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Introduction dNLS dKG Summary

Lattice equations

Lattice equations are systems of coupled ODE with discrete translation
invariance. They arise as

models for physical processes

discretization of PDEs

un un+1

V

Mechanical vibrations.

Optical waveguides [CLS03].

We consider lattice equations which support localized time-periodic
solutions � discrete breathers.
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Equations

We consider the following one-dimensional lattices:

Discrete Klein�Gordon (dKG) equation,

ün + V ′(un) = ε(∆u)n, un(t) : R→ R,

Discrete nonlinear Schrödinger (dNLS) equation,

i u̇n(t)± |un|2pun = ε(∆u)n, un(t) : R→ C, p ∈ N,

where n ∈ Z, ε ∈ R, and (∆u)n = un−1 − 2un + un+1.

The main objective is to study existence and
stability of discrete breathers near the
anti-continuum limit (ε = 0).
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Thesis outline

dNLS

existence of breathers

linear stability &
internal modes

dispersive decay &
asymptotic stability

dKG

existence of breathers &
tail-to-tail interactions

linear stability

numerical continuation
of breathers

bifurcations
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dNLS breathers near the anti-continuum limit

We look for discrete breathers in the dNLS equation,

i u̇n + |un|2pun + ε(∆u)n = 0, n ∈ Z, p ∈ N,

using the rotating wave approximation, un = φne
it , where the discrete

soliton φ satis�es (
1− φ2pn

)
φn = ε(∆φ)n.

Let S± be disjoint compact subsets of Z,
then, in the anti-continuum limit,

φ(0) =
∑

n∈S+

en −
∑

n∈S−

en, (en)m = δn,m.

φ(0)

If ε is small enough there exists a unique solution φ ∈ l2 such that

‖φ− φ(0)‖l2 ≤ C |ε|.
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Linear stability of dNLS breathers

Linear stability of a discrete breather φ is
determined by the spectral problem

(L−Iλ)

[
v

w

]
= 0, L =

[
0 L−
−L+ 0

]
.

where L± are discrete Schrödinger
operators given by

(L+v)n = −ε(∆v)n + (1− (2p + 1)φ2pn )vn,
(L−v)n = −ε(∆v)n + (1− φ2pn )vn.

Eigenvalue count: [PKF05], [CP10].

Our focus: internal modes near the
anti-continuum limit.

Limiting soliton φ(0):

N excited sites

n0 sign changes

σ(L)

Reλ

Imλ

1

−1

n0

︷ ︸︸ ︷
N − 1− n0
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Free resolvent

The free resolvent operator R0(λ) ≡ (−∆− λ)−1 can be written
explicitly [KKK06]

∀f ∈ l2 : (R0(λ)f)n =
1

2i sin z(λ)

∑

m∈Z
e−iz(λ)|n−m|fm,

where z(λ) is a unique solution of the transcendental equation

2(1− cos z(λ)) = λ, Rez(λ) ∈ [−π, π), Imz(λ) ≤ 0.

Moreover,

R0(λ) : l2 → l2 if λ /∈ [0, 4] ≡ σc(−∆),

R±0 (λ) : l1 → l∞ if λ /∈ {0} ∪ {4} with poles at λ = 0 and λ = 4.
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Spectral problem: leading order

Truncate the potential {φ2pn } to the leading order and rewrite the
spectral problem as

(L− IΩ)

[
a

b

]
= 0, L =

[
−ε∆+I−(1+p)V −pV

pV ε∆−I+(1+p)V

]
,

where
Ω = iλ, a = v + iw, b = v − iw,

and V : l2 → l2 is a compact potential de�ned by

(Vu)n =
∑

m∈S−∪S+

δn,mum, n ∈ Z.
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Resolvent for the leading order operator

To study RL(Ω) = (L− IΩ)−1 we reduce the in�nite system

(L− IΩ)

[
a

b

]
=

[
f

−g

]
, f, g ∈ l2

to a square system of 2N linear equations:

A(Ω, ε)c = h(Ω, ε), h(Ω, ε) =

{ ∑
m∈Z e

−iz(λ+)|n−m|fm∑
m∈Z e

−iz(λ−)|n−m|gm

}

n∈S
,

where c = (a,b)T |S and λ± = 1
ε (±Ω− 1).

The operator L has 2N small eigenvalues near Ω = 0,

The continuous spectrum is σc(L) = [−1− 4ε,−1] ∪ [1, 1 + 4ε] .
Is the resolvent singular at the endpoints?
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Resolvent on the continuous spectrum

Use asymptotic expansions to analyze the matrix A(Ω, ε) along the
continuous spectrum:

Matrix A(Ω, ε) is invertible for Ω ∈ (1, 1 + 4ε) provided the limiting

con�guration φ(0) has no �holes�.

At Ω ∈ {1, 1 + 4ε}, the ends of the continuum spectrum, get

ng = dimNullA(Ω, ε) = N − 1 = na.

Thank to some special properties of the system A(Ω, ε)c = h(Ω, ε)
there is a bounded solution in the limits Ω→ 1+ and Ω→ (1+4ε)−.
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No internal modes for small couplings

Perturbation arguments for the full resolvent lead to

Theorem (no internal modes)

Assume S+ ∪ S− is simply connected. Given N 3 p ≥ 2 and su�ciently

small ε > 0 there is δ > 0 such that the resolvent operator

R(Ω) = (L − iΩI)−1 : l2 × l2 → l2 × l2

bounded for any Ω /∈ Bδ(0) ∪ σc(L) and has 2N poles inside Bδ(0),

operators R±(Ω) = limµ↓0 R(Ω± iµ) admit the bounds

‖R±(Ω)‖l11×l11→l∞×l∞ ≤ Cε−1, ∀Ω ∈ [1, 1 + 4ε].

Note: Solitons in cubic dNLS (p = 1) require at least second-order
perturbation analysis.
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Scattering of small solutions: dNLS example

Consider the dNLS equation

{
i u̇n(t) = −(∆u)n ± |un|β−1un,
un(0) = u0,n,

n ∈ Z, β ≥ 3

Using interpolation

‖e it∆u0‖ls ≤ C (s)t−
s−2
3s ‖u0‖l1 , s ∈ (2,∞).

Applying methods of [MP10] establish a sharper result

‖e it∆u0‖ls ≤ C (s)(1+t)−αs‖u0‖l1 , αs =





s − 2

2s
, s ∈ [2, 4),

s − 1

3s
, s ∈ (4,∞].

This estimate also holds in the nonlinear case if β > 4.
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Scattering of small solutions: dNLS example (contd)

We write the solution in a convolution form

un(t) =
∑

k∈Z

Gk(t)u0,n−k , Gk(t) =
1

2π

ˆ π

−π
e−i(ω(θ)t−kθ)dθ,

where ω(θ) = 2(1− cos θ) is the dispersion relation. We also have

‖u(t)‖ls ≤ ‖G(t)‖ls‖u0‖l1

In the limit of t →∞, norm ‖ · ‖sls is nearly a Riemann sum,

‖G(t)‖ls = Ct1/s‖g(t, ·)‖Ls + Error(t),

where the grid is {cn = n
t
} and

g(t, c) =
1

2π

ˆ π

−π
e itφ(θ,c)dθ, φ(θ, c) = ω(θ)− cθ.
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Klein�Gordon lattice

Consider the Klein�Gordon (KG) lattice

ün + V ′(un) = ε(∆u)n, n ∈ Z,

where un(t) : R→ R, ε is small, and V is even,

V ′(u) = u ± u3 +O(u5), (hard/soft).

At ε = 0 either un ∈ {0, ϕ}, where or ϕ satis�es

ϕ̈+ V ′(ϕ) = 0,
1

2
ϕ̇2 + V (ϕ) = E .

The period of ϕ is

T (E ) =
1√
2

˛
dx√

E − V (x)
.

u

V

0 0.1 0.2 0.3
1.5

2

2.5

3

3.5

4

E

T
, π
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Existence of breathers

Let S ⊂ Z be the set of excited sites so that

u(0)(t) =
∑

k∈S

σkϕ(t)ek ∈ l2(Z,H2
per (0,T )),

where σk ∈ {−1,+1}, and (ek)n = δk,n.

Fix T 6= 2πn such that T ′(E ) 6= 0. For ε small enough, there exists a
unique solution u(ε) ∈ l2(Z,H2

per (0,T )) of the dKG equation satisfying

∥∥∥u(ε) − u(0)
∥∥∥
l2(Z,H2(0,T ))

≤ C |ε|.
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Linear stability

Earlier results [MJKA02, ACSA03, KK09]: small amplitudes, no �holes�.

Linearization about the breather u(ε) yields

ẅn + V ′′
(
u(ε)
n

)
wn = ε(∆w)n, n ∈ Z.

Stability is determined by Floquet multipliers,
the eigenvalues of the monodromy matrix M:

[
wn(T )
ẇn(T )

]

n∈Z
= M

[
wn(0)
ẇn(0)

]

n∈Z
.

At ε = 0 the monodromy matrix M is
block-diagonal with

µ = e±iT with ng = na = 1 at n ∈ Z\S
µ = 1 with ng = 1, na = 2 at n ∈ S .

Imµ

Reµ

eiT

e−iT

1

1 ǫ = 0

Imµ

Reµ

eiT

e−iT

1 ǫ > 0
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Splitting of the unit multiplier

Suppose in the anti-continuum limit

u(0)(t) =
N∑

j=1

σjϕ(t)ejM . M = 3, N = 3

u(0)(0)

Theorem (splitting of the unit multiplier)

For small ε > 0 the linearized stability problem has 2N small Floquet

exponents λ = εM/2Λ +O
(
ε(M+1)/2

)
, where Λ is determined from the

eigenvalue problem

−T (E )2

T ′(E )
Λ2c = KM(T )Mc, c ∈ CN .

Where λ is Floquet exponent (µ = eλT ) andM∈ RN×N is the matrix

Mi,j = −σj (σj−1 + σj+1) δi,j + δi,j−1 + δi,j+1, i , j ∈ {1, 2, . . . ,N}.
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Stable breathers

Stability of multibreathers is determined by the sign of T ′(E)KM(T ) and
the number n0 of sign changes in {σk}N−1k=1

, where

KM(T ) =
∑

n∈Nodd

4π2T 2M−3(E ) n2|ϕ̂n(E )|2
[T 2(E )− (2πn)2]M−1

.

Depending on the sign of T ′(E )KM(T ) there are either n0 or N − 1− n0
�unstable� pairs of Floquet multipliers. The following breathers are stable:

M odd M even

V (u) = u + u3 in-phase anti-phase

V (u) = u − u3 anti-phase
anti: 2π < T < T ∗M
in: T ∗M < T < 6π
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Three-site model: numerics

Consider existence and stability of T -periodic solutions in the truncated
KG lattice {

ü0 + u0 − u30 = ε(u1 − 2u0 + u−1)

ü±1 + u±1 − u3±1 = ε(u0 − 2u±1)

near the anti-continuum limit, ε = 0.

Set initial conditions u(0) = a, u̇(0) = 0 and consider the following
three-site symmetric breathers with u+1(t) = u−1(t):

Fundamental breather u
(0)
0 = ϕ, u

(0)
±1 = 0

Breather with a �hole� u
(0)
0 = 0, u

(0)
±1 = ϕ
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Existence of breathers and bifurcations (ε = 0.01)

Fundamental breather (solid) and the breather with a hole (dashed):
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Normal form of the symmetry-breaking bifurcation

The symmetry-breaking bifurcation is
described by the Du�ng equation

Ü + U − U3 = βU + ν cos τ, 0 0.2 0.4 0.6 0.8 1
−1

−0.5

0

0.5

1

τ/T

U

ν = 2x10
−4

where U(τ) is 6π-periodic, β = 1− 1+2ε
(1+δε2/3)2

, and ν = 2ε4/3a(δ)
(1+δε2/3)2

.

0 0.002 0.004 0.006 0.008 0.01
5.5

5.6

5.7

5.8

5.9

6

6.1

6.2

6.3

ε

T
s
/π

Period of the breather at the
symmetry breaking bifurcation:
normal form (solid), KG lattice
(dashed).
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Main results

Main results near the anti-continuum limit:

Non-existence of internal modes in the dNLS equation via resolvent
analysis.

General criteria for stability of multibreathers in the KG lattice via
analysis of tail-to-tail interactions.

Bifurcations and resonances in KG lattice.
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Appendix

dNLS: asymptotic stability

Assume V ∈ l1 → l1 is exponentially decaying and H = −∆ + V has the
only eigenvalue ψ0 and Hψ0 = ω0ψ0. Consider

i u̇n = Hun + |un|2pun, n ∈ Z, p > 0.

There is a soliton bifurcating from ω0,

u(t) = e−iωtφ(ω) = e−iωt‖ψ0‖
−1− 1

p

l2p+2 (ω − ω0)
1
2pψ0 + h.o.t.

Theorem (MP12)

For any p > 2.75, there exist an ε0 > 0 and a δ > 0 such that if

ε = ω∗ − ω0 ∈ (0, ε0) and ‖u0 − φ(ω∗)‖l11 is small enough, then there exist

(ω, θ) ∈ C 1(R+,R2) and a solution to dNLS equation

u(t) = e−iθ(t)φ(ω(t)) + y(t) ∈ C 1(R+, l
2)

such that limt→∞
(
θ(t)−

´ t
0
ω(s)ds

)
= θ∞, supt≥0 |ω(t)− ω∗| ≤ Cδε, and

limt→∞ ω(t) = ω∞. Moreover, we have

‖y(t)‖ls ≤ Csδε
1
2p (1+ t)−αs , ∀s ∈ (2, 4) ∪ (4,∞].
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dKG: splitting of the unit multiplier

Linearizing with u 7→ u + w and setting w(t) = W(t)eλt , where W is
T -periodic, we get

Ẅn + V ′′(un)Wn + 2λẆn + λ2Wn = ε(∆W)n.

For the fundamental breather φ(ε) generated by u(0) = ϕ(t)e0 the
expansion is

W = θ+λµ+O(λ2) : θ = φ̇
(ε)
, µ̈n +V ′′(un)µn = ε(∆µ)n − 2θ̇n.

For the multibreather u(0) =
∑N

j=1 σjϕ(t)ejM we have λ ≈ εM/2λ̃ and

W =
N∑
j=1

cj

(
τjMθ(ε,M) − εM(e(j−1)M + e(j+1)M)ϕ̇M

)

+ εM/2λ̃
N∑
j=1

cjτjMµ(ε,M∗) + εMW̃,

where (∂2t + 1)ϕm = ϕm−1, m = 1, . . . ,M, and ϕ0 = ϕ.
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Appendix

dKG Floquet multipliers
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Figure: Floquet multipliers for a fundamental breather (top) and a breather
with a hole (bottom).
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Appendix

dNLS: well posedness

Consider the initial value problem for the dNLS equation

{
i u̇n(t) = −(∆u)n + Vnun + f (|un|2)un,

un(0) = u0,n,
n ∈ Z.

Global well posedness in l2α with α ≥ 0 if V is bounded and f is real
analytic

One can establish a bound

‖u‖l2α ≤ ‖u0‖l2αe
Cαt .
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Appendix

dKG: well posedness

Consider the initial value problem for the dKG equation




ün(t) =(∆u)n −mun − χu2p+1
n ,

un(0) =u0,n,

u̇n(0) =u1,n,

n ∈ Z,

where m ∈ R, p ∈ N and χ = ±1. This system admits conservation of
energy

E (u) =
1

2

∑

n∈Z

(
(un+1 − un)2 + mu2n + u̇2n

)
+

χ

2p + 2

∑

n∈Z
u2p+2
n .

Case χ = +1: global well-posedness in l2 × l2.

Case χ = −1: blow-up on [0,T ∗] with

T ∗ =
1

p

‖u0‖2l2
〈u0,u1〉l2

provided E < 0 and 〈u0,u1〉l2 > 0.
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