,
but also coercive in some appropriate sense.

Lemma 2.6. Let uq be the black soliton (1.2). There exists a positive constant C such that, for
any u € H*(R) satisfying (uz), u) 2 =0, we have the estimate

lullgz < Cllwll g1, (2.9)
where w = u, + «/Euou.

Proof. Solving the linear differential equation u, + +/2uou = w by Duhamel’s formula, we find
u = Auy+ W for some A € R, where

X

W(X)z/K(x,y)w(y)dy, K(x,y)=

0

h2(y/v/2
cos’(y/V2) 2.10)
cosh?(x/+/2)
The constant A is uniquely determined by the orthogonality condition (i, u);2 = 0, which im-
plies that A||u£)||i2 + (ug, W) 2 = 0. Using (2.10), we easily obtain

e ¢]

(ug: W),2 = / {/K(x,y)w(y) dy}u(’)(x)dx

—o0 L0

o0, OO

:/{fK(x,y)ué(x)dx}(w(y) —w(—y)) dy

0

3 2y
f ”lie ()~ w(=) dy. @.11)
e

hence |(u(, W) ;2| <27 /4||w]| 2. It follows that |A| < C||w]| ;> for some C > 0.

On the other hand, if we introduce the operator notation W = K (w) for the representation
(2.10), we note that K is a bounded operator from L*°(R) to L°°(R) with norm

x|

1 1 4 24/2)x e V21| — ¢=2v20x]
Ky =su K(x,y)dy=——=su < oo,
> xeﬁof V2 XEIE 1+ 2¢—V21x| + e—2V2lx|

as well as a bounded operator from L' (R) to L!(R) with norm

sup(1+ e—\fzm) =2

K =sup/K(x,y)dx_\/_ P
ye

yeR
Iyl
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By the Riesz—Thorin interpolation theorem, it follows that K is a bounded operator from L*(R)
to L2(R), and we have the estimate Wi =IIKw)l2 < (K1K00)1/2||w||L2.
Summarizing, we have shown that [lu| ;2 < |Al|lugll 2 + [|W] ;2 < Cllw]| 2 for some C > 0.

Since w = u, + «/Euou, we also have |luyl|l;2 < w2 + «/§||u||Lz and (after differentiating)
lexxllp2 < llwxllg2 + «/§||ux||Lz + |lull ;2. This proves the bound (2.9). O

Remark 2.7. Combining (2.5) and (2.9), we conclude that there exists a constant C > 0 such
that

(Kyu,uyp2 > Cyllul3,,. (2.12)
for all u € H(R) satisfying (u(, u);> =0.

Lemma 2.8. Let ug be the black soliton (1.2). There exists a positive constant C such that, for
any v € Hl%)c (R) satisfying vy € HY(R) and (ug, v) ;2 =0, we have the estimate

lvxellz2 + lvellz2 + [0©)] < C(Ilpll 2 + gl 2), (2.13)
where p = ugvy — ug)v andq=—L_v=uvyy + (1 — u(z))v.

Proof. Any solution of the linear differential equation ugvy — u6v = p hasthe form v = Bupg+Z
for some B € R, where

Z(x) = uo(x) / (P +v2q(»)dy — V2p(x). (2.14)
0

Indeed, we observe that py = ugvyy — ugv =ug(Vxy + (1 — u(z))v) =uoq. Thus, if v= Bug+ Z,
we have

X

v (x) = ME)(X)<B + /(p(y) + ﬁq(y))dy> +uo(x)p(x), (2.15)

0

hence ugvy — ugv = (u% + ﬁ%) p = p. The constant B is uniquely determined by the orthog-
onality condition (u, v);2 = 0, which implies that B||u6||i2 =(uy, Z).

Since p € L>(R) and p, = upq € L>(R), we have p € L*(R) by Sobolev’s embed-
ding, which implies the bound ||p||iC>O <Ipllz2llpxlizz < llpliz2llgllz2. Thus, using (2.14) and

Holder’s inequality, we deduce that

1z < V2(1x "2+ 1) (Ipl 2 + ligll2),  x eR.

This moderate growth of Z is compensated for by the exponential decay of u() to zero at infinity,
and we obtain |(ug, Z)| < C(|lpll;2 + llgll2) for some C > 0, hence also |B| < C(|Ipll;2 +
llgll;2). In the same way, it follows from (2.15) that |[vx|l;2 < C(lIpll;2 + gl 2)- A similar
estimate holds for ||v.x |2 because vy, =g — (1 — u(z))v and 1 — u% has the exponential decay to
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zero at infinity. Finally, since v(0) = —+/2p(0), we also have |v(0)| < Clplzz +llgllz2). This
proves the bound (2.13). O

Remark 2.9. Combining (2.8) and (2.13), we conclude that there exists a constant C_ > 0 such
that

(K_v, )12 = C— (Il + |0 @)), (2.16)
for all v e H2 (R) satisfying vy € H'(R) and (ufj, v);> = 0. As is clear from the proof of
Lemma 2.8, we need some orthogonality condition on v to prove estimate (2.16), and since
uo ¢ L%(R) we cannot impose (1o, v);2 = 0. Thus we use ug = uo(u% — 1) instead of ug. Al-
though u is only an approximate eigenfunction of K _, the orthogonality condition (u(, v);2 =0
is good enough for our purposes, as we shall see in Section 3.

3. Modulation parameters near the black soliton

This section contains some important preliminary steps in the proof of Theorem 1.2. To es-
tablish the orbital stability of the black soliton with profile u¢, our general strategy is to consider
solutions ¥ (x, t) of the cubic NLS equation (1.1) of the form

Dy (x +&£(), 1) =uo(x) +ulx, ) +iv(x, 1), (x,1) eRxR, (3.1

where the perturbations u, v are real-valued and satisfy the orthogonality conditions
(ug uC,0),2 =0,  {ug,v(-.0),, =0, teR. (32

As was discussed in Remarks 2.7 and 2.9, these conditions are needed to exploit the coercivity
properties of the second variation A”(ug), where A is the conserved quantity (1.8). They also
allow us to determine uniquely the “modulation parameters”, namely the translation £ (¢) and the
phase 6(¢), at least for solutions 1 (x, ¢) in a small neighborhood of the black soliton. To make
these considerations rigorous, we first need to specify in which topology that neighborhood is
understood; in other words, we need to choose an appropriate perturbation space. Next we have
to verify that the modulation parameters exist and depend smoothly on the solution v (x, ¢) in
the vicinity of the black soliton.

Concerning the first point, we observe that the functional (1.8) which serves as a basis for our
analysis is invariant under translations and gauge transformations, and we recall that A’(ug) = 0.
Thus, if ¥ (x, t) is a solution of the NLS equation (1.1) of the form (3.1) with u, v € HZ(R), we
have for each fixed ¢ € R the following expansion

A(W) — Awog) = (Kyu,u);2 + (K_v,v);2 + N(u, v), 3.3)

where N (u, v) collects all terms that are at least cubic in # and v. However, unlike in the periodic
case considered in the companion paper [5], the decomposition (3.3) is not sufficient to prove the
orbital stability of the black soliton. Indeed, the quadratic terms in (3.3) are nonnegative, but
they are degenerate in the sense that they do not control the L*(R) norm of v, as can be seen
from the lower bound (2.16). This is due to the fact that the operator K_ has essential spectrum
touching the origin, with generalized eigenfunctions corresponding to slow modulations of the
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phase of the black soliton. As is clear from the proof of Lemma 2.8, one cannot even prove that
v € L*(R) if we only know that (K_v, v);2 < co. This in turn makes it impossible to control
the nonlinearity N (u, v) in (3.3) in terms of the quadratic part (K yu, u);2 + (K_v, v) 2.

There are good reasons to believe that the above problem is not just a technical one, and that
the H? topology for the perturbations u, v is not appropriate to prove orbital stability of the black
soliton. Indeed, as is well known, the cubic NLS equation (1.1) has a family of travelling dark
solitons v, (x, t) given by (1.14). Rigorous results [8] and numerical simulations indicate that a
small, localized perturbation of the black soliton 1/ can lead to the formation of a dark soliton
Y, with a small nonzero speed v. If this happens, the functions u, v defined in (3.1) cannot stay
bounded in L2(R) for all times, because v, — Yo ¢ L%(R) if v # 0. Note, however, that the
quantity |y,| — || does belong to L2(R) and decays exponentially at infinity. This suggests
that a particular combination of u, v may be controlled in L?(R) for all times.

Following [8], we introduce the auxiliary variable

n=luo+u+iv]> — |uol® = 2uou + u* + v, (3.4)

which allows us to control the perturbations of the modulus of the black soliton u#¢. The idea is
now to consider perturbations u, v for which uy, v, € H! R), n e LZ(R), and u,v € L2(—R, R)
for some fixed R > 1. If ¢ = ug + u + iv, this is equivalent to requiring that ¢ € X, where X is
the function space (1.7), or that dg (¥, ug) < oo, where dp, is the distance (1.9). Indeed, we have
by definition

dr(W, uo) = llux + ivell grwy + Inll g2y + lu +ivii2 g g)- (3.5)

Note, however, that we do not assume any longer that u, v are square integrable at infinity. In
particular, the perturbed solutions we consider include dark solitons ¥, with nonzero speed v.

Now that we have defined a precise perturbation space, we can state our first result showing
the existence and the continuity of the modulation parameters & and 6 in a neighborhood of the
orbit of the soliton profile ug. The following statement is very close in spirit to Proposition 2
in [8] or Lemma 6.1 in [5].

Lemma 3.1. Fix any R > 1. There exists €y > 0 such that, for any € X satisfying
Anf (€79 (+8).10) = o, (3.6)
there exist £ € R and 0 € R/(2nZ) such that

Y (x +8) =uo(x) +u(x) +ivx), xeR, (3.7)

where the real-valued functions u and v satisfy the orthogonality conditions (3.2). Moreover,
the modulation parameters &€ € R and 0 € R/(2nZ) depend continuously on { in the topology
defined by the distance (1.9).

Proof. It is sufficient to prove (3.7) for all ¢ € X such that € := dgr (¥, ug) is sufficiently small.
Given such a ¢ € X, we consider the smooth function f: R? — R? defined by
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(up(- — &), Re(e®y)) 2

f = .
&0 ( (ug(- — &), Im(e"y)) 2

), (€,0) e R,

By construction, we have (¢, 8) = 0 if and only if ¥ can be represented as in (3.7) for some
real-valued functions u, v satisfying the orthogonality conditions (3.2).

If we decompose ¥ = ug + u + iv where u, v are real-valued, we have (ué), Re(¥));2 =
(ug, u) 2 because (u, ug) 2 = 0. As in the proof of Lemma 2.8, we observe that

lu(o)| < C(lullg2_rp) + (14 1x12) luxll 2y) < C(1+ 1xV2)dr (W, uo),

where in the last inequality we have used (3.5). Thus |(u6, Re(y)) 2| < Cdr(¥, up), and a sim-
ilar argument gives |(u6’, Im(¥));2| < Cdr(¥, up). This shows that ||f(0, 0)]| < Ce for some
positive constant C independent of €.

On the other hand, the Jacobian matrix of the function f at the origin (0, 0) is given by

DF0.0) (””6”%2 0 ) ( —(ug, Re(y —ug))2  —(ugy, Im(y — M0)>L2>

’ 0 —lupl2,) "\ =l Im@ —uo))y2 (g, Re(W —uo))2 )
The first term in the right-hand side is a fixed invertible matrix and the second term is bounded in
norm by Ce, hence Df(0, 0) is invertible if € is small enough. In addition, the norm of the inverse
of Df(0, 0) is bounded by a constant independent of €. Finally, it is straightforward to verify that
the second-order derivatives of f are uniformly bounded when € < 1. These observations together
imply that there exists a unique pair (£, 0), in a neighborhood of the origin of size O(¢), such
that f(&,0) = 0. Thus the decomposition (3.1) holds for these values of (£, 6). In addition, the
above argument shows that the modulation parameters &, 6 depend continuously on ¥ € X in the
topology defined by the distance (1.9). This concludes the proof. O

As was already mentioned, the Cauchy problem for the NLS equation (1.1) is globally well-
posed in the space X [13]. If ¥ (-, ¢) is a solution of (1.1) in X which stays for all times in a
neighborhood of the orbit of the black soliton, the modulation parameters £(¢), 6(¢) given by
the decomposition (3.1) subject to the orthogonality conditions (3.2) are continuous functions of
time. In fact, as in [5, Lemma 6.3], we have the following stronger conclusion:

Lemma 3.2. If € > 0 is sufficiently small and if ¥ (-, t) is any solution of the NLS equation (1.1)
in X satisfying, forallt € R,

: i0
g’lgnefRdR(e Y(+E&,0),up) <e, (3.8)

then the modulation parameters &(t),0(t) in the decomposition (3.1), (3.2) are continuously
differentiable functions of t satisfying (1.13).

Prooft If ¥ (-, t) is any solution of the NLS equation (1.1) in X, it is easy to verify that the map
t— ey (-, 1) — ¥ (-, 0) is continuously differentiable in the topology of L?(R), with

W W)=Y, 0) =i (Yur + (1 = [¥1))¥) € LAR).
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In particular, for all (§,6) € R2, the scalar products
(ME)( - ‘5;:)’ Re(eigw('3 t))>L27 (Mg( - g)? Im(eiew('v t)))LZa
are continuously differentiable functions of time. Thus, if assumption (3.8) holds for all times,
the proof of Lemma 3.1 shows that the modulations parameters £(¢), 6(¢) in the decomposition
(3.1), (3.2) are C! functions of time.
Differentiating both sides of (3.1) and using (1.1), we obtain the evolution system

up =L v+E&(uly+uy) — 0v+ (2uou + u* +v?)v,
—vy=Liu— évx — é(uo +u)+ (3u0u +u?+ vz)u + ugv?,

where the operators L are defined in (2.1). Using the orthogonality conditions (3.2), we elim-
inate the time derivatives u;, v; by taking the scalar product of the first line with u, and of the
second line with u(j. This gives the following linear system for the derivatives £ and 6:

B <£> _ ((L_u{), v)Lz> L (( (ugy, Quou + u? +v2)) ;. ) ’ (3.9)

o (Lyug, u)p2 uy, Guou +u® + v¥u +ugv?)
where
—lug ||2 0 —(uly,uy) 2 (U, )2
B:( oltz2 /2)+< //0 X)L 2 L). (3.10)
0 —llupll;- (ugsvx)g2  (ug, u)p2

As in the proof of Lemma 3.1, it is easy to verify using (3.8) that the second term in the right-hand
side of (3.10) is bounded by Ce for some positive constant C, hence the matrix B is invertible
if € is small enough, with uniformly bounded inverse. On the other hand, the first term in the
right-hand side of (3.9) is of size O(€), whereas the second term is O(¢2), hence IED|+16()] <
Ce for all t € R, where the positive constant C is independent of ¢. This concludes the proof. 0O

4. Proof of orbital stability of the black soliton

This final section is entirely devoted to the proof of Theorem 1.2. As in the previous section,
we consider solutions of the NLS equation (1.1) of the form (3.1), where the real-valued per-
turbations u, v satisfy the orthogonality conditions (3.2). Our main task is a detailed analysis of
the functional (1.8) in a neighborhood of the orbit of the soliton profile ug. Instead of using the
straightforward decomposition (3.3), the main idea is to express the difference A(y¥) — A(up) in
terms of the variables u, v, and n, where 7 is defined in (3.4).

Lemma 4.1. If = ug + u + iv satisfies dg (¥, ug) < 0o, then

AW) — Aug) = /[u,%x + 3+ (Bud —2) (u3 +v3) + (1 — ug) (u? +v?)
31— ) (1 - 3 3+ 3 (i~ 2)

+%U3+3n(u§+vf)+6u6(u2+v2)ux] dx. 4.1)
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Proof. We observe that [{|> = u3 + n and ¥ + Y9, = 2uou) + 1. Thus, if

1 - - 1 2
AW) = WP W PGP = 2) + 5 G + 990> + WP (1= 1 P)
denotes the integrand in the functional A = § — 2FE, a direct calculation shows that

A — Auo) = Lu, 1) + 6nupuy +u?, + v, + (3ud — 2)(u? + v?)

1 1 1
+§n§+5(3u3—2)n2+5n3+3n(u§+v§), (4.2)

where L(u, n) = 2ufuyx +23u — 2)upu, + 2uouyny +n(1 — ud)(2 — 3uj). We now integrate
the right-hand side of (4.2) over x € R, starting with the terms L£(u, n) which are linear in u

and 7. Using the identities u( 4 1o — u(3) =0and uy” + (1 — 3u(2))u6 - 6u0u62 =0, we find

2/(uguxx + (3u(2) — 2)u6ux) dx = 2/(146/// - (31/!% - 2)1/[6/ — 6u0u62)u dx

R R
:2/u8udx=—2f(l —u(z))uoudx.
R R

Similarly, as 2(uouy)’ = (1 —ud)(1 — 3u}), we have

2 [[uoirear =2 [[wout) nax =~ [ (1 -d) (1~ 3ud)na.

R R R
‘We conclude that
fﬁ(u, 1) dx = /(1 — ud)(n — 2uou) dx = /(1 — ud)(u? +v?) dx. (4.3)
R R R

Note that (4.3) is now quadratic in u and v, which could be expected since u is a critical point
of the functional A. We next consider the quadratic term 6nu6u » in (4.2), which has no definite
sign. Using the definition (3.4), we find 6nugu, = 12uouguu, + 6u6(u2 +v?)u,, and integrating
by parts, we obtain

6/nu6ux dx=—3/(1 —ud)(1 —3u%)u2dx+6/u6(u2+v2)uxdx. 4.4)
R R R

Now, combining (4.2), (4.3), and (4.4), we arrive at (4.1). O
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To simplify the notations, we define

Bo(u) =u?, + (SM% — Z)M)ZC + (9u% — 5ug — 2)u2
Bi(w) =u?, + (3ud — 2)u? + (1 — ud)u? = 3(1 — ud) (1 — 3ud)u?

Ba(v) = v2, + (3ud — 2)v + (1 — uf)v?

1 1
B3() = 5’7)2‘ + 5(3u3 —2)n°. (4.5)

The quadratic terms in the right-hand side of (4.1) can be written in the compact form

Q(u,v,n)=/(31(u)+32(v)+B3(77))dX~ (4.6)

R

We see that Q(u, v, n) contains (K_v,v) = [ B2(v)dx, but not (Kju,u) = [ Bo(u)dx. In-
stead, it only contains fR Bi(u)dx and fR B3(n) dx. This discrepancy is due to that fact that the
variables u and n are not independent. As n = 2uou + u?+v2, the quantity fR B3(n) dx also con-
tains quadratic terms in u and u,, which should be added to fR Bj (1) dx to obtain fR Bo(u)dx.

Due to the relation between u and 7, it is not obvious that each quadratic term in (4.6) is
positive independently of the others. To avoid that difficulty, we fix some R > 1 (which will be
chosen large enough below) and we split the integration domain into two regions. When |x| < R,
we replace 1 by 2uou 4 u* +v?, and we use extensions of Lemmas 2.6 and 2.8 to prove positivity
of the quadratic terms in (4.6). In the outer region |x| > R, the analysis is much simpler, because
the expressions B1(u), B2(v), and B3(n) are obviously positive if R is large enough.

Since 7 is a nonlinear function of u and v, the analysis of the quadratic expression (4.6)
will produce higher-order terms, which will be controlled using a smallness assumption on the
distance dg (¥, ug). To that purpose, we find it convenient to introduce the quantity

p*(u, v, ) = f(u?cx + v +u +v?)dx + / (* + R™*v?) dx + / (n? +n?)dx,
R lx|<R x|>R
4.7)

which is equivalent to the squared distance (3.5) in a neighborhood of u¢. Indeed, we have the
following elementary result:

Lemma 4.2. Fix R > 1, and assume that v = ug+u +iv, where u, v € Hl%)c (R) are real-valued.
Let dgr (W, ug) be given by (3.5) and p(u, v, n) by (4.7).

a) One has dr (Y, ug) < oo if and only if p(u, v, n) < oo.

b) There exists a constant Co > 1 (independent of R) such that, if dg(¥,ug) <1 or if
Rl/zp(u, v,n) <1, then

Cy ' o, v, 1) <dr(¥, up) < CoRp(u, v, 7). (4.8)
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Proof. Throughout the proof, we denote dg(y/, ug) by dr and p(u, v, ) simply by p. We pro-
ceed in three steps.

Step 1: Assume first that dg < 00, so thatu,, v, € HI(R), u,ve Lz(—R, R),andn € L2(R),
where 1 = |¥|? — |uo|? = 2uou + u* + v*. We claim that u, v € L°(R) and that

K :=lul|lpe®) + vllLe@®) < C( +dRg), 4.9)

for some universal constant C > 0. Indeed, if f = || — |ug|, we observe that

dﬁzfn%uz /(Wﬂ—WMfOWH%%DauzC‘/AﬂdL

R lx[>1 lx[=1

hence f € L2(I), where I = {x € R: |x|] > 1}, and ||f||L2(1) < Cdg. Moreover, we have
| fx] < 2u6 + |ux| + |vy| almost everywhere, hence f, € L*(R) and I fxll 2wy < €A + dg).
By Sobolev embedding, this implies that f € L°°(I), hence also u, v € L°°(I), and we have
the bound |[u|[ ooy + V| Loy < C(1 4 dpg). Finally, since ”MXHLZ(R) + |lvy ”Lz(R) < Cdg, we
conclude that u, v € L°°(R) and that (4.9) holds.

Step 2: Next, we assume that p < 0o, so that u,, v, € HI(R), u,v e L2(—R, R),and n €
H(Ig), where Ir = {x e R:|x| > R}. We claim that u, v € L°°(R) and that

K = |lull Loy + vl Lo @) < C(1 + RY?p), (4.10)

for some universal constant C > 0. Indeed, we know that n € L (Ig) with [|5]| Loz < Cp.
This implies that ¢ € L (Ig), hence also u, v € L°(Ig), and that |lu| o) + vl <
C (1 + p)'/2. On the other hand, we know that lullLoo—r,R) < Cllull g1 (g, gy < Cp and that

||v||L2 —R.R 1/2 1/2
IollLoe—r,R) = C(% 0I5 g ol 5 g oy ) < CRYp,

because [[vllz2(_g gy < Rp and [[vxll2_g gy < p. Thus we conclude that u, v € L*°(R) and
that (4.10) holds.

Step 3: Finally we assume that K = |lu|| Lo ®) + [|[V[| L ®) < 00, which is the case if dg < 00
or if p < 0. As = 2uou + u? + v2, we find

Inll2g. gy < C+ K)(lull 2 g gy + IVl 2—r ) < C(1+ K)Rp,

because |lull 2_g gy < p and ||v[l2(_g gy < Rp. This shows that, if p < oo, then n € L2(R),
so that dg < 0o, and we have the bound dg < C(1 4 K)Rp. Conversely, since 1, = 2(uyu +
ugUy + uu, + vvy), we obtain

Inall 2y < €A+ K (lull 211y + Nt 2y + Hoell2wy) < C(+ K)dg,

where to estimate u6u we used the fact that |u(x)| < C(lull2—y1) + A + |x|)1/2||ux||Lz(R)).
This shows that, if dg < oo, then n, € LZ(R), so that p < oo, and we have the bound p <
C(1 4+ K)dg. This concludes the proof. O
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In the calculations below, to avoid boundary terms when integrating by parts in expressions
such as (4.6), it is technically convenient to split the integration domain using a smooth partition
of unity. Let x : R — [0, 1] be a smooth cut-off function such that

N W

1
x(x)=1 f0r|x|§§, and x(x)=0 for|x|>

We further assume that x is even, that x’(x) <0 for x > 0, and that x (1) = % Given R > 1, we
denote xr(x) = x(x/R). The following estimates will be useful to control the functions u, v on
the support of .

Lemma 4.3. Fix R > 1, and assume that W = ug + u + iv satisfies dgr (¥, ug) < 0o. Then there
exists a constant C1 > 0 (independent of R) such that

lull 2 _2r 20y < Ci(p@.v.m) + R Zpu, v, n)?), (4.11)
lull oo —2r.28) + [Vl Lo(~2r.2R) < C1RY?p(u, v, 1), (4.12)

where p(u, v, n) is given by (4.7).
Proof. If f is either u or v, then | £ (x)| < C(R™'2|| fll2(_g.g) + (x| + R)?|| fill .2 ))- and

this gives the bound (4.12). To prove estimate (4.11), we recall that [|ul|;2_g gy < p(u, v, ), O
we only need to control u(x) for R < |x| < 2R. In that region we have |u| < C(|n| + u® + v?),

hence using the bound (4.12) and the fact that [[n]l;2( =) < p(u, v, 7) we obtain the desired
result. O

We now analyze the quadratic terms in the representation (4.6).

Lemma 4.4. Under the assumptions of Lemma 4.2, if dg (W, ug) < 1, we have

/ (B1 () + B3 (1) x () dx = / Bo(u) xx (x) dx

R R
+O(Rpu,v.n)’ +e Rpw,v,m?),  4.13)

where the estimate in the big O term holds uniformly for R > 1.
Proof. Since n =2uou + u? + 02, we find by a direct calculation
B3(n) = 2u62u2 + ZM%M}% + 4u0u6uux + 2(314(2) — 2)u(2)u2 + ]\7(14, v),
where
N(u, v) =4(uuy + vvx)(u6M + uoux) + 2(uuy + vvx)2

+2(38 — (i +27) + 3 (ud —2) (> +07)
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In view of the definitions (4.5), this implies that
Bi(u) + B3(n) = Bo(u) + (2uougu®)  + N (u, v).

If we now multiply both sides by xg(x) and integrate over x € R, we arrive at (4.13), because it
is straightforward to verify using (4.7), (4.9) and (4.12) that

—2/uoubuzx;e(x)dxz(’)(e_Rp(u,v,n)z), and /]V(u,v)XR(x)dx=O(R3p(u,v,r])3).
R R

This concludes the proof of the lemma. O

Using Lemma 4.4, we are able to derive the desired lower bound on the difference A() —
A(ug) in terms of the quantity p(u, v, n).

Proposition 4.5. If R > 1 is sufficiently large, there exists a constant Co > 0 such that, if ¥ =
uo + u + iv satisfies dr (¥, uo) < 1 and if (ugy, u) ;2 = (ugy, v);2 =0, then

AW = Awo) = Cop(u, v, 1) + O(R? p(u, v, m)’), (4.14)
where the estimate in the big O term is uniform in R.
Proof. Proceeding as in the proof of Lemma 4.2, it is easy to estimate the cubic terms in (4.1) in

terms of p(u, v, ) using, in particular, the uniform bound (4.9) and the estimate (4.12). We thus
find

A@) — Auo) = Qu, v, ) + O(R p(u, v, n)*), (4.15)

where Q(u, v, n) is given by (4.5) and (4.6). Then, in the definition (4.6), we split the integral
using the partition of unity 1 = xz + (1 — xg) and we use Lemma 4.4. This gives

Q(u,v,n)=/Bz(v>dx+/80(u>x;e(x>dx

R R
+ /(Bl @) + B3) (1 — xg()) dx + O(R*p(u, v, n)* + e R p(u, v, )?).
R
(4.16)
As (ug, v) =0, we know from Lemma 2.8 and Remark 2.9 that
C
/Bz(v)dsz/(vfx+vf)dx+ﬁ / v2dx, 4.17)

R R |x|<R

where the last term in the right-hand side follows from the bound |v(x)| < [v(0)] + |x| 201wl 12
which implies
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/ vzdx§4R|v(0)|2+2R2/v§dxECRZ/Bz(v)dx.
Ix|<R R R

On the other hand, if R > 1 is large enough so that 3u% —2> % for |x| > R, it is clear from (4.5)
that

/ (B1() + Bs(m) (1 — xr () dx = C / (@ 42+ + ) de. (418)
R [x|=R

Finally, we estimate from below the term fR Bo(u) x g (x) dx under the orthogonality assump-
tion (ug,u);> = 0. Arguing as in Lemma 2.1 and Corollary 2.3, we introduce the auxiliary

variable w = u, + +/2uou. After integrating by parts, we obtain the identity

/BO(M)XR(X)dx = /(wi +w?) xg (x) dx + Jg,
R R

where

Jr= /(ﬁuoui + 23 2ufuu, + (2uouq — V2u 2uf)u® + V2udu? ) xR () dx.
R

Since xp(x) = R~ 'x/(x/R), we have using the estimate (4.11)

Csp(u, v, 2
30( 1) "

= O(R*p(u, v, m*),

C
IRl = & / (1% +u?)dx <
|x|<3R/2

where C3 > 0 is independent of R. Moreover, proceeding as in the proof of Lemma 2.6, we find
/ (2, +u2+u?)dx <C / (w? +w?)dx + O(e Rp(u, v, m)?). (4.19)

[x|<R [x|<R
Indeed, we have the representation u = Au6 + W, where the function W is defined in (2.10) and

the constant A is fixed by the orthogonality condition (u, u);> = 0. The proof of Lemma 2.6
shows that W12 j<ry < Cllwllz2(jx|<k)- From the orthogonality relation

0= / u6(x)(Au6(x)+W(x))dx+ f uf)(x)u(x)dx,

|x|<R [x|>R

we easily obtain the bound [A| < C[W 12y <) + O(e R p(u, v, n)). This shows that

lullz2qxi<ry = Cllwll 2y 1<r) + O(e_RP(M, v, 77)),
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and since u, = w — ﬁuou we obtain similar estimates for the derivatives u, and u,,, which
altogether give (4.19). Summarizing, we have shown

C 9 b 2
[ mooxaoazc [ (2, ) a - SO
R Ix|<R
+O(R2pu,v.m) +eFotu, v.m)?), (4.20)

where in the big O term we replaced Rz,o(u, v, n)4 with Rzp(u, v, 17)3 using the fact that
po(u,v,n) < Codr(¥,up) < Co by (4.8). Now, combining (4.15), (4.16), (4.17), (4.18), (4.20),
and taking R > 1 sufficiently large, we arrive at (4.14). O

Corollary 4.6. Fix any R > 1. There exist €1 € (0, 1) and C4 > 1 such that, if y =ug+u +iv
satisfies dr (Y, uo) < €1 and if (u(, u) 2 = (ug, v);2 =0, then

Cyldr(Y, u0)* < A(W) — Aug) < Cadr (Y, uo)>. (4.21)

Proof. Choose R > 1 large enough so that the conclusion of Proposition 4.5 holds, and py > 0
small enough so that R3pg <« Ca, where Cs is as in (4.14). Take €; < 1 such that Coe; < po,
where Cq is asin (4.8). If = ug+u+iv satisfies dg (¥, uo) < €1 and (ug, u);2 = (ug, v);2 =0,
it follows from (4.8) that the quantity p(u, v, n) defined in (4.7) satisfies p(u, v, n) < po. By
Proposition 4.5, we thus have

1
5Captu, v, Mm% < AW) — Auo) < Chp(u, v,1)%,

where the lower bound follows from (4.14), and the upper bound can be established by a much
simpler argument (which does not use any orthogonality condition). Since p (u, v, n) is equivalent
to dr (¥, up) by Lemma 4.2, we obtain (4.21). Finally, Corollary 4.6 holds for any R > 1 because
different values of R give equivalent distances dg on X. O

It is now easy to conclude the proof of Theorem 1.2. Fix any R > 1. Given any € > 0, we take

§= ZLC4 min(2e, €g, €1),
where C4 > 1 and €] > 0 are as in Corollary 4.6 and €p > O is asin Lemma 3.1. If ¥y € X satisfies
dr (Yo, up) <38, then A(Yy) — A(up) < C482 by the upper bound in (4.21), which does not
require any orthogonality condition. Since A is a conserved quantity, we deduce that the solution
¥ (-, t) of the cubic NLS equation (1.1) with initial data ¢ satisfies A(Y (-, 1)) — A(ug) < C482
for all ¢+ € R. We claim that, for all r € R, we have

gi@nfRdR (e (- +&,1),u0) <2C48 < €. (4.22)
e

Indeed, the bound (4.22) holds for t = 0 by assumption. Let 7 C R be the largest time interval
containing the origin such that the bound (4.22) holds for all # € J. As is well-known [6,13],
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the solutions of the cubic NLS equation (1.1) with initial data in X depend continuously on time
with respect to the distance dg (¥, up). This implies that the left-hand side of the bound (4.22) is
a continuous function of 7, so that 7 is closed. On the other hand, if t € 7, then by Lemma 3.1
we can find &, 0 € R such that the function @(x) =e! @Dy (x +&,1) can be decomposed as
in (3.7) with u, v satisfying the orthogonality conditions (3.2). Applying Corollary 4.6 to ¥, we
deduce that

Cyldr(W, u0)? < A(W) — Aug) = A(Yo) — Alug) < Cad?,

so that dg (¥, ug) < C48. Using again a continuity argument, we conclude that 7 contains a
neighborhood of ¢. Thus 7 is open, hence finally 7 = R, so that the bound (4.22) holds for all
t € R. Using Lemma 3.1, we thus obtain modulations parameters £(¢), 6 (¢) such that

dr(e OOy (- E(t), 1), u0) <Cad <€, telR.

Finally, Lemma 3.2 shows that the functions £ : R — R and 6 : R — R/(27Z) are continuously
differentiable and satisfy the bounds (1.13). The proof of Theorem 1.2 is now complete.

Remark 4.7. Instead of introducing the auxiliary variable 7 to cure the imperfect decomposition
(3.1), it would be advantageous to find a parametrization of the perturbations that fully takes into
account the geometry of the functional A, and in particular the degeneracy of A”(uq). Near the
constant solution u#| = 1, it is most natural to write ¥ (x, 1) = (1 4+ r(x, t))eiﬁ"(x”), where r and
@ are real-valued functions. In that case, the usual energy function (1.5) allows us to control r in
H'(R) and ¢, in L>(R). In the same spirit, it is tempting to consider perturbations of the black
soliton of the form

Y (x, 1) = (uo(x) +r(x,0))e ™", x eR, (4.23)

where r, ¢ are again real-valued functions. With this representation, we find

AW) — A(ug) = (K41, 1) + / (udp?, +¢2)dx + N(r, ), (4.24)
R

where N (r, ¢,) collects the higher order terms. This formula is interesting, because it is not
difficult to verify that N (r, @) can be controlled by the quadratic terms in (4.24) if r is small in
H?(R) and ¢, small in H'(R). However, not all perturbations of the black soliton can be written
in the form (4.23) with r, ¢ satisfying such smallness conditions, because u( vanishes at x =0
in (4.23).
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