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Introduction

Lattice equations

Lattice equations are systems of coupled ODE with discrete translation
invariance. They arise as

@ models for physical processes
@ discretization of PDEs

- -
Un Unt1

Mechanical vibrations.

Optical waveguides [CLSO03].

We consider lattice equations which support localized time-periodic
solutions — discrete breathers.
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Introduction

Equations

We consider the following one-dimensional lattices:
@ Discrete Klein—-Gordon (dKG) equation,

Up + V/(un) = E(Au)m un(t) R —R,
@ Discrete nonlinear Schrodinger (dANLS) equation,
iin(t) £ |ua|*Pu, = €(Au),, up(t):R—C, peN,

where n € Z, e € R, and (Au), = up—1 — 2up + Upys.

The main objective is to study existence and
stability of discrete breathers near the ,/\
anti-continuum limit (e = 0). VT
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Introduction

Thesis outline

dNLS dKG
@ existence of breathers @ existence of breathers &
o linear stability & tail-to-tail interactions
internal modes @ linear stability
o dispersive decay & @ numerical continuation
asymptotic stability of breathers

o bifurcations
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dNLS

dNLS breathers near the anti-continuum limit

We look for discrete breathers in the dNLS equation,
il + |Un|®Pu, + €(Au), =0, neZ, peN,

using the rotating wave approximation, u, = ¢,e’, where the discrete

soliton ¢ satisfies

(1= ¢2P) ¢n = (D).

Let S+ be disjoint compact subsets of Z,

then, in the anti-continuum limit, M
¢(0) = Z e, — Z €n, (€n)m = On,m-
neS, nesS_

If € is small enough there exists a unique solution ¢ € /? such that

e — @z < Cle|.
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dNLS

Linear stability of dNLS breathers

Linear stability of a discrete breather ¢ is Limiting soliton ¢(0):
determined by the spectral problem o N excited sites

@ g sign changes
(L—1)) H —0, L= [ oL ]

w e+ 0 A Im/\ O'(E)
where L are discrete Schrédinger 1
operators given by
ReA

(L+v)n = —€e(Av)n + (1 = (2p + 1)¢7P )var,
(L_v), = —€e(Av), + (1 — ¢2P)v,.

o Eigenvalue count: [PKFO05], [CP10].

@ Our focus: internal modes near the
anti-continuum limit.
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Free resolvent

The free resolvent operator Ry(A\) = (—A — A\)~! can be written
explicitly [KKKO06]

1 ,
Ve P (Ro(\)f)a TN 3 e

" 2isinz
meZ
where z(\) is a unique solution of the transcendental equation
2(1 —cosz(A)) = A, Rez(A) €[-m7), Imz(\)<O0.

Moreover,
o Ry(\): 12 = I2if A ¢ [0,4] = 0.(—A),
o RE(N) 1t — I if A ¢ {0} U {4} with poles at A =0 and \ = 4.
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dNLS

Spectral problem: leading order

Truncate the potential {$#2P} to the leading order and rewrite the
spectral problem as

a| _ | —eA+I1-(14p)V —pV
(I— - IQ) {b} =0, L= [ pVv eA—I+(1+p)v} ’

where
Q=) a=v+iw, b=v-—iw,

and V : [> = I? is a compact potential defined by

(Vu), = Z OnmUm, nEZL.

meS_uUS,
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dNLS

Resolvent for the leading order operator

To study R.(Q) = (L — 1)t we reduce the infinite system

a| | f 2
AR
to a square system of 2/V linear equations:
Zmez efix()\_)|n7m|gm

—iz(Ay)|n—m|
A(Qv 6)C = h(Qa 6)1 h(97 E) = { Zmeze fm } 7
nes

where ¢ = (a,b)"|s and Ay = 1(+Q —1).

@ The operator L has 2N small eigenvalues near Q = 0,

@ The continuous spectrum is o.(L) = [-1 — 4¢, —1] U [1,1 + 4¢] .
Is the resolvent singular at the endpoints?
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dNLS

Resolvent on the continuous spectrum

Use asymptotic expansions to analyze the matrix A(Q, €) along the
continuous spectrum:

e Matrix A(£2, ¢) is invertible for Q € (1,1 + 4¢) provided the limiting
configuration d)(o) has no “holes".
o At Q € {1,1 + 4¢}, the ends of the continuum spectrum, get

ng = dimNullA(Q,¢) = N — 1 = n,.

@ Thank to some special properties of the system A(LQ, €)c = h(€2,¢)
there is a bounded solution in the limits Q@ — 1% and Q — (1 +4¢)™.
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dNLS
No internal modes for small couplings

Perturbation arguments for the full resolvent lead to

Theorem (no internal modes)

Assume S, U S_ is simply connected. Given N 3 p > 2 and sufficiently
small e > O there is § > 0 such that the resolvent operator

R(Q) = (L—iQD) ™ : P x 2= 2 x P2

@ bounded for any Q ¢ Bs(0) Uoc(L) and has 2N poles inside B;s(0),
e operators R*(2) = lim,, ;o R(Q & ix) admit the bounds

IRE(Q) |z sz i xroe < CeT2 VR E 1,1+ 4e].

Note: Solitons in cubic dNLS (p = 1) require at least second-order
perturbation analysis.
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dNLS

Scattering of small solutions: dNLS example

Consider the dNLS equation

i (t) = —(Au), £ |up|?u,,
iun(t) (Au), =+ |up| Un nezZ, B>3
un(0) = ug p,
@ Using interpolation
. s—2
le*Auolle < C(s)t™ 5 [luolln, s € (2,00).

@ Applying methods of [MP10] establish a sharper result
-2
itA e ) se [274)7
lePugllie < C()(1+E) " fuolln, @z =14 (25
T, s e (4,00]

This estimate also holds in the nonlinear case if 3 > 4.
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dNLS

Scattering of small solutions: dNLS example (contd)

We write the solution in a convolution form

1 4 .
un(t) = 3 Ge(B)uon sk, Gi(t) / e i((O)K0) g,

= E -
ke
where w(0) = 2(1 — cos ) is the dispersion relation. We also have
lu(®) e < [|G(2)l|s« [luo]l
In the limit of t — oo, norm || - ||5, is nearly a Riemann sum,
IG(t)ll1= = Ct*/*lg(t, )]s + Error(t),

where the grid is {c, = 7} and

g(t,c) = 1 / e0:)dg,  $(6, c) = w(h) — ch.

2 ) _ .
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Klein—Gordon lattice

Consider the Klein—Gordon (KG) lattice

i, + V'(up) = e(Au),, nez,

where u,(t) : R — R, eis small, and V is even, / ‘ \
V'(u) = u =+ u® + O(®), (hard/soft).

At € = 0 either u, € {0, ¢}, where or ¢ satisfies

. 1,
P+ VI(p)=0, S+ V(p)=E

The period of ¢ is
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Existence of breathers

Let S C Z be the set of excited sites so that

uO(t) = owp(tlex €  P(Z Hpe (0, 7)),
kes

where o € {—1,+1}, and (ex)n = Ok n-

Fix T # 27n such that T'(E) # 0. For e small enough, there exists a
unique solution u(®) € /2(Z, H2,,(0, T)) of the dKG equation satisfying

< Clef.

Hu(e) — u©
12(Z,H?(0,T))
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Linear stability

Earlier results [MJKAO02, ACSA03, KK09]: small amplitudes, no “holes".

Linearization about the breather u(©) yields

W, + V" (u,(f)) w, = ¢(Aw),, ncZ.

Stability is determined by Floquet multipliers,
the eigenvalues of the monodromy matrix M:

{Wn(T)} _ {Wn(o)}
W"(T) nez W,-,(O) nEZ
At € = 0 the monodromy matrix M is
block- diagonal with

o p=-e T withn, =n,=1atneZ\S
o u=1withng=1,n,=2atnes.
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Splitting of the unit multiplier

Suppose in the anti-continuum limit u(0)

N
U(O)(t) = Z ij(t)ejM.
j=1

Theorem (splitting of the unit multiplier)

For small € > 0 the linearized stability problem has 2N small Floquet
exponents A = eM/2\ + O (e(M+1)/2), where N is determined from the
eigenvalue problem

T(E)?

_ B o N
T’(E)AC Km(T)Me, ceC".

Where ) is Floquet exponent (1 = e*") and M € RV*N is the matrix

M;j = —0j(0j-1+ 1) 8ij + 6ij—1 + i ji1, ije{1,2,...,N}.
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Stable breathers

Stability of multibreathers is determined by the sign of T'(E)Ku(T) and
the number ng of sign changes in {o4}—', where

4> T2M—3(E) n°|@n(E)?

Ku(T)= > 5 =1
nengy LT2(E)—(2mn)?]

Depending on the sign of T'(E)Ku(T) there are either ng or N — 1 — ng

“unstable” pairs of Floquet multipliers. The following breathers are stable:

M odd M even
V(u)=u+ud? in-phase anti-phase
V) =u—u? anti-phase anti: 2m < T'< Tu

int Ty < T <6m
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Three-site model: numerics

Consider existence and stability of T-periodic solutions in the truncated
KG lattice

Uo + upg — Ug = 6(U1 — 2U0 + U_l)
Uy + Uyg — uil = G(UO - 2u:|:1)

near the anti-continuum limit, e = 0.

Set initial conditions u(0) = a, u(0) = 0 and consider the following
three-site symmetric breathers with uyq(t) = u_1(t):

Fundamental breather u(()o) =, ug =0 *—/\—{
Breather with a “hole” u((JO) =0, ug =g M
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dKG

Existence of breathers and bifurcations (¢ = 0.01)

Fundamental breather (solid) and the breather with a hole (dashed):

7

T=581

Symmetry-breaking
bifurcation of the
fundamental breather
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dKG

Normal form of the symmetry-breaking bifurcation

The symmetry-breaking bifurcation is ‘
described by the Duffing equation "

> o R\ /

-0.5|

U —+ U — U3 = /BU + VCOST, o 02 \104 I oe”/ 08 1
. .. 4/3,5
where U(7) is 67-periodic, 8 =1 — % and v = %.

Period of the breather at the
symmetry breaking bifurcation:
normal form (solid), KG lattice
(dashed).

0 0.002 0.004 0.006 0.008 0.01
€
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Summary

Main results

Main results near the anti-continuum limit:
@ Non-existence of internal modes in the dNLS equation via resolvent
analysis.
o General criteria for stability of multibreathers in the KG lattice via
analysis of tail-to-tail interactions.
@ Bifurcations and resonances in KG lattice.
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Appendix

dNLS: asymptotic stability

Assume V € I* — |1 is exponentially decaying and H = —A + V has the
only eigenvalue ¥, and Hyy = wp1py. Consider

iitn = Hup + |ua|*P up, neZ, p>0.

There is a soliton bifurcating from wy,
i . —1-1 1
u(t) = e (w) = e apy | ar o (1 — wo) F ehy + huort.

Theorem (MP12)

For any p > 2.75, there exist an ¢g > 0 and a § > 0 such that if
€ =wx —wo € (0,€0) and [luo — P(w.)||a is small enough, then there exist
(w,0) € C*(R4,R?) and a solution to dNLS equation

u(t) = e “Upw(t) +y(1) € C(R:,P)

such that lime_,o0 (0(t) — [ w(s)ds) = 0o, SUP,>p |w(t) — ws| < Cde, and
lim:— oo w(t) = weo. Moreover, we have

Iy()lle < C:de?r (14+8)%, Vs € (2,4) U (4,00
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dKG: splitting of the unit multiplier

Linearizing with u + u + w and setting w(t) = W(t)e*t, where W is
T-periodic, we get

Wiy + V" (up) Wy + 2AW,, + X2 W, = e(AW),,.

For the fundamental breather ¢ generated by u(® = ©(t)ey the
expansion is

W=042ut002):  0=0"" jint V' (un)iin = c(Ap)n— 260.

For the multibreather u(®) = ZJN:I ojp(t)ejum we have A ~ eV/2X and

N
W =

G (TjMe(E’M) - €M(e(i—1)M + e(j+1)M)¢’M)

j=1

N
+ PR grmp M) 1 MW,

j=1

where (87 + 1)om = ¢om-1, m=1,..., M, and @ = ¢.
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Appendix

dKG Floquet multipliers
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Figure: Floquet multipliers for a fundamental breather (top) and a breather
with a hole (bottom).
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dNLS: well posedness

Consider the initial value problem for the dNLS equation

neZ.

ii(t) = —(Au), + Vou, + f(|u,,|2)u,,,
un(0) = uo,n,

@ Global well posedness in /2 with o > 0 if V is bounded and f is real
analytic

@ One can establish a bound

lullz < [luoll e .
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Appendix

dKG: well posedness

Consider the initial value problem for the dKG equation

Un(t) =(Au), — mu, — Xuﬁp“,

U,,(O) =Uo,n, neZz,
u"(o) :Ul,n;
where m € R, p € N and x = £1. This system admits conservation of
energy
1 ; X
E(u) = > % ((Uns1 — un)? + mu? + i2) + 5512 n% 292,

e Case x = +1: global well-posedness in /> x 2.
e Case x = —1: blow-up on [0, T*] with

7o 1 lwol
P <U0,U1>/2

provided E < 0 and (ug,uz)2 > 0.
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