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�áá«¥¤ã¥âáï ªà¨â¥à¨© ¯®ï¢«¥­¨ï ­®¢®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ¢ «¨­¥©­®©
á¯¥ªâà «ì­®© § ¤ ç¥, á®®â¢¥âáâ¢ãîé¥© ¯à®¬¥¦ãâ®ç­®¬ã ãà ¢­¥­¨î ¤«¨­­ëå ¢®«­.

�¥â®¤®¬ äãàì¥-à §«®¦¥­¨ï ¢ëç¨á«ï¥âáï  á¨¬¯â®â¨ª  ­®¢®£® á®¡áâ¢¥­­®£® §­ ç¥Ä
­¨ï ¢ ¯à¥¤¥«¥ ¬ «®£® ¯®â¥­æ¨ « . �¥§ã«ìâ âë áà ¢­¨¢ îâáï á  ­ «®£¨ç­ë¬¨
à¥§ã«ìâ â ¬¨ ¤«ï ®¯¥à â®à  �à¥¤¨­£¥à  á à ¤¨ «ì­®-á¨¬¬¥âà¨ç­ë¬ ¯®â¥­æ¨ «®¬.

1. ��������

�®à®è® ¨§¢¥áâ­®, çâ® ã ®¯¥à â®à  �à¥¤¨­£¥à  L = �r2d + �v(r) ¯à¨ ¬ «®© ª®­Ä

áâ ­â¥ á¢ï§¨ �� 1 ¬®¦¥â áãé¥áâ¢®¢ âì á« ¡® á¢ï§ ­­®¥ á®áâ®ï­¨¥ L�b = �b�b, £¤¥

� = �b(�) < 0 [1]. �­® § ¢¥¤®¬® áãé¥áâ¢ã¥â ¢ ®¤­®¬¥à­®¬ ¨ ¤¢ã¬¥à­®¬ á«ãç ïå, ¥á«¨

¯®«­ ï ¬ áá 

M /

Z
1

0

r
d�1

v(r) dr

¯®â¥­æ¨ «  v = v(r) ®âà¨æ â¥«ì­  [2]. �¥â®¤ ¬¨ ®¯¥à â®à­®£®  ­ «¨§  ¡ë«¨ ¨§ãç¥­ë

 ­ «¨â¨ç¥áª¨¥ á¢®©áâ¢  äã­ªæ¨¨ � = �b(�) [3]; ¯®§¤­¥¥ íâ¨ à¥§ã«ìâ âë ¡ë«¨ ®¡®¡Ä

é¥­ë ­  á«ãç © � = �b(� � �0), £¤¥ �0 { ¯®à®£®¢®¥ §­ ç¥­¨¥ [4]. �¥¤ ¢­® á ¯®¬®éìî

¨­â¥£à «ì­®£® ¯à¥¤áâ ¢«¥­¨ï �¯¥­ª® ¯®«ãç¨« [5]  á¨¬¯â®â¨ª¨ ­®¢®£® á®¡áâ¢¥­­®£®

§­ ç¥­¨ï ¤«ï á«ãç ï d > 2.

� §¢¨âë© ¤«ï ®¯¥à â®à  �à¥¤¨­£¥à   ­ «¨§ ¡ë« ®£à ­¨ç¥­ á ¬®á®¯àï¦¥­­ë¬¨

¤¨ää¥à¥­æ¨ «ì­ë¬¨ ®¯¥à â®à ¬¨ ¢â®à®£® ¯®àï¤ª . � á¢ï§¨ á â¥®à¨ï¬¨ á®«¨â®­®¢ ¨§Ä

ãç «¨áì â ª¦¥ ¨ ¤àã£¨¥ «¨­¥©­ë¥ § ¤ ç¨ ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï, ­ ¯à¨¬¥à § ¤ ç¨,

á¢ï§ ­­ë¥ á ¬ âà¨ç­ë¬¨ ­¥á ¬®á®¯àï¦¥­­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ®¯¥à â®à ¬¨ [6,

7], ¨«¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ á¯¥ªâà «ì­ë¥ § ¤ ç¨ �¨¬ ­ {�¨«ì¡¥àâ  [8].

� ­ áâ®ïé¥© à ¡®â¥ ¬ë ¯à¥¤« £ ¥¬ ¯à®áâ®©  á¨¬¯â®â¨ç¥áª¨© ¯®¤å®¤, ®á­®¢ ­­ë©

­  äãàì¥-à §«®¦¥­¨¨ á®¡áâ¢¥­­ëå äã­ªæ¨© á« ¡® á¢ï§ ­­ëå á®áâ®ï­¨©, ¨ ­ å®¤¨¬

 á¨¬¯â®â¨ª¨ ­®¢ëå á®¡áâ¢¥­­ëå §­ ç¥­¨© ¢ ­¥ª®â®àëå «¨­¥©­ëå § ¤ ç å. �á¯®«ìÄ

§ã¥¬ë© ¯à¨ íâ®¬ ¬¥â®¤ ¨§¢¥áâ¥­ ¢ ª¢ ­â®¢®© ¬¥å ­¨ª¥ ª ª ¡®à­®¢áª®¥ ¯à¨¡«¨¦¥­¨¥

¤«ï  ¬¯«¨âã¤ë ¢®«­ë, à áá¥ï­­®© ­  ¬ «®¬ ¯®â¥­æ¨ «¥ (á¬. [2, £«. XVII, ¯. 130]).
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�¥â®¤ ¯à¨¬¥­ï¥âáï ¤«ï ®¯¨á ­¨ï à®¦¤¥­¨ï á®«¨â®­®¢ ¢ á¨áâ¥¬¥, ®¯¨áë¢ ¥¬®© ¯à®Ä

¬¥¦ãâ®ç­ë¬ ãà ¢­¥­¨¥¬ ¤«¨­­ëå ¢®«­

(1) ut + Æ
�1
ux + 2�uux + T (uxx) = 0;

£¤¥ Æ { ¯ à ¬¥âà, T (u) { á¨­£ã«ïà­ë© ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à

T (u) =
1

2Æ
v:p:

Z
1

�1

cth

�
�(z � x)

2Æ

�
u(z) dz

¨ �� 1. �â®¬ã ãà ¢­¥­¨î á®®â¢¥âáâ¢ã¥â á«¥¤ãîé ï «¨­¥©­ ï § ¤ ç  ­  á®¡áâ¢¥­­ë¥

§­ ç¥­¨ï [9]:

(2) iw
+
x +

�
q(k) +

1

2Æ

�
(w+ �w�) + �u(x)w+ = 0;

£¤¥

(3) q(k) = k
exp(2kÆ)

sh(2kÆ)
�

1

2Æ
;

k { á¯¥ªâà «ì­ë© ¯ à ¬¥âà,   w� = w(x � iÆ). � à ¡®â¥ [10] ¨§ãç «®áì à®¦¤¥­¨¥

á®«¨â®­®¢ ¡®«ìè¨¬ ­ ç «ì­ë¬ ¨¬¯ã«ìá®¬ (�� 1). � ¤ ­­®© à ¡®â¥  ­ «¨§¨àã¥âáï

¯à®â¨¢®¯®«®¦­ë© á«ãç ©. Ǳ®ª § ­®, çâ® ¯à¨ k = i�(�) ¨ � ! 0 á« ¡® á¢ï§ ­­®¥

á®áâ®ï­¨¥ ¢á¥£¤  áãé¥áâ¢ã¥â, ¥á«¨ ¬ áá 

(4) M =

Z
1

�1

u(x) dx

áâà®£® ¯®«®¦¨â¥«ì­ . �â® á¢ï§ ­­®¥ á®áâ®ï­¨¥ ®â¢¥ç ¥â á®«¨â®­ã ¯à®¬¥¦ãâ®ç­®£®

ãà ¢­¥­¨ï ¤«¨­­ëå ¢®«­ (1), £¥­¥à¨àã¥¬®¬ã ¬ «ë¬ ­ ç «ì­ë¬ ¨¬¯ã«ìá®¬.

� ¯à¥¤¥«¥ Æ ! 0 á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ à §«®¦¥­¨¥:

T (ux) + Æ
�1
u =

�

4Æ2
v:p:

Z
1

�1

u(z) � u(x)

sh2
h
�(z�x)
2Æ

i dz = Æ

�2
uxx

Z
1

�1

z
2
dz

sh2(z)
+O(Æ3);

£¤¥ ¯®á«¥¤­¨© ¨­â¥£à « à ¢¥­ �
2
=3 [11]. �®£¤  ¯à®¬¥¦ãâ®ç­®¥ ãà ¢­¥­¨¥ ¤«¨­­ëå

¢®«­ (1) á¢®¤¨âáï ª ãà ¢­¥­¨î �®àâ¥¢¥£ {¤¥ �à¨§  (�¤�)

(5) 3ut + 6�uux + Æuxxx = 0;

ª®â®à®¬ã á®®â¢¥âáâ¢ã¥â ®¤­®¬¥à­ë© ®¯¥à â®à �à¥¤¨­£¥à 

(6) Æ(wxx � 2ikwx) + �u(x)w = 0:

� íâ®¬ ¯à¥¤¥«¥ ­®¢®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ k = i�(�) ¨¬¥¥â  á¨¬¯â®â¨ªã ¢¨¤ 

�(�) =
�

2Æ
M +O(�2);
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£¤¥ M > 0. �ª §ë¢ ¥âáï, çâ® ­®¢®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ «¨­¥©­®© § ¤ ç¨ (2)

¯à¨ ª®­¥ç­®¬ Æ ¨¬¥¥â  á¨¬¯â®â¨ªã â ª®£® ¦¥ ¢¨¤ , â.¥. �(�) � O(�). � ¯à¥¤¥«¥

Æ !1, ª®£¤  ¯à®¬¥¦ãâ®ç­®¥ ãà ¢­¥­¨¥ ¤«¨­­ëå ¢®«­ ¯¥à¥å®¤¨â ¢ ãà ¢­¥­¨¥ �¥­Ä

¤¦ ¬¨­ {�­® (��) [9], ¢¥«¨ç¨­  �(�) ª ª äã­ªæ¨ï � íªá¯®­¥­æ¨ «ì­® ¬ « , â.¥.

� � O(exp(�2���1M�1)), £¤¥ M > 0 [8]. � ª¨¬ ®¡à §®¬, ¯à¨ «î¡®¬ §­ ç¥­¨¨ Æ

¢ á¯¥ªâà «ì­®© § ¤ ç¥ (2) ­¥ áãé¥áâ¢ã¥â ¯®à®£®¢®£® §­ ç¥­¨ï  ¬¯«¨âã¤ë � ¯®â¥­Ä

æ¨ « , ¯à¨ ª®â®à®¬ ¯®ï¢«ï¥âáï ­®¢®¥ á¢ï§ ­­®¥ á®áâ®ï­¨¥. �â® ®§­ ç ¥â, çâ® ¤«ï

¯à®¬¥¦ãâ®ç­®£® ãà ¢­¥­¨ï ¤«¨­­ëå ¢®«­ (1), â ª ¦¥ ª ª ¨ ¤«ï ¥£® ¯à¥¤¥«ì­ëå

á«ãç ¥¢, ãà ¢­¥­¨© �¤� ¨ ��, «î¡®© ­ ç «ì­ë© ¨¬¯ã«ìá á ¯®«®¦¨â¥«ì­®© ¬ áá®©

M á â¥ç¥­¨¥¬ ¢à¥¬¥­¨ ¯à¥¢à é ¥âáï ¢ á®«¨â®­.

�â®â à¥§ã«ìâ â áà ¢­¨¢ ¥âáï á à¥§ã«ìâ â®¬  ­ «¨§  d-¬¥à­®£® ®¯¥à â®à  �à¥¤¨­Ä

£¥à  á à ¤¨ «ì­®-á¨¬¬¥âà¨ç­ë¬ ¯®â¥­æ¨ «®¬

(7) �rr +
d� 1

r
�r + k

2
�+ �u(r)� = 0; r > 0;

£¤¥ k { á¯¥ªâà «ì­ë© ¯ à ¬¥âà. �ë ¨áá«¥¤ã¥¬ à §«®¦¥­¨¥ �ãàì¥{�¥áá¥«ï á« ¡®

á¢ï§ ­­®£® á®áâ®ï­¨ï ¨ ¯®ª §ë¢ ¥¬, çâ® ¢ á¯¥ªâà «ì­®© § ¤ ç¥ (7) ¯à¨ 0 < d 6 2

­¥ áãé¥áâ¢ã¥â ¯®à®£  ¯® � ¤«ï ¢®§­¨ª­®¢¥­¨ï ­®¢®£® á¢ï§ ­­®£® á®áâ®ï­¨ï. Ǳà¨

0 < d < 2 ¤«ï ­®¢®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï k = i�(�) ¯®«ãç¥­   á¨¬¯â®â¨ª  ¢¨Ä

¤  � � O(�1=(d�2)). � ª¨¬ ®¡à §®¬, ¢ «¨­¥©­®© § ¤ ç¥ (7) á®¡áâ¢¥­­®¥ §­ ç¥­¨¥

k = i�(�) ­¥ ï¢«ï¥âáï, ¢®®¡é¥ £®¢®àï,  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© �, ¢ â® ¢à¥¬ï ª ª

¢ «¨­¥©­®© § ¤ ç¥ (2) ®­® ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© äã­ªæ¨¥© ¯à¨ «î¡®¬ ª®­¥ç­®¬

§­ ç¥­¨¨ Æ. Ǳà¨ d = 1 à¥§ã«ìâ â á¢®¤¨âáï ª § ¢¨á¨¬®áâ¨ � � O(�). Ǳà¨ d! 2�

äã­ªæ¨ï �(�) áâ ­®¢¨âáï íªá¯®­¥­æ¨ «ì­® ¬ «®© ¯® �, â.¥. � � O(exp(�2���1M�1)),

£¤¥ M > 0 { ¯®«­ ï ¬ áá  ¯®â¥­æ¨ « . Ǳà¨ d = 2 ­ è ¯®¤å®¤ ¯®§¢®«ï¥â ¢ëç¨á«¨âì

¯à¥¤íªá¯®­¥­æ¨ «ì­ë© ä ªâ®à. Ǳ®á«¥¤­¨© à¥§ã«ìâ â ¤®¯®«­ï¥â ­¥¤ ¢­¨©  ­ «¨§

�¯¥­ª® [5], ª®â®àë© à áá¬ âà¨¢ « § ¤ çã (7) ¯à¨ d > 2, ª®£¤  ­®¢®¥ á®¡áâ¢¥­­®¥

§­ ç¥­¨¥ ¢®§­¨ª ¥â ¯à¨ � > �0, £¤¥ �0 { ¯®à®£®¢®¥ §­ ç¥­¨¥. �­ â ª¦¥ ¢ëç¨á«¨«

¯à¥¤íªá¯®­¥­æ¨ «ì­ë© ä ªâ®à ¢ ¯à¥¤¥«¥ d! 2+.

2. Ǳ������������ ��������� ������� ����

�ë à áá¬ âà¨¢ ¥¬ «¨­¥©­ãî § ¤ çã (2) ¯à¨ ª®­¥ç­®¬ Æ ª ª ¤¨ää¥à¥­æ¨ «ìÄ

­®-à §­®áâ­ãî § ¤ çã ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ x. Ǳà¨ � = 0 ¨¬¥îâáï ¤¢  à¥è¥­¨ï:

M
�(x; k) = 1 ¨ N

�(x; k) = e
2ik(x�iÆ). �ë áâà®¨¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (2) ¯à¨ q =

q(i�(�)) ¨ 0 < �� 1 ¢ ¢¨¤¥ à §«®¦¥­¨ï �ãàì¥ ¯® á®¡áâ¢¥­­ë¬ äã­ªæ¨ï¬ N
�(x; k):

(8) w
�(x) =

Z
1+i0

�1+i0

�(k)e2ik(x�iÆ) dk;

£¤¥ �(k) { ª®íää¨æ¨¥­âë �ãàì¥,   á¤¢¨£ k! k+i0 ¯à¥¤¥«®¢ ¨­â¥£à¨à®¢ ­¨ï £ à ­â¨Ä

àã¥â, çâ® á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ w�(x) ®¡à é îâáï ¢ ­ã«ì ¯à¨ x! +1 (¢ ¯à®â¨¢­®¬

á«ãç ¥ á¢ï§ ­­®¥ á®áâ®ï­¨¥ ­¥ ¡ã¤¥â «®ª «¨§®¢ ­­ë¬). Ǳà¨ ¯®¤áâ ­®¢ª¥ (8) ¢

ãà ¢­¥­¨¥ (2) ¯®á«¥¤­¥¥ á¢®¤¨âáï ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î

(9) �(k) =
�

4�Æ

Z
1

�1

(1 + 2Æq(k0))K(k; k0)�(k0) dk0

(k0 + i0)(q(k0)� q(i�))
;
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£¤¥

�(k) =
ke
2kÆ(q(k) � q(i�))

(q(k) + (2Æ)�1)
�(k)

¨

K(k; k0) =

Z
1

�1

u(x)e2i(k
0
�k)x

dx:

�­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (9) á¨­£ã«ïà­® ¯à¨ k0 ! 0, ¥á«¨ q(i�)! 0, â.ª.  á¨¬¯â®â¨Ä

ç¥áª®¥ à §«®¦¥­¨¥ ¤«ï q(k) ¯à¨ k! 0 ¨¬¥¥â ¢¨¤

(10) q(k) = k +
2

3
k
2
Æ +O(k3Æ2):

�â®¡ë ¯®«ãç¨âì ¯à ¢¨«ì­ë© ¯à¥¤¥« ¤«ï (9) ¯à¨ � ! 0, ¬ë ¢ëç¨á«ï¥¬ ¯®«îá­ë¥

¢ª« ¤ë ¯à¨ k0 = �i0 ¨ k0 = i� ¨ ¯¥à¥¯¨áë¢ ¥¬ ãà ¢­¥­¨¥ (9) ¢ íª¢¨¢ «¥­â­®© ä®à¬¥

�(k) =
�K(k; 0)�(0)

4Æ�

�
1 + 2Æq(i�)

q0(i�)
+

i�

q(i�)

�
+

�

4�Æ

Z
1

�1

dk
0

(k0 + i0)(k0 � i�)
�

�

�
(1 + 2Æq(k0))(k0 � i�)

q(k0) � q(i�)
K(k; k0)�(k0)�

�

�
i�

q(i�)
+
k
0(1 + 2Æq(i�))

i�q0(i�)
�

k
0

q(i�)

�
K(k; 0)�(0)

�
;(11)

£¤¥ q
0(k) = dq(k)=dk ¨ ¯à¨­ïâ®, çâ® �(�) > 0. �§ ¯¥à¢®£® ç«¥­  ãà ¢­¥­¨ï (11)

ïá­®, çâ®  á¨¬¯â®â¨ç¥áª¨© ¡ « ­á ¤®áâ¨£ ¥âáï ¯à¨ � � O(�). Ǳ®íâ®¬ã ¬ë ¯®« £ Ä

¥¬, çâ® á¯à ¢¥¤«¨¢® à §«®¦¥­¨¥ � = ��1 + �
2
�2 + O(�3), â ª çâ® ¢ ¯à¥¤¥«¥ �! 0

ãà ¢­¥­¨¥ (11) ¯à¨­¨¬ ¥â ¢¨¤

(12)�(k) =
K(k; 0)�(0)

2Æ�1

�
1� �

�2

�1

�
+

+
�

4�Æ
v:p:

Z
1

�1

dk
0

k02

�
k
0(1 + 2Æq(k0))

q(k0)
K(k; k0)�(k0)�K(k; 0)�(0)

�
+O(�2):

�§ ãá«®¢¨ï á®¢¬¥áâ­®áâ¨ ãà ¢­¥­¨ï (12) ¯à¨ k = 0 á«¥¤ã¥â  á¨¬¯â®â¨ç¥áª®¥ à §«®Ä

¦¥­¨¥ ¤«ï �(k)

�1 =
1

2Æ
M;(13)

�2 =
1

8�Æ2

ZZ
1

�1

u(x)u(y)Q(x� y) dx dy;(14)

£¤¥ M ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬ (4),  

Q(z) = v:p:

Z
1

�1

dk

k2

�
k

q(k)
e
2ikz � 1

�
:
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�®à¬ã«  ¤«ï �(�) á¯à ¢¥¤«¨¢  ¯à¨ ãá«®¢¨¨, çâ® �1 > 0 (â.¥. M > 0) ¨ çâ® ¢¥«¨Ä

ç¨­  �2 ª®­¥ç­  (­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ áå®¤¨¬®áâ¨ à §«®¦¥­¨ï). � ¯à¥¤¥«¥ Æ ! 0 á

¯®¬®éìî à ¢¥­áâ¢ 
1

2�
v:p:

Z
1

�1

dk

k2
(e2ikz � 1) = �jzj

á®®â­®è¥­¨¥ (14) ã¯à®é ¥âáï ¤®

(15) �2 = �
1

4Æ2

ZZ
1

�1

u(x)u(y)jx� yj dx dy:

Ǳ®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ®¯¨áë¢ ¥â ¯®¯à ¢ªã ª ­®¢®¬ã á®¡áâ¢¥­­®¬ã §­ ç¥­¨î ®¤­®¬¥àÄ

­®£® ®¯à â®à  �à¥¤¨­£¥à , â.¥. ãà ¢­¥­¨ï (6) (á¬. â ª¦¥ [3]). � ¯®¬®éìî â¥®à¥¬ë

® ¢ëç¥â å äã­ªæ¨î Q(z) ¢ (14) ¯à¨ ª®­¥ç­®¬ Æ ¬®¦­® ä®à¬ «ì­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

áã¬¬ë ¢¥¤ãé¥£® ç«¥­  �2�jzj ¨ ¢ª« ¤®¢ ®â ¡¥áª®­¥ç­®£® ç¨á«  ¯®«îá®¢, ®â¢¥ç îÄ

é¨å ­ã«ï¬ q(k) ¯à¨ Im(k) > 0 [9]. �®®â¢¥âáâ¢¥­­®  á¨¬¯â®â¨ª  ­®¢®£® á®¡áâ¢¥­­®£®

§­ ç¥­¨ï ¯à®¬¥¦ãâ®ç­®£® ãà ¢­¥­¨ï ¤«¨­­ëå ¢®«­ ¨¬¥¥â ¢¨¤

�(�) =
�M

2Æ
[1 +O(�)] ;

£¤¥ M > 0. � ¯à¥¤¥«¥ Æ ! 1, ª®£¤  ¯à®¬¥¦ãâ®ç­®¥ ãà ¢­¥­¨¥ ¤«¨­­ëå ¢®«­

¯¥à¥å®¤¨â ¢ ãà ¢­¥­¨¥ ��, ª®íää¨æ¨¥­âë �1, �2, â ª ¦¥ ª ª ¨ ¢ëáè¨¥ ç«¥­ë à §«®Ä

¦¥­¨ï, ®¡à é îâáï ¢ ­ã«ì. � íâ®¬ á«ãç ¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ �(�) á¯¥ªâà «ì­®©

§ ¤ ç¨ ¤«ï ¯à®¬¥¦ãâ®ç­®£® ãà ¢­¥­¨ï ¤«¨­­ëå ¢®«­ (2) ¯¥à¥å®¤¨â ¢ á®¡áâ¢¥­­®¥

§­ ç¥­¨¥ ãà ¢­¥­¨ï �� ­¥âà¨¢¨ «ì­ë¬ ®¡à §®¬. �â®â ¯¥à¥å®¤ ¢ëå®¤¨â §  à ¬ª¨

 á¨¬¯â®â¨ç¥áª®£® à §«®¦¥­¨ï ¯® áâ¥¯¥­ï¬ �.

�â®¡ë ¢®á¯à®¨§¢¥áâ¨ à¥§ã«ìâ âë à¥è¥­¨ï á¯¥ªâà «ì­®© § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï

��, § ¬¥â¨¬, çâ® á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ q(i�), ®¯à¥¤¥«ï¥¬®¥ ä®à¬ã«®© (3), ­¥ ï¢«ï¥âáï

å®à®è® ®¯à¥¤¥«¥­­®© ¢¥«¨ç¨­®© ¢ ¯à¥¤¥«¥ Æ !1, ¥á«¨ ­¥ ¯®âà¥¡®¢ âì [9, 10], çâ®¡ë

(16) � =
�

2Æ

�
1 +

1

4Æk0

�
;

£¤¥ k0 { ¯ à ¬¥âà. �®£¤  ¯®«ãç îâáï á«¥¤ãîé¨¥ à §«®¦¥­¨ï q(i�) ¨ q(k) ¯à¨

¡®«ìè¨å Æ:

q(i�) = 2k0 +O(Æ�1);(17)

q(k) = 2k�(k) + O(Æ�1);(18)

£¤¥ �(k) { äã­ªæ¨ï �¥¢¨á ©¤ : �(k) = 1 ¯à¨ k > 0 ¨ �(k) = 0 ¯à¨ k < 0. �¥©áâ¢¨Ä

â¥«ì­ë© ®âà¨æ â¥«ì­ë© ¯ à ¬¥âà k0(�) ®¯à¥¤¥«ï¥â á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ãà ¢­¥­¨ï

��, ª®â®à®¥ íªá¯®­¥­æ¨ «ì­® ¬ «® ¯® � [8]. � ãç¥â®¬ ä®à¬ã« (17) ¨ (18) ¨­â¥£à «ì­®¥

ãà ¢­¥­¨¥ (9) ¢ ¯à¥¤¥«¥ Æ !1 ¯à¨­¨¬ ¥â ¢¨¤

(19) �(k) =
�

2�

Z
1

0

K(k; k0)�(k0) dk0

(k0 � k0)
; k > 0:
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�­â¥£à « ¢ ¯à ¢®© ç áâ¨ (19) á¨­£ã«ïà¥­ ¯à¨ k0 ! 0 ¨§-§  ­ «¨ç¨ï â®çª¨ ¢¥â¢«¥­¨ï

¯à¨ k0 ! 0. Ǳ®« £ ï k0 = �p(�), ¯à¥¤áâ ¢¨¬ ãà ¢­¥­¨¥ (19) ¢ ¢¨¤¥

(20)�(k) = �
�

2�
ln

�
p

1 + p

�
K(k; 0)�(0)+

+
�

2�

�Z 1

0

K(k; k0)�(k0)�K(k; 0)�(0)

(k0 + p)
dk
0 +

Z
1

1

K(k; k0)�(k0)

(k0 + p)
dk
0

�
:

�á«®¢¨¥  á¨¬¯â®â¨ç¥áª®£® ¡ « ­á  ã¤®¢«¥â¢®àï¥âáï, ¥á«¨ ln p � O(��1). �«¥¤®¢ Ä

â¥«ì­®, ¬®¦­® ­ ¯¨á âì lnp = ���1p�1 + p0 + O(�), £¤¥ p�1 > 0, ¨ à áá¬®âà¥âì ¢

ãà ¢­¥­¨¨ (20) ¯à¥¤¥« p! 0. Ǳ®« £ ï k = 0, ­ å®¤¨¬ ï¢­ë¥ ¢ëà ¦¥­¨ï:

p�1 =
2�

M
;(21)

p0 = �
 � ln 2�
1

M2

ZZ
1

�1

u(x)u(y) ln jx� yj dx dy;(22)

£¤¥ 
 � 0:577 { ª®­áâ ­â  �©«¥à ; ¯à¨ ¢ëç¨á«¥­¨¨ ¨­â¥£à «®¢ ¬ë ¢®á¯®«ì§®¢ «¨áì

ä®à¬ã« ¬¨ (3.721) ¨ (3.782) ¨§ [11]:

Z 1

0

e
2ikz � 1

k
dk +

Z
1

1

e
2ikz

k
dk = �
 � ln 2� ln jzj+

i�

2
sign(z):

� ª¨¬ ®¡à §®¬,  á¨¬¯â®â¨ª  á®¡áâ¢¥­­®£® §­ ç¥­¨ï ãà ¢­¥­¨ï �� ¨¬¥¥â ¢¨¤

k0(�) = �c exp(�2��
�1
M
�1) [1 + O(�)] ;

£¤¥ c = exp(p0) ¨ M > 0. �§ (16) á«¥¤ã¥â, çâ® ¯à¨ ¡®«ìè¨å, ­® ª®­¥ç­ëå Æ, á®¡áâ¢¥­Ä

­®¥ §­ ç¥­¨¥ �(�) íªá¯®­¥­æ¨ «ì­® ¢¥«¨ª® ¯® �. �â® ®§­ ç ¥â, çâ® ¯à¥¤¥«ë Æ !1 ¨

�! 0 ­¥«ì§ï ¯¥à¥áâ ¢«ïâì.

3. d-������ �Ǳ������ ����������

Ǳ®¤áâ ­®¢ª®© �(r) = r
��
 (r), £¤¥ � = (d� 2)=2, ãà ¢­¥­¨¥ (7) á¢®¤¨âáï ª ãà ¢­¥Ä

­¨î �¥áá¥«ï á ¯®â¥­æ¨ «®¬ u(r)

(23)  rr +
1

r
 r +

�
k
2 �

�
2

r2

�
 + �u(r) = 0:

Ǳà¨ � = 0 áãé¥áâ¢ãîâ ¤¢  ­¥§ ¢¨á¨¬ëå à¥è¥­¨ï:  = J�(kr) ¨  = N�(kr), ®¡ 

à¥è¥­¨ï ®áæ¨««¨àãîâ ­  ¡¥áª®­¥ç­®áâ¨ (á¬. [11, ä®à¬ã«  (8.451)]). �ã¤¥¬ áâà®¨âì

à¥è¥­¨¥ ãà ¢­¥­¨ï (23) ¯à¨ k = i�(�) ¨ 0 < �� 1 ¢ ¢¨¤¥ à §«®¦¥­¨ï �ãàì¥{�¥áá¥«ï

(24)  =

Z
1

0

k�(k)J�(kr) dk:



124 �.�. Ǳ����������, �. �����

�á¯®«ì§ãï ä®à¬ã«ã ®àâ®£®­ «ì­®áâ¨

k

Z
1

0

rJ�(kr)J�(k
0
r) dr = Æ(k � k

0);

á¢®¤¨¬ ãà ¢­¥­¨¥ (23) ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î

(25) (k2 + �
2)�(k) = �

Z
1

0

k
0
K(k; k0)�(k0) dk0;

£¤¥

K(k; k0) =

Z
1

0

ru(r)J�(kr)J�(k
0
r) dr:

�á¨¬¯â®â¨ª  äã­ªæ¨¨ �¥áá¥«ï J�(z) ¯à¨ z ! 0 ¨¬¥¥â ¢¨¤

J�(z)!
z
�

2��(1 + �)

(á¬. [11, ä®à¬ã«  (8.440)]). �áá«¥¤ã¥¬ ¯®¢¥¤¥­¨¥ ãà ¢­¥­¨ï (25) ¯à¨ k; k
0 ! 0,

¢ë¤¥«ïï ¬ áèâ ¡­ë¥ ¬­®¦¨â¥«¨:

(26) �(k) =
k
�
�(k)

k2 + �2
; K(k; k0) = k

�
k
0��(k; k0):

Ǳà¨ �(�)! 0 ¨­â¥£à « ¢ ¯à ¢®© ç áâ¨ (25) á ãç¥â®¬ (26) ®ª §ë¢ ¥âáï á¨­£ã«ïà­ë¬

¯à¨ k
0 ! 0, ¥á«¨ � 6 0 ¨«¨ íª¢¨¢ «¥­â­® d 6 2. � íâ®¬ á«ãç ¥ ¯à¨ �! 0 á ¬®á®Ä

£« á®¢ ­­®¥  á¨¬¯â®â¨ç¥áª®¥ à¥è¥­¨¥ ¤«ï ­®¢®£® á¢ï§ ­­®£® á®áâ®ï­¨ï áãé¥áâ¢ã¥â.

Ǳ®« £ ï �(�) > 0, ¯à¥®¡à §ã¥¬ ãà ¢­¥­¨ï (25) ¨ (26) ¯à¨ 0 < d < 2 ª ¢¨¤ã

(27) �(k) =
��

d�2
�

2 sin(� d
2
)
�(k; 0)�(0) + �

Z
1

0

k
0d�1

dk
0

k02 + �2

�
�(k; k0)�(k0)��(k; 0)�(0)

�
;

¯à¨ íâ®¬ ¬ë ¢®á¯®«ì§®¢ «¨áì ä®à¬ã«®© (3.241) ¨§ [11]:

Z
1

0

z
d�1

dz

1 + z2
=

�

2 sin(� d
2
)
; 0 < d < 2:

�§ ãà ¢­¥­¨ï (27) á«¥¤ã¥â, çâ®  á¨¬¯â®â¨ç¥áª¨© ¡ « ­á ¤®áâ¨£ ¥âáï ¯à¨ ��
d�2 �

O(1), ¯®íâ®¬ã ¬ë ¯®« £ ¥¬ �
2�d = ��1 + �

2
�2 + O(�3). �á«®¢¨ï á®¢¬¥áâ­®áâ¨ ãà ¢Ä

­¥­¨ï (27) ¯à¨¢®¤ïâ ª á«¥¤ãîé¨¬ ¢ëà ¦¥­¨ï¬ ¤«ï �1, �2:

�1 =
�(1� d

2
)

2d�1�(d
2
)
Nd;(28)

�2 =
�(1� d

2
)

2d�1�(d
2
)

ZZ
1

0

r
d

2R
d

2u(r)u(R)Q(r;R) drdR;(29)
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£¤¥

Nd =

Z
1

0

r
d�1

u(r) dr;

Q(r;R) = lim
�!0

Z
1

0

k dk

k2 + �2

�
J�(kr)J�(kR) �

k
2�
r
�
R
�

22� [�(1 + �)]2

�
;

¯à¨ íâ®¬ ¬ë ¨á¯®«ì§®¢ «¨ á®®â­®è¥­¨¥

�(x)�(1� x) =
�

sin(�x)
:

�¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ¯®«®¦¨â¥«ì­®áâ¨ ¯ à ¬¥âà  �(�) ï¢«ï¥âáï ãá«®¢¨¥ Nd > 0

(â.¥. �1 > 0). �â®¡ë ¯à®¢¥à¨âì ª®­¥ç­®áâì ª®íää¨æ¨¥­â  �2, ¬ë ¢ëç¨á«¨¬ ¥£® ï¢­®.

�®á¯®«ì§®¢ ¢è¨áì ä®à¬ã« ¬¨ (6.577), (8.445) ¨ (8.485) ¨§ [11], ­ å®¤¨¬ ¤«ï Q(r;R)

¯à¨ R > r

(30) Q(r;R) = lim
�!0+

�
I�(�r)K�(�R)�

�
2�
r
�
R
�
�

22�+1 [�(1 + �)]2 sin[�(1 + �)]

�
=

r
�

2�R�
:

�¥¯¥àì ¢ëà ¦¥­¨¥ ¤«ï �2 ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

�2 = �
�(1� d

2
)

(2� d)2d�1�(d
2
)

ZZ
1

0

r
d�1

R
d�1

u(r)u(R)�

�
�
r
2�d�(r � R) + R

2�d�(R � r)
�
dr dR:

(31)

�á¨¬¯â®â¨ª  ­®¢®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï § ¤ ç¨ (7) ¯à¨ 0 < d < 2 ¨¬¥¥â ¢¨¤

�(�) = �
1

2�d

 
�(1� d

2
)

2d�1�(d
2
)
Nd

! 1
2�d

[1 + O(�)] ;

£¤¥ Nd > 0. � ¯à¥¤¥«¥ d! 1 ä®à¬ã«ë (28) ¨ (31) ¯¥à¥å®¤ïâ ¢ ä®à¬ã«ë (13) ¨ (15) ¯à¨

Æ � 1, ¥á«¨ ¯®â¥­æ¨ « á¨¬¬¥âà¨ç¥­, u(�x) = u(x). �â®¡ë ¤®ª § âì íâ® ãâ¢¥à¦¤¥­¨¥,

¢®á¯®«ì§ã¥¬áï â®¦¤¥áâ¢®¬

r�(r � R) + R�(R� r) =
1

2
(jr� Rj+ jr +Rj) ; r; R > 0:

� ¯à¥¤¥«¥ d! 2� ª®íää¨æ¨¥­âë �1, �2 ¨ ¢ëáè¨å ç«¥­®¢  á¨¬¯â®â¨ç¥áª®£® à §«®¦¥Ä

­¨ï à áå®¤ïâáï, â ª çâ® ¢á¥ ç«¥­ë  á¨¬¯â®â¨ç¥áª®£® à §«®¦¥­¨ï ¤«ï �(�) áâ ­®¢ïâáï

áà ¢­¨¬ë¬¨. � ª ç¥áâ¢¥ ¯à¥¤¢ à¨â¥«ì­®© ®æ¥­ª¨ ¢®§ì¬¥¬ d = 2� �� ¨ à áá¬®âà¨¬

¯à¥¤¥« �! 0+ ¢ ¢ëà ¦¥­¨ïå (28) ¨ (31):

�
�� =

N2

�
�
N
2
2

�2
+O(��3; �):
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�®£ à¨ä¬¨àãï íâ® ¢ëà ¦¥­¨¥, ¯®«ãç ¥¬ ®æ¥­ªã ¯à¥¤¥«  � ! 0+, ¢ëå®¤ïéãî § 

à ¬ª¨ áâ¥¯¥­­®£®  á¨¬¯â®â¨ç¥áª®£® à §«®¦¥­¨ï,

� ln� = lim
�!0+

1

�
ln

�
N2

�
�
N
2
2

�2
+ � � �

�
� lim

�!0+

1

�
ln

�
N2

N2 + �

�
= �

1

N2

:

Ǳ®áª®«ìªã ¢ á«ãç ¥ d = 2 íâ  ®æ¥­ª  ¢ëå®¤¨â §  à ¬ª¨ áâ¥¯¥­­®£® à §«®¦¥­¨ï, ¬ë

¯®«ãç¨¬  á¨¬¯â®â¨ªã ¯àï¬ë¬ ¬¥â®¤®¬. �«ï íâ®£® ¬ë ¯à¥®¡à §ã¥¬ ¨­â¥£à «ì­®¥

ãà ¢­¥­¨e (25) á ãç¥â®¬ ¯à¥¤áâ ¢«¥­¨ï (26) ª ¢¨¤ã

(32) �(k) = �� ln�K(k; 0)�(0)�
�

2

Z
1

0

dk
0 ln(k0 + �

2)
@

@k0

�
K(k; k0)�(k0)

�
:

�à ¢­¥­¨¥ (32) ã¤®¢«¥â¢®àï¥âáï ¢ ¢¥¤ãé¥¬ ¯®àï¤ª¥, ¥á«¨ á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥

 á¨¬¯â®â¨ç¥áª®¥ à §«®¦¥­¨¥: ln�(�) = ���1��1 + �0 + O(�), £¤¥ ��1 > 0. �®íää¨Ä

æ¨¥­âë ��1 ¨ �0 ¨¬¥îâ ¢¨¤

��1 =
1

N2
;(33)

�0 =
1

N
2
2

ZZ
1

0

rRu(r)u(R)Q(r;R) drdR;(34)

£¤¥

Q(r;R) = lim
�!0+

�Z 1

0

k dk

k2 + �2
(J0(kr)J0(kR)� 1) +

Z
1

1

k dk

k2 + �2
J0(kr)J0(kR)

�
:

�á¯®«ì§ãï â¥ ¦¥ ¢ëç¨á«¥­¨ï, çâ® ¨ ¢ (30), ¨ ä®à¬ã«ã (8.446) ¨§ [11], ¯®«ãç ¥¬ ¤«ï

�0 ï¢­®¥ ¢ëà ¦¥­¨¥

(35) �0 = �
 + ln2�
1

N
2
2

ZZ
1

0

rRu(r)u(R) [(ln r)�(r �R) + (lnR)�(R� r)] dr dR:

�â  ä®à¬ã« , å®âï ¨ ®â«¨ç ¥âáï ¯® ¢¨¤ã ®â ä®à¬ã«ë (35) �¯¥­ª® [5], ä ªâ¨ç¥áª¨

¥© íª¢¨¢ «¥­â­ . �¯¥­ª® ¯®«ãç¨« íâã ä®à¬ã«ã á ¯®¬®éìî ¯à¥¤¥«ì­®£® ¯¥à¥å®¤ 

d! 2+. �ë ¯à®¢¥«¨  ­ «¨§ ãà ¢­¥­¨ï (7) ­¥¯®áà¥¤áâ¢¥­­® ¯à¨ d = 2 ¨ ­ è«¨ âã

¦¥  á¨¬¯â®â¨ªã ­®¢®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï:

�(�) = c exp(���1N�1) [1 + O(�)] ;

£¤¥ c = exp(�0) ¨ N2 > 0.

� ª®­¥æ, ã¯®¬ï­¥¬ â®â ä ªâ, çâ® ¢ëà ¦¥­¨ï (33) ¨ (35) ¤®¯ãáª îâ ®¡®¡é¥­¨ï [5]

��1 =
2�

M
; M =

Z
R2

u(r) dr;(36)

�0 = �
 + ln2�
1

M2

Z
R2

Z
R2

u(r)u(R) ln jr�Rj drdR:(37)
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�á«¨ ¯®â¥­æ¨ « à ¤¨ «ì­®-á¨¬¬¥âà¨ç¥­, u(r) = u(r), ¢ëà ¦¥­¨ï (36) ¨ (37) á¢®¤ïâáï

á®®â¢¥âáâ¢¥­­® ª (33) ¨ (35) á ¯®¬®éìî ä®à¬ã« M = 2�N2 ¨

(38)
1

2�

Z 2�

0

ln(1 + a
2 � 2a cos �) d� = 0; 0 6 a < 1:

Ǳ®á«¥¤­ïï ä®à¬ã«  á«¥¤ã¥â ¨§ â¥®à¥¬ë ® áà¥¤­¥¬ §­ ç¥­¨¨ ¤«ï £ à¬®­¨ç¥áª®©

äã­ªæ¨¨ ln(x2 + y
2) ¢ ¤¢ã¬¥à­®¬ ¯à®áâà ­áâ¢¥ (á¬. â ª¦¥ [11, ä®à¬ã«  (4.224)]).

�ëà ¦¥­¨ï (36) ¨ (37) ¬®¦­® ¯®«ãç¨âì ¢ á¯¥ªâà «ì­®© § ¤ ç¥ ¤«ï ¤¢ã¬¥à­®£® ®¯¥à Ä

â®à  �à¥¤¨­£¥à  á ¯à®¨§¢®«ì­ë¬ ¯®â¥­æ¨ «®¬ u(r) á ¯®¬®éìî ¤¢®©­®£® à §«®¦¥­¨ï

�ãàì¥.

4. ����������

�ë ¯®«ãç¨«¨  á¨¬¯â®â¨ª¨ ­®¢ëå á®¡áâ¢¥­­ëå §­ ç¥­¨© «¨­¥©­ëå § ¤ ç (2) ¨ (7)

¢ ¯à¥¤¥«¥ ¬ «®£® ¯®â¥­æ¨ « . � è¨ à¥§ã«ìâ âë ¢®á¯à®¨§¢®¤ïâ ç áâ­ë¥ ¯à¥¤¥«ì­ë¥

á«ãç ¨, à áá¬®âà¥­­ë¥ ¢ à ¡®â å [3{5, 8]. �« ¢­ë¥ ®á®¡¥­­®áâ¨ ­ è¥£® ¯®¤å®¤ 

á«¥¤ãîé¨¥.

� ­­ë© ¬¥â®¤ ¬®¦­® ¨á¯®«ì§®¢ âì ¢ «¨­¥©­ëå § ¤ ç å á  á¨¬¯â®â¨ç¥áª¨ ¯®áâ®ï­Ä

­ë¬ ¯®â¥­æ¨ «®¬, çâ®¡ë ®¯à¥¤¥«¨âì, áãé¥áâ¢ã¥â «¨ ¯®à®£®¢®¥ §­ ç¥­¨¥  ¬¯«¨âã¤ë

¯®â¥­æ¨ « , ¯à¨ ª®â®à®¬ ¯®ï¢«ï¥âáï ­®¢®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥. Ǳ®à®£ áãé¥áâÄ

¢ã¥â, ¥á«¨ ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï, ¢®§­¨ª îé¥¥ ¯à¨ ¨á¯®«ì§®¢ ­¨¨

äãàì¥-à §«®¦¥­¨ï, ­¥ ¨¬¥¥â á¨­£ã«ïà­ëå ç«¥­®¢ ¯à¨ �! 0. � ¯à®â¨¢­®¬ á«ãç ¥

¯®à®£ ®âáãâáâ¢ã¥â ¨  á¨¬¯â®â¨ç¥áª¨©  ­ «¨§ ¯®§¢®«ï¥â ­ å®¤¨âì  ­ «¨â¨ç¥áªãî

§ ¢¨á¨¬®áâì ­®¢®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ®â �.

� ¯®¬®éìî íâ®£® ¬¥â®¤  ¬®¦­® ­ å®¤¨âì ¤«ï ­®¢®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï ­¥

â®«ìª® ç«¥­ë ¢¥¤ãé¥£® ¯®àï¤ª , ­® ¨ ¯®¯à ¢ª¨ á«¥¤ãîé¥£® ¯®àï¤ª , çâ® ¯®«¥§­®

¯à¨ ®æ¥­ª¥ áå®¤¨¬®áâ¨  á¨¬¯â®â¨ç¥áª®£® àï¤ . � § ¤ ç å, £¤¥ ­®¢®¥ á®¡áâ¢¥­­®¥ §­ Ä

ç¥­¨¥ íªá¯®­¥­æ¨ «ì­® ¬ «®, ­ è ¬¥â®¤ ¯®§¢®«ï¥â ­ å®¤¨âì ¯à¥¤íªá¯®­¥­æ¨ «ì­ë©

ä ªâ®à. � ª®­¥æ, á ¯®¬®éìî ¨­â¥£à «ì­®£® ¯à¥¤áâ ¢«¥­¨ï ¤«ï ¯®¯à ¢ª¨ ¯¥à¢®£®

¯®àï¤ª  ¬®¦­®  ­ «¨§¨à®¢ âì § ¤ ç¨, £¤¥ ç«¥­ë ¢¥¤ãé¥£® ¯®àï¤ª  ®¡à é îâáï ¢

­ã«ì (á¬. [3]).

�« £®¤ à­®áâ¨. �ë ¯à¨§­ â¥«ì­ë �. �à ¤­¨, �. � «®¤¦¥à®, �. �®ª áã ¨

�. �. �¨£ «ã §  ¯®«¥§­ë¥ ®¡áã¦¤¥­¨ï. �.Ǳ. ¡« £®¤ à¨â ª®¬¨â¥â ���� §  ä¨­ ­á®Ä

¢ãî ¯®¤¤¥à¦ªã, ¯à¥¤®áâ ¢«¥­­ãî NSERC; �. �. ¡« £®¤ à¨â NSERC §  ä¨­ ­á®¢ãî

¯®¤¤¥à¦ªã (£à ­â OGP0046179).
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