PERIODIC TRAVELLING WAVES IN DIATOMIC GRANULAR
CRYSTALS



PERIODIC TRAVELLING WAVES IN DIATOMIC
GRANULAR CRYSTALS

By
MATTHEW BETTI, B.Sc.

A Thesis
Submitted to the School of Graduate Studies
in Partial Fulfillment of the Requirements
for the Degree

Master of Science

McMaster University
(© Copyright by Matthew Betti, May 2012



MASTER OF SCIENCE (2012) McMaster University

(Mathematics)

TITLE:

AUTHOR:
SUPERVISOR:

NUMBER OF PAGES:

Hamilton, Ontario

Periodic Travelling Waves

in Diatomic Granular Crystals

Matthew Betti, B.Sc. (McMaster University)
Dr. Dmitry Pelinovsky

vii, 91

1



Abstract

We study bifurcations of periodic travelling waves in granular dimer chains
from the anti-continuum limit, when the mass ratio between the light and
heavy beads tends to zero. We show that every limiting periodic wave is
uniquely continued with respect to the mass ratio parameter and the periodic
waves with the wavelength larger than a certain critical value are spectrally
stable. Numerical computations are developed to study how this solution
family is continued to the limit of equal mass ratio between the beads, where

periodic travelling waves of granular monomer chains exist.
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Introduction

Wave propagation in chains of granular crystals has been a popular area of
study over the last decade. Granular crystals are realized physically as chains
of densely packed, elastically interacting particles. These chains obey the
Fermi-Pasta-Ulam (FPU) lattice equations, accompanied with Hertzian inter-
action forces. Experimental work with various materials based on granular
crystals along with the many possible applications [6,25] of such systems has
motivated theoretical research on chains of granular crystals.

The existence of solitary waves in granular chains has been studied us-
ing several analytic and numerical techniques. MacKay [21] used the technique
of Friesecke and Wattis [11] to prove the existence of solitary waves. Six years
later, this result was used by English and Pego [9] to prove that spatial tails
of such solitary waves have double-exponential decay. Numerically, Ahnert
and Pikovsky [1] studied convergence to the solitary wave solution. In review-
ing the variational technique of [11], Stefanov and Kevrekidis [27] proved that
these solitary waves in granular chains are single-humped (bell-shaped).

The focus in this area of research has more recently shifted to periodic
travelling waves in homogeneous and heterogeneous chains of granular crystals.
This change in focus is due to the notion that such studies can be more relevant

for physical experiments [13,24]. James considers the existence of periodic
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wave solutions of the differential advance-delay equation in the context of
Newton’s cradle [14] and homogeneous granular chains [15]. In [15], James
shows the existence of periodic travelling waves in the neighbourhood of a
special solution for binary oscillations using an application of the Implicit
Function Theorem. Numerical calculations in [15] suggest that periodic waves
with wavelength larger than a critical value are spectrally unstable. Numerical
and asymptotic analysis in [15] also show the convergence to a solitary wave in
the limit of infinite wavelength. More recent work [16] showed non-existence
of time-periodic breathers in homogeneous granular crystals and existence of
these breathers in Newton’s cradle, where a discrete p-Schrodinger equation
provides a robust approximation.

Starosvetsky et al. used numerical techniques based on Poincaré maps
to approximate periodic waves in a chain of finitely many beads closed in a
periodic loop. These waves were approximated both for monomers (homo-
geneous chains) [26] and dimers (chains of beads of alternating masses) [17].
Solitary waves were found to exist in the limit of an infinite mass ratio be-
tween light and heavy particles in [17]. The authors of [17] explain that such
solitary waves are in resonance with linear waves and therefore do not persist
when changing the mass ratio parameter. The existence of a countable set of
mass ratio parameters for which solitary waves should exist are suggested by
numerical results in [17], yet no rigorous studies of this problem have been de-
veloped. Recent work [18] contains numerical results on existence of periodic
travelling waves in granular dimer chains.

This thesis is devoted to analysis of periodic travelling waves in dimer

granular chains. In particular:

e We use the anti-continuum limit of the FPU lattice, recently explored in
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the context of existence and stability of discrete multi-site breathers by
Yoshimura [28], to find a periodic travelling wave solution to the dimer

system in the anti-continuum limit.

e From the solution at the anti-continuum limit, we use a variation of the
Implicit Function Theorem to prove that every limiting periodic travel-
ling wave is uniquely continued with respect to the mass-ratio parameter.
These results differ from the asymptotic calculations in [17], where a dif-

ferent limiting solution is considered in the anti-continuum limit.

e We use perturbation arguments, similar to those developed in [23], to
determine spectral stability of periodic travelling waves. We show that
periodic travelling waves with wavelength larger than a certain critical

value are spectrally stable.

o We show numerically that the family of periodic travelling waves bifur-
cating from the anti-continuum limit extend to the limit of equal masses
for the dimer chains. We also show numerically that the periodic travel-
ling waves of the homogeneous chains considered in [15] are different than
those extended to the equal mass limit from the anti-continuum limit. In
other words, the periodic waves in dimers do not satisfy the reductions

to periodic waves of monomer chains even at the equal mass-ratio limit.

This thesis is organized as follows: Chapter 1 introduces the model
and sets up the necessary preliminaries for the search of periodic travelling
waves. Chapter 2 develops a continuation of periodic travelling waves from
the anti-continuum limit. Perturbative arguments that characterize Floquet
multipliers to determine spectral stability of periodic travelling waves near

the anti-continuum limit are discussed in Chapter 3. Numerical results are
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collected in Chapter 4. The MATLAB codes used for numerical computations

are collected at the end of the thesis.



Chapter 1

Mathematical Formalism

1.1 The Model

We consider an infinite chain of spherical beads of alternating masses (a dimer),

which obey Newton’s equations of motion,

mi, = V/(yn - xn) - V/(xn - yn—l)a
Mgy = V' (2ps1 — Yn) — V' (Yn — 20n),

n € 7, (1.1)

where m and M represent masses such that m < M. {z,}nez and {y, }nez
are the coordinates of the centres of the beads of mass m and M, respectively.
V' is the interaction potential that represents the Hertzian contact forces for

perfect spheres [24,25]:

V() = el e H () (1.2

where a = 2 and H is the Heaviside step function with H(z) = 1 for # > 0 and

H(z) =0 for x < 0. The value of « is determined by the spherical geometry
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of the beads. The Heaviside function with a negative argument captures the
behaviour that the beads will only experience a force when in contact with
one another and will move inertially when not in contact with another bead.

Making the substitution,

neZ: x,(t) =1 1(7), Yn(t) =cwa, (1), t=+mr (1.3)
where €2 = % we can rewrite the system of Newton’s equations (1.1) as

llop—1 = V' (eway, — top_1) — V' (U1 — eWap_s),
2n—1 (ews 2n—1) (tan—1 2n—2) nel (1.4)

Wop = eV’ (Ugps1 — EWap) — V' (sway, — Ugp—1),

The limit € = 0 is referred to as the anti-continuum limit of zero mass

ratio. In the limit of equal masses that is, for e = 1, we can apply the reduction,
ne: Uanl(T) = Ugnfl(T), ’LUgn(T) = U2n<7'). (15)

Under this substitution, the system of two granular chains (1.4) reduces to the
scalar system of Newton’s equation of motion that describes a homogeneous

chain of granular crystals of uniform mass (a monomer),
U, =V'Upis —Un) = V' (U, —Un_y), nez. (1.6)

We note two symmetries of the dimer equation (1.4). The first is trans-
lational invariance of solutions with respect to 7. If {ugn—1(7), wan(7) }nez is

a solution of (1.4) then

{u2n71(7— + b): w2n<7- + b)}nGZ (17)
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is also a solution for any b € R. The second symmetry is a uniform shift of
the coordinates {ug,_1(7), W (T)}nez in the direction of (g,1). If

{ugn—1(T), won(7) }nez is a solution of (1.4), then

{ugn_1(7) + a, wo,(T) + a}nez (1.8)

is also a solution for any a € R.

The Hamiltonian function for system (1.4) is given by

1

H =53 (Pha b 63) + ) Vewsn —uzoa) + ) V(uanor —cwsnos), (19)

nez ne”L neL

written in canonical variables {ua, 1, Pan—1 = U2n_1, Won, G2, = Way, }. With the
Hamiltonian (1.9), we can write the system (1.4) via the symplectic structure:
oH . OH i OH . OH

) Pon—1 = y Won = 5 Qon =
Opon—1 Ougp—1 0qon, 0

(1.10)

u2n—1 =
Wan

1.2 Periodic Travelling Waves

In this thesis, we consider 2m-periodic solutions of the system (1.4). In other

words, we consider solutions such that,
Uon—1(T) = Up—1(T + 27),  Won(T) = wan (7 +27), TR, neZ (1.11)

In addition to this requirement, we consider travelling wave solutions that

satisfy the reduction,

Uont1(T) = Up_1(T+2q), Wopia(T) = won(74+2q), 7€R, neZ, (1.12)
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where ¢ € [0, 7] is a free parameter. Given constraints (1.11) and (1.12) for
periodic travelling wave solutions, there must exist 2m-periodic functions wu,

and w, such that

Ugn—1(T) = (T +2qn),  wWon(7) = wu(7 4+ 2gn), TER, neZ (1.13)

Parameter ¢ is inversely proportional to the wavelength of the periodic
wave when regarded in this context. The functions u, and w, satisfy a system

of advance-delay differential equations:

i (1) = V'(ewi (1) — uu(7)) = V'(ui(7) — ewi (T — 2q)),
Wi (T) = eV (s (T + 2q) — cwi (7)) — eV (ew,(T) — us(7)),

T e R.

(1.14)

Remark 1. We could generalize the class of solutions by seeking a periodic

travelling wave in the form

Ugp—1(T) = us(eT + 2gn),  wo,(7) = wi(er +2gn), TER, n€E€Z,

where ¢ > 0 1s an arbitrary parameter. With the help of a scaling transforma-

tion of system (1.4), we can always normalize ¢ to one.

Remark 2. It will be useful for numerical approzimations and stability anal-
ysis of periodic travelling waves to consider another reduction. For particular
values, ¢ = 5, where 1 < m < N, we can reduce system (1.4) to a system
of 2mN second-order ordinary differential equations subject to the periodic

boundary conditions:

U_] = UgmN-1, UmN+1 = U1, W = WopN, WanN4+2 = Wa. (1.15)
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1.3 The Anti-Continuum Limit

The anti-continuum limit occurs when mass M is infinitely larger than mass m,
so that € = 0. In this limit, the system of differential-advance delay equations,

(1.14) reduces to:

(1) = V(= (7)) = V'(ua(7)),

reR. (1.16)
Wy (1) =0,

We can see that the system is decoupled in the anti-continuum limit and the

equation for u, can be further simplified,

(1) = V'(—ur)) = V'(u.(1))
= | (7)* H (ua (7)) + [ (7)|* H (—u (7))

= —Juu(7)|" " u(7)
Let ¢ be a solution of the nonlinear oscillator equation,

p=V(-p)=V'(p) = @+lel"p=0. (1.17)

Since a = %, the fourth derivative of ¢ is no longer continuous in ¢. Thus, if

¢ is a 2m-periodic solution to equation (1.17), then ¢ € C3 (0, 27).

per

The nonlinear oscillator (1.17) has the first integral (or energy),

1 1
E = -+ ——|opl*th 1.18
o8+ Tl (1.18)

The phase portrait of the nonlinear oscillator, (1.17), in the (¢, ¢)-plane
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Figure 1.1: Left: Phase portrait of the nonlinear oscillator (1.17) in the (¢, ¢)-
plane. Right: The period T of the nonlinear oscillator versus energy E.

consists of a family of closed orbits around the point (0,0). This is visualized
numerically in Figure 1.1 (left). It is clear that the origin is the only critical
point for equation (1.17). Each orbit corresponds to a T-periodic solution,
v, where T is determined uniquely by the energy E. It is known [15, 28]
that for a > 1 the period 7" is a monotonically decreasing function of E
with the properties that T"— oo as £ — 0 and T" — 0 as F — oo. Figure 1.1
(right) verifies this numerically for the nonlinear oscillator, (1.17). Given these
properties, we can conclude that there is a unique Ey > 0 such that T(Ey) =
27. We also know that the nonlinear oscillator (1.17) is nondegenerate in the
sense that T"(Ey) # 0. More precisely, T"(Ey) < 0.

In this thesis, we consider only 2m-periodic functions ¢, defined by
(1.18) for E = Ey. We define a unique ¢ by fixing the initial conditions at
©(0) = 0 and $(0) > 0. These initial conditions uniquely determine one of
two odd solutions, ¢, to equation (1.17).

Using equations (1.16) and (1.17), we conclude that the limiting 27-

periodic travelling wave solutions at ¢ = 0 which satisfy the constraints (1.12)

10
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for any fixed ¢ € [0, 7] are
e=0: Ugp-1(7) =@(T+2gn), wo(1)=0, 7R, neZ (1.19)

We will prove persistence of the limiting solutions (1.19) in powers of
¢ in the granular dimer chain (1.4). To do this, we will work in the Sobolev

space of odd 2m-periodic functions for {us,_1}nez,

H; = {u€ H(0,2m) 1 u(-7) = —u(r), T€R}, keN;,  (120)
and in the Sobolev space of 2m-periodic functions with zero mean for {ws, }nez,
2T
H, = {w € Hy,,(0,2m) : / w(r)dr = O} , keN,. (1.21)

0

The choice of spaces is motivated by the symmetries (1.7) and (1.8).
The two symmetries generate a two dimensional kernel of the linearized opera-
tors of the system (1.4). The choice of constraints in (1.20) and (1.21) creates
a trivial, zero-dimensional kernel for the linearized operators. We will see more
on the linearized operators and their kernels in the following chapter.

It will be clear from analysis that the vector space defined in (1.21)
is not precise enough to prove the persistence of travelling wave solutions
satisfying constraints (1.12). Therefore we will need a more precise space

given by,

HE = {we H;fer((), 2m) . w(r) = —w(-7—2¢)}, keN,. (1.22)

11
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We can sce clearly that H* ¢ H since if w is a 27-periodic function, then

/O%w(f)df __ /O%w(—f _ 9g)dr
- /_ Y

2q

=—A%MﬂM,

from which we conclude that fOZW w(T)dr = 0.

1.4 Special Periodic Travelling Waves

In the next chapter, we shall prove persistence of periodic travelling wave
solutions from the anti-continuum limit for € > 0. It is worthwhile to mention
before such analysis the existence of three explicit periodic travelling wave
solutions of the granular dimer chain (1.4) for special values of g.

The simplest of these solutions occurs at ¢ = 7. Setting w, = 0, the

system (1.14) reduces to

Uiy (7) = V(= (7)) = V' (us(7)),
0=V"(u.(1+m)) = V'(—u.(7)),

T eR. (1.23)

The solution, ¢ of the nonlinear oscillator (1.17) has the symmetry

(1 —m) = (T +m) = —p(7).

Therefore, we obtain the exact solution u, = ¢ that gives:

Uzp—1(T) = @(T +nm), wWop(7) =0 (1.24)

bo |

12
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For ¢ = 0 and ¢ = , the system (1.14) reduces to,

i (1) = V'(ews (1) — ui(7)) = V'(us(7) — cwi(7)),
Wi (T) = V(Ui (7)) — cwi (7)) — V' (ew,(T) — ui(7)),

reR. (1.25)

Under the change of variables p(7) = u.(7) — ew.(7) we can reduce the system

to,
B = (V) VO
i (1) = V'(=p(7)) = V'(p(7)),
This provides the exact solution p = ﬁ, that gives,
_ . o)y = )
q= {0,71'} : u2n—1(7) - (1 + 62)37 Zn( ) - (1 + 52)3' (127)

By construction, the solutions (1.24) and (1.27) persist for any ¢ > 0.
In the following chapter, we investigate whether the continuations are unique
near ¢ = 0 for the special values of ¢, as well as whether the general limiting
solution (1.19) can be continued uniquely in e for any other fixed value of
q€[0,7].

It is worthwhile to note that the exact solution (1.27) at ¢ = 7 and

¢ = 1 satisfies the monomer constraint (1.5) in that

Ugn_l(T) = —Ugn(T) = U2n<7' — 7T).

This reduction shows that the solution at ¢ = 1,¢q = 7 satisfies the granular
monomer chain (1.6) and coincides with the solution obtained by James [15]. In
contrast, the solutions (1.24) and (1.27) for ¢ = 0 do not satisfy the monomer
constraints (1.5) at ¢ = 1. This would suggest that there exist two distinct

solutions at ¢ = 1 for ¢ # 7. One is continued from ¢ = 0 and the other one

13
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is constructed from the solution of the monomer chain (1.6) in [15].

14



Chapter 2

Persistence of Periodic

Travelling Waves Near ¢ = (

2.1 Existence and Uniqueness Result

We consider the system of differential advance-delay equations (1.14). The

limiting solution to equations (1.14) is given by,
e=0: wu.(7r)=p(1), wr)=0, 7T€eR, (2.1)

where ¢ is a unique odd 27-periodic solution to the nonlinear oscillator equa-
tion (1.17) with ¢(0) > 0.
The aim of this chapter is to prove a unique continuation of (2.1) for

€ > 0. The following theorem summarizes the main result.

Theorem 1. Fiz q € [0,7]. There is a unique C* continuation of 2w-periodic
travelling wave (2.1) in €. In other words, there is an g > 0 such that for all

e € (0,e0) there exist a positive constant C' and a unique solution (u.,w,) €

15
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H? x ﬁgj of the system of differential advance-delay equations (1.14) such that

s — @l < C%, Jw, |z, < Ce. (2.2)

Remark 3. By Theorem 1, the limiting solution (2.1) for q € {0,%,7?} is

uniquely continued for any € > 0 as ezxact solutions (1.24) and (1.27).

2.2 Formal Expansions in ¢

Before proving Theorem 1, we first attempt formal expansions in powers of ¢
to understand the persistence analysis from € = 0. Since V is C? but not C3,
the formal power series expansion in € cannot be continued beyond the power
of 2.

We expand the solution of the differential advance-delay equations

(1.14) as follows,
Uy (7) = (1) + 2uP (1) + 0(e?), W, (1) = cwM (1) + o(e?). (2.3)

From these expansions, we can obtain the linear inhomogeneous equations for

(2) )

w!? and w!! , given by:

WV (1) = FP(r) = V' ((7 +2q)) = V'(=p(7)) (2:4)

16
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We consider the two differential operators

d2
Lo=—5 H2.(0,2m) — L2 (0, 2m), (2.6)
d? o
L= ) + alp(r)|* 7t ngr(O 21) — Lier(O,Qﬂ), (2.7)
These operators are not invertible in Lper(0,27r) because they admit one-

dimensional kernels,
Ker(Lg) =span{l}, Ker(L)=span{¢}. (2.8)

The kernel of L is one-dimensional so long as the system is non-degenerate,
ie. T'(Eq) # 0 [15].

To find unique solutions to the inhomogeneous equations (2.4) and (2.5)
in the function spaces H2 (1.21) and H? (1.20) respectively, the source terms
FY and F{® must satisfy the Fredholm conditions [10]:

(1L,FM)2, =0 and (p, F?)p2 =0. (2.9)
The first Fredholm condition is expanded as

(1 FO) s = / " Vi(o(r + 20)) — V' (—p(r))] dr

2w
:/ V' (o(T + 2q) dT—/ V(- dr
0 0

=0.

The third equality holds because the mean value of a periodic function is
independent of the limits of integration so long as we integrate over a full

period. Therefore, the first Fredholm condition is satisfied.

17
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The second Fredholm condition is given by

per

(6 FP)1z, = / " o(r) [V () + Vo)l (7 = 29)] dr = 0.

The second Fredholm condition is satisfied if Ff) is odd in 7 since we are
taking the integral over a full period and ¢ is even in 7. We show that F? s

odd in 7 by proving

w(l)(T) = —wil)(—T -2q), = Ff)(—T) = —Ff)(T), TeR.  (2.10)

*

Indeed, using equation (2.4) we show that

WM (1) + M (=7 = 2¢) = V'(o(7 + 2¢)) — V'(—¢(7))
+ V' (p(=7)) = V'(=p(—1 — 29))
=0,

where the second equality holds because ¢ is odd in 7. Integrating this equa-
tion twice yields,

w (1) + w (=1 — 2¢) = 0,

since w") € H2. This condition gives,

EP(1) = V" (=p(m)wD (1) + V" (p(r)w (1 - 29)

= V"(—p(r))wi? (1) = V"(p(m))wt) (=7)
= —FP(—7),

u

and reduction (2.10) is proved. Therefore we can conclude that the second

g

Fredholm condition is satisfied. The sufficient condition on w,’, needed to

18
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prove the second Fredholm condition, suggests the need to use ﬁ[fu instead of
H?2, where H2 is given by (1.22).

We see that up to O(g?) a unique solution exists. However, this formal
method cannot be used to expand to arbitrary order in powers of £ due to
the lack of regularity of the potential, V. In the following section we prove

Theorem 1 by means of the implicit function theorem.

2.3 Proof of Theorem 1

To prove Theorem 1, we shall consider the vector fields of the system of dif-

ferential advance-delay equations (1.14),

{ Fu(u(r),w(r),e) = V'(ew(r) — u(7)) = V'(u(r) — ew(r — 2q)), TeR. (2.11)

Fu(u(t),w(r),e) :=eV'(u(r + 2q) — ew(r)) — eV'(ew(r) — u(r)),

We seek a strong solution (u., w,) € H2x H2 of system (1.14) satisfying

the conditions,
Us(—T) = —uu(7), wo(T) = —w.(—7 —2q), TER (2.12)
We first note that F), is odd in 7 if (u,w) € H? x ]:Ifu

Fu(u(t),w(1),e) = V'(ew(r) — u(7r)) — V'(u(1) — ew(r — 2q))
= V'(—ew(—71 = 2q) + u(—7)) = V'(—u(—7) + ew(—7))

= —F,(u(—7),w(—71),¢).

As well, since V € C?, F, is a C* map from H? x H2 x R — L2 and the

19
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Jacobian of F, at € = 0 is given by
D Fy(u,w,0) = V"(—u) = V"(u) = —alu|*"", DyF,(u,w,0)=0. (2.13)
Next, under the constraints (2.12), we have F,, € L2 because

Fy(u(r), w(r),€) + Fu(u(—=7 — 2¢), w(=7 — 29),€)
=eV'(u(t +2q) — ew(7r)) — eV'(ew(7) — u(7))
+ eV (u(—7) — ew(—7 — 2q))
eV ew(r — 20) — u(—7 — 20))

=0.

Since V is C?, F,, is a C' map from H? x H? x R — L? and its Jacobian at

e = 0 is given by
D, F,(u,w,0) =0, Dy,F,(u,w,0)=0. (2.14)
We now define the nonlinear operator

fulu,w,e) = 2273 — F.(u,w,e), (2.15)

fw(u,w ) = EC%’ — Fy(u,w,e).

We have (f,, fu) : H? x H2 x R — L2 x L2 because the second derivative

operators preserve constraints (2.12). Moreover, (f,, f,,) are C! near the point
(¢,0,0) € H? x H2 x R.

To apply the Implicit Function Theorem near this point we require the

following criteria:
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e (fu, fw) must be continuously differentiable.

e fu(,0,0) = fu(p,0,0) =0
e The Jacobian operator must be invertible at the point (¢, 0,0).

We have already established that (f,, f,,) are C* maps and (¢, 0,0) is a zero

Of (fu7 fw)
The Jacobian operator for (2.15) follows from (2.13) and (2.14)

L 0 L talpl*t 0
_ | am el . (2.16)
0 Lo 0 £

We see that the Jacobian is a diagonal operator, with diagonal entries L and Ly
defined in equations (2.6) and (2.7). These both allow one-dimensional kernels
in L2,(0,2), but within the constrained spaces H; and H?, the kernels are
zero-dimensional. This implies that the operators L and L are one-to-one from
H? to L? and from H?2 to L2 respectively, and thus the Jacobian operator is
invertible.

Therefore, we can invoke the Implicit Function Theorem to conclude
that there exists a C'! continuation of the limiting solution (2.1) with respect
to £ as the 2m-periodic solution (u,,w,) € H2 x H2 of the system of differential
advance-delay equations (1.14) near ¢ = 0. From the explicit expression (2.11)

and the formal expansion (2.3), we can see that ||w.| gz = O(e) and ||u, —

per

o|lgz. = O(g?) as € — 0. This completes the proof of Theorem 1.

per
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Chapter 3

Spectral Stability of Periodic

Travelling Waves Near ¢ = (

3.1 Linearization of Periodic Travelling Waves

In order to analyze stability of the solutions to the dimer chain equations (1.4)
near ¢ = 0, we will linearize the system of nonlinear equations (1.4) at the
periodic travelling wave solutions of the form (1.13). As a result, we obtain

the linearized dimer equations for small perturbations:

lign—1 = V" (ew« (7T + 2qn) — us(7 + 2qn)) (eway — u2n-1)
— V" (us(T 4 2gqn) — cw, (7 + 2gn — 2q)) (u2n—1 — EWap—2),
Wap = eV (ux(T + 2qn + 2q) — ewy (T + 2gn)) (u2p+1 — EWway)

— eV (ewi (T + 2qn) — us (7 + 2qn)) (cway — Uzp—1),
(3.1)

where n € Z. It is worthwhile to note that V" is continuous but not contin-
uously differentiable. This fact will complicate the analysis of perturbation

results for ¢ > 0. On the other hand, this complication does not occur for
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exact solutions (1.24) and (1.27). For exact solution (1.24) with ¢ = 7, the

linearized system (3.1) is written explicitly as

tign—1 + a|p|* tug, 1 = & (V" (—p)wan + V" (@)wan_2) ,

(3.2)
’lIJQn + 2€2V//(—QO)WQn = EV”(—QO) (U2n+1 + Ugn_l).

For exact solution (1.27) with ¢ = 0 or ¢ = m, we can write the linearized

system (3.1) explicitly as

Gion—1 + 1=z | 0] ugn 1 = 15 (V' (=) wan + V" (9)wen-2)

Wap, + 10%2 @|*  wan = e (V"(@)uznir + V"' (=@)ugn-1) .

(3.3)

In both cases, we can see that the linearized systems (3.2) and (3.3) are analytic
in € near € = 0.
The system of linearized equations (3.1) has the same symplectic struc-

ture (1.10) as the nonlinear system (1.4), but the Hamiltonian is given by

1

neL

+ % D V(w7 + 2qn) — wa( + 2qn)) (ews, — uzn1) (3.4)

neL

1
+§ Z V" (ue(7 + 2qn) — ew, (7 + 2qn — 2q)) (Ugn_1 — EWzp_2)>.
nez

The Hamiltonian, H, is quadratic in the canonical variables

{u2n—17p2n—1 = U2n—1, Wan, qon = an}nEZ'
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3.2 Main Result

The coefficients of the linearized dimer system (3.1) are 27-periodic in 7. This
suggests we look for an infinite-dimensional analogue of the Floquet theorem
which states that all solutions of the linear system with 27-periodic coefficients

satisfy the reduction
u(r +27) = Mu(r), 7€eR, (3.5)

where u := [+ | Wop_9, Usy_1, Wop, Uopi1, - - | and M is the monodromy oper-

ator [8].

Remark 4. We may close the system of dimer equations (1.4) into a chain
of 2mN second-order differential equations subject to periodic boundary con-

ditions by setting ¢ = 2 as stated in Remark 2. In a similar fashion, we

N

may close the linearized system (3.1) as a system of 2mN second-order linear
equations. The monodromy operator, M then becomes an infinite diagonal
composition of 4mN by 4mN Floquet matrices with 4mN eigenvalues known

as the Floquet multipliers.

We can find eigenvalues of the monodromy matrix, M by looking for

the set of eigenvectors in the form,
'ngnfl(T) = Uanl(T)e)\T, Ugn(T) = Wgn(T)e)\T, T E R, (36)

where (Usy,—1, Wo,—1) are 2m-periodic functions and the admissible values of
A are found from the existence of such 2m-periodic functions. The admissible
values of A are known as the characteristic exponents and they define the

Floquet multipliers, i, by the formula p = ™.
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Eigenvectors (3.6) are defined as 27-periodic solutions of the linear

eigenvalue problem,

U2n—1 + 2)\UQn—1 + )\2U2n—1 = V//(Ew* (T + QQTL) - u*(T + 2qn))(5W2n - U2n—1)
— V" (us (7 + 2gn) — ewy (7 + 2qn — 2q)) (Uapn—1 — eWapn_2),
Won + 2AWa,, + N2 W, = eV (ux (T + 2gn + 2q) — ew, (7 + 2qn)) (Uapt1 — eWay)

—eV"(ews (7 + 2qn) — us (7 + 2qn)) (eWan — Uzn—1).
(3.7)

This equation is derived from equations (3.1) using the definition (3.6).
The Krein signature plays an important role in the study of spectral
stability of periodic solutions [2, Section 4]. The Krein signature is defined as

the sign of the 2-form associated with the symplectic structure (1.10):

o= ZZ [Ugn—1D2n—1 — U2n—1P2n—1 + WanGan — WanGon) , (3.8)
nez
where {uon_1, Pan—1 = Uzn—1, Wan, G2n = Wan },c7 15 an eigenvector (3.6) asso-
ciated with an eigenvalue A € iR,. It follows from the symmetry of the
linearized system (3.1) that if A is an eigenvalue, then X is also an eigenvalue.
The 2-form, o is constant with respect to 7 € R.

If e = 0, the monodromy operator, M, in (3.5) is block-diagonal and
consists of an infinite set of 2-by-2 Jordan blocks. This occurs because the
dimer system (1.4) is decoupled into a countable set of uncoupled second-
order differential equations at € = 0. Therefore, the linear eigenvalue problem
(3.7) with the limiting solution (1.19) admits an infinite set of 27-periodic

solutions with A\ = 0,
—_0- 0 _ : 0) _
e=0: Uyl =com1p(T+2qn), W, =as, nécZ, (3.9)

where {c2p—1, dan },,c;, are arbitrary coefficients. Another countable set of gen-

25



MSc Thesis — M. Betti McMaster — Mathematics

eralized eigenvectors exists, beyond the eigenvectors (3.9), for the uncoupled
second-order differential equations which contribute to the Jordan blocks.
Each block corresponds to the double Floquet multiplier p = 1 (i.e. the
double characteristic exponent A = 0). When ¢ # 0 but ¢ < 1, the character-
istic exponents A = 0 of a high multiplicity splits. We study this splitting of
characteristic exponents A by using perturbation arguments.

We formulate the main result of this section.

Theorem 2. Fir q = 5 for some positive integers m and N such that 1 <
m < N. Let (u,w,) € H? x Ijli be defined by Theorem 1 for sufficiently
small positive €. Consider the linear eigenvalue problem (3.7) subject to 2mN -
periodic boundary conditions (1.15). There is a 9 > 0 such that, for every
e € (0,e0), there exists qo(e) € (0,%) such that for all ¢ € (0,q0(¢)) and
q € (m — qo(e),n], no values of N\ with Re(\) # 0 exist, whereas for q €
(qo(e), ™ — qo(e)), there exist some values of A with Re(\) > 0.

Remark 5. By Theorem 2, periodic travelling waves are spectrally stable for
q € (0,q0(¢)) and q € (7 — qo(e), 7] and unstable for q € (qo(e), ™ — qo(e)).
Therefore, the linearized system (3.2) for the exact solution (1.24) with ¢ = 7,
subject to periodic boundary conditions, is unstable for small ¢ > 0. Whereas
the linearized system (3.3) for exact solution (1.27) with ¢ = 7 subject to

periodic boundary conditions is stable for small € > 0.

Remark 6. The result of Theorem 2 is expected to hold for all values of q
in [0, 7], but the spectrum of the linear eigenvalue problem (8.7) for the char-
acteristic exponent \ becomes continuous and connected to zero. An infinite-
dimensional analogue of the perturbation theory is required to study eigenvalues

of the monodromy operator M in this case.
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Remark 7. The case ¢ = 0 is degenerate for an application of the perturbation
theory. Nevertheless, we show numerically that the linearized system (3.3)
for the exact solution (1.27) with ¢ = 0 is stable for small € > 0 and all

characteristic exponents are at least double for any € > 0.

3.3 Formal Perturbation Expansions

We normally expect splitting of exponents A = O(g1/2), since the limiting lin-
ear eigenvalue problem at ¢ = 0 is diagonally decomposed into 2-by-2 Jordan
blocks [23]. The splitting we see occurs at a higher order, O(e), since the
coupling between the particles of equal masses occurs at O(g?) in the pertur-
bation theory. Perturbation computations in O(g?) require V" to be at least
C!. This creates an obstacle since V" is only continuous. In our computations
we neglect this discrepancy, which is valid at least for ¢ = 7 and ¢ = 7. For
other values of ¢, we use a renormalization technique in order to justify the
formal perturbation expansion.

We expand 27-periodic solutions of the linear eigenvalue problem (3.7)

in a power series in €:
A= ) 4220 4 o(e?) (3.10)
and

Uy = Us) +eUSY | 4+ 2US2 | + o(e?),

n—1

(0) (1) (2) (3.11)
WQn — W27L + 5W2n + 52W2n + 0(52>,

where the zeroth-order terms are given by (3.9). In order to determine unique
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corrections to the power series expansion, we require that

(@ UD Vo, = (LW =0, nez, j=1,2 (3.12)

For
Note that if U2(zz)—1 contains a component which is parallel to ¢ then the corre-
sponding term will change the value of ¢s,,_1 in the eigenvector (3.9). Similarly,
if a 2m-periodic function WQ(,JB has nonzero mean, then the mean value of WQ(;)
will change the value of ag, in eigenvector (3.9). These coefficients are yet to
be determined, and thus our condition is justified.

The linear equations (3.7) are satisfied at O(¢°). At O(g), we obtain

the equations

T+ ale(r + 2qn)[e UL = —22005)

+ V" (—p(r + 2qn))Wa + V" (p(r + 2qn)) Wae .
WL = —2AOWSY 4+ v (o(r + 2qn + 29)) UL, | + V" (—o(7 + 2qn)) US|

(3.13)
Let us define solutions of the following linear inhomogeneous equations:
b+ ale|* v = —2¢, (3.14)
je + alp[*Tlye = V' (£p), (3.15)
Ze =V (£p)p. (3.16)

If we can find unique 27-periodic solutions of these equations such that

(@0, = (P ysiz, = (L 2)r, =0,
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then the perturbation equations (3.13) at the O(¢e) order are satisfied with

U | = can i ADU(T + 2gn) + asny— (T + 2qn) + agn_oy4 (T + 2qn), (3.17)
Wz(yl;,) = Cont12+(T + 2qn + 2q) + con_12— (T + 2¢n).

The linear equations (3.7) are now satisfied up to the O(e) order. Col-

lecting terms at the O(e?) order, we obtain

U2(721)—1 + 0‘|80(7' + 2qn)|a71U2(’?L)—1 = *2)‘(1)02(111)—1 - 2>‘(2)U2(2)—1 - ()‘(1))2U2(2)—1
+ V' (—p(r + 2qn)) W) + V" (p(r + 2qn)) W4,
— V(o7 + 2qn)) (WM (7 + 2gn) — ) (7 + 2qn)) U,
— V" (p(r + 2qn)) () (7 + 2qn) — i (7 + 2qn — 29)) U0,

Wi = =22 — 20@ W0 — AW)2w )

F V(7 + 2qn + 2q)) (UL — Wa) + V' (=7 + 2qn)) (Usy — Wao),
(3.18)

where corrections u!” and w!") are defined by expansion (2.3).

To solve the linear inhomogeneous equations (3.18) the source terms
must satisfy the Fredholm conditions because the operators Ly and L defined
by (2.6) and (2.7) have one-dimensional kernels. We require the first equation
of (3.18) to be orthogonal to ¢ and the second equation of system (3.18) to
be orthogonal to 1. We substitute (3.9) and (3.17) into the orthogonality
conditions (i.e. substitute the solutions into the system (3.18), multiply the
first equation by ¢ and the second by 1, and integrate on [—m, 7]. Taking
into account the symmetry between couplings of lattice sites on Z, we obtain

difference equations for {co,—1, 2n}, oy

KAy, q = M (cons1 + Can—3 — 2¢an—1) + L1A(ag, — azn—2), (3.19)

A2ay, = My(agnya + asn—2 — 2as,) + LaA(Cont1 — Con—1),
where A = A\®) and (K, My, My, Ly, Ly) are numerical coefficients to be com-
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puted from the projections. In particular, the coefficients are defined as

K = / (26(r) + ¢(r)) B(r)dr,

—Tr

w - [ VI (—p()p(r) 2 + 2q)dr = / V() () (7 — 20)dr,

—Tr

o= o[ V(e +20))y- -+ 207 = 5 / )y (7)dr,
L = -2 /”y_msb(f)ch:z | wmetnar
Ly = o [ V'(elr +20)(r +20)dr = —— [ V(—p(r)urir

It is worth noting that the coefficients M; and M; need not be computed
at the diagonal terms cs,,_1 and as,, due to the fact that the difference equations
(3.19) with A = 0 must have eigenvectors with equal values of {c2,-1},5
and {agy, },,c;, which correspond to the two symmetries of the linearized dimer
system (3.1) related to symmetries (1.7) and (1.8). This fact suggests that the
problem of limited smoothness of V”, which is C but not C* near zero, is not
a serious obstacle in the derivation of the reduced system (3.19).

Difference equations (3.19) give a necessary and sufficient condition to
solve the linear inhomogeneous equations (3.18) at O(g?) and continue the
perturbation expansions beyond this order.

The system of difference equations (3.19) presents a quadratic eigen-
value problem with respect to the spectral parameter A. Such quadratic eigen-
value problems often appear in the context of spectral stability of nonlinear
waves [5,19].

Before justifying the formal perturbation expansions, we shall explicitly

compute the coefficients (K, My, Ma, Ly, Ls) of the difference equations (3.19).
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3.4 Computation of Coefficients

We prove the following technical result.

Lemma 1. Coefficients K, My, Ly, and Ly are independent of ¢ and are given
by

A 2 3 _2(2m = T'(Eo)(#(0))?)
wEy M Ly =2rL, = 0

k== = T (Eo)((0))2 T/ (Eo)(0)

Consequently, K > 0, whereas M, L1, Ly < 0. On the other hand, coefficient
My depends on q and is given by

where

To prove Lemma 1, we must first find unique solutions to the linear
inhomogeneous equations (3.14), (3.15) and (3.16). For equation (3.14), the

general solution is given by

(1) = —7Q(T) + b1o(T) + b20RYR,(T), T € [—7, 7,

where (by, by) are arbitrary coefficients and dgpg, is the derivative of the T'(E)-
periodic solution g of the nonlinear oscillator equation (1.17) with first inte-

gral (1.18) satisfying initial conditions ¢g(0) = 0 and ¢(0) = V2F at energy
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E = Ey, for which T'(Ey) = 27. We note the equation
1, )
Opor, (£7) = FLT (Ep)p(n), (3.20)

follows from differentiation of equation ¢g(+7T(EF)/2) = 0 with respect to £
at B = FEy.

To define v uniquely, we require that (o, v) 2, = 0. This condition
along with the fact that 7¢ and drppg, are odd and ¢ is even in 7 force by =0
and thus v(0) = 0. Therefore, v is odd in 7. In order to satisfy the 27-
periodicity, we require v(7) = 0, which will uniquely determine by by virtue of

(3.20) as
ng( ) 2m
pom(m)  T'(Ey)

We have now uniquely determined v(7) as

by =

2m
v(T) = —7o(T) — T(Ey )ﬁEngO( T), T € [—m, ] (3.21)
For equation (3.15), we take advantage of the fact that ¢(7) > 0 for
7 € [0,7] and ¢(7) < 0 for 7 € [—m,0]. We also use the symmetry o(m) =
—¢(0). Integrating the equations for yi separately from equation (3.15), we
obtain solutions
1+ arp+by0ppr, 7€ [-m0]

y+(1) = i
C+p + d-‘raEngm T E [07 7T]7

a_p+b_0ppg,, T € [—m, 0],
y-(r) = ,
1+c_g0+d_8EgoEO, T € [O,W].

We use continuity of y+ and g4 across 7 = 0 to uniquely determine di = by
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and ¢y = ay £ ﬁ. The solutions are 27r-periodic if y4(—m) = y4(7), which

gives
2
T"(Eo)$(0)

We note that the constants a are still unspecified.

by ==+

In order to define y4 uniquely, we require orthogonality (¢, y+)r2 = 0.

per
This forces the constraints on a4,

1 2(¢, Oppr, ) 12,

“ T T200) T T(E)O0) G D)z,

Thus, we obtain a unique solution for y4,

. 1, T € [—7,0],
Y+(7) = a1:9(7) + b4 Oppr, (1) + or) (3.22)
s0 TEl07],
and
, 0, T € [—7, 0],
y_(17) =a_p(1) + b_0ppp,(T) + ole) (3.23)
1—26, T€ 0, 7],

where (a4, by ) are uniquely defined as above.

Equation (3.16) can be integrated separately on [—m, 0] and [0, 7] to

obtain

c+e(n)]* 70,
where (ci,c_) are constants of integration and continuity of 24 across 7 = 0
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has been used. Again, we require (1, z4) rz,, = 0 in order to uniquely define

z+. Integrating the above equation once under this condition, we find:

cxT+dy — (), Te€[-m0],
i —dy, T € [0, 7],
c.T+d_, T € [—m, 0],
c.t—d_—¢(r), T€l0,n],

where (d,,d_) are constants of integration. Continuity of 2 across 7 = 0
sets the coefficient dy = £5¢(0). Periodicity of zy(—m) = z4(m) defines the
coefficient ¢y = +2(0). Therefore we can write a unique solution to equation

(3.16) as

and
1 —(0)(21 + ), T € [—m, 0],

2 (1) = —
2 | —p(0)(2r — 1) — 21(7), T € [0,7].

(3.25)

Using solutions (3.21), (3.22), (3.23), (3.24) and (3.25) we can now
compute the coefficients (K, My, Ms, Ly, L) of the difference equations (3.19).
For K, we integrate by parts and use equations (1.17), (1.18) and (3.21) to

obtain

K = /7r O(p + 20)dT = /7r (¢* — 2up)dr
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As stated in Section 1.3, T"(Ep) < 0 and so K > 0.
For M;, we use equations (3.16), (3.24), and (3.25) to obtain

™

M, = /7r V" (—p(7)p(T) 24 (7 + 2q)dT = / Z(T)zp (T 4+ 2q)dr

— -7

= - [ smne 2= [ o 2

—T

Note that the sign of M; depends on ¢. Using solution (3.25), for ¢ € [0, E],

we obtain

™

M= 200) [ e [ s+ i

= 2P 1), 10 == [ #nee+2adr

For q € [g,ﬂ, we obtain

and

fir—q) = / "B — 2)dr = — / B(r)3(r + 20)dr = 1(q),

since the mean value of a periodic function does not depend on the limits of
integration.

For M,, we use equations (3.15) and (3.22):

1 [T a [T
M, = — "(—p)yrdr = — *ly.d
2 5 ﬂrV( ©)ydr 27T/O Oy ydr
1 T 1 . 2
pu— —_—— 1] d p— —b @ O pu—
or ), Grdr = 2b0808 (0) 7T (Eo)(4(0))2
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and, again since 7"(Ep) < 0, we have M, < 0.
For L;, we may use (1.17), (1.18) and (3.23) to find

L1 = —2/ g,(,de: —Qb/ 8Eng0<pdT

i . ) |
= T Uo Osprod = Opmd) d7 + $0ppm,
2(2m — T'(Eo)(4(0))?)
T'(Eo)¢(0) '

T=7T:|
7=0

By construction ¢(0) > 0, and since T7"(Ey) < 0 we have Ly < 0.
For Lo, we can use (1.17), (1.18) and (3.21) to get

1
Ly = —— V”( UCZT———/ =Ly
271'
= T EO / aE‘ QOEO) dr — — o QO *dr
o J1 R ="
= |22 T Ty P
_2m = T'(Eo)(£(0))° :iL
71" (Eo)(0) or "V

and hence Ly < 0.

This completes the proof of Lemma 1.

3.5 Eigenvalues of Difference Equations

The coefficients (K, My, Ms, Ly, L) of difference equations (3.19) are indepen-
dent of n. This means we can solve these equations by means of a discrete

Fourier transform. We make the substitution
Conq = Ce?C=1 gy = Ae?, (3.26)
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where 6 € [0, 7] is the Fourier spectral parameter. With this substitution,
we obtain the system of linear homogeneous equations from the difference

equations (3.19):

KA*C = 2M;(cos(20) — 1)C + 2iL; A sin(0) A,

(3.27)
A?A = 2My(cos(20) — 1) A + 2iLy A sin(9)C.

A nonzero solution of system (3.27) exists if and only if A is a root of

the characteristic polynomial
D(A;0) = KA*+4A*(M,+K My+ Ly Ly) sin(0) +16 M, M, sin*(6) = 0. (3.28)

This equation is bi-quadratic and thus has two pairs of roots for each 6 € [0, 7.
For & = 0, both pairs are identically zero. This recovers the characteristic
exponent, A = 0 of algebraic multiplicity of at least 4 in the linear eigenvalue
problem (3.7). For a fixed § € (0,7), the two pairs of roots are generally

nonzero and given by A? and AZ. The following lemma specifies their location.

Lemma 2. There exists a qo € (0,%) such that A3 < A3 <0 forq €[0,q0) U
(m — qo, 7] and A2 <0 < A3 for q € (qo, ™ — qo)-

To classify the nonzero roots of the characteristic polynomial (3.28),
we define

I':= M1 + KM2 + L1L2, A= 4KM1M2 (329)

The two pairs of roots are determined in the following table.
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Coeflicients Roots

A<O0 A2 <0< A3
0<ALSTZT>0]A2<A2<0
0<ALSTZT<0]|0<A2<AZ

A>T Re(A?) > 0, Re(A2) <0

Table 4.1: Squared roots of the characteristic equation (3.28).

Substituting the explicit computations of coefficients (K, My, My, Ly, L)

found in Section 3.4, we obtain

8
:—mﬂLI(Q),
o )
8= TE)? (1 2(@(0))2) |

The function I(g) is symmetric about ¢ = 7 as shown in Lemma 1. Therefore,

we may restrict our consideration to the values g € [O, g] and use the explicit

definition of 1(q):

T T
o= [ enpt+amin ac[0.3].
T—2q
It is clear that 7(0) = 0. We can show that /(g) is a monotonically increasing
function in [O, g}
Firstly, by (1.17), ¢(1) = —|p(7)]**o(7). Since p(7) > 0 on 7 € [0, 7],
we have that ¢(7) < 0on 7 € [0,7]. As well, ¢(7+2¢) > 0 for T € [ — 2¢, 7].

We then have I(q) > 0 for 2q € [0.7]. Moreover, we can show that I is a C!
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function of ¢, because the first derivative, given by,

I'(q) = -2 /TF S(T)P (T + 2q)dr = 2/: P(T)P(T + 2q)dT

= 20 [ eIt + 200

is continuous for all 2¢ € [0,7]. The functions ¢(7) and ¢(7) are odd and
even, respectively, with respect to 7 = 5. We have already established that
(T +2¢) > 0on T € [r—2¢,7]. We also have that ¢(7) > 0 on 7 € [0, Z]

and ¢(7) <0on 7 € [Z,7]. Thus, I'(g) > 0 for all 2¢ € [0, 7]. Therefore, I(q)

is monotonically increasing from 7(0) = 0 to

I (g) S /Owgam@(f +r)dr = /Oﬂ(ga(T))?dT > 0.

Hence, for all g € [0, g} we have I' > 0 and

9 B 16 327
P-A=1) (1@ T By T <Tf<Eo>¢<o>>2) =0,

where A = I'? if and only if ¢ = 0. We see that only the first two lines of Table
4.1 can occur.

For ¢ = 0, I(0) = 0 hence M; < 0, A > 0 and A = I'*. The second
line of Table 4.1 gives A? = A2 < 0. All characteristic exponents are purely
imaginary and degenerate, thanks to the explicit computations:

Al =A% = 24 sin?(0). (3.30)

T2

The proof of Lemma 2 is complete if we can show that there is a qq €

(0, %) such that the first line of Table 4.1 yields A2 < 0 < A2 for ¢ € (Q(), g}
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and the second line of Table 4.1 yields A7 < A2 < 0 for ¢ € (0, qo). Because [ is
monotonically increasing as a function of ¢ and A > 0 for ¢ = 0 the existence
of qo € (0, %) follows by continuity if A < 0 for ¢ = 5. Since K > 0 and

M, < 0, we need to prove that M; > 0 for ¢ = 7. Equivalently,

™

1(3) > 20

Since ¢ is a 2m-periodic function with zero mean, the Poincaré inequal-

1(3) =3 [ Gorar=; [ @

U ™

ity yields

Using (1.17) and (1.18) along with integration by parts we see

5 | == [ empmir =5 [ lempar = 2t D

2/ . 2/ . 2/ . (o +3)

The last equality comes from integrating the invariant (1.18) on [—m, 7|. There-

fore, we obtain

I (7‘(‘) 2r(a+1) ,  7w(a+1)

. 2 2 . 2
2% v T avy PO ZOR

where the final inequality holds for a = % based on the fact that % ~2.74 > 1.
Therefore M; > 0 and as a result A < 0 for ¢ = 5. This completes the proof
of Lemma 2.

Numerical approximations of coefficients I' and A versus g were com-
puted and are shown in Figure 3.1. We can see from the figure that the sign

change of A occurs at ¢y ~ 0.915.
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Gamma
Delta

Figure 3.1: Coefficients I' (left) and A (right) versus q.

3.6 Krein Signature of Eigenvalues

Because the eigenvalue problem (3.27) is symmetric with respect to reflection
of § about 7, that is, sin(#) = sin(m — #), some roots A € C of the character-
istic polynomial (3.28) produce multiple eigenvalues A in the linear eigenvalue
problem (3.7) at the O(e) order of the asymptotic expansion (3.10). To control
splitting and persistence of eigenvalues A € iR, with respect to perturbations,
we shall look at the Krein signature of the 2-form ¢ defined by (3.8). The

following result allows us to compute o asymptotically as ¢ — 0.

Lemma 3. For every q € (0,qo), the 2-form o for every eigenvector of the lin-
ear eigenvalue problem (3.7) generated by the perturbation expansion (3.11) as-

sociated with the root A € iR of the characteristic equation (3.28) is nonzero.

Using the representation (3.6) for A = iw with w € R, we rewrite o in

the form:

o=2w> [|Uzn-1]® + [Wan|?]+i Y [U2n71[72n71 — Uzn-1Uzn—1 + WonWan — WanWan| .
nez nez
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Now using perturbation expansion w = Q) + O(e?), where A = iQ € iR, is
a root of the characteristic equation (3.28), and the perturbation expansions

(3.11) for the eigenvector, we compute

o= EZO'SLI) + O(€),

nez

where

o = 20 [Jean 1237+ 2qn) + lazal*] + i(con 108 — Gan—1US)) (7 + 2qn)

—i(con—1U8,) 1 = Con U8 )@(T + 2qn) + i(a2, W3y — a2 W3,).
Using representation (3.17), this becomes
o) = 2Q(|ean—1|Eo+|azn|?) +i(can—1a2n — Con—1020) B +i(Con—1G2n—2 — Con—1a2n—2)E4,
where Ey and Ey are numerical coefficients given by
By = @ +¢o—gv,
Ey = oyr — Pyr — Z¢.

Using explicit computations of functions v, y4, and z4 in Section 3.4, we obtain

s B 27r—T’(E0)(gb(O))2
T(E) ET T aT(Ep0)

Ey=—

and hence we have
M) _oq (X 2 2\ g1 o _ _
g’ = o |C2n—1| + |a2n\ -1 2(C2n—1a2n — Con—102n — Cop—102p—2 + 62n—1a2n—2)-

Substituting the eigenvector of the reduced eigenvalue problem (3.19)
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in the discrete Fourier transform form (3.26), we obtain

o —

K

20) (2—02 + AQ) — 4Ly sin(0)CA
™
1

— (QPKC? + 87 M, sin®(0) A?)
()
where the second equation of system (3.27) has been used. Using the first
equation of system (3.27), we obtain
CQ

W _
Tn T L LB

[KLiLQ* + My(KQ? — 4M; sin®(6))?] . (3.31)

Note that o&" is independent of n, hence periodic boundary conditions are
used to obtain a finite expression for the 2-form o.

We consider g € (0, qy) and 6 € (0,7), so that Q # 0 and C # 0. Then,
o) =0 if and only if

KLy LyQ* + My(KQ? — 4M sin*(6))? = 0.

Using the explicit coefficients in Lemma 1, we factorize the left hand side as

follows:

KL LyQY* + Mo (KQ? — 4M; sin®(0))* = (Q* + T'(Eo) My M, sin’(6))

(32 _TE)@O)N e, 16
((T/(EO))2 <1 47 ) Q + T/<EO> Ml (9>> . (332)

For every ¢ € (0,q0), My < 0, so that the second bracket is strictly positive
(recall that T"(Ey) < 0). Now the first bracket vanishes at

—2M,

Y= 0y

sin?(6).
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Substituting this constraint to the characteristic equation (3.28) yields after

straightforward computations:

. 8M;sin*(6) 2m
pat) = =55 (1~ FE ) 10

which is nonzero for all ¢ € (0, ¢o) and 6 € (0, 7). Therefore, o\ does not van-

ish if ¢ € (0,¢o) and 0 € (0, 7). By continuity of the perturbation expansions

in €, o also does not vanish. The proof of Lemma 3 is complete.

Remark 8. For every q € (0,qo), all roots A € iR, of the characteristic

equation (3.28) are divided into two equal sets, one has 0,(11) > 0 and the other

one has o < 0. This follows from the factorization

. 47'('2 4 .92 2 8 .2 .92
D(i;0) = “Ti(Ey) <§22 — —sin (0)> —41(q) <Q2 T (B (20 sin (9)> sin“(0).

As q— 0, 1(q) — 0 and perturbation theory for double roots (3.30) for ¢ =0
yields

0% = % sin?() & % sin2(9)\/|T’(Eo)|I(Q) (1 - W) +O((q)).

Using the factorization formula (3.32), the sign of ol is determined by the

ETPTeSSLoNn

0% + T'(Eo) My M, sin® () = i% sin2(0>\/ T (Eo)|1(q) (1 - NESEW) +0(I(g)),

which justifies the claim for small positive q. By Lemma 3, the Krein signature
of o'V does not vanish for all g € (0,q0) and 6 € (0,7), therefore the splitting

of all roots A € iR into two equal sets persists for all values of q € (0, qo).
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3.7 Proof of Theorem 2

To conclude the proof of Theorem 2, we develop rigorous perturbation the-
ory in the case when ¢ = 5 for some positive integers m and N such that
1 <m < N. In this case, the linear eigenvalue problem (3.7) can be closed
at 2mN second-order differential equations subject to 2mN-periodic bound-
ary conditions (1.15) and we are looking for 4mN eigenvalues A\, which are
characteristic values of a 4mN x 4mN Floquet matrix.

At ¢ = 0, we have 2mN double Jordan blocks for A = 0. The 2mN
eigenvectors are given by (3.9). The 2mN-periodic boundary conditions are

incorporated in the discrete Fourier transform (3.26) if

k
QZTZ—NEQk(m,N), k=0,1,...,mN — 1.

Because the characteristic equation (3.28) for each ;(m, N) returns 4 roots,
we count 4mN roots of the characteristic equation (3.28), as many as there are
eigenvalues A in the linear eigenvalue problem (3.7). As long as the roots are
non-degenerate (if A # I'?) and different from zero (if A # 0), the first-order
perturbation theory predicts splitting of A = 0 into symmetric pairs of non-
zero eigenvalues. The zero eigenvalue of multiplicity 4 persists and corresponds
to the value 6y(m, N) = 0. It is associated with the symmetries (1.7) and (1.8)
of the dimer equations (1.4)

The non-zero eigenvalues are located hierarchically with respect to the
values of sin?(6) for 6 = y(m, N) with 1 < k < mN — 1. Because sin(f) =
sin(m —6), every non-zero eigenvalue corresponding to 0 (m, V') # 7 is double.
Because all eigenvalues A\ € R, have a definite Krein signature by Lemma 3

and the sign of ¢4 in (3.31) is the same for both eigenvalues with sin(f) =
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sin(m — ), the double eigenvalues A\ € iR are structurally stable with respect
to parameter continuations [4] in the sense that they split along the imaginary

axis beyond the leading-order perturbation theory.

Remark 9. The argument based on the Krein signature does not cover the
case of double real eigenvalues A € R, which may split off the real axis to the
complex domain. However, both real and complex eigenvalues contribute to the

count of unstable eigenvalues with the account of their multiplicities.

It remains to address the issue that the first-order perturbation theory
uses computations of V"', which is not a continuous function of its argument.
To deal with this issue, we use a renormalization technique. We note that if
(u4, wy) is a solution of the differential advance-delay equations (1.14) given

by Theorem 1, then

(1) = V'(ewd(r) — ud(7))(ets(7) — (7))
V" (s (7) — ewi (T — 2q)) (s (7) — €0 (T — 2q)), (3.33)

where the right-hand side is a continuous function of 7.

Using (3.33), we substitute

U2n—l = CQn—lu*(T + 2(]”) +u2n—17 W2n = W2na

for an arbitrary choice of {¢a,_1}nez, into the linear eigenvalue problem (3.7)
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and obtain:

Usp—1 + 2Mhap—1 + N2Uap_1 = V" (ew, (T + 2qn) — wy (T + 2qn)) (eWayp, — Uzp_1)

— V" (us (7 4 2gn) — ewi (7 + 2gn — 2q))(Uap—1 — EWapn—2),

— (2\ii (7 + 2gn) + A2, (7 + 2qn)) con 1

— eV (ew, (T + 2qn) — ux(T + 2qn) ). (T + 2qn)can—_1

— eV (us(T + 2gn) — cw (T + 2qn — 2q) ). (T + 2qn — 2q)con—1,
Wan + 22\Wap, 4+ N2 W, = eV (u (T + 2qn + 2q) — ew. (T + 2gn)) (Usp+1 — eWay,)

— eV (ews (7 + 2qn) — u. (T + 2qn)) (eWan — Uzpn—1)

+ eV (us (T + 2qn + 2q) — ew. (7 + 2qn)) . (T + 2gn + 2¢)can—1

+ eV (ewi (T 4 2gn) — wi (T + 2gn) )t (7 + 2gn)con—1.
(3.34)

When we repeat decompositions of the first-order perturbation theory, we write

A= AW 2@ 1 o(e?),
U1 = 5“2(711)—1 + 52“2(721)—1 +o(e?),

Wap, = agp + 5W2(711) + 52W2(721) + 0(52),

for an arbitrary choice of {as, }nez. Substituting this decomposition to system
(3.34), we obtain equations at the O(g) and O(e?) orders, which do not require
computations of V. Hence, the system of difference equations (3.19) is justi-
fied and the splitting of the eigenvalues A at the first order of the perturbation
theory obeys roots of the characteristic equation (3.28). Persistence of roots
beyond the o(g?) order holds by the standard perturbation theory for isolated

eigenvalues of the Floquet matrix. The proof of Theorem 2 is complete.
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Chapter 4

Numerical Results

In order to perform numerical analysis of the 27-periodic travelling waves
(1.12) in the case ¢ = §- where N € Z,, we rewrite the system of 2V differ-

ential equations (1.4) in the form:

lizn-1(t) = (Ewzn(t) — uzn-1(£))% — (uzn-1(t) — ewan—2(t))%,

1<n<N,
o (t) = €(ugn—1(t) — ewan(t))s — e(cwan(t) — uany1(t))T,
(4.1)
subject to periodic boundary conditions
U_y = UgN-1, UgN41 = U1, Wo = WaN, WaN42 = Wa. (4.2)
The linearized system is given by
( ..
Unp—1(t) = (EWwan(t) — u2p—1(t))F (eWan(t) — tUan-1(1))
) — (ton—1(t) — ewan_a(t))5 " (tion—1(t) — eton—s(t)), l<n<N
Wan (t) = €(Ugn—1(t) — ewap(t ))+<u2n 1(t) — etbgn(2))
\ — e(ewan(t) — uant1(t))§ (€Wan(t) — tania (1)),
(4.3)
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The 27-periodic travelling waves (1.12) correspond to 2m-periodic so-

lutions of system (4.1) satisfying the reduction

u2n+1(t) = U2p—1 (t + %T) ;

teR, 1<n<AN. (4.4)
Wapy2(t) = wap (t+ 2) ,

For uniqueness, we require u; be an odd function, u;(t) = —uy(—t) such that
u1(0) =0 and u4(0) > 0.

By Theorem 1 for every N € Z., the travelling wave solution satisfying (4.4)
exists and is unique at least for small values of €. We can continue the limiting
solutions from ¢ = 0 with respect to parameter ¢ numerically along this branch

all the way to the limit of equal mass ratio, ¢ = 1.

4.1 Existence of Periodic Travelling Waves

In order to numerically compute the 27-periodic travelling wave solutions to
the nonlinear system (4.1) we use the classical shooting method [12]. Our

shooting parameters are given by the set of initial conditions

{u20-1(0), 12, —1(0), way, (0), w2n(0)}1§n§N :

Since u1(0) = 0, we have a set of 2N — 1 shooting parameters. However,
for a fixed N, we can use the symmetries of the nonlinear ODE system (4.1)
to reduce the number of shooting parameters needed for approximation of
solutions satisfying the travelling wave reductions (4.4).

For clarity, we give the examples of four particles (N = 2 or ¢ = 7),
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six particles (IV = 3 or ¢ = %) and eight particles (IV = 4 or ¢ = 7) explicitly.

For N = 2, we can write the nonlinear ODE system (4.1) as

(

=]

1(t) = (ewa(t) —ur(t))§ — (ua(t) — ewa(?))S,
< 2(t) = e[(ur(t) — ews(t))§ — (ewa(t) — us(t))4],

3(t) = (ewa(t) —us(t))§ — (us(t) — cwa(t))S,
el(us(t) — ews(t))s — (ewa(t) —ur(2))5].

&0

=

(4.5)

[~

We seek 2m-periodic functions satisfying the travelling wave reduction

ug(t) = uy(t+m), wyl(t) = we(t +m). (4.6)

The system (4.5) is invariant with respect to the transformation

ur(t) = —ur(—t), wo(t) = —wya(—t), wus(t) = —us(—t). (4.7)

A 27-periodic solution of system (4.5) satisfying (4.7) must also satisfy
uy(m) = us(m) = 0 and wy(m) = —wy(m). In addition, a solution satisfying
(4.6) must also satisfy wy(m) = wq(0).

An approximation of a solution to the system (4.5) satisfying (4.7)

needs only four shooting parameters, (aq,as, as,as), in the initial condition,

Ul(()) = O, Ul(O) = ay, U)Q(O) = Q9, 'UJQ(O) = as,

Ug(O) = O, U,g(O) = Qy4, ’LU4(O) = —daa, "LU4(O) = as.

The solution of the initial-value problem corresponds to a 27-periodic travel-
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ling wave solution only if the following four conditions are satisfied:

ur(m) =0, wa(m) +wy(m) =0, wy(0) —wy(m) =0, wus(mw)=0.

These four conditions fully specify the shooting method for the four parameters
(ay,a9,as3,a4). Additionally, the reductions (4.6) and (4.7) also require the
conditions

U)Q(TF) — w4(7T) = 0, ’lUQ(O) — ’li)4(7T) = O,

but these conditions are redundant for the shooting method. We have been
checking these conditions a posteriori, when the shooting method has con-
verged to a solution.

The error of the shooting method is generated from the error of the
ODE solver and the error in finding zeros of the above functions. We use the
built-in MATLAB function ode113 on the interval [0, 7] as the ODE solver
and then use the transformation (4.7) to extend the solution on the interval
[—m,0] and hence to continue to a full period [0, 27].

Figure 2 shows the three solution branches obtained by the shooting
method. The first solution branch (labeled Branch 1) exists for all ¢ € [0, 1]
and is shown in the top right panel for ¢ = 1. This branch coincides with
the exact solution (1.24) found analytically. The error in the supremum norm
between the numerical and exact solutions ||u; — ¢/~ can be found in Table

5.1.
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AbsTol of Shooting Method | AbsTol of ODE solver L error
O(10712) O(1071) 4.5 x 1071
O(10719) 3.0 x 10711
O(1078) O(1071) 4.5 x 10714
O(10719) 3.0 x 10711

Table 5.1: Error between numerical and exact solutions for branch 1.

The top left panel of Figure 4.1 shows ws(0) versus €. A pitchfork
bifurcation occurs at € = ¢y &~ 0.72 and results in two symmetrically reflected
branches (labeled Branch 2 and Branch 2’). These branches with wy(0) # 0
extend to € = 1 (bottom panels) where the two travelling wave solutions of
the monomer chain (1.6) are recovered. The solution of Branch 2 satisfies the
travelling wave reduction U, 11(t) = U,(t + ¢) and was previously obtained
numerically by James [15]. The solution of Branch 2’ satisfies the travelling
wave reduction U,.(t) = U,(t — ¢) and was approximated numerically by
Starosvetsky and Vakakis [26].

For N = 2 (¢ = §) the solution of Branch 2’ given by {21, Wan},c(1 9
can be obtained from the solution of Branch 2 given by {ugp—1,wan},,c (12}

through the symmetry

7:L1 (t) = —Ug(t>, lz}g(t) = —’wg(t)

Gs(t) = —ur(t), W) = —ws(t).

This symmetry holds for all € > 0 although it is clear that both solutions 2 and
2’ only exist for € € (g9, 1] due to the pitchfork bifurcation at e = gy ~ 0.72.
The solution of Branch 1 is the invariant symmetry reduction g, 1 = ug,_1,

Wy, = Way, SO that wy(t) = wy(t) = 0 is satisfied for all ¢.
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Figure 4.1: Travelling wave solutions for N = 2: the solution of the dimer
chain continued from ¢ = 0 to ¢ = 1 (top right) and two solutions of the
monomer chain at € = 1 (bottom left and right). The top left panel shows the
value of wy(0) for all three solutions branches versus e.

In the case of six particles (N = 3 or ¢ = %), the nonlinear ODE system

(4.1) can be explicitly written as

’

iy (1) —
w(t) = ef(u
iis(t) =
wy(t) = el(u
is(t) = (ew

el(u

e (t)

\

(cws(t) — wi(?))

«
+

1(t) — ews(t))
(ewa(t) — us(t))

«

3(t) —ewa(1))§ —
a(t) —us(t))s —
5(t) — ews(t))% —

— (u1(t) — ews(1))g,

[0}

= (ewa(t) — us()5];
— (us(t) — ewa(t))s,
(ewa(t) — us(1))5];
(us(t) — ews(t))5,
(ews(t) — ur(t))$].

We are looking for 27-periodic functions satisfying the travelling wave reduc-

23



MSc Thesis — M. Betti McMaster — Mathematics

tion:
o) = s (4 5) = (14 25).

(4.9)

It can be seen that system (4.8) is invariant under the following transformation:

ui(—t) = —ui(t), wa(—t) = —ws(t),
ug(—t) = —us(t), wa(—t) = —wy(t).

(4.10)

A 2r-periodic solution to system (4.8) satisfying (4.10) must also satisfy the
conditions uy(m) = wy(w) = 0, we(m) = —wg(n), and uz(7) = —us(w). The
constraints of the travelling wave reduction (4.9) force the conditions: ug(m) =
—u (%) and wy(m) = —ws (%)

To approximate a solution of the initial-value problem for the sys-
tem (4.8) satisfying (4.10) numerically, we only need six shooting parameters,

(a1, a9, a3, aq, as, ag), in the initial condition:

U1(0>
uz(0) = ayg, 3(0) =as, wy(0) =0, wy(0)= ag,

O’ Ul(O) = dan, w2(0> = a2, U)Q(O) = as,

U5(O) = —day, U5(0) = a5, wG(O) = —dasg, ’(UG(O) = as.

This solution corresponds to a 2m-periodic travelling wave solution only if it

satisfies the following six conditions:

ur(m) =0, wa(m) +we(m) =0, wus(m)~+us(m) =0,

uy (5) +us(m) =0 wy (F) +wy(m) =0, wy(m)=0.
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Reductions (4.9) and (4.10) also require we satisfy the conditions

Gy(1) — us(7) = 0, i (g) ()

=0,
tn () — g(m) = 0 iy

3) —iy(m) = 0.

These conditions are redundant for the shooting method and are checked a

posteriori after the shooting method has converged on a solution.

o8k Branch 2 l
osf B
ol

w,(0)

Fhas
***************
oy
*

¥k
¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢¢

Figure 4.2: Travelling wave solutions for N = 3: the solution of branch 1 is

continued from € = 0 to ¢ = 1 (top right) and the solution of branch 2 is

continued from € = 1 (bottom left) to £ = 0.985 (bottom right). The top left
panel shows the value of w(0) for solution branches 1 and 2 versus «.

Figure 4.2 shows two solution branches obtained by the shooting method

for N = 3. Again, w,(0) is plotted versus . Branch 1 is continued from ¢ = 0
to e = 1 (top right) without any pitchfork bifurcation in e € (0,1). Branch

2 is continued from ¢ = 1 (bottom left) starting with a numerical solution
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of the monomer chain (1.6) satisfying the reduction U,41(t) = U, (t+ F)
to e = 0.985 (bottom right), where the branch terminates according to our
shooting method. We have not been able so far to detect numerically any
other branch of travelling wave solutions near branch 2 for ¢ = 0.985, hence
the nature of this bifurcation will remain open for further studies.

For the case of eight particles (N = 4 or ¢ = 7), the nonlinear ODE

system (4.1) can be written explicitly as

(i (1) = (ews(t) — wn(£)7 — (un(8) — cws(8))5,

t) = ef(us(t) — ews(t))§ — (cwa(t) — us(?))4],

iz (t) = (ewa(t) —us(t))g — (us(t) — cwa(?))s,

wy(t) = e[(us(t) — ewa(t)) — (ewa(t) — us(t))4],
() = (ewa(t) —us(t))§ — (us(t) — cws(t))S,

e (t) = e(us(t) — ews(t))§ — (ews(t) — uz(t))3],

ir(t) = (ewe(t) — ur(t))% — (ur(t) —ews(t))g,

| Ws(t) = ef(ur(t) — ews(t))g — (ews(t) — ua(t))%]-

(4.11)

We seek 2m-periodic functions which satisfy the travelling wave reduction:

ur(t) =us (t+5) =us(t+m) =u (t+ %), (4.12)
ws(t) =ws (t+Z) =ws (t+7) =ws (t +2F).
Moreover, system (4.11) is invariant with respect to the transformation:
ur(—t) = —ur(t), us(—t) = —uzr(t), wus(—t) = —us(t) (4.13)

U}Q(—t) = —wg(t), U}4(—t) = —wﬁ(t)

A 27-periodic solution to system (4.11) satisfying (4.13) must satisfy

the conditions ui(m) = us(w) = 0, wa(mw) = —ws(mw), us(w) = —ur(w), and
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wy(m) = —wg(m). The travelling wave reduction (4.12) yield the conditions
wa(0) = we(m), uz(0) = uz(m), and wg(0) = wy(rm).

To approximate a solution to the initial value problem for the nonlinear
system (4.11) satisfying (4.12) and (4.13) we need eight shooting parameters

(a1, a9, as, aq, as, ag, ar, ag) in the initial condition:

Ul(O) = O, Ul(O) = ag, "LUQ(O) = a9, wg(O) = as,
U3(0) = Qy4, U3(O) = as, w4(0) = Qg, IU4(O) = ar,
U5<0) = 0, U5(0) = as, U)G(O) = —dag, U}6<O) = ar,

uz(0) = —ay, 7(0) = a5, ws(0) =—ag, ws(0)=as.

This solution corresponds to a 27-periodic travelling wave solution only

if it satisfies the following eight conditions:

u(m) =0, wa(m) +ws(m) =0, wus(m)+uz(m) =0, wy(m)~+ we(mw) =0,

wa(0) —we(m) =0, wu3(0) —ur(m) =0, ws(0) —wy(m) =0, wus(m)=0.

These eight conditions determine the shooting method for the eight
parameters (ay, as, ag, aq, as, ag, a7, ag). Again, there are additional conditions,

namely,

’d)g(ﬂ') + ’lbg(’ﬂ') = 0, ’[Lg(ﬂ') + ’[L7(7T) = 0, w4(71') + wﬁ(ﬂ') = 0,

wg(O) - ’(j)ﬁ(ﬂ') == O, U3(0) - U7(’7T) = 0, U)g(O) - w4(7T) = 0.

These conditions are redundant for the shooting method and are checked apos-
teriori.

Figure 4.3 shows the bifurcation plot for N = 4. It is similar to that
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Figure 4.3: Travelling wave solutions for N = 4: the solution of branch 1
continued from ¢ = 0 to ¢ = 1 (top right) and the solution of branch 1
continued from ¢ = 1 (bottom left) to e = 0.9 (bottom right). The top left
panel shows the value of w(0) for solution branches 1 and 2 versus «.

of N = 3 in that there is no pitchfork bifurcation, and only two branches
are shown: Branch 1 is continued from the anticontinuum limit, ¢ = 0, and
Branch 2 is continued from the limit of equal masses, ¢ = 1. We note that
this bifurcation diagram is topologically different from that of N = 3 in that
ws(0) for Branch 2 increases for smaller values of ¢ whereas for N = 3, ws(0)
decreases for smaller values of €. Branch 2 terminates at ¢ = ¢y &~ 0.9. At
e = 1 the solution satisfies the reduction U,, 1 (t) = U, (t + %) and is a solution

to the monomer chain (1.6).
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4.2 Stability of Periodic Travelling Waves

To determine stability of periodic travelling wave solutions of the granular
dimer chain (1.4), we compute Floquet multipliers of the monodromy matrix
for the linearized system (3.1). To do this, we use the travelling wave solution
obtained with the shooting method and the MATLAB function ode113 to
compute the fundamental matrix solution of the linearized system (3.1) on the
interval [0, 27].

By Theorem 2, the travelling waves of Branch 1 for N = 2 (q = g) are
unstable for small values of . Figure 4.4 (top) shows the real and imaginary
parts of the characteristic exponents associated with Branch 1 for all values
of e € [0,1]. We show only positive values of the characteristic exponents
since the negative values are symmetric. Moreover, Im(\) is shown in the
interval [0, %) because of the 1-periodicity of characteristic exponents along
the imaginary axis.

Taking advantage of periodic boundary conditions we can close the
system of linearized equations (3.1) for N = 2 at four second-order differential
equations. For Branch 1, the equations produce eight characteristic exponents:
exponent A = 0 of multiplicity 4 for small € > 0, one pair of real A which persist
for all € € [0, 1]. The final pair of X is purely imaginary for ¢ € [0,¢¢) at which
point the pair coalesces and splits along the real axis, creating a second pair
of real X for € € (g, 1]. We can conclude that Branch 1 for N = 2 is unstable
for all ¢ € [0,1]. The nonzero pairs of A bifurcate from the anti-continuum
limit, e = 0, according to the roots of the characteristic polynomial (3.28) for
¢ = 5. The asymptotic approximations are shown in the top panels of Figure

4.4 by solid lines. We note the excellent agreement between the asymptotic

approximation and numerical data.
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Figure 4.4: Real (left) and imaginary (right) parts of the characteristic expo-
nents A versus ¢ for N = 2 for branch 1 (top) and branch 2 (bottom).

The bottom panels of Figure 4.4 show real and imaginary parts of char-
acteristic exponents \ associated with Branch 2 (and Branch 2’ by symmetry)
for all values of € € [gg,1]. We see that these periodic travelling waves are
spectrally stable near € = 1, in agreement with numerical results presented by
James [15]. As € is decreased, we lose spectral stability near ¢ = 1 ~ 0.86.
This occurs because of a coalescence of a pair of purely imaginary character-
istic exponents A\ which creates a pair of real characteristic exponents A for
e < £1. The two solution branches (Branch 2 and 2’) annihilate each other as
a result of the pitchfork bifurcation at € = g9 = 0.72 which is also induced by

the coalescence of the second pair of purely imaginary characteristic exponents
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Figure 4.5: Real (left) and imaginary (right) parts of the characteristic expo-
nents A versus ¢ for N = 3 for branch 1 (top) and branch 2 (bottom).

For N = 3, we are able to close the system of linearized equations
(3.1) at six second-order linearized equations because of periodic boundary
conditions. Barring the characteristic exponent A = 0 of multiplicity four, we
have eight nonzero characteristic exponents A. The characteristic polynomial
(3.28) with § = % and # = ¢ predicts a double pair of real A and a double
pair of purely imaginary A. The top panel of Figure 4.5 shows Re(\) (left) and
Im(A) (left) for solutions of Branch 1. The double pair of purely imaginary A

split along the imaginary axis for small € > 0. In contrast, the double pair

of real X split along the transverse direction and create a quartet of complex-
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valued A for small ¢ > 0. These complex A\ approach the imaginary axis at
€ =1 ~ 0.43 in a Neimark-Sacker bifurcation and then split safely along the
imaginary axis as two pairs of purely imaginary A for ¢ > ¢;. We also have
one pair of purely imaginary A continued from € = 0 approaching the line :t%
at € = g9 &= 0.72. The line :l:% corresponds to a Floquet multiplier at -1, that
is, a period-doubling bifurcation takes place at ¢ = 5. The pair of imaginary
A splits in a complex plane for € > &5 (the corresponding Floquet multipliers
are real and negative). In summary, we have that the periodic travelling wave
of Branch 1 for N = 3 has an island of stability for € € (¢, 5) but is unstable
near ¢ =0 and € = 1.

The bottom of Figure 4.5 shows Re(\) (left) and Im(\) (right) for
solutions of Branch 2. Such a solution only exists for ¢ € [e,, 1], where €, ~
0.985. Near ¢ = 1, we see that all four pairs of characteristic exponents, \,
are purely imaginary. This corresponds to numerical stability of travelling
waves in monomer chains [15]. Two pairs coalesce at ¢ ~ 0.995 and split in
a complex quartet of characteristic exponents (resulting in a Neimark-Sacker
bifurcation). Another purely imaginary pair of A approach the line :I:% at
e ~ 0.989. The pair then splits in a complex quartet (resulting in a period
doubling bifurcation). The final remaining pair of purely imaginary A crosses
zero near € = ¢, &~ (0.985. This picture suggests that the termination of Branch
2 is related to a local bifurcation. Using the current methods, we are not able
to numerically identify any other branch of travelling wave solutions in the
neighbourhood of Branch 2 for € ~ ¢,.

We recall that the coefficient M; changes sign at ¢ ~ 0.915, as seen in
Figure 3.1. Considering this, the characteristic polynomial (3.28) for any value
of 0 predicts pairs of purely imaginary A for N > 4. For N = 4, it predicts

i

two double pairs for § = 7 and 0 = % and two single pairs for 6 =

V)
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Figure 4.6: Real (left) and imaginary (right) parts of the characteristic expo-
nents A versus ¢ for N = 4 for branch 1 (top) and branch 2 (bottom).

This prediction is realized in the top panel of Figure 4.6 for N = 4 or
q = 7. Again, neglecting the characteristic exponent A = 0 of multiplicity four,
we have twelve nonzero \. We see from Figure 4.6 that the result of Theorem
2 holds as all double pairs of A split along the imaginary axis for small € > 0.
The periodic travelling waves for N = 4 remain stable for all € € [0,1]. The
figure also illustrates the validity of the asymptotic approximations (solid lines)
obtained from the roots of the characteristic polynomial (3.28).

It is indeed interesting that Figure 4.6 shows safe coalescence of char-
acteristic exponents for larger values of €. We recall from Remark 8 that the

characteristic exponents have opposite Krein signature for small values of ¢
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such that larger exponents on Figure 4.6 have negative Krein signature o and
smaller exponents have positive Krein signature o. It is typical to observe
instabilities arise after the coalescence of two purely imaginary eigenvalues of
opposite Krein signature [20], but this happens when the double eigenvalue
at the coalescence point is not semi-simple. When the double eigenvalues are
semi-simple, instabilities do not arise [3]. This is what we observe in Figure 4.6.
After coalescence, for larger values of €, the purely imaginary characteristic
exponents \ reappear as simple exponents with opposite Krein signature; i.e.
the exponents with positive Krein signature are now above those exponents
with negative Krein signature.

The bottom panel of Figure 4.6 shows Re(\) (left) and Im(\) (right) for
Branch 2 which exists exclusively for € € [e,, 1], with €, ~ 0.90. Besides three
pairs of purely imaginary A, there is one pair of real exponents and a complex
quartet near € = 1. The pair or real A corresponds to the numerical results
for instability of travelling waves in monomer chains [15] for which instability
occurs for ¢ < 0.9. The quartet of complex A\ gives additional instability,
which is not captured by the reductions to the monomer chains. Several more
instabilities arise as ¢ decreases from ¢ = 1 for the solutions of Branch 2 due
to bifurcations of pairs of purely imaginary exponents A. Branch 2 is unstable
in the entire existence interval [e,, 1].

Figure 4.7 shows the stability of solutions of Branch 1 for N =5 (left)
and N = 6 (right). These figures are included to illustrate the safe splitting of
purely imaginary exponents A near € = 0 as well as safe coalescence of purely
imaginary exponents A of opposite Krein signature (i.e. coalescence never
results in the occurrence of a complex exponent ). For N =5 and N = 6,
the solution of Branch 1 remains stable for all € € [0, 1]. The predictions from

roots of the characteristic polynomial (3.28) are shown by solid lines.
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Figure 4.7: Imaginary parts of the characteristic exponents A\ versus ¢ for
N =5 (left) and N = 6 (right). The real part of all the exponents is zero.

4.3 Gauss-Newton Iterations

While the shooting method shows accurate approximations and agreement
with asymptotic approximations for small £, an alternative numerical method
is available to reduce computational time. This numerical method was devel-
oped by James [15].

We note that in order to further decrease ¢ using the shooting method,
we would require a system of N = % equations evaluated on the interval [0, 7].
It is evident that, as we approach the limit ¢ = 0, the shooting method will
become increasingly complex, slow and error prone.

On the other hand the alternative method of James [15] is very robust
as it takes full advantage of the travelling wave conditions (4.4) of the system
of differential equations (4.1) in order to continue the solution obtained on an
interval [0,2¢] to the full period [0,27]. We shall extend the method to the

dimer chains.
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Let us define the solution to (4.1) as

X(t) == [Xla X2a Tt 7XN]T7 Xn = [u2n—17 uQn—la Wan, w?n]Ta (414)

We use the built-in MATLAB function ode113 to compute the solution X ()
on the interval [0,2q] where ¢ = &. Let S be a shift operator defined such
that

SIX1, Xo, -, Xno1, Xn)T = [Xo, X3, -+, X, Xa]. (4.15)

We now constrain a solution to (4.1) by the conditions

Fyy =858X(2¢) — X(0) =0, (4.16)
which are equivalent to the travelling wave reduction at t = 2q = %’r:
Uzn+1(t) = Uzn— - ’
zot1(t) = tzo-1 (¢~ ) teR, 1<n<A. (4.17)

Wanyo(t) = wa, (t — %),

We note that these conditions are opposite to the travelling wave conditions
(1.12) used earlier. In other words, instead of finding left-travelling waves, the
conditions (4.16) allow us to find right-travelling waves. We can circumvent

this through the transformation,
u(t; —q) = —u(t +mq), wt;—q)=—-w(t+mq), teR, ¢>0, (418)

which connect left-travelling and right-travelling solutions to (4.1). We lin-
earize the system (4.1), and obtain the system (4.3), to compute the matrix
DF,,, where the columns of DF;, are given by the partial derivatives of Fj,

with respect to initial conditions X (0).
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We would like to use Gauss-Newton iterations [7] to find zeros of Fj, in
order to approximate a solution to (4.1). The matrix DFy, is not invertible,
and so we exploit the symmetries between solutions to (4.1). These symmetries
are equivalent to those found in (4.7) in the case N = 2, (4.10) in the case
N =3, and (4.13) in the case N = 4.

When computing columns of the matrix DFj,, we use columns of the
identity matrix as initial conditions to the linearized system (4.3). However,
in doing this we do not account for symmetries such as (4.7),(4.10) and (4.13),
which lead to a redundancy in parameters in our initial conditions. In or-
der to reduce the number of parameters and to include these symmetries, we
introduce the matrix T.

While the code for finding Ty for any N can be found in the MATLAB

codes for the Gauss-Newton method, we give here the example of 75 (N = 2):

-O 0 00-
1 0 00
0O 1 00
T, — 0 0 10
0O 0 00
0 0 01
0 -1 00
_O 0 1 0_

This matrix encodes the fact that we have four parameters in the initial con-

67



MSc Thesis — M. Betti McMaster — Mathematics

ditions after the symmetries (4.7) have been accounted for:

Ul(O) = O, ul(O) = aq, U)Q(O) = a9, U}Q(O) = as,

U3<O) = O, U3(0) = Ay, w4(0) = —das9, w4(0) = as.

It is clear that X (0) = Tha, where a = [ay, ay, as, as] € R*.
The Gauss-Newton iterations for a fixed N are used to refine our pa-
rameters, a:

Apew = Qold — (J]j\;JN)_IJJI\;Fm] (4].9)

where 4N x 2N matrix Jy is given by
JN = DFy x Ty.

Since this matrix now accounts for all symmetries of the system (4.1) and has
full column rank, the 2N x 2N matrix J% Jy is invertible.

The matrix

0X2(2q) 0X2(29)
0X1(0) 7 9Xn(0)
Doy = DFyy + 1 = DSX(2q) = : :
0X1(2q) 0X1(2q)
ox100) " 9Xn(0)

is said to be related to the monodromy matrix [15] but a proof of this fact is

not offered in [15]. We state and prove the following theorem.

Theorem 3. Consider the solution to system (4.1) with ¢ =

N, organized

in the blocks (4.14). Let R(t,ty) be the fundamental matriz solution to the
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linearized system (4.3), where to is the initial time. Then we have,

Day = SR(2¢;0), (4.20)
SR(t + 2q;ty) = R(t;to — 29) 9, (4.21)

and
R(27;0) = Dy (4.22)

Remark 10. By Theorem 3, we only need a solution to the nonlinear system
(4.1) on the interval [0,2q] in order to obtain numerical results for stability
of periodic travelling waves. In the limit of small q, we should expect more
accurate results than the shooting method, as well as a decrease in the compu-

tational time.

Proof. We prove equation (4.20) by considering the first column of Dsy,,

[ 0x5(29) ] [ oxi29) ]
0X1(0) 0X1(0)
0X1 (0) 8X1(0)
0X1(2q) 0X N (29)

| 0Xx1(0) | L 9X1(0)

where the first column [Y'(¢)], is the derivative of the solution vector X(t)
with respect to X;(0). The column [Y], solves the linearized system (4.3) with
initial data being an identity block for the first entry of [Y'(0)],. In other words,
[Y'], is the first column of the monodromy matrix for the linearized system (4.3)
and hence Dy, = SR(2¢;0) is proved for the first column. Generalizing this
for any column, equation (4.20) is proved for the entire matrix.

Next, we prove equation (4.21); for simplicity we take ¢y = 0.

Notice that each column of R(¢;0) solves the linearized system with
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initial data R(0,0) = I, where [ is the identity. Let us denote Z(t) = SR(t +
2¢;0). Therefore, Z(t) solves the linearized system (4.3) with initial condition
Z(0) = SR(2q;0). By the travelling wave reduction, we have X,,(t) = X,,_1(t—

2q). As a result, we have

Therefore Z(t) = R(t; —2q)S is proved for the first column and similarly for

X (t+2q) |
9X1(0)

OX N (t+29)
9X1(0)
0X1(t+2q)
0X1(0)

6X1(t)
O0Xn(—2q)

0XNn-1(t)

0Xn(—2q)
0XN (1)

0Xn(—2q)

= [R(t; —29)]y = [R(t; —29)S],

any column. Hence, equation (4.21) is proved for the entire matrix Z(t).

To prove equation (4.22), we expand [Dy,|V, using equations (4.20) and

(4.21):

[Dag)™ = [SR(2g; 0)]"

In the second last equation, we have used two results. First, SY = I, by the

= SR(2q;0)SR(2¢;0)...SR(2q; 0)SR(2¢; 0)

= SR(2q;0)...SR(2q;0)SSR(4q; 2q) R(2q; 0)

= SMR(2Ng; 2(N — 1)q)... R(6q; 49) R(4q; 2q) R(2q; 0)

= R(2N¢;0)

= R(2m;0).

construction of S. Second, each monodromy matrix in the chain

R(2Ng;2(N — 1)q)...R(6q; 49) R(4q; 2q) R(2q; 0)
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computes the fundamental solution on an interval of length 2¢, starting at the
end point of the previous matrix. Therefore, together they give R(2Ngq;0) =
R(27;0). O

Table 5.2 compares computational time in seconds for the shooting
method and the Gauss-Newton method described here for N = 3 and N = 4.
The time represents the time taken by a 3.2GHz Pentium M processor working
with 2GB of RAM to approximate solutions and characteristic exponents for
the solution of Branch 2 at ¢ = 1. We can see that the Gauss-Newton method
is faster than the shooting method. Again, this is obvious considering the fact

that we are approximating a solution on a smaller interval, [0, 2q].

N | Elapsed time of shooting method | Elapsed time of Gauss-Newton method

3 73s 46s
4 2006s 114s

Table 5.2: Comparison of computational time for the shooting method and

the Gauss-Newton method for N =3 and N = 4.

An additional advantage of the Gauss-Newton method is that we only
need to use the ODE solver once to compute both the solution of the nonlinear
system (4.1) and the characteristic exponents of the linearized system (4.3).
On comparison, in the shooting method we need to use the ODE solver to
approximate the solution of the nonlinear system (4.1) on the interval [0, 7]
and again to compute the characteristic exponents of the linearized system

(4.3) on the full period [0.27].
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4.4 Stability of Uniform Periodic Oscillations

The periodic solution with ¢ = 0 (which is no longer a travelling wave but a
uniform oscillation of all sites of the dimer) is given by the exact solution (1.27).
Spectral stability of this solution is obtained from the system of linearized

equations (3.3). Using the boundary conditions
2i0 2i0
Upn41 = € Ugn—1, Wopto =€ Won, N E L,

where 0 € [0, 7] is a continuous parameter, we obtain the system of two closed

second-order equations,

i+ —« ’(pla—lu:L(vl!(_(p)+vl/<g0)e—2i9) w,

1+e2 142 (4 23)
. ag? a—1,, _ & " " 20 '
W+ 2500w = 25 (V=) + V' (9)e*) u.

The characteristic equation (3.28) for ¢ = 0 predicts a double pair (3.9) of
purely imaginary A for any 6 € (0, 7). We confirm here numerically that the
double pair is preserved for all € € [0, 1].

Figure 4.8 shows the imaginary part of the characteristic exponents A of
the linearized system (4.23) for 6 = 7 (left) and ¢ = 7 (right). Similar results
are obtained for other values of 8. Therefore, the periodic solution with ¢ =0
remains stable for all values of € € [0, 1].

The pattern on Figure 4.8 suggests a hidden symmetry in this case.

Suppose Ay is a characteristic exponent of the system (4.23) for the eigenvector

= ot (4.24)
w Wg(t)

where Uy(t) and Wy(t) are 2m-periodic and the subscript 6 indicates that the
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Figure 4.8: Imaginary parts of the characteristic exponents A\ versus ¢ for

0 = % (left) and § = 7 (right). The real part of all the exponents is zero.

system (4.23) depends explicitly on 6. Recall that the unperturbed solution
satisfies the symmetry o(t + 7) = —(t) for all . Using this symmetry and
the trivial identity e*™ = 1, we can verify that there is another solution of the

system (4.23) with the same 6 for the characteristic exponent A;_g:

Ur ot +
e I B U e (4.25)
w X W, _o(t + )

From the symmetry of roots (3.9) and the corresponding characteristic expo-
nents, we have \p = A;_y. The eigenvectors (4.24) and (4.25) are generally
linearly independent and coexist for the same value of A = Ay = \;_y. This

argument explains the double degeneracy of characteristic exponents A for the

case ¢ = 0 for all values of ¢ € [0, 1].
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Conclusions and Open Problems

We have studied periodic travelling waves in granular dimer chains by continu-
ing solutions from the anti-continuum limit (i.e. when the mass ratio between
the light and heavy particles is zero). We have shown that the limiting peri-
odic waves are all uniquely continued from the anti-continuum limit for small
mass ratio parameters. Despite the lack of smoothness of vector fields of the
granular dimer chains, we are still able to use the implicit function theorem to
guarantee a C! continuation with respect to the mass ratio parameter. Rig-
orous perturbation theory is used to compute characteristic exponents in the
linearized stability problem. We are able to show that periodic waves with
wavelengths larger than a certain critical value are spectrally stable for small
mass ratios.

We have used numerical techniques to show that for larger wavelengths
the stability of these periodic travelling waves persists all the way to the limit
of equal mass ratio. We also compute periodic travelling waves continued from
the solutions of granular monomer chains at the equal mass ratio, their spectral
stability and their termination points with respect to mass ratio parameter.

There are several open questions which are left for further studies. The
nature of the bifurcations where Branch 2 terminates at ¢, € (0, 1) needs to be

clarified. We have been unsuccessful in our attempts to find another solution
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branch nearby for ¢ £ e,. The safe coalescence of purely imaginary character-
istic exponents A of opposite Krein signatures is also remarkable. We are still
lacking understanding the hidden symmetry in the linearized stability prob-
lem that would explain why the eigenvalues at the coalescence point remain

semi-simple.
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MATLAB Codes

This script was used to compute solutions and characteristic exponents for the
case N = 4 using the shooting method. Similar codes exist for N = 2, 3.

function Dim_FM8

clear all

tic

p=8;

eps = 1;

nn=1;

options = odeset(’RelTol’,le-12,’AbsTol’,1le-12);

%a=([0 1.1278 0 0 1.2038 0.0000 0 0 0 -1.1278 0 0 -1.2038 0.0000 0 0])’;

a=([0 2.2030 1.7302 2.2030 3.4605 2.2030 4.9781 0.4028 0 -11.8207
-4.9781 0.4028 -3.4605 2.2030 -1.7302 2.2030]1)°;

v1=[0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0]";
v2=[0,0,1,0,0,0,0,0,0,0,0,0,0,0,-1,0]";
v3=[0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,1]";
v4=[0,0,0,0,1,0,0,0,0,0,0,0,-1,0,0,0]°;
v6=[0,0,0,0,0,1,0,0,0,0,0,0,0,1,0,0];
v6=[0,0,0,0,0,0,1,0,0,0,-1,0,0,0,0,0]°;
vr=[0,0,0,0,0,0,0,1,0,0,0,1,0,0,0,0]";
v8=[0,0,0,0,0,0,0, 0,0,1,0,0,0,0,0,0]’;

for eps=1:-0.002:

aa=zeros(16,1);

while (norm(aa-a) > 1e-10)

T=pi;

aa=a;

ic =[a;vl;v2;v3;v4;v5;v6;v7;v8];

[7,x] = ode45(@DIM, [0,pi/2,T],ic,options);
n_t=length(x(:,1));

n2=2;

F=[x(n_t,1),x(n_t,3)+x(n_t,15) ,x(1,3)-x(n_t,11),
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x(n_t,5)+x(2,1),x(1,5)-x(n_t,13) ,x(n_t,7)+x(n_t,11),
x(1,15)-x(n_t,7),x(n_t,9)];
for k1=1:8
DF(k1,:)=[x(n_t,1+k1%16) ,x(n_t,3+k1*16)+x(n_t, 15+k1*16),
x(1,3+k1*16)-x(n_t,11+k1*16) ,x(n_t,5+k1*16)+x(2,1+k1*16),
x(1,5+k1%16)-x(n_t,13+k1%16) ,x (n_t,7+k1*16)+x(n_t,11+k1%16),
x(1,15+k1*16)-x(n_t,7+k1*16) ,x(n_t,9+k1*16)];
end
DF=transpose (DF) ;
a=([a(2),a(3),a(4),a(5),a(6),a(7),a(8),a(10)])’-DF\F’;
a=([0,a(1),a(2),a(3),a(4),a(5),a(6),a(?),
0,a(8),-a(6),a(7),-a(4),a(5),-a(2),a(3)])’;
norm(aa-a)

end
[t,x] = ode45(@DIM, [0 2*T],ic,options);
figure(6)

plot(t, [x(:,1),x(:,3),x(:,5),x(:,7),x(:,9),x(:,11) ,x(:,13) ,x(:,15)])
T=2%pi;

for jj=1:16

ic=zeros(32,1);

ic(1:16)=a;

ic(16+§3)=1;

[tt,xx] = ode45(@DIM_lin, [0,T],ic,options);
n_time = length(xx(:,1));
M(:,33) = (xx(n_time,17:32))°;
end

figure(2)

plot(tt,xx(:,1))

hold on

eps

EM=eig (M)

for j=1:16
Enorm(j)=norm(EM(j));

end

Emax (nn)=max (Enorm) ;

figure(3)
plot(cos(tt),sin(tt))

hold on
plot(real (EM) ,imag(EM), ’r*’)
nn=nn+1;

figure(1)

plot(eps,x(1,3),’%*)
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hold on
epsil(nn)=C(eps);
EM=sort (EM)
FM(:,nn)=abs(EM);
FMa=angle (EM) ;
FM1(:,nn)=FMa;
nn=nn+1;

end

aJ
Y=(1log(FM))/(2xpi);
figure(7)
plot(epsil,Y, ’*’)
figure(8)
plot(epsil,FM1/(2%pi),’*’)
toc

function y = f(x)
if (x>0)
y=(x)"(3/2);

else

y=0;

end

end

function y=df (x)
if (x>0)
y=(3/2)*sqrt(x);
else

y=0;

end

end

function dx = DIM(~,x)

dx=zeros (2*p+2*(p) "2,1);

for i1=1:2:2x%p-1

dx(i1)=x(i1+1);

end

for i1=4:4:2x%p-2

dx(i1)=(eps*(f (x(i1-3)-eps*x(i1-1))-f(eps*x(i1-1)-x(i1+1))));
end

for i1=6:4:2%p-2

dx(i1)=(f (eps*x(11-3)-x(i1-1))-f (x(i1-1)-eps*x(il1+1)));
end

for i1=2
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dx(i1)=(f (eps*x (2*xp-1)-x (1)) -f (x (1) -eps*x(3)));

dx (2%p) =(eps* (f (x (2xp-3) —eps*x (2*p-1) ) —f (eps*x (2*p-1)-x(1))));

end

for ji=1:p

for i2=1+2%p*j1:2:2%p-1+2%p*j1l

dx(i2)=x(i2+1);

end

for i2=4+2%p*j1:4:2%p-2+24p*jl

dx (i2)=(eps* (df (x(12-3-2*p*j1l) —eps*x(i2-1-2%p*j1) ) *(x(12-3) -eps*x(i2-1))
-df (eps*x(12-1-2*p*j1) -x(12+1-2*p*j1) ) * (eps*x(i2-1)-x(i2+1))));

end

for i12=6+2%p*jl:4:2%xp-2+2*p*xjl

dx(i2)=(df (eps*x(i2-3-2xp*j1) -x(i2-1-2*p*j1) ) * (eps*x (i2-3)-x(i2-1))
—-df (x(12-1-2*p*j1) —eps*x(12+1-2*p*j1) ) * (x(i2-1) —eps*x(i2+1)));

end

for i2=2+2x%px*jl

dx(12)=(df (eps*x (2*p-1)-x (1)) * (eps*x (2*xp-1+2*p*j1)-x(i2-1)) -df (x (1)
-eps*x(3) ) * (x(i2-1) -eps*x(i2+1)));

dx (2*p*j1+2+p)=(eps* (df (x (2*p-3) —eps*x (2*p-1) ) * (x (2*p* j1+2*p-3)
—eps*x (2%pxj1+2xp-1) ) -df (eps*x (2xp-1) -x (1) ) * (eps*x (2xp+2*p*j1-1)
-x(2*xp*j1+1))));

end

end

end

function dx = DIM_1lin(~,x)

dx = zeros(32,1);

dx(1) = x(2);

dx(2) = f(eps*x(15)-x(1))-f(x(1)-eps*x(3));
dx(3) = x(4);

dx(4) = eps*(f(x(1)-eps*x(3))-f(eps*x(3)-x(5)));
dx(5) = x(6);

dx(6) = f(eps*x(3)-x(5))-f(x(5)-eps*x(7));

dx(7) = x(8);

dx(8) = eps*(f(x(5)-eps*x(7))-f(eps*x(7)-x(9)));
dx(9) = x(10);

dx(10) =f(eps*x(7)-x(9))-f(x(9)-eps*x(11));

dx(11) = x(12);

dx(12) = eps*(f(x(9)-eps*x(11))-f(eps*x(11)-x(13)));
dx(13) = x(14);

dx(14) = f(eps*x(11)-x(13))-f(x(13)-eps*x(15));
dx(15) = x(16);

dx(16) = eps*(f(x(13)-eps*x(15))-f (eps*x(15)-x(1)));
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for jk=0
dx(17+jk*16) = x(18+jk*16);
dx(18+jk*16) = df (eps*x(15)-x(1))*(eps*x(31+jk*16)-x(17+jk*16))-df (x(1)

—eps*x(3)) * (x(17+jk*16) —eps*x (19+jk*16)) ;

dx (19+jk*16) = x(20+jk*16);

dx (20+jk*16) eps* (df (x (1) -eps*x(3)) * (x(17+jk*16) —eps*x (19+jk*16))
-df (eps*x(3)-x(5)) * (eps*x (19+jk*16) -x(21+jk*16))) ;

dx(21+jk=*16) = x(22+jk*16);

dx (22+jk*16) = df (eps*x(3)-x(5))*(eps*x(19+jk*16)-x(21+jk*16))-df (x(5)
—eps*x (7)) *(x(21+jk*16) —eps*x (23+jk*16) ) ;

dx(23+jk*16) = x(24+jk*16);

dx(24+jk*16) = eps*(df (x(5)-eps*x (7)) *(x(21+jk*16) -eps*x (23+jk*16))
-df (eps*x(7)-x(9)) * (eps*x (23+jk*16) -x (25+jk*16))) ;

dx(25+jk*16) = x(26+jk*16);

dx(26+jk=*16) = df (eps*x(7)-x(9))*(eps*x(23+jk*16)-x(25+jk*16) ) -df (x(9)
-eps*x(11) ) * (x(25+jk*16) —eps*x (27+jk*16) ) ;

dx (27+jk*16) x(28+jk*16) ;

dx (28+jk*16) = eps*(df (x(9)-eps*x(11))*(x(25+jk*16)-eps*x(27+jk*16))
-df (eps*x(11)-x(13)) * (eps*x(27+jk*16) -x (29+jk*16))) ;

dx (29+jk*16) = x(30+jk*16);

dx(30+jk*16) = df (eps*x(11)-x(13))*(eps*x(27+jk*16)-x(29+jk*16))

-df (x(13) -eps*x(15) ) * (x (29+jk*16) —eps*x (31+jk*16) ) ;

dx(31+jk*16) = x(32+jk*16);

dx(32+jk*16) = eps*(df (x(13)-eps*x(15))*(x(29+jk*16)-eps*x(31+jk*16))
-df (eps*x(15) -x(1) ) * (eps*x(31+jk*16) -x(17+jk*16))) ;

end

end

end

This script computes solutions and characteristic exponents for the case N = 3
using the Gauss-Newton method.

function GNdim
tic
eps=0.1;
p=6; %p=2N
m=1;
n=2400;
fixed=linspace(0,1,n+1)*(pi);
q=4*m*pi/p;
nn=1;
kk=1;
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options = odeset(’RelTol’,2.3e-14,’AbsTol’,1le-15);

%a=[0,u0(1,2),-u0(600,1),u0(600,2),0,u0(1200,2),u0(600,1) ,u0(600,2)]1°;

%p=6

a=[0 0.8905 0.9322 0.8905 1.8089 0.4563 0 -3.5842

-1.8089 0.4563 -0.9325 0.8905] 7 ;

%a=([0,1.1278,0,0,1.0293,-0.6418,0,0,-1.0293,-0.6418,0,0])’; %Main Branch

hp=4
%a=([0,1.127491828593248,0,0,0,-1.127491828593248,0,0] ) ’;
%a=([0,0.7795,-0.4599,-0.2412,0,-0.2973,0.4599,-0.2412])’;
%a=([-0.0000,0.2973,0.4599,-0.2412,0,-0.7795,-0.4599,-0.2412]) *;
hp=8
%a=([0 1.1278 0 0 1.2038 0 0 0 0 -1.1278 0 0 -1.2038 0.0 0 0])’;
%a=([0 2.2030 1.7302 2.2030 3.4605 2.2030 4.9781 0.4028 0 -11.8207 -4.9781
0.4028 -3.4605 2.2030 -1.7302 2.2030])7;

%p=10

%a=([0 1.1278 0 0 -1.1395 0.4039 0 0 -0.6821 -0.9821
0 0 0.6821 -0.9821 0 0 1.1395 0.4039 0 0])’;

%ha=[0 31.1444 -11.1504 0.7632 -8.7976 -4.6673 -5.8650
-4.6673 -2.9325 -4.6673 O -4.6673 2.9325 -4.6673 5.8650
-4.6673 8.7976 -4.6673 11.1504 0.7632 1)7;

hp=12

%a=([0 1.1278 0 0 -1.0293 0.6418 0 0 -1.0293 -0.6418

000 -1.1278 0 0 1.0293 -0.6418 0 0 1.0293 0.6418 0 0])’;

%a=([0 70.2179 -21.7997 4.5955 -18.4793 -8.8232 -13.8595 -8.8232 -9.2396
-8.8232 -4.6198 -8.8232 0 -8.8232 4.6198 -8.8232 9.2396 -8.8232
13.8595 -8.8232 18.4793 -8.8232 21.7997 4.5955])7;

S=eye (2%p,2*p) ;

S=circshift (S, [0 4])
Si=eye(2%*p,2*p) ;
Si=circshift (S, [0 -2])

T=eye (2*p,p) ;

T=circshift (T, [1,0]);

T(p+1,p)=0;

T(P+2’P)=1;

for pp=1:2:p-2
T(p*2-pp,pp+1)=-1;

end

for pp=0:2:p-3
T(2*p-pp,pp+3)=1;

end

v=eye (2*p,2*p) ;
for eps=1:0.02:1
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aa=zeros (2*p,1);
while (norm(aa-a)>le-12) && (norm(aa-a)<1000)

aa=a;

ic(1l:2xp,1)=a;

for j=1:2x%p
ic(2xp*j+1:2%px (j+1) ,1)=v(:,3);

end

[t,x] = 0odel113(@DIM, [0 q],ic,options);

nt=length(x(:,1));

F=zeros(nt);

F1=[x(1,1:2%p)]1";

F2=[x(nt,1:2%p)]1’;

F=(F2-S*F1);

DF=zeros (2*p,2*p) ;

for jj=1:2%p
F3=[x(1,1+jj*2*p:2*p*x(jj+1))]17;
Fa=[x(nt,1+jj*2*p:2*xpx(jj+1))]17;
F5=[x(2,1+jj*2%p: 2%p*(jj+1))]7;
DF(:,jj)=(F4-S*F3);

end

M=DF+v;

DF=DF*T;

DFT=transpose (DF) ;

al=zeros(p,1);

for i=1:p-1
al(i)=a(i+1);

end

al(p)=a(p+2);

al=al-(DFT*DF)\ (DFT*F) ;

for i=1:p-1
a(i+1)=a1(i);

end

a(1)=0;

a(p+1)=0;

a(p+2)=al(p);

for i=1:2:p-2
a(2*p-i+1)=al(i+2);

end

for i=1:2:p-2
a(2xp-i)=-al(i+1);

end

norm(aa-a)
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end
a!

M=M"(p/2);

figure(1)
plot(eps,x(1,3),’*’)

% hold on

figure(2)

plot (¢, [x(:,1),x(:,3),x(:,5),x(:,7)]1);
hold on

[V,EM]=eig (M) ;

EM=eig (M) ;

time=[0:pi/20:2*pi];

figure(4)
plot(cos(time),sin(time))
hold on

plot(real (EM),imag(EM), r*’)
hold on

epsil(nn)=(eps);

EM=sort (EM)

FM(:,nn)=real (EM) ;

FMa=angle (EM) ;

FM1(: ,nn)=FMa;

nn=nn+1;

end

figure(12)

plot(t, [x(:,1),x(:,3),x(:,5),x(:,7),x(:,9),x(:,11)]1);
hold on

plot(t+q, [x(:,5),x(:,7),x(:,9),x(:,11) ,x(:,1),x(:,3)]);
plot(t+2*q, [x(:,9),x(:,11),x(:,1),x(:,3),x(:,5),x(:,7)]);
B(:,1)=ones(nn-1,1);

B(:,2)=epsil;

Y=(log(FM))/(2xpi);

% XCX=B\Y.’

% Err=B*XCX-Y.’

figure(7)

plot(epsil,Y,’*?)

figure(8)

plot(epsil,FM1/(2*pi),’*’)
legend(’Real’,’Imag’,’RD’,’IMD’)

% figure(3)
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% plot(1:-0.001:0.984,Enorm)

toc

function y = f(x)

if (x>0)

y=(x)"(3/2);

else

y=0;

end

end

function y=df (x)

if (x>0)

y=(3/2) *sqrt (x) ;

else

y=0;

end

end

function dx = DIM(",x)

dx=zeros (2xp+(2*p)~2,1);

for i1=1:2:2%p-1

dx(i1)=x(i1+1);

end

for i1=4:4:2%p-2

dx(i1)=(eps* (£ (x(i1-3)-eps*x(i1-1))-f (eps*x(il-1)-x(i1+1))));

end

for i1=6:4:2x%p-2

dx(i1)=(f (eps*x(i1-3)-x(i1-1))-f(x(il-1)-eps*x(il+1)));

end

for il1=2

dx (i1)=(£f (eps*x (2*p-1)-x (1)) -f (x (1) -eps*x(3)));

dx (2*p)=(eps* (f (x(2*p-3) -eps*x (2*p-1) ) -f (eps*x(2*p-1)-x(1)))) ;

end

for jl=1:2x%p

for i2=1+2%p*j1:2:2%p-1+2%p*xj1

dx(i2)=x(i2+1);

end

for i2=4+2%p*jl:4:2%p-2+2*xp*xjl

dx(i2)=(eps*(df (x(12-3-2*p*j1) —eps*x(i2-1-2*p*j1) ) * (x(1i2-3) -eps*x(i2-1))
-df (eps*x(12-1-2*p*j1) -x(i2+1-2*p*j1) ) * (eps*x(i2-1)-x(i2+1))));

end

for i2=6+2%p*jl:4:2%p-2+2*xp*xjl

dx (12)=(df (eps*x(i2-3-2%p*j1)-x(i2-1-2%p*j1) ) * (eps*x(i2-3)-x(i2-1))
-df (x(i2-1-2*%p*j1) —eps*x (i2+1-2*p*j1) ) *(x(i2-1) -eps*x(i2+1)));
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end

for i2=2+2xpxjl

dx (12)=(df (eps*x (2*p-1)-x (1)) * (eps*x (2*p-1+2*p*j1)-x(i2-1) ) -df (x (1)
-eps*x(3) ) *(x(i2-1) -eps*x(i2+1)));

dx (2*p*j1+2*p) = (eps* (df (x (2*xp-3) —eps*x (2*p-1) ) * (x (2*%p*j1+2*p-3)
—eps*x (2xp*j1+2xp-1) ) -df (eps*x (2*p-1) -x(1) ) * (eps*x (2*xp+2*p*j1-1)
-x(2xp*j1+1))));

end

end

end

end

This script computes the numerical constants of the characteristic equation
(3.28).

function Phase
dphi0=1.127781604466791;
%Input desired 0=<q=<pi/2
q=pi/6;
ThetaO=pi/4;

mnum=(2*n1/pi) *q;

M2=M2data(nl-mnum)

Cp=-u0(1,2)/pi;

Cm=-Cp;

EO=(dphi0~2)/2;

Tprime=-0.9894;

K=-(2xpi) "2/Tprime

M1=2/ (pi*(dphiO) “~2*Tprime)

L1=(2* (2*pi-Tprime*dphi0~2))/(Tprime*dphiO)

L2=L1/(2%pi);

C=(K*M1+L1*L2+M2) ;

Delta=4*K*xM1xM2;

MO=-4+E0/pi;

CO=(K*M1+L1*L2+MO) ;

DO=4*K*xM1x*MO;

D=[K,0,4*(sin(Theta0)) "2*C,0,4*(sin(Thetal) “4) *Delta/K];

LA1=[sqrt (-(2/K) *C+sqrt ((4/K"2)*(C"2-Delta)));\
-sqrt (-(2/K) *C+sqrt ((4/K~2)*(C~2-Delta))) ;sqrt (- (2/K)*C
-sqrt ((4/K~2)*(C"2-Delta))) ;-sqrt (- (2/K)*C-sqrt ((4/K~2)
*(C~2-Delta)))]

LAO=[K,0,4*(sin(Theta0)) ~2*C0,0,4*(sin(Thetal) ~4)*D0/K] ;

CEO=roots (LAO)
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te=[0:0.01:0.5];
KK=roots (D)

figure(7)

plot(te,imag(CEO)*te ,’k’,’LineWidth’,2)
hold on

plot(te,imag(CEO)*te ,’k’,’LineWidth’,2)
end

This script computes the periodic solution and characteristic exponents for
q=0.

function Qzero

alpha=3/2;

theta=pi/4;

options = odeset(’RelTol’,le-12,’AbsTol’,le-15);
ic=eye(4,4);
a=[0,1.127781604466791]’;

nn=1;

for eps=0:0.01:1

for j=1:4

[t,x]=0del113(@DIM, [0 2#pi],[a;ic(:,j)],options,alpha,eps);
x_l=length(x(:,1));
M(:,j)=x(x_1,3:6);

figure(1)
plot(t,x(:,3),’b’,t,x(:,5),’r’)
hold on

end

EM=eig (M) ;

[D,Vl=eig (M)
epsil(nn)=(eps);
EM=sort (EM)
FMa(:,nn)=angle(EM) ;
FMa=sort (FMa) ;

nn=nn+1;
end
B(:,1)=ones(nn-1,1);
B(:,2)=epsil;
figure(7)
plot(epsil, [FMa/(2*pi)], ’*’)
function y = f(x)
if (x>0)
y=(x) " (alpha);
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else
y=0;
end
end
function y = df (x)
if (x>0)
y=(x) " (alpha-1);
else
y=0;
end
end
function dx = DIM(™,x,alpha,eps)
dx=zeros(6,1);
dx(1)=x(2);
dx (2)=-x(1)*sqrt (abs (x(1)));
dx(3)=x(4);
dx (4)=(eps*alpha/(1+eps~2))
*(df (-x (1)) +df (x (1)) *exp(-2*sqrt (-1) *theta) ) * (x(5))
-((alpha*sqrt (abs(x(1))))/(1+eps~2))*(x(3));
dx (5)=x(6);
dx(6)=(eps*alpha/(l+eps~2))
*(df (-x (1)) +df (x (1)) *xexp(2*sqrt (-1) *theta) ) *(x(3))
-((eps~2*alphax*sqrt(abs(x(1))))/(1+eps~2))*(x(5));
end
end
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