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Validity of the NLS approximation
for periodic quantum graphs

Steffen Gilg, Dmitry Pelinovsky and Guido Schneider

Abstract. We consider a nonlinear Schrodinger (NLS) equation on a spa-
tially extended periodic quantum graph. With a multiple scaling expan-
sion, an effective amplitude equation can be derived in order to describe
slow modulations in time and space of an oscillating wave packet. Using
Bloch wave analysis and Gronwall’s inequality, we estimate the distance
between the macroscopic approximation which is obtained via the am-
plitude equation and true solutions of the NLS equation on the periodic
quantum graph. Moreover, we prove an approximation result for the am-
plitude equations which occur at the Dirac points of the system.
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1. Introduction

A quantum graph is a network of bonds (or edges) connected at the vertices.
Such systems appear as models for the description of free electrons in organic
molecules, in the study of waveguides, photonic crystals, or Anderson local-
ization, or as limit on shrinking thin wires [31]. Quantum graphs are used in
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mesoscopic physics to obtain a theoretical understanding of nanotechnologi-
cal objects such as nanotubes or graphen, cf. [13,15,16]. A recent monograph
[6] gives a good introduction to the mathematics and physics of quantum
graphs.

In the linear theory, partial differential equations (PDEs) are defined on
the quantum graph according to the following two ingredients. First, a differen-
tial operator acts on functions defined on the bonds. Second, certain boundary
conditions are applied to the functions at the vertices. In particular, continuity
of functions and conservation of flows through the vertices are expressed by
the so called Kirchhoff boundary conditions.

Here we are interested in nonlinear PDEs posed on an infinitely extended
periodic chain of identical quantum graphs. Nonlinear PDEs on quantum
graphs have been only considered recently [18] mostly in the context of un-
bounded graphs with finitely many vertices. Variational results on existence of
ground states on such unbounded graphs were obtained in a series of papers
[2-5].

It is the purpose of this paper to derive and justify an effective ampli-
tude equation for the description of slow modulations in time and space of an
oscillating wave packet. As a PDE toy model on the periodic quantum graph,
we consider a nonlinear Schrodinger (NLS) equation. The effective amplitude
equation also has the form of a NLS equation but on a homogeneous space.
In what follows, we refer to these two NLS equations as to the original system
and to the amplitude equation.

Hence, we consider the following NLS equation on the periodic quantum
graph as the original system,

i0u+ 0iu+ |uPu=0, teR, zeT, (1)

where I' is the quantum graph and u : R x I' — C. The Kirchhoff boundary
conditions at the vertices are defined below in (2)—(3).

In order to explain our approach without too many technical details, we
develop our subsequent presentation to one special quantum graph shown in
Fig. 1. However, our approach can be extended to other quantum graphs, as
discussed in Sect. 7.

The spectral problems associated with the linear Schrédinger operator on
the periodic quantum graph of Fig. 1 and its modifications have been recently
studied in the literature [15-17]. Our work is different in the sense that we are
studying the time evolution (Cauchy) problem for the nonlinear version of the
Schrédinger equation associated with localized initial data. In the recent work
[24], we have studied the stationary NLS equation on the periodic quantum
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FIGURE 1. The basic cell Ty (left) of the periodic quantum
graph T (right)
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graph I' and constructed two families of localized bound states by reducing
the differential equations to the discrete maps.

The problem of localization in the periodic setting has been a fascinating
topic of research with several effective amplitude equations appearing in this
context [20]. In particular, tight-binding approximation [1,23,25] and coupled-
mode approximation [9,22,29] were derived and justified in the limit of large
and small periodic potentials respectively. We are addressing here the enve-
lope approximation, which is the most universal approximation of modulated
wave packets in nonlinear dispersive PDEs [14]. The envelope approximation
provides a homogenization of the NLS equation (1) on the periodic quantum
graph I' with an effective homogeneous NLS equation derived for a given wave
packet.

Justification of the homogeneous NLS equation in the context of nonlinear
Klein—Gordon equations with smooth spatially periodic coefficients has been
carried out in the work [7]. A modified analytical approach with a similar result
was developed in Section 2.3.1 in [20] in the context of the Gross—Pitaevskii
equation with a smooth periodic potential. Since the periodic quantum graph
introduces singularities in the effective potential (by means of the Kirchhoff
boundary conditions), it is an open question to be inspected here if the ana-
lytical techniques from [7,20] can be made applicable to the NLS equation (1)
on the periodic quantum graph I'. The answer to this question turns out to be
positive. With the same technique involving Bloch wave analysis and Gron-
wall’s inequality, we prove estimates on the distance between the macroscopic
approximation via the amplitude equation and the true solutions of the origi-
nal system. Moreover, we explain that the same technique can also be used to
prove an approximation result for the amplitude equations which occur at the
Dirac points associated with the periodic graph I'. The amplitude equations
at the Dirac points take the form of the coupled-mode (Dirac) system.

The paper is organized as follows. The main results are described in
Sect. 2, after introducing the spectral problem associated with the periodic
quantum graph on Fig. 1. Local existence and uniqueness of solutions of the
Cauchy problem for the NLS equation (1) is discussed in Sect. 3. The Bloch
transform is introduced and studied in Sect. 4. In Sect. 5, we derive the effec-
tive amplitude equation, construct an improved approximation, and estimate
the residual for this improved approximation. The justification of the ampli-
tude equation is developed in Sect. 6. Discussion of other periodic quantum
graphs is given in the concluding Sect. 7.

Notation We denote with H*(R) the Sobolev space of s-times weakly
differentiable functions on the real line whose derivatives up to order s are in
L?(R). The norm ||ul|zs for u in the Sobolev space H*(R) is equivalent to the
norm ||(I — 92)*/?ul|z> in the Lebesgue space L?(R). Throughout this paper,
many different constants are denoted by C' if they can be chosen independently
of the small parameter 0 < ¢ < 1.
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2. Main result

2.1. The periodic quantum graph
The periodic quantum graph I'" shown on Fig. 1 can be expressed as

I'= EBTLGZFH7 with T', = Fn,O 2] Fn,Jr @ Fn,77

where I'y, o represents the horizontal link of length 7 between the circles and
')+ represent the upper and lower semicircles of the same length 7, for n €
Z. In what follows, I'y, ¢ is identified isometrically with the interval I, o =
[27n, 2mn+7] and T, 4+ are identified with the intervals I,, + = [2nn+mr, 27 (n+
1)]. For a function u : I' — C, we denote the part on the interval I,, o associated
to I'p 0 with u, ¢ and the parts on the intervals I,, + associated to I',, + with
Un,+-

The second-order differential operator 92 appearing on the right-hand
side of the NLS equation (1) is defined under certain boundary conditions at
the vertex points {z = nw : n € Z}. We use so called Kirchhoff boundary
conditions, which are given by the continuity of the functions at the vertices

Un,0(t, 270 + ) = Uy +(t, 270 + ) = Uy, — (¢, 270 + ), @)
Unt1,0(t, 27 (n + 1)) = up 1. (¢, 2m(n + 1)) = un,— (¢, 27(n + 1)),
and the continuity of the fluxes at the vertices

Optn,0(t, 20 + ) = Opty, +(t, 270 + ) + Oy, — (t, 270 + ), 3)
Optnt1,0(t,2m(n + 1)) = Optp 4+ (¢, 2m(n + 1)) + Opup,— (¢, 2m(n + 1)).

Remark 2.1. The symmetry constraint w,, 4+(t,x) = up,—(f,z) is an invariant
reduction of the NLS equation (1) provided the initial data of the correspond-
ing Cauchy problem satisfies the same reduction. In the case of symmetry
reduction, the boundary conditions (2) and (3) can be simplified as follows:

Un,0(t, 20 + ) = wp 4+ (¢, 270 + 7), )
Un41,0(8,2m(n 4+ 1)) = up 4+ (¢, 27(n + 1))
and

OplUn,0(t,2mn + ) = 205Uy, 4 (¢, 270 + 7), (5)
OpUny1,0(t,2m(n+ 1)) = 20,uy, 4 (¢, 2m(n + 1)).

In this way, the NLS equation (1) on the periodic graph I" becomes equivalent
to the NLS equation with a singular periodic potential.

The scalar PDE problem on the periodic quantum graph I is transferred
to a vector-valued PDE problem on the real axis by introducing the functions

_ uTL,O(x)’ HARS In,07
UO(x) - {0, T c In,i7 n e Za (6)
and (@)
_ Junx(x), wel4,
us(z) = {0’ vl n € 7. (7)
We introduce sets Iy and I+ by
Io=J Ino = supp(ug) and TIp = | J I+ = supp(us). (8)

neZ nezZ
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We collect the functions ug and us in the vector U = (ug, u4,u_) and rewrite
the evolutionary problem (1) as

iU+ 02U +|UPU =0, teR, zecR\{kr:kecZ} (9)
subject to the conditions (2)—(3) at the vertex points z € {kr : k € Z}, where
the cubic nonlinear term stands for the vector |U|2U = (Juo|?uo, |uy|?uy,
lu_|?u_).

2.2. The Floquet—Bloch spectrum
The spectral problem

WwW = -02W, =z eR\{kr:keZ}, (10)

is obtained by inserting U(t, ) = W (x)e’! into the linearization associated
to the NLS equation (9). The components of W = (wp, w,w_) satisfy the
conditions (2)—(3) and have their supports in (I, Iy, I_). The eigenfunctions
W can be represented in the form of the so-called Bloch waves

W(z) =€ f(l,z), ¢, zecR, (11)

where f(¢,) = (fo, f+, [=) (£, ") is a 2mw-periodic function for every ¢ € R. Since
these functions satisfy the continuation conditions

fl,z) = f(l,x+2r), fll,z)=fL+1,2)e", ¢ xR, (12)

we can restrict the definition of f(¢,z) to « € Ty = R/(27Z) and ¢ € Ty =
R/Z. The torus To, is isometrically parameterized with x € [0,27] and the
torus Ty with £ € [—1/2,1/2], where the endpoints of the intervals are identified
to be the same for both tori.

Hence, f can be found as solution of the eigenvalue problem

— (0 +il)*f =w(O)f, x€ Tan, (13)
subject to the boundary conditions
{f0(£77r):f+(£’7r):f(gv7r)> (14)
fO(AO) = f+(£7277) = f—(& 27T)

and

{ 0z + 1) fo(l,m) = (0 + i) f1 (£, 7) 4+ (D + i) f_ (¢, ),
(D +0) fo(£,0) = (D + i) f1(£,27) + (3, + i0) f_ (£, 211).

The functions fo(¢,-) and fi(¢,-) have supports in Ipo = [0,7] C T, and
Iy+ = [m,27] C Tar. The boundary conditions (14)—(15) are derived from
(2)—(3) by using the 2m-periodicity of the eigenfunction f(¢,-). Note that
e f(-,x) and w(-) are l-periodic functions on T;. The extended variable
U = (ug,uy,u_) is needed to give a meaning to e¢*® which is defined for
z € R, but not for x € T.

The spectrum of the spectral problem (10) consists of two parts [15,16,
24]. One part is represented by the sequence of eigenvalues at {m?},,en of
infinite multiplicity. For a fixed m € N, a bi-infinite sequence of eigenfunctions

(15)
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FIGURE 2. The spectral bands w of the spectral problem (13)
plotted versus the Bloch wave number ¢ for the periodic quan-
tum graph T’

(W™k),.cz of the spectral problem (10) exists and is supported compactly in
each circle with the explicit representation:

w::fbk(gc) =0, wff(m) = —w™*(x) = bp sin(m(z — 27k)), neZ. (16)

n,—
The second part in the spectrum of the spectral problem (10) is represented

by the union of a countable set of spectral bands, which correspond to the real
roots p1 2 of the transcendental equation p? — tr(M)(w) + 1 = 0. Here

tr(M)(w) == i [9 cos(2my/w) — 1] (17)

is the trace of the monodromy matrix M associated with the linear differ-
ence equation obtained after solving the differential equation (10) subject to
the conditions (2)—(3), cf. [10,24]. Real roots are obtained when tr(M)(w) €
[—2,2].

The corresponding eigenfunctions of the spectral problem (10) are dis-
tributed over the entire periodic graph I' and satisfy the symmetry constraints
Wp+(2) = wy,— (), n € Z and the constrained boundary conditions (4)—(5).

The spectral bands of the periodic eigenvalue problem (13) are shown on
Fig. 2. The flat bands at w = m?, m € N correspond to the eigenvalues of
the spectral problem (10) of infinite algebraic multiplicity. It is clear from the
explicit representation (16) that the corresponding eigenfunctions can also be
written in the Bloch wave form (11) associated with the Bloch wave number
?eT,.

Let us confirm the spectral properties suggested by Fig. 2. First, eigen-
values of infinite multiplicity at w = m?2, m € N, are at the end points of the
spectral bands, because tr(M)(m?) = 2. Second, since

(M) () mms = —

o v Sin(2mvVw)|w=mz = 0,
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the two adjacent spectral bands of o(—0?2) overlap at w = m? without a spec-
tral gap. Coincidentally, these so-called Dirac points of the dispersion relation
happen to occur at the eigenvalues of infinite multiplicities. Finally, the two
adjacent spectral bands at tr(M)(w) = —2 do not overlap and the spectral

band has a nonzero length because tr(M)(w) has a minimum at w = mT? with

m € Nyqq and tr(M)(mT2) =-3<-2

Let us now define the L?-based spaces, where the eigenfunctions of the
periodic eigenvalue problem (13) are properly defined. For fixed ¢ € Ty, we
define

L} = A{U = (to, Uy, u-) € (L*(Ta))* s supp(dy) = Lo, j € {0,+,—}}
and
HE(0):={U e L% : @ € H*(Io;), je€{0,+,—}, (14)—(15) are satisfied},
equipped with the norm

~ _ _ " /2
1Tz = (1olreqry gy + Wi Wz, o + -z, ) -

The parameter ¢ is defined in HZ(¢) by means of the boundary conditions
(14)—(15). We obtain the following elementary result.

Lemma 2.2. For fized ¢ € Ty, the operator Z(ﬁ) = —(0,+i0)? is a self-adjoint,
positive semi-definite operator in L.

Proof. Using the conditions (14)—(15), we find for every f(¢,-),g(¢,) € HZ(¢)
and every £ € Ty:

L0z = [0 +i0)](C0) -0 F Dt 2)ie
— [0 fo (b, m) + il fo(¢, m)]g0 (¢, 7)
00 Jo(£,0) + i€ o(£,0)] (£, 0)
— [0ufy(,2m) +ilf (€, 2m)| g (¢, 2)
+ [0 f1 (€, ) + il f1 (£, 7T] g+ (¢, 7T)
—[Baf—(£,27) + il (£,2m)] g (£, 2
+ [&cf—(fﬂf)ﬂﬁf—( ) )] (e, 7r)

_ /0 " (0n +i0)f(L,2) - 00 T i0g(0, 2)de.

Using another integration by parts with the conditions (14)—(15), we confirm
that

(L) f,9)rp = (. L(OG) 2,
Hence, Z([) is self-adjoint for every ¢ € T;. Since

~ 277 N
L0 Ny = [ @ +i0)f @ T D)Fd >0,

the operator L(f) is positive semi-definite. O
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O(1/e)

FIGURE 3. A schematic representation of the asymptotic so-
lution (19)—(20) to the NLS equation (1) on the periodic quan-
tum graph I'. The envelope advances with the group velocity
cg and the underlying carrier wave advances with the phase
velocity cp

By Lemma 2.2 and the spectral theorem for self-adjoint operators, cf. [26],
for each ¢ € T, there exists a Schauder base {f("™)(¢,-)}en of LE consisting
of eigenfunctions of L(£) with positive eigenvalues {w™ (£)},en ordered as
wm (0) < W™D (¢). By construction, the Bloch wave functions satisfy the
continuation properties (12). They also satisfy the orthogonality and normal-
ization relations:

FE), F N g = S, L€ Th (18)
Note that we use superscripts for the count of the spectral bands, because the

subscripts in f;m) (¢,z), j € {0,4,—} are reserved to indicate the component
of fiM (¢, x) for x € Iy ;.

2.3. The effective amplitude equation

Slow modulations in time and space of a small-amplitude modulated Bloch
mode are described by the formal asymptotic expansion

U(t,x) = eWy5(t, ) + higher-order terms, (19)
with
W (t, ) = eA(T, X) f00) (b, )¢t fov et ™ ()t (20)

where 0 < & < 1 is a small perturbation parameter, T = ¢%t, X = ¢(z — cet),
and A(T,X) € C is the wave amplitude. The parameter ¢, := Jpw(™)({y)
is referred to as the group velocity associated with the Bloch wave and it
corresponds to the velocity of the wave packet propagation. The group velocity
is different from the phase velocity ¢, := w(™)(fy)/¢y, which characterizes
movement of the carrier wave inside the wave packet. Figure 3 shows the
characteristic scales of the wave packet given by the asymptotic expansion
(19) with (20).
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Formal asymptotic expansions show that at the lowest order in €, the wave
amplitude A satisfies the following cubic NLS equation on the homogeneous
space:

1
iOrA+ §8§w<’”0)(€o)a§A +v]Al2A =0, (21)
where the cubic coefficient is given by

TEISIH
v= —— T,
TR
Mathematical justification of the effective amplitude equation (21) by means

of the error estimates for the original system (9) is the main purpose of this
work. The approximation result is given by the following theorem.

(22)

Theorem 2.3. Pick mg € N and ¢y € Ty such that the following non-resonance
condition is satisfied:

W™ (L) # W™ (Ly),  for every m # my. (23)

Then, for every Cy > 0 and Ty > 0, there exist eg > 0 and C > 0 such that for
all solutions A € C(R, H3(R)) of the effective amplitude equation (21) with

sup [JA(T,-)|lms < Co
T€[0,To]

and for all e € (0,g9), there are solutions U € C([0,Ty/e%], L(R)) of the
original system (9) satisfying the bound

sup  sup|U(t,x) — eVns(t, z)| < Ce3/2, (24)
tel0,7p /2] z€R

where eWys is given by (20).

Remark 2.4. Thanks to the global well-posedness and integrability of the cu-
bic NLS equation (21) in one space dimension [8,30], a global solution A €
C(R, H*(R)) for every integer s > 0 exists and satisfies the bound

sup [|A(T,")||p= < C
T€[0,T0]

for every Ty > 0, where C' is Ty-independent.

Remark 2.5. As it follows from the spectral bands shown on Fig. 2, it is clear
that the non-resonance assumption (23) is satisfied for every my € N and
ly # 0 and it fails for every my € N and ¢y = 0 with the exception of the
lowest spectral band.

Remark 2.6. The approximation result of Theorem 2.3 should not be taken
for granted. There exists a number of counterexamples [27,28], where a for-
mally correctly derived amplitude equation makes wrong predictions about the
dynamics of the original system.
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Remark 2.7. The new difficulty in the proof of Theorem 2.3 on the periodic
quantum graph I' comes from the vertex conditions (2)—(3), which have to
be incorporated into the functional analytic set-up from [7,20] used for the
derivation of the amplitude equation (21). Since the NLS equation (1) only
contains cubic nonlinearities, the proof of Theorem 2.3 does not require near-
identity transformations and is based on a simple application of Gronwall’s
inequality.

2.4. The amplitude equations at the Dirac points

Near Dirac points, which correspond to my € N and ¢y = 0 on Fig. 2 with the
exception of the lowest spectral band, see Remark 2.5, the cubic NLS equation
(21) cannot be justified. However, we can find a coupled-mode (Dirac) system,
as it is done for smooth periodic potentials (see Section 2.2.1 in [20]). Eigen-
values of infinite multiplicities appearing as the flat bands in Fig. 2 represent
an obstacle in the standard justification analysis.

To overcome the obstacle, we can consider solutions of the original sys-
tem (9) which satisfy the symmetry constraint u, 4+ (t,z) = u, —(t, ), see
Remark 2.1. In this way, all flat bands shown on Fig. 2 disappear as they
violate the symmetry constraint.

Figure 4 shows the spectral bands of the spectral problem (13) under the
symmetry constraint u,, + = uy, . The flat bands are removed due to the sym-
metry constraints. Near the Dirac points, we can now justify the coupled-mode
(Dirac) system by using the analysis developed in the proof of Theorem 2.3.

To be specific, we consider an intersection point of the two spectral bands
at £ = 0, as per Figure 4, such that w®70)(0) = Wm0+ (0) for some fixed

e TS oty

-04 -0.2 0.2 04

FIGURE 4. The spectral bands w of the spectral problem (13)
plotted versus the Bloch wave number ¢ for the periodic quan-
tum graph I' under the symmetry constraint u, + = u,, . The
intersection points of the spectral curves at ¢ = 0 are called
Dirac points
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mgo € N. We relabel these two bands, and introduce

w(Zmo) (p), for £ <0,
wi(f) = {w(2m0+1)(€), for £ > 0, (25)
and
w@mot () for £ <0,
w-(0) {w(zmo)(ﬂ), for £ > 0. (26)

We denote the associated eigenfunctions with f(¢,z) and f~(¢,z). In order
to derive the Dirac system we make the ansatz

eWqirac(t, r) = e A (T, X) £ 7(0, x)e‘iwﬂo)t +eA_(T,X)f(0,z)e” " O

(27)

where T' = ¢%t, X = &2z, and A4 (T, X) € C. Formal asymptotic expansions

show that at the lowest order in €, the wave amplitudes A4 satisfy the cubic

Dirac system on the homogeneous space:

i0r Ay +i0wt (0)0x Ay + > v AjALA;L =0, (28)
Ji.g2,93€{+,—}

iOrA_ +i0w™ (0)0xA_+ Y i Ay AL A =0, (29)
Ji.g2,33€{+,—}

where the coeflicients Vjil jrjs € C are given by
i <fj(07)afj1(0a)fj2(0’)fj3<07)>L2 L.
V§11j27j3 = ||fj(07)||2L2 S, Jyd 2,z € {+, —}

The system (28)—(29) is invariant under the transformation (X, A, A_) —
(=X,A_,A;). The Cauchy problem is locally well-posed in Sobolev spaces.
Depending on the nonlinear terms, it is also globally well-posed in Sobolev
spaces [21]. Assuming existence of a global solution to the cubic Dirac system
(28)—(29), the approximation result is given by the following theorem.

Theorem 2.8. For every Cy > 0 and Ty > 0, there exist g > 0 and C' > 0
such that for all solutions Ay € C(R, H?(R)) of the Dirac-system (28)—(29)
with

sup [|AL(T, )|z < Co
TE[0,To]

and for all € € (0,g¢), there are solutions U € C([0,Ty/€?], L°(R)) of the
original system (9) satisfying the bound

sup  sup [U(t, ) — eWgirac(t, )| < Ce¥/2,
te[0,To/e?] x€R

where eV girac 18 given by (27).

The proof of Theorem 2.8 is a straightforward modification of the proof
of Theorem 2.3, cf. Remark 6.1.
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3. Local existence and uniqueness

Here we prove the local existence and uniqueness of solutions to the original
system (9). We consider the operator L = —9? in the space

L% ={U = (uo, us,u—) € (L*(R))® : supp(un,;) = In,j, n€Z, j€{0,+ —}}
with the domain of definition

H>={UeLl?: wu,;€H*I,;), n€Z, je{0,+,—}, (2)— (3) is satisfied},
equipped with the norm

1/2
U2 = (Z Hun,OHiIZ(zn,o) + ||Un,+||§12(1n,+) + |Un,—||§12(1n,)> .
neE”Z

For the local existence and uniqueness of solutions to system (9), we need the
following results.

Lemma 3.1. The space H? is closed under pointwise multiplication.

Proof. For each open interval I, ; for n € Z, j € {0,4, —}, the Sobolev space
H 2(In,j) is closed under pointwise multiplication. Therefore, there is a positive
constant C such that for every u,v € H?, we have

tn,jon,illm2 1, ;) < Cllunjllaz, ) llvnleza, ;)-

If U and V are continuous at the vertices, then UV is also continuous at the
vertices. If U and V satisfy the flux continuity conditions (3), then by the
product rule for continuous functions U and V', the product UV also satisfies
the flux continuity conditions (3). The support for U, V, and UV is identical.
Finally, by the Cauchy-Schwarz inequality, we have

UVIZe= > lungonslieg,
n€z,je{0,+,—}

< C? Z Hun,j||%{2(1",j)an,j||%12(1n,,-)
nez,jef0,+,—}

< U VI3

The statement of the lemma is proved.

Lemma 3.2. The operator L with the domain H? is self-adjoint and positive
semi-definite in L>.

Proof. Using the Kirchhoff boundary conditions (2)—(3), it is an easy exercise
to show that
(U, LV )p2 = (LU, V) p2

is true for every U,V € H2. Then, the operator L with the domain H? is
self-adjoint (similar to Theorem 1.4.4 in [6]). Positivity and semi-definiteness
of L follows from the integration by parts



NoDEA Validity of the NLS approximation Page 13 of 30 63

(U LU)2 = > [0ctn;l32g, ) =0,

neZ,je{0,+}
where the Kirchhoff boundary conditions (2)—(3) have been used again. O

As a consequence of classical semigroup theory, cf. [19], we have

Corollary 3.3. The skew symmetric operator —iL with the domain H? defines
a unitary group (e t)cr in L2 such that |[e "U| 2 = ||U||z2 for every
teR.

By Corollary 3.3, we obtain another ingredient of the existence and
uniqueness theory.

Lemma 3.4. There exists a positive constant Cr, such that
le™Ull3z < Crl|Ullw (30)
for every U € H? and every t € R.

Proof. We obtain the following chain of inequalities:
le™ ™ Ullyz < ClI(1+ L)e™™U || 2
< Clle™™ (1 + L)U| 2
<O+ L)U
< CUl3e,
where we have used the equivalence between ||U||32 and [[(1 + L)U||z2, the

commutativity of L and e~**, and the existence of the unitary group in Corol-
lary 3.3. g

We are now ready to prove the local existence and uniqueness of solutions
of the Cauchy problem associated with the original system (9) in H?2.

Theorem 3.5. For every Uy € H2, there exists a To = To(||Uo|l32) > 0 and a
unique solution U € C([~Ty, To], H?) of the original system (9) with the initial
data Uli=o = Up.

Proof. The estimates from Lemmas 3.1 and 3.4 allow us to proceed with the
general theory for semilinear dynamical systems [19]. Namely, by Duhamel’s
principle, we rewrite the Cauchy problem associated with the original system
(9) as the integral equation

t
U(ta ) = eiiLtU(Ov ) + 'L/ eiiL(tiT”U(Tv ')|2U(Tv ')dTv (31)
0

where the solution is considered in the space

M:={U € O([-To, Tol, H*) = sup _ [[U(t, )]z < 2CL]|U(0,-) I},
t€[—To,To]
and the constant C}, is defined by the bound (30) in Lemma 3.4. For every
Uy € H2, there is a sufficiently small Ty = To(||Ug||32) > 0 such that the
right-hand side of the integral equation (31) is a contraction in the space M.
Therefore, the existence of a unique solution U € C([~Ty, Tp], H?) follows from
Banach’s fixed-point theorem. O
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4. Bloch transform

The justification of the NLS approximation in the context of nonlinear Klein—
Gordon equations with smooth spatially periodic coefficients in [7] or in the
context of the Gross—Pitaevskii equation with a smooth periodic potential in
[20] heavily relies on the use of the Bloch transform. In order to transfer the
evolution problem (9) to Bloch space, we first recall the fundamental properties
of Bloch transform on the real line. Next, we generalize Bloch transform to
periodic quantum graphs, first in L2 and then for smooth functions. In Sect. 7,
we explain how to generalize our approach developed for the periodic graph
sketched in Fig. 1 to other periodic graphs.

General Floquet—Bloch theory for spectral problems posed on periodic
quantum graphs is reviewed in [6, Chapter 4]. However, as far as we can see,
the approach of [6, Chapter 4] does not allow us to transfer the proof of [7] and
[20] to the periodic quantum graphs. In what follows, we explain the necessary
modifications of the Bloch transform for the periodic quantum graphs.

4.1. Bloch transform on the real line

Bloch transform 7 generalizes Fourier transform F from spatially homoge-
neous problems to spatially periodic problems. It was introduced by Gelfand
[12] and it appears for instance in the handling of the Schrédinger operator
with a spatially periodic potential [26]. Bloch transform is (formally) defined
by

u(l,z) = (Tu)(l,z) = Z u(x + 2mn)e e —2mint, (32)

nez

The inverse of Bloch transform is given by

12
u(z) = (T ') (z) = / Tl ) de. (33)

—-1/2

By construction, u(¢,x) is extended from (¢,z) € Ty x Tor to ({,z) € R xR
according to the continuation conditions:

u(l,x) =u(l,x +2r) and u(l,x) =u(l +1,x)e”. (34)

The following lemma specifies the well-known property of Bloch transform
acting on Sobolev function spaces, cf. [11,20].

Lemma 4.1. Bloch transform T is an isomorphism between
H*(R) and L*(Ty, H*(Ty)),
where L?(Tq, H*(Ta,)) is equipped with the norm

1/2 1/2
1l 2 (ry 25 (120 )) = (/1/2 ”ﬂ(&'”ﬁ#('ﬂ‘%)dg) :

Bloch transform 7 defined by (32) is related to the Fourier transform F
by the following formula, cf. [11,20],
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u(l,z) = E e’ ull + 3), (35)
JEZ

where U(§) = (Fu) (§), £ € R, is the Fourier transform of u on the real axis.

Multiplication of two functions u(z) and v(x) in a-space corresponds to
the convolution integral in Bloch space:

1/2
(i 5)(0, 7) = / (= m, 2)5(m, z)dm, (36)

—1/2

where the continuation conditions (34) have to be used for [¢ —m| > 1/2.
If x : R — R is 27 periodic, then

T (xu)(l, ) = x(2)(Tu) (¢, x). (37)
The relations (36) and (37) are well-known [7,11] and can be proved from
(32) and (35).

4.2. The system in Bloch space

Thanks to the definitions (6), (7), and (8), it is obvious how to transfer the
evolution problem (9) into Bloch space. We apply the Bloch transform 7 to
all components of U = (ug, u4+,u_) and obtain

i0,0(t,6,2) = LIOU(t,£,2) — (U % U )t £, ), (38)

where the operator Z(E) := —(0,+il)? appears in the periodic spectral problem
(13), the function U(t, ¢, x) = (ug,uy,u—)(t, ¢, 2) satisfies the continuation
conditions

Ut,l,z) =U(t, 0, +2r) and U(t,l,x) =U(t, L+ 1,z)e™,  (39)
and the convolution integrals are applied componentwise as in
ﬁ*[}*ﬁ = (ﬁo * U *50, Uy * Uy *iL, U_ *U_ *ﬁ,) .
In order to guarantee that u;(¢,¢,-) has support in I ; for j € {0,+, -}, we
define periodic cut-off functions

B 1, xe€ Ij, . .
Xj (@) = {0, elsewhere, j€{0,+ —}. (40)

With the help of property (37), we obtain

T (uj)(l,x) = T (xjus) (4, x) = x;(2)(Tu;) (6, x),  j€{0,+,—}

Therefore, the support of 7 (u;)(¢, x) with respect to x is contained in I; for
any j € {0,+, —}.
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4.3. Bloch transform for smooth functions

Since we proved the local existence and uniqueness of solutions in 2, the
domain of definition of the operator L := —92 in L2, we have to work in
Bloch space with its counterpart ﬁ2, the domain of definition of the operator
L(0) := —(8, 4 i()? in the space L%(Ty, L%). We define

H? ={U e L¥(Ty,L}): @, € L*(Ty, H* (o)), j€{0,+,—},
(14) — (15) is satisfied},
equipped with the norm

. 1/2 1/2
101l = ( / Ll <||ao<e,~>|zz<10,o> s ()2, + |a_<e,->||%p<lo‘_>)d6> -

The following lemma presents an important result for the justification analysis
in Bloch space.

Lemma 4.2. The Bloch transform T is an isomorphism between the spaces H?
and H2.

Proof. We start with the function ug defined in (6). The L? function uy which
is in H? on the intervals [2nm,2n7 + 7| for n € Z is extended smoothly to
a global H? function wugy¢. According to Lemma 4.1, we have 7 (ug ext) €
L?(Ty, H?*(Ts,)). With the cut-off function xo defined in (40), we find by
using (37) that

o = T (uo) = 7 (Xou0,ext) = X07T (U0,eat)-

Therefore, for fixed ¢ € Ty, we have supp(ug) = Iy. From the properties of
T (ug,ext), we conclude that @p € L?(Ty, H?(Io)). The components uy are
handled with the same technique. The boundary conditions (2)—(3) transfer in
Bloch space into the boundary conditions (14)—(15). O

5. Estimates for the residual terms

Here we decompose the evolution problem (38) into two parts. The first part
reduces to the effective amplitude equation of the type (21) but written in
Fourier space. The other part satisfies the evolution problem where the resid-
ual terms can be estimated in the space H2. Since the residual term after a
standard decomposition similar to (19) and (20) is still large for estimates, we
will also introduce an improved approximation by singling out some terms in
the second part of the decomposition. Although the estimates are performed
in Fourier and Bloch space, they can be easily transferred back to physical
space.

In order to recover the ansatz (19) and (20) used for the derivation of the
effective amplitude equation (21) in Bloch space, we split the solution to the
evolution problem (38) into two parts. We write

Ut 0, z) = V(t,0) ) (0, z) + U(t, 4, x), (41)
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where the orthogonality condition (f(™0)(¢,.), Ut (t, ¢, ~)>ng = 0 is used for
uniqueness of the decomposition. We find two parts of the evolution problem:

0,V (t,0) = w™) (O)V (t,0) — Ny (V,U)(t,0) (42)
and
i0,UL(t,0,2) = LIOUS(t,0,2) — N-(V,UH)(t, 0, 2), (43)
where
Ny (V,04)(t,0) = (Fm (8,0, (T + U+ D)(t, £, )) 1
and

NE(V, U5 6, 2) = (U« U % O)(t, 6,2) — Ny (V, U5 (¢, 0) f00) (4, ).

Next, we estimate each part of the evolution problem.

5.1. Derivation of the effective amplitude equation

The effective amplitude equation (21) can be derived from equation (42) by
evaluating it at U+ = 0. To be precise, we write

Ny (V,UY)(t,0) = / Bl 0y, 0,01 + by — 1) (44)
T, JT,
X V(t, )V (t, 0)V (t, by + by — 0)dlidls + Ny rest(V,UH)(L, 0)
where we used ﬁ(t, l) = ?(t, —{), and introduced the kernel 3 by

B, Ly, Lo, b1 4Ly — 1)
= (fm)(g,-), F0m0) (01,) FO0) (b, ) FIm0) (£y + £y — €, ~)>L%. (45)

We note that NV,Test(f/, 0) = 0. Let us now make the ansatz
_ YA
Vapp(t,£) = A | e°t, — E(t, (), (46)

with

E(t, () = efiw(""o)(Zo)tefiagw(mm(50)(5720)757

insert (46) into the evolution problem (42), and set the coefficients of £2E to
zero. As a result, we obtain the leading-order equation in the form

0rA(T,€) = 308 (1) AT, €
—u/ / AT, AT Q)AT.6 +6& - Oderdes, (47

where ¢ = lo+e&, T = ¢%t, and v = B(ly, o, Lo, o) coincides with the definition
of v in the amplitude equation (21).
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By letting € — 0, in particular f% dé — [7_d¢, and A(T,€) — A(T,¢€)

as ¢ — 0, equation (47) yields formally the NLS equation in Fourier space,
namely

ior A(T, €) - éafwwweo)s%@, O +v(Ax A AT, ) =0.  (48)

Equation (48) corresponds to the amplitude equation (21) in physical space.
The formal calculations will be made rigorous in Sect. 5.3.

Remark 5.1. If A(-) is defined on R and if it is scaled with the small parame-
ter &, then the Fourier transform of A(e-) is e 1 A(e~!.). Therefore, a small
term of the formal order O(e") in physical space corresponds to a small term
of the formal order O("~!) in Fourier space. Since Bloch space is very sim-
ilar to Fourier space, we have implemented the corresponding orders in the
representation (46) compared to the standard approximation (19).

5.2. The improved approximation

The simple approximation (46) produces a number of terms in the second
equation (43) which are of the formal order O(£?) in Bloch space and which
do not cancel each other. These terms are collected together in the so called
residual. However, in order to bound the error with a simple application of
Gronwall’s inequality, as we do in Sect. 6, we need the residual to be of the
formal order O(¢?) in Bloch space.

As in [14], the O(£?) terms can be canceled by adding higher order terms
to the approximation (46) in (41). Therefore, we set

Ui (t.t,x) = *B ( ! _fo,x) E(t,0). (49)

Inserting (49) into the evolution problem (43) and equating the coefficients of
£2E to zero gives the following equation in the lowest order in e:

w(mO)(g())g (€2t,£,l') = Z(‘e()) B <€2t 57 )

—e B¢, E)Nl( app> 0) (£, £, ), (50)
where ¢ = ¢y + €. Note that all E factors cancel each other in the nonlinear
terms. Moreover, the pre-factor =2 cancels with the factor €? coming from the
two times convolution of the scaled ansatz functions. The equation (50) can

be solved with respect to B if L(fy) —w(™0)(£y)I is invertible. The invertibility
condition

inf W™ (lg) — W™ (L) > 0 51

it ™) — ™ l) o1
is satisfies for the spectral problem (10) under the condition (23) of Theorem
2.3. Substituting A and B obtained from (47) and (50) into (46) and (49), and

inserting the approximation (Vapp, Uapp) into the evolution problem (42) and
(43) cancel out all terms of the formal order O(g2). According to Remark 5.1,
this corresponds to the cancelation of all terms of the formal order O(¢?) in
physical space. Hence the residual is formally of the order O(e?) in Bloch space

and of the order O(e?) in physical space.
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5.3. From Fourier space to Bloch space

Asin Theorem 2.3, let A € C(R, H3(R)) be a solution of the effective amplitude
equation (21). Here we show that the residual of the evolution problem (38)
given by

Res(U)(t, 0, x) = —id,U(t, 6,2) + LIOU(t, 6, 2) — (U T+ U)(t, 6,2),  (52)

can be estimated in H2 to be of order O(£7/?) if the improved approximations
is constructed by using the decomposition (41) with (Vapp, ﬁalpp) given by (46)
and (49).

Before we start, we introduce some weights with respect to the £-variable,

namely
2
1+ (6 — éo) ]
€

Remark 5.2. Regularity of functions in physical space corresponds to decay
rates of their Fourier transforms at infinity. Due to Parseval’s identity, Fourier
transform is an isomorphism between H* and L? equipped with a weight po 1 s.
Furthermore, weights p. 1. appear with functions which are not scaled with
respect to e, whereas weights p. . . appear with functions which are scaled with
respect to €. The scaled weights p, . . are necessary to transfer the smallness
property 9, A(ex) = edx A(X) = O(g) from physical space into Fourier space,
cf. Lemma 5.4.

s/2

p@o,a,s(g) =

As a consequence of the assumptions on A € C(R, H3*(R)), the Fourier
transform A is a solution of the NLS equation in Fourier space (48) and satisfies
Apoa s € L2(R). By the Cauchy-Schwarz inequality, we have

[Apo,12llr < lAposllzllpo,—1llrz < CllApo,,sllre, (53)

hence, EPO,LQ € L'(R). For such a function A in Fourier space, we define a
function A in Bloch space by

A(T,e7H (€= o) = Xy (VA(T, 71 (€ = o)), (54)
where Yy, is defined as the cutoff function

1 t—tye[-5.4),
Xeo (£) = {O7 otherwise,

with 6 > 0 being sufficiently small but independent of the small parameter ¢.
Using the periodicity condition

AT e Yt +1—£)) = A(T, e (0 —£p)), (€R, (55)

we extend A(T,e (¢ — £)) periodically in ¢ over R. By construction, the
leading-order approximation

vappf(mO)pZo,e,S S ﬁ2
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is of the order O(e'/?) due to the scaling properties of the L?-norm. Therefore,

we are losing £'/2 when we perform estimates in H2. In order to avoid losing
€ et us consider estimates in the followin -based space
1/2 et ider estimates in the following L'-based sp

C*={U e LNTy,I}): @ € L'(T, H*(Loy)), j€{0,+ 1,
(14) — (15) is satisfied},

equipped with the norm
_ 1/2
1U g =/1/2(|IUO( Wz (ro,0) + 848 M m2 (10,4 ) + 18- ) | mr2r,, ) de-

Compared to the estimates in ﬁQ, the leading-order approximation
vappf(mO)pfo,EQ € 52
is of the order O(e). Due to Young’s inequality and (53) we have
IV Wiz < IVIe Wl
respectively with weights

[(V*W)pegeallzz < CNVpeg.e2llgllWoeg ezl 72

with a constant C' independent of the small parameter €. Using these estimates
shows that

Bt )N (Vapp, 0) (¢, )ptg e2() € H2
is of the order O(°/2) in H2 and of the order O(£3) in C2. Moreover, we have
supp (E Y (Vapp: 0) (£, -, )) C [€o — 34,4 + 36].
Hence, we drop (50) and define
B (£, 2) = (L(6) = ™) (o)) e PET (LN (Vapp, 0) (1, £, 2),  (56)

where again £ = (y + €. The inverse (L(£) — w(™0) (£4))~! exists due to the
non-resonance condition (23) for § > 0 sufficiently small, but independent of
the small parameter ¢ > 0. The change from L(/) in equation (50) to L(¥)
here allows us to avoid an expansion of E(e) at £ = £y, which would correspond
to a loss of regularity.

By construction in (49), we have that Uapppngg € H? is of the order
O(%/2) and U appPlo.cl € C2 is of the order O(£3). Thus, we set

U(t, 0, 2) = Vapp (£, 0) F™0 (€, ) + U

app

(t, 4, x), (57)

with Vapp and UL defined in (46) and (49).

app

Remark 5.3. In contrast to the approximation eW,s, the approximation e¥ =
T (W) satisfies the Kirchhoff boundary conditions (2)-(3).
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5.4. Estimates in Bloch space

By construction of W, the lower order terms are canceled out so that f/{c\@/s(e\fl)
is formally of the order O(¢*) in physical space and of the order of O(¢?) in
Bloch space. In order to put this formal count on a rigorous footing, we use
the following elementary result.

Lemma 5.4. Let m,s > 0 and let g : T; — R satisfy

lg(0)] < Cle —£o]*, €Ty, (58)
for some C > 0. Then, we have
00,1 (Vg(VAE™ (- = o))l z2(rs) < O llpopmrsAll 2wy (59)

Proof. We estimate the left-hand side as follows:

1901 (Jo(VA(e™ (—%me)(/m 214 2" p(fﬁg

3

2
al

< sup [g(OF(L+ €720 — o)7L+ )™
LeTy
2
g<€—£0)
9

x / (14 e 2(0 — )2+

Ty
< C%*el|po,1 m+s All 22 ()

where the last inequality follows from the scaling transformation for the squared

L2-norm, cf. also the subsequent Remark 5.6. O

at

By using Lemma 5.4, we obtain the estimate on Rves(elfl) given by (57).

Lemma 5.5. Let A € C([0,Ty], H?) be a solution of the amplitude equation
(21) for some Ty > 0. Then, there is a positive e-independent constant Cres
that only depends on the norm of the solution A such that

sup  [Res(e®)| 2 < Chese™? (60)
te[0,Tp /&2
or equivalently,
sup  ||Res(eW)|n2 < Crese™/2. (61)
tE[O,T0/52]

Proof. We define

Resy (V,Ub)(t,0) = —id,V (t,£) + w0 (O)V (t,0) — Ny (V,U)(t, 0),
Res (V,UY)(t, 6,0) = —id, U (t,6,2) + LOT(t, 6,2) — N*(V, T (¢, €, 7).
By construction we have

Res (Vapp, U+ )(t, 4, x) = s1 + s, (62)

app
where

51 = (=i + w0 (L)), app(t 4, x)
(= (200 ™) (L) (£ — L) + £*07) B (T, €, 2))E(t, )
(~ (0™ (€o)€ + *0r) B (T €, 2))E(t, ()
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and
S2 = NJ'(‘N/,O)(t, L, ﬂf) - NL(V,ﬁL)(ta L, x)a

again with ¢ = (y + €. Via (56) the term d7B in s, can be expressed in
terms of 8T‘7app, respectively in terms of OrA, where Or A can be expressed
by the right-hand side of the amplitude equation (21). Similarly, the term
ﬁg (T, &, x) can be estimated in terms of fﬁ(T, £). Since U;pr obviously is in
ﬁ2, we eventually have the estimate

Is1llzz= < C/2|| A)121 || Apo,1.1| 22
+ Ce*2|| A)13. (| A ).

In s9 by pure counting of powers of £ we find the formal order O(£%) in Bloch
space and due to the scaling properties of the L?-norm, we have

2]l 72 < Cag™?

where the constant C'4 depends on ||Zp07173||L2.
Next we have

Resy (Vapps Ui ) (t,0) = 71 + 7o, (63)

app
where

11 = =i Vapp (t, £) + @) () Voo (£, ) — Ny (Vapp, 0) (£, £)
+ B, (007 A(T,€) — 507 (1) AT, €) + v(A x A A)(T,6))

and
T2 = NV(Vappa 0)(t, £) — (Vappa Uss )(t,6).

app
The term 7y is of the formal order O(¢?) in Bloch space and due to the scaling
properties of the L?-norm, it is of the order O(¢7/?) in L?. The second line in
r1 vanishes identically since it is a multiple of the effective amplitude equation
(21). The prefactor E is necessary to compare the second line in r; with the
first line in r1. The cut-off function Xy, is needed to bring (21) from Fourier
space to Bloch space.
The comparison of the terms of the first line in 7; condense in estimates
for the difference between w(™)(¢) and its second Taylor polynomial at £,

Ta(t; o) = w™) () + o™ (£6) (€ — bo) + L 3Rut™ (o) (€ — L)

the difference between the nonlinear coefficient 8 = (¢, €1, 5,41 + £ — £) de-
fined in (45) and the coefficient v = 3({y, £, lo, {o), and the difference between
Aand A.

In detail, we use the estimate

w(mO) () — Ty(£;49)| < Ol — £o)?
and apply Lemma 5.4 with m = 0 and s = 3 to find
@™ () = To (5 £0)) A(e ™ (- = bo)llz2(r,) < C™llpo,1 3 Al L2y (64)
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For the difference between the nonlinear coefficients, we use the estimate

|ﬂ(€7£13627€1 +€2 - é) - 6(6076076()’60”
SO — Lo + |61 — Lo| + |€a — Lo| + €1 + L2 — £ — Lo)

and apply an obvious generalization of Lemma 5.4 to multilinear terms. It
remains to estimate the difference between A and A. Since |xg, () — 1] <
C|t — Lo|™ for every m > 0, we have for m = 3,

JAET (= b)) = A7 = o)) lz2 = (1 = Keo) A" (- = o))l 2
< &!2sup (1= Xo(e0) (1 + 1)l 4po.r.s 2z

< Ce?|| Apo 1 3| L2

By using these expansions, we derive the bound (60). Bound (61) holds thanks
to the isomorphism of Bloch transform 7~ between H? and H?2. d

Remark 5.6. Compared to Remark 5.1 on the formal order in physical and
Bloch space, we note that bounds (60) and (61) are identical in physical and
Bloch space. This is because we gain £1/2 in the H2-norm due to the concen-
tration and lose e /2 in the H2-norm due to the long wave scaling.

Let us now recall that the approximation W5 given by (20) that leads
to the effective amplitude equation (21) is different from the improved approx-
imation U, which is given by (57) in Bloch space. The next result compares
the two approximations. It is obtained by an elementary application of the
Lemmas 3.1, 4.2 and 5.4.

Lemma 5.7. Let A € C([0,Ty], H?) be a solution of the amplitude equation
(21) for some Ty > 0. Then, there exist positive e-independent constants C
and Cy that only depend on the norm of the solution A such that

sup  [le¥|g < Cue (65)
te[0,Ty /2]
and
sup  [|eW — eW ]| < Ce®/2. (66)
te[0,Ty /2]

Proof. The first estimate (65) immediately follows by the previous estimates
on each component of U. The second estimate (66) follows by applying a slight
generalization of Lemma 5.4 to the difference f(m0)(¢,.)— f(m0) (¢, -) and using
the triangle inequality, since the term ﬁalpp is much smaller compared to the
term ffapp fmo) in (57). Since the boundary conditions for the derivatives of
the eigenfunctions depend on ¢ they can only be compared in H!(Ts,). We
have

£ (e, ) = £ (Lo, )|t 0y < CI = Lol.
With the obvious generalization of Lemma 5.4 we obtain
[(fmo) (e, ) — f(m) Ly, ) A(e™2(- — o))\l L2 (T, H1 (Tar ) S053/2”p0,1,1A\HL2(R)-

Lemma 4.1 with s = 1 and Sobolev’s embedding theorem yield estimate (66).
O
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6. Estimates for the error term

Here we complete the proof of Theorem 2.3. The proof of the approximation
result is based on a simple application of Gronwall’s inequality.

First we note that, by the standard energy estimates, the local solution U
to the evolution problem (9) constructed in Theorem 3.5 can be continued to
the global solution U in H? with a possible growth of the H?-norm as t — oo.
We do not worry about the possible growth of the global solution U because
the approximation result of Theorem 2.3 is obtained on finite but long time
intervals with a precise control of the error terms, cf. bound (24).

We write the solution U to the evolution problem (9) as a sum of the
approximation term V¥ controlled by Lemma 5.7 and the error term £3/2R,
ie.,

U=el+e32R. (67)

Inserting this decomposition into the evolution problem (9) gives
0:R = —iLR+iG(¥,R) (68)
where the linear operator L = —9? is studied in Lemma 3.2 and the nonlinear

terms are expanded as
G(U, R)=e"3/?Res(c W) +c?W?R 4 2e2WRU 422U RR+e°/? R*V 4 > R*R.
The product terms in the definition of G(W, R) are understood componentwise

with R = (rg,ry,r—) and ¥ = (¢, %4,9_). Using the bounds

IRy < CI¥R| 3 < O] Rll; < COul|R]ys < C*Cu| Rl

where Cy appears in (65) of Lemma 5.7, we estimate each term of G with the
help of Lemmas 3.1 and 5.5:

|e™3/?Res(e0) ||z < Crese?,
126U RT |32 < 2C1€%|| R3¢z,
[e2U* Rz < C1e®||Rl|32,
%2 R*W 132 < 12| R[32,
126> U RR| |32 < 2C1>?||RI%e,
12 R%R] |32 < C1e”|| R Fye,

where C is a constant independent of ||R||2 and the small parameter € > 0.
Therefore, we find

|G(W, R)|l32 < Crese® + 3C16”|| Rl + 3C1”?|| R 3
+C1°|| R[5z (69)
For simplicity, we assume R(0) = 0. Then, the variation of constant formula
for the evolution system (68) yields the integral formula
t
R(t) = / e TG, R) (1) dr.
0
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By Lemma 3.4, the operator e *** forms a group in 2 which is uniformly
bounded with respect to t. Using Gronwall’s inequality finally allows us to
estimate the error term on the time scale T' = &2t for T' € [0, Tp] by

Sup HR(t)”'H2 < CResTO€4CITO =M
tE[O,To/Ez]

for all e € (0,ep), if &9 > 0 is chosen so small that 38(1)/2M + eoM? < 1.
Sobolev’s embedding theorem, bound (66), and the decomposition (67) com-
plete the proof of the approximation result (24) of Theorem 2.3. O

Remark 6.1. We explain how the proof of Theorem 2.3 has to be modified in
order to prove Theorem 2.8. We only need H? for the Dirac case instead of
H?3 in the NLS case due to the fact that the functions wy given by (25) and
(26) have to be expanded in ¢ up to quadratic order for estimating the residual
terms. The decomposition formula (41) is replaced by

Ut bx) = Vit ) fF (La) + V(8,0 (4 2) + Ut Loz),  (70)

subject to the orthogonality constraints
<f+(£7 '), fjj_(tv l, )>L% = <f7(€7 ')7 (NIJ‘(t,& )>L% =0.
For the derivation of the coupled-mode system (28)—(29) we then make the
ansatz B B
Vapp,a (8, 0) = e 1Ay (%, e720) e~ w(0)t, (71)

Straightforward modifications of this kind can be performed at each step in
the proof of Theorem 2.3. This procedure yields the proof of Theorem 2.8.

7. Discussion

Here we discuss why the previously presented theory applies to other periodic
quantum graphs. The general strategy is as follows. Rescale the length of the
bonds in such a way that the basic cell of the periodic graph has a length
of 27. The differential operators and the Kirchhoff boundary conditions at
the vertices have to be rescaled, too. We refrain from greatest generality and
explain this approach for two periodic quantum graphs, cf. Fig. 5, which are
slightly more complicated than the periodic graph plotted in Fig. 1.

(a) (b)

FIGURE 5. a Generalization of the periodic quantum graph
sketched in Fig. 1. The central segment I',, ¢ has length Ly and
the circular segments I'y, + have lengths L and L_. b A peri-
odic quantum graph with a vertical pendant and a horizontal
bond, each of length 7, with Dirichlet boundary conditions at
the dead end
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In order to bring the quantum graph plotted in Fig. 5a into a form for
which our previous theory applies, we first identify I'g o with [0, Lo], T'o + with
[0,L4], and T~ with [0,L_]. The coordinates in these bonds are denoted
with y. Then on I'g g we introduce 7y = Loz and on I'g + we introduce 7y =
Lo (z—m). Hence we are back on our original quantum graph, but with different
equations and different vertex conditions, namely:

L2
iU + 502U + [UPU =0, for x € (2mn,27mn + )
T

and

: L3 2

10U + ﬁazU +|U|°U =0, for ze€ (2mn+m, 2m(n+ 1)),
subject to

Un,0(t, 270 + ) = Uy 1 (¢, 270 + ) = Uy, — (¢, 270 + ),

Un41,0(8,21(n 4+ 1)) = up + (¢, 20 (n + 1)) = uy, (¢, 27 (n + 1)),
and

LoOytin,0(t,2mn + m) = LyOpup +(t, 2mn 4+ ) + L_Oyti,— (¢, 2770 + 7),
LoOytny1,0(t,2m(n 4+ 1)) =L 0pup + (¢, 2m(n + 1))+ L_0pup, — (¢, 2m(n+1)).

The spectral bands of the linear operator for the periodic graph on Fig. 5a
depend on parameter Lo, L4, and L_.

In the case Ly # Ly = L_ (left panel on Fig. 6), the Dirac points
disappear and all spectral bands but the flat bands are disjoint. The flat bands
still intersect with the interior points of the spectral bands of L. As a result,
the justification of the amplitude equation (21) can still be developed for the
NLS equation on the periodic quantum graph but the non-resonance condition
(23) is satisfied for every mo € N and £y € Ty, for which w(™0)(¢y) is different
from the eigenvalue corresponding to the flat spectral bands.

e
3_///_\ 3_/—\\
T e

-05 -04 -03 -02 -0.1 0 0.1 0.2 0.3 0.4 -05 -04 -03 -0.2 -0.1 0 0.1 0.2 0.3 0.4

F1GURE 6. The Floquet—Bloch spectrum of the linear oper-
ator L = —0? for the periodic quantum graph plotted on
Fig. ba with Ly = 7 + 0.3 and Ly = L_ = 7w (left) and
Lo=m, Ly =7,and L_ = 7+ 0.3 (right)
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e |

-04 -0.2 0.2 04

FiGURE 7. The Floquet—Bloch spectrum of the linear opera-
tor L = —9? for the periodic quantum graph plotted in Fig. 5b

In the case Ly = Ly # L_ (right panel on Fig. 6), the degeneracy of
all flat bands is broken and all spectral bands have nonzero curvature and are
disjoint from each other. As a result, the non-resonance condition (23) is now
satisfied for every mg € N and ¢y € T; without any reservations.

In a similar way, the quantum graph plotted in Fig. 5b can be handled.
We refrain here from details and only show the spectral picture in Fig. 7. Dirac
points appear now at £ = :I:% and the flat bands are now disjoint from the other
bands. Correspondingly, both the NLS amplitude equation and the coupled-
mode (Dirac) equations can be justified for the periodic quantum graph at the
corresponding points in the spectral bands.

Finally, we can think of transferring the ideas of the justification analysis
to other nonlinear evolution equations, which would include the nonlinear wave
equations and systems with quadratic nonlinearities. Since the eigenfunctions
are not smooth at the graph vertices due to the Kirchhoff boundary conditions,
we may face difficulties with analysis of convolution terms and near-identity
transformations, in comparison with a similar analysis for smooth periodic
potentials [7]. Additionally, more complicated non-resonance conditions may
appear in the analysis of the nonlinear wave equation without the gauge co-
variance compared to the case of the cubic NLS equation (1). Thus, it will
be a purpose of subsequent works to extend the justification analysis to other
nonlinear evolution equations.
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