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Abstract

We study the spectrum of the linearized NLS equation in three dimensions in
association with the energy spectrum. We prove that unstable eigenvalues of the
linearized NLS problem are related to negative eigenvalues of the energy spec-
trum, while neutrally stable eigenvalues may have both positive and negative
energies. The nonsingular part of the neutrally stable essential spectrum is al-
ways related to the positive energy spectrum. We derive bounds on the number
of unstable eigenvalues of the linearized NLS problem and study bifurcations
of embedded eigenvalues of positive and negative energies. We develop the L2
scattering theory for the linearized NLS operators and recover results of Grillakis
[5] with a Fermi golden rule. (© 2004 Wiley Periodicals, Inc.

1 Introduction

In this paper we consider the spectrum of the linearized operator L = JH,

_(1V 0 _(—Ato+ fx) g(x)
(.1 J_(O —1)’ H_< g(x) —A—I—aH—f(x))’

where x € R3, w > 0, and f, g : R® — R are exponentially decaying C* func-
tions. The spectral problem on L2(R3, C?),

(1.2) Ly =2y,
is related to the linearization of the nonlinear Schrodinger (NLS) equation,
(1.3) i = =AY +U@Y + F(Y Py,

where (x, 1) € R? x R and ¢ e C. For suitable functions U (x) and F(|y/|?), the
NLS equation (1.3) possesses special solutions

(1.4) ¥ =¢x)e,
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where ¢ : R — Rand ¢ € C*®. We assume that ¢(x) is an exponentially
decreasing solution of the elliptic problem

(1.5) —Ap+wp+UX)p+ F(p*p =0.

If (x) > 0 Vx e R3, it is referred to as the ground state. A unique radially
symmetric ground state exists if U(x) = 0 or if U (x) is radially symmetric [15].
If ¢ (x) is sign indefinite, it is referred to as the excited state.

Linearization of the nonlinear Schrédinger equation (1.3) with the ansatz

(1.6) U= (&) + o(x)e @ + 0 (x)e el

where (¢, 0) : R? = C?, z € C, leads to the spectral problem (1.2) with ¥ =
(@, 07, f(x) = UX)+F(@>)+F'(¢p*)¢p>, and g(x) = F'(¢p*)¢p>. The eigenvalues
z of the spectral problem (1.2) are said to be unstable if Im(z) > 0, neutrally stable
if Im(z) = 0, and stable if Im(z) < 0. We assume that U (x) € C™ is exponentially
decreasing and F € C*°, F(0) = 0, such that assumptions on f(x) and g(x) are
satisfied.

The nonlinear Schrodinger equation (1.3) in the space of three dimensions
was recently studied in the context of asymptotic stability of the ground states
[3, 17, 29]. Spectral and orbital stability of the ground states follows from the gen-
eral theorems of Weinstein [31] and Grillakis, Shatah, and Strauss [6, 7], since H
has a single negative eigenvalue for the positive ground state ¢ (x) [26]. Spectral
instabilities of excited states were studied by Jones [10] and Grillakis [5] with spe-
cial instability criteria. Instabilities and radiative decay of the excited states of the
NLS equation (1.3) was recently proven by Tsai and Yau [27, 28].

We study spectral properties of the linearized NLS problem (1.2) in the context
of instabilities of excited states of the NLS equation (1.3). Our main results are
based on separation of spectra of positive and negative energies, where the energy
functional is defined on H'(R?, C?):

(1.7) h=(y.HY).

We will be using the notation (f, g) for the vector inner product of f, g € L>(R3, C?)
and notation (f, g) for the scalar inner product of f, g € L*>(R?, C).

Using analysis of constrained eigenvalue problems, we prove that the spectrum
of H with negative energy (1.7) is related to a subset of isolated or embedded
eigenvalues z of the point spectrum of L corresponding to the eigenvectors ¥ (x).
This part of the spectrum produces instabilities of the excited states, in which case
the linearized NLS problem (1.2) has eigenvalues z with Im(z) > 0. Sharp bounds
on the number and type of unstable eigenvalues of the linearized operator L are
given in terms of negative eigenvalues of the energy operator H; see also [14, 16].
They improve and generalize the special results obtained in [5, 10].

Using an analysis of wave operators, we prove that the spectrum of H with
positive energy (1.7) is related to a nonsingular part of the essential spectrum of L
as well as to another subset of isolated or embedded eigenvalues z with Im(z) = 0.
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This part of the spectrum does not produce instabilities of excited states, but it
leads to instabilities when eigenvalues z with negative energy (1.7) coalesce with
essential spectrum or eigenvalues z with positive energy (1.7).

Using analysis of a Fermi golden rule, we study the singular part of the essen-
tial spectrum, which is related to embedded eigenvalues z with Im(z) = 0 and
[Re(z)] > w. We prove that embedded eigenvalues z with positive energy (1.7)
disappear under generic perturbation, while the ones with negative energy (1.7)
bifurcate into isolated complex eigenvalues z of the point spectrum of L.

Bifurcations from resonances were recently studied by Kapitula and Sandstede
[11], who also suggested that instability bifurcations may occur from the interior
points of the essential spectrum. We will prove here that these instability bifurca-
tions do not occur in the linearized NLS problem (1.2), since no resonances may
occur in the interior points of the essential spectrum of L. The instability bifurca-
tions in the interior points therefore arise only when an embedded eigenvalue with
negative energy (1.7) is supported in the spectrum of L.

Our paper is structured as follows: Main results on spectra of positive and neg-
ative energy are formulated in Section 2. The point spectrum of negative energy
is studied in Section 3. The nonsingular essential spectrum of positive energy is
considered in Section 4. Bifurcations of embedded eigenvalues of positive and
negative energies are described in Section 5. Section 6 concludes the paper with
sharp bounds on the number and type of unstable eigenvalues of L.

2 Main Formalism

We use Pauli matrices

o (D) wm () (oY)

and rewrite L explicitly as
2.2) L=(-A+w+ f(x))o3+igx)os.

We notice that 01 Loy = —L, o3Lo3 = L*, and 00, = —oy0o; for j # k. We also
decompose the operator L into the unbounded differential part L, and bounded
potential part V(x) as L = Lo+ V(x), where Ly = (—A + w)oz and V(x) =
f(x)o3 +ig(x)o,.

ASSUMPTION 2.1 Let V(x) = B*A. Then, A(x) and B(x) are continuous, expo-
nentially decaying matrix-valued functions such that

(2.3) |A; ;)] +1Bij(x)] < Ce™ vx e R} 1<i,j<2,

for some o > 0, C > 0.

We denote the point spectrum of L as o,(L) and the essential spectrum of L
as 0,(L). The point spectrum is the union of isolated and embedded eigenvalues,
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while the essential spectrum includes the continuous spectrum with resonances and
embedded eigenvalues. We use the local L? space defined as

(2.4) L2={f:(+x)ifeL?.

Before formulating our main results, we shall prove that the operator L has
finitely many eigenvalues and no resonances at interior points of the essential spec-
trum. For analysis, we use the Birman-Schwinger kernel (see p. 89 in [23]), which
was applied to the linearized NLS problem (1.2) by Grillakis [5, appendix]. Using

a formal substitution ¥ = — Ay, we can see that the linearized NLS problem
(2.5) (Lo —2)¥ = —B*AY

is equivalent to the problem

(2.6) (I + Qo(@)¥ =0, Qo(z) = A(Lo—2)"'B*,

where [ is the identity matrix in C*>*2 and 0 is the zero vector in C2.

PROPOSITION 2.2 The set of isolated and embedded eigenvalues in the spectral
problem (2.6) is finite, and the corresponding generalized eigenspaces are finite-
dimensional.

PROOF: For Im(z) # 0, Qo(z) : L> — L? is well-defined and compact. De-
note the extension of Q(z) to Dy = {Im(z) > 0} by Qar(z). By Agmon [1], we
have

.7 lim |Qf (D22 =0.
|z]—> 00

Then, by analytic Fredholm theory, the set of eigenvalues of the operator (I +
QS’ (z)) with nonempty generalized kernel N, has a zero measure in D, . This set is
finite and dim Zz,- Ny (I+ Q(J)r (zj)) < oo, because A(x) and B(x) are exponentially
decreasing; see [5, 18]. O

PROPOSITION 2.3 Let D be the finite set of embedded eigenvalues, E be the set of
endpoints of the essential spectrum, E = {w} U {—w}, and o.(L) be the essential
spectrum, o,(L) = R — (—w, w), of the spectral problem (2.6). For all 2 € S,
where S = 0,(L) — (D U E), we have N,(I + QF (2 +i0)) = 0.

The proof of Proposition 2.3 is based on the following lemma:
LEMMA 2.4 Suppose 2 € R and |2| > w. We have the following maps:
(i) ¥ > ¥ =—Ay,
ker(L — Q) C L* — ker(I + Q¢ (Q)) C L?,
(i) ¥ — & = B*V¥,
ker(I + QF(Q)) C L* — ker(I + V(Lo —Q—i0)"H) Cc L, seR,
(i) ® > ¥ =(Lo—Q—i0)"'®,

ker(I + V(Lo — Q2 —i0)"") C L} > ker(L — Q) C L*, s>

N —
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PROOF: The only nontrivial step is the proof of (iii). We follow [20, XIII.8]
and consider 2 > w. The crucial step consists in proving the following two claims:

(2.8) vel®, ¢ eD(y,
and
(2.9) (L—Q)¢y =0

such that Q2 is an eigenvalue for L. The second claim (2.9) follows from the first
claim (2.8), since for € C*:

(n, Loy) = lim {1, Lo(Lo — Q2 —ie)”' ®)
= lim (. (@ +io)y +®) =, (2 - V)¥).

In order to prove the first claim (2.8), we rewrite explicitly

Y\ _ =1 (D1
(2.10) (W2) = ((—A 4+ w)oz — Q2 —i0) (Cbz)
and

Q1) _ g\ (v
@ (a2)=-(£ 9)()
such that

(2.12) (A + o+ QYy = —g)Y1 — f(x)P.

Since 2 > 0 and f(x) and g(x) are exponentially decreasing, we conclude that
Y (x)| < Ce I ¥x € R3 for some a > 0, C > 0, and therefore ¥, € L? and
¥, € D(A). Furthermore, it follows from lemma 8 in [20, XIII.8] that v, € L?
and ¥; € D(A) if we can prove that

(2.13) Im((—A40—-Q—i0)"'®, &) =0.

Using (2.10)-(2.11), we have

(2.14) (CA+w—Q—i0) '@, @) =~ Y1) — (1. 8¥2)

and therefore

(2.15) Im((—A+o—Q—i0)"'®, &) = —Im (Y, g¥) =0,

where the last equality follows from (2.12). U

COROLLARY 2.5 Let ¥ (x) be the eigenvector for the embedded eigenvalue 2 € R,
Q > w in problem (2.5). Then, ¥ € Lf, s > 0.

PROOF: It follows from the proof of Lemma 2.4 that ¥, € L2, s > 0. Since
®; € L2, s > 0, then theorem IX.41 in [20] implies that ¢, € L2, s > 0. O

Besides Assumption 2.1, we simplify analysis with more assumptions on the
spectrum of problems (2.5) and (2.6).

ASSUMPTION 2.6 For Q = w, we have N, (I + QF (2 +i0)) = 0.
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ASSUMPTION 2.7 ker(L) = {@y} and Ng(L) = {@,, ¢}, where ¢, and ¢, repre-
sent translations of bound states (1.4) along the complex phase ¢ > e?¢, 8 € R,
and along the parameter w, as follows:

¢ (x) 90 (x)
2.16 = , - _ )
*10) %0 (—qs(x) “1= " \apw
ASSUMPTION 2.8 No real eigenvalues z of L exist such that (¢, HY) = 0, where
¥ is the eigenvector of L.

Assumption 2.6 states that the endpoints 2 = Fw are neither resonances nor
eigenvalues of L. Resonances and eigenvalues at the endpoints are studied in a
separate paper [4]. Assumption 2.7 states that the kernel of L is one-dimensional,
while the generalized kernel N, (L) is two-dimensional, according to the symmetry
of the NLS equation (1.3). Although this assumption is somewhat restrictive, we
refer to a recent paper [2] for the case of N,(L) of higher algebraic multiplicity.
Finally, Assumption 2.8 excludes positive real eigenvalues z with zero energy (1.7),
which are considered in a separate paper [30].

Employing Assumptions 2.6, 2.7, and 2.8, we consider a decomposition of
L?(R3, C?) into the L-invariant Jordan blocks:

@17 L= ) N(L-9®X(L)= ) N(L*—2) @ Xc(L),

z€0,(L) z€op(L)

where 0,(L) = o,(L*), while X.(L) and X .(L*) are constrained subspaces de-
fined by

(2.18) XC(L):[ v Ng(L*—z)]L, XC(L*):[ 3 Ng(L—z)]l.

z€0,(L) z€0,(L)

Let n(H) be the (finite) number of negative eigenvalues of H in L*(R?, C?),
counting algebraic multiplicity. Let n(H)|x, X C L?, be the number of negative
eigenvalues of P H P in X, where P : L? — X is an orthogonal projection onto X.

Let Nieq be the number of positive real eigenvalues of L, Njy,e be the number
of positive imaginary eigenvalues of L, and Nomp be the number of complex eigen-
values of L in the first open quadrant, counting their multiplicities. It is clear from
Assumption 2.7 and Section 3 that dim(o, (L)) = 2 4+ 2Nreq) + 2Nimag + 4 Necomp- 1t
is also understood from Assumptions 2.6 and 2.8 that N, includes both isolated
eigenvalues for 0 < 2 < w and embedded eigenvalues for 2 > w with the nonzero
energy (1.7). Using this setting, we reproduce Theorem 3.1 from [7] and formulate
new results on the relations between numbers n(H ), Nreal, Nimag, and Neomp.

THEOREM 2.9 Let Assumption 2.7 be satisfied. Then Q'(w) # 0, where Q(w) =
fR3 ¢?(x)dx is the squared L* norm of the standing wave solution (1.4). Let Xo(L)
be the constrained subspace of L*>(R3, C?),

(2.19) Xo(L)={¥ e L*: (¥, 95) =0, (¥, 9}) =0},
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where @ = 039, @7 = 03¢,. Then n(H)|x, = n(H) — 1 if Q'(w) > 0 and
n(H)|x, = n(H) if Q'(w) < 0.

THEOREM 2.10 Let Assumption 2.8 be satisfied. Let N, and N} be the num-
ber of positive real eigenvalues of L corresponding to eigenvectors ¥ (x) with the
negative and positive energy (1.7), respectively, such that Nrea = N, + Nr;l. Let

X (L) be the nonsingular part of the essential spectrum of L in (2.17). Then
(2.20) n(H)‘XC = n(H)\XO — 2N 1 = Nimag — 2Neomp -

real

THEOREM 2.11 Let Assumptions 2.1, 2.6, and 2.8 be satisfied. The energy func-
tional (1.7) is strictly positive quadratic form in X (L),

(2.21) (v,HY) >0, v e X (L).

Theorem 2.9 and 2.10 are proven in Section 3, while Theorem 2.11 is proven
in Section 4. These results lead to the closure relation between the negative index
of H and the eigenvalues of L in the linearized NLS problem (1.2).

COROLLARY 2.12 Let Assumptions 2.1, 2.6, 2.7, and 2.8 be satisfied. Then the
following closure relation is true:

(222) Nimag + 2]Vcomp + 2Nrgal = I’l(H) - P(Q/) s
where p(Q') = 1if Q'(w) > 0and p(Q') =0if Q' (w) < 0.

Corollary 2.12 can be used in tracing bifurcations of unstable eigenvalues Nip,e
and Nomp in the linearized NLS problem (1.2) by parameter continuations [14].
The closure relation (2.22) was first formulated in [16] for the matrix linearized
NLS equation on x € R. It was proven in [16] with Sylvester’s inertia law of matrix
analysis. Our analysis here does not use matrix analysis but relies on functional
analysis of energy operators and constrained quadratic forms.

3 Point Spectrum of Negative Energy

We focus here on the point spectrum o, (L), which consists of a finite set of
isolated and embedded eigenvalues of finite multiplicities. We show that a subset
of the point spectrum of L in the linearized NLS problem (1.2) is related to the
spectrum of H with negative energy (1.7). For simplicity, we work with simple
eigenvalues and discuss the general case of multiple eigenvalues at the end of this
section.

For our analysis, we conveniently rewrite the eigenvalue problem (1.2) in the
equivalent form

3.1 Liu=zw, L_w=zu.

The new problem (3.1) follows from the linearized NLS problem (1.2) with ¢ =
(u+w,u—w) and Ly = —A + o + f(x) & g(x). The energy functional (1.7)
is equivalently written as

3.2) h=2(u,Liu)+2(w,L_w),
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where ( f, g) stands for the scalar inner product of f, g € C. We consider separately
the cases of real, purely imaginary, and complex eigenvalues z.

Let z = zop > 0 be a simple real eigenvalue of problem (3.1) with the eigen-
vector (g, wo)'. It is obvious that problem (3.1) has another simple eigenvalue
z = —zo with the eigenvector (uy, —wo)". The adjoint problem also has eigenval-
ues zo and —zg, with the eigenvectors (wo, uo) " and (—wo, up) ', respectively. It
follows from system (3.1) that

(3.3) (1o, Lyug) = zo(wo, ug) = (wo, L_wyp) .
We have the following lemma:

LEMMA 3.1 Let z = zo9 > 0 be a simple, real eigenvalue of L. The quadratic
Jorms (ug, Lyug) = (woy, L_wy) are nonzero.

PROOF: Suppose (1o, Lug) = (wg, L_wy) = 0. By the Fredholm alternative,
there exists an eigenvector (u(()l), w(()l))T € Ng(L — zp) that satisfies the nonhomo-
geneous equation

1 1 1 1
3.4 L+u(()) = sz(() )+ wo , L_w(()) = z()u(()) + ug .

However, the dimension of Ng(L — zp) must be 1, by the assumption that z = zo
is a simple eigenvalue. The contradiction is resolved when

(1o, Lyug) = (wo, L_wo) # 0.
O

Letz = iz;, z; > 0, be a simple, purely imaginary eigenvalue of problem (3.1)
with the eigenvector (up + iu;, wg + iw;)". We show that we can set u; = 0,
wg = 0. Indeed, the spectral problem (3.1) is rewritten with z = iz; as
Liugp = —z;wy Liu; =zjwg

3.5
L_w; =zjug, L_wgp = —zjuy.

Since z = iz; is a simple eigenvalue, the vectors (ug, w)T and (u;, —wg)" are
linearly dependent, so that we can set u; = 0, wg = 0. Thus, problem (3.1) has the
eigenvalue z = iz; with the eigenvector (ug, iw;)". It also has the eigenvalue z =
—iz; with the eigenvector (ug, —iw DT, The adjoint problem has the eigenvalues
iz; and —iz; with the eigenvectors (iwy, ug)" and (—iwy, ug)’, respectively. It
follows from (3.5) that

(3.6) (up, Lyug) = —z;(wy, ug) = —(wy, L_wy) .

The proof of Lemma 3.1 implies that (ug, Liug) = —(w;, L_w;) #0if z = iz,
z; > 0, is a simple eigenvalue of L.

Let z = zg 4+ iz; such that zzg > 0 and z; > 0 be a simple complex eigenvalue
of problem (3.1) with the eigenvector (ug + iu;, wg +iw D Components of the
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eigenvector are coupled by the system of equations

L = —
(3.7) +UR = ZRWR — ZJWy

Liu; =zjwg + zpwy
and

L_ = —
(3.8) WR = ZRUR — ZjU]

L_w; =zjup + zpuy.

It is obvious that problem (3.1) has three other eigenvalues z, —z, and —z with the
eigenvectors (ug—iuy, wr—iw)T, (up+iu;, —wr—iw,)", and (ug—iu;, —wr+
iwy)T, respectively. The adjoint problem has the same four eigenvalues with the
adjoint eigenvectors (w, u)". Using the decomposition

()= (5) v (i),

where (c;, ¢;) are arbitrary parameters, we show that quadratic forms (u, L u)
and (w, L_w) have one positive and one negative eigenvalue. The quadratic forms
transform as follows:

(u, Lyu)={c,M.c), (w,L_w)=(c,M_c),
where ¢ = (c1, ¢2)" € C? and the matrices M take the forms
(ug, Lyugr) (ug, Liuy)
3.9 M, =
©9) * <(M1, Liug) (ur, Lyup)

and

_ ((wg, L_wg) (wg, L_wy)
(3-10) M- = ((w,, Lowg) (w, L_w,)) :

LEMMA 3.2 Let 7 = zg + iz, be a simple, complex eigenvalue such that 7z > 0
and z; > 0. Matrices ML have one positive and one negative eigenvalue and
M+ - M_.

PROOF: We derive two relations from (3.7) and (3.8):
(3.11) Zr(wr, ur) — zr(wy, uy) = zr(wr, ug) + z;(Wr, ug) ,
(3.12) zr(wyr, ugr) — zr(wy, uy) = zr(wg, uy) + 21 (Wr, UR) -
Since zg, z; # 0, we have relations
(3.13) (wr,ur) = —(wg, ug), (wr,ug) = (wg,us),
and equivalently,
(3.14)  (uy, Lyuy) = —(ug, Lyug), (ur, Lyug) = (ug, Lyup).

Therefore, tr(M,) = 0 and det(M,) = —(ug, L ug)*> — (ug, Lyu;)* <O. By the
Fredholm alternative, we have det(M) # 0if z = zz + iz; is a simple complex
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eigenvalue. Therefore, det(M,) < 0 and the matrix M, has one positive and one
negative eigenvalue. Similarly, we prove that M, = M_. U

Let K = Nreal + Nimag + 2Ncomp and assume that all nonzero eigenvalues of L
are simple. We define the linear constrained subspace X (L) from orthogonality
conditions

(3.15) X.={¥ € Xo(L) : {(¥, 9]) = 055},

where X((L) is given by (2.19) and (p;‘ is the adjoint vector to the eigenvector ¢ j
of problem (1.2) with z = z;. The index 1 < j < K runs through all nonzero
eigenvalues of o, (L).

Equivalently, we rewrite the spaces Xo(L) and X.(L) for the vector u =
(u, w)" e C2:

(3.16) Xo={uel®: (u,¢)=0, (w,d.) =0},
(3.17) X. = {ue XoL) : {(u, w)) =0, (w,uy) =05 }.

Abusing notation, we understand that (#; = uo, w; = wop) is the eigenvector for a
simple real eigenvalue z = z9 > 0, (u; = ug, w; = wy) is the eigenvector for a
simple purely imaginary eigenvalue z = iz;, z; > 0, and (4; = ug, w; = wg) and
(ujr1 = us, wjy = wy) are eigenvectors for a pair of simple, complex eigenvalues
z = zg +izy and 7z = zp — iz;, where zg > 0 and z; > 0. Using the same
notation, we prove that the eigenvectors (u;, w;) for distinct eigenvalues z = z; are
orthogonal with respect to the adjoint eigenvectors (w;, u;).

LEMMA 3.3 Let z; and z; be two eigenvalues of problem (3.1) with two eigenvec-
tors (u;, w;)' and (uj, wj)T such that z; # +z; and z; # £z;. Components of the
eigenvectors are skew-orthogonal as follows:

(318) (l/tl',w]') :(wi,uj):O.

Moreover, each separate set {u; }JK: L and {w;} le is linearly independent.

PROOF: Orthogonality relations (3.18) follow from system (3.1) in L>(R3, C?),
when z; # %z; and z; # £z;. Linear independence of eigenvectors is standard for
distinct eigenvalues. Furthermore, each separate set {u; }]K:1 and {w;};_, is linearly
independent, when all Re(z;) > 0, Im(z;) > 0, and z; # 0. O

We prove Theorems 2.9 and 2.10, based on the following abstract lemma:

LEMMA 3.4 Let L be a self-adjoint operator on a Hilbert space X C L? with a
finite negative index n(L)|x, empty kernel, and positive essential spectrum. Let X .
be the constrained linear subspace

(3.19) Xc={veX:{wv) =0},
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where the set {v; };Vzl € X is linearly independent. Let negative eigenvalues of L in

X be defined by the problem

N
(3.20) Lv:uv—Zvjvj, ve Xe, w<o,
j=1

where {v; }JNZ1 is a set of Lagrange multipliers. Let the matrix-valued function A(u)
be defined in the form

(3.21) Ay =i, (wn—L)7'vp), péoa(l).

If P eigenvalues of A(0) are nonnegative, then n(L)|x, = n(L)|x — P.
Before proving Lemma 3.4, we consider the following elementary fact:

LEMMA 3.5 If B is a negative definite operator on a Hilbert space X, (v, Bv) <0
forallv € X, v # 0, and the set {v; };Vzl € X is linearly independent, then the

matrix B, given by
(3.22) Bj=(v,Bv), 1<ij<N,
is negative definite on CV.

PROOF: For any x = (xq, ..., xy)T e CV, x = 0, the matrix B is negative
definite since

N N
(3.23) x Bx) = (D wv. B Y xv))
Jj=1 j=1

and the set {v;};_, is linearly independent such that ZJN: L xjv; #0. O

PROOF OF LEMMA 3.4: Via spectral calculus (see [19, 22]), we have the de-
composition in X C L?%:
* (vi, dE;vj)

PR ngo(l),

1

(3.24) Ay () = f
m

where E, is the spectral family associated with the operator L, i is the smallest
eigenvalue in X, and o (L) is the spectrum of L in X. An easy calculation yields

‘Ai,j(ﬂ+h)_Ai,j(M) /Oo (vi, dEyv;)
h "1 (M - )‘)2

=< |lllvillx

llvj llx
X

foo dE;
w (=2 +h—2)

|h|
325 i j 5
(3.25) < d(u)z(d(u)_VlD”v”X”vj”X
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where d () = min{|u — A|, A € o(L)}. Since the upper bound in (3.25) vanishes
in the limit 7 — 0, the derivative A;.’ j () exists,

> (vi, dEyv; _
626 A== [ SR (- 1),
231

The operator — (14 — L) 2 is negative definite such that the matrix A’ () is negative
definite on CV by Lemma 3.5. Let {o; (u)}f\’: , be real-valued eigenvalues of A(u)
and {vi(u)}f\’: , be eigenvectors of A(u). According to the perturbation theory,
the derivatives o (w) are given by eigenvalues of the matrix (v; (i), A" (n)v;()).
Since A’(u) is negative definite, we have o/(u) < 0,1 <i < N, by Lemma 3.5.
Therefore {«; (u)}f\’: , are monotonically decreasing functions for u ¢ o (L).

Let Lv,{ = Mkv,{, wr < 0,1 <k < Ky, 1 < j < my, where my, is the
multiplicity of 44 and {v] };.":k | is the orthonormal set of eigenfunctions for . The

negative index of the operator L in X is n(L)|x = Zfﬁl my = K. Via spectral
calculus, we have

(3.27) A(p) = Ar + Bie(n)
w = MUk
where
(Ap)i,j = (Prv;, Prvj), l1<i,j<N,
(vi, dEyv)) ..
(B (1) = T 1<ij <N,
mw—A

[e1,00\ (i —8, ik +8)

and Py is the projection onto the subspace spanned by {v,{ };":" - It is clear that
there exists § such that no other eigenvalues of operator L occur in the interval
(x — 8, i + 8). The n'™ derivative for the (i, j)—element of the matrix By () is

& By = (~1ym! (or, d2aty)
A = iy dEv)
dun kJi,j 123 (/L — )\‘)ﬂ-‘rl

[e1,00)\ (ke —8, 1k +6)

<i,J=N,

where 7 is any nonnegative integer, and p € ((y — %8, Ui + %3). Therefore,

‘d/’:l (B ()| = ‘( / - + w ; )
k)i, i (L ni| v;, v
" " l [11,00)\ (=8, p1x+8) ( )‘)” t
= '” Il x X v ll x
ni|v; Vj
! (“ ))n«H J

[e1,00)\ (1 —8, p1i+6)
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by the Schwarz inequality and the definition of the operator norm. Furthermore,
we have the estimate for u € (uy — %8, Ui + %8):

/ dE)
(,l,L _ )\‘)n+1

[1e1,00)\ (i =8, ik +6)

X

2 n+1
)\'GO—(L)’ )\'#Mk}f(g) s

1
e
and therefore for u € (uy — %8, Ui + %3)

2 n+1
< (5) ol vl -

We conclude that the infinitely differentiable, matrix-valued function By (w) is an-
alytic in the neighborhood of u = u; by comparison with geometric series. The
representation (3.27) implies that the eigenvalue problem for A(u) can be written
as

dn
(3.28) 'du" (Br)i,j (i)

(A + Br(W) (i — p))vi(u) = a; () (e — p)vi(n), 1<i <N.

The Hermitian matrix Ay 4+ By (u)(u — py) is analytic in the neighborhood of u =
i and therefore, according to perturbation theory (see, e.g., [20]), its eigenvalues
are analytic in the neighborhood of it = p such that

() —pm) =a) + (w—p)fi(w), 1<i<N,
0

where «; are eigenvalues of Ay and B;(u) are analytic near u = . Therefore,
the behavior of «; (u) in the neighborhood of u = w; depends on the rank of the
matrix Ay according to the behavior near u = p:

0
o

(3.29) ai(p) =—"——+ B, 1=<i=<N.
M= i

Since the matrix A is nonnegative for all x € CN,
N 2
X, AxX =HP xv” >0;
( k ) k 21: iVi ¥ =
=

then (x? > 0,1 <i < N. Given N; = rank(Ay) such that 0 < N, < min(my, N),
there are precisely Ny linearly independent { Py v; Z{V:kl. Then we can construct the
orthonormal set of eigenvectors {v;}"*, corresponding to s, such that v ¢ X,
1 <i < N, and v}; € X¢, Ny + 1 <i < my. Therefore, a? >0,1 <i < Ng,such
that

lim o;(n) = +o0, Iim o;(u) =—00, 1=<i=<Ng,

u—py >
while a? =0,Ny.+1<i<N,suchthato; (), Ny +1 <i < N, are continuous
at b = .
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Assume now that o; (), 1 < i < N, has vertical asymptotes at © = u;, <
Piy <+ < Wiy, < 0. Each element of the matrix A(w) in (3.21) can be estimated
using the Schwarz inequality and spectral calculus for u < p;:

1
_ * (v;, dEv) \? _ lvillxllvlix
(i, (0 — D) 'op)| < Nl (f ~ <
| 2l A\ =2 Il — il

such that the eigenvalues o; (1), 1 <i < N, tend to 0 as u — —oo. Since they are
monotonically decreasing when u ¢ o (L), we have o; (1) < Oon p € (—o00, ;).

On the interval u € (w;, mi,,), 1 < 1 < K; — 1, the eigenvalue o; () is
continuous and monotonic and has a simple zero at u = u;, i € (@, i) with
the unique eigenfunction

N
! -1
v = Zvj(pj — L) v,
j=1

where A(u;)v; () = 0 and v; (u;) = (v{, e vj\,)T. Since
[ee] 2
R e
W (=2 T dpfo(L)
where d(u;) = min{|;] — A|, A € o (L)}, we prove that [lu]||x < oo. Therefore,
(K; — 1) negative eigenvalues of L in X, are located at u; € (w;;, i), 1 <1 <
K; — 1. Due to the monotonicity, o; () > Oon p € (MiKi ,0)if;(0) = O or or; ()
has precisely one zero at u = uy., iy, € (Wi, » 0),if a;(0) < 0.
The negative index of the operator L in the constrained subspace X, is

<00, I<i<N,

N
n(L)|, =K =) (Ki—Ki+1—0(—x(0) =n(L)|, — P,
i=1
where ©(x) is the Heaviside step function and P is the number of nonnegative
eigenvalues o;(0), 1 <i < N,suchthat0 < P < N. O

PROOF OF THEOREM 2.9: By Assumption 2.7, the Jordan block for N,(L)
ends on the eigenvector ¢, in (2.16). By the Fredholm alternative theorem, it
implies that

1
(3.30) (¢, 0,0) = EQ/(CU) #0.
Consider the self-adjoint diagonal operator (L., L_) on L?(R3, C?). Define nega-

tive eigenvalues of Ly in X((L) by the constrained problem
(3.31) L+u:Mu—v8L¢>, L_w=pw—yv,0,¢, (u,w)Te)A(O,

where © < 0 and U(:)t are Lagrange multipliers. Then, we apply Lemma 3.4 with a
single constraint (N = 1) and compute

1
(3.32) AY0) = —(¢, L'9) = EQ’(w)-
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The proof of the theorem follows from Lemma 3.4 if A~(0) is negative. Using
L_ ¢ = 0and Q'(w) # 0, we prove that A~(0) is unbounded. Since A~ (w) is
monotonically decreasing for u ¢ o (L_), we have

(3.33) lim A~ (W) = —00.

u—0—

Extending the last paragraph of the proof of Lemma 3.4 to the case when

we prove the statement of theorem. U

PROOF OF THEOREM 2.10:  Consider the self-adjoint diagonal operator
(L4, L_) on a subspace Xo(L) C L*(R3 C?). Define negative eigenvalues of
Ly in X (L) by the constrained problem:

K

— iy — +pto

Liu=pu E v Py wj,
j=1

(3.34) <

L w=pw-— ZUJ._PO_MJ- , (u, w)T € )A(c,
j=1
where u© < 0, {vji}f:1 is a set of Lagrange multipliers, and POjE is orthogonal

projection from L?(R3, C?) to XO(L). By Lemma 3.3, components of the eigen-
vectors (uj, w j)T, 1 < j < K, are linearly independent and skew-orthogonal to
components of eigenvectors (0, ¢) and (d,¢, 0) for the zero eigenvalue such that
(wj, Bwqb) =0, P0+wj = wj, and (uj, ¢) =0, Poil/lj = uj, 1< ] < K.

Define matrices A* (1) by the elements:

AL 0 = (G = L™ wy) o AL 00 = (e = L))

It follows from the orthogonality relations (3.18) that the matrices A*(0) are de-
composed into diagonal blocks. For the real eigenvalue z = z, the blocks include
the diagonal entry

_ 1 1 1
AT (0) = A7 ;(0) = ——(uo, wo) = ——5 (uo, Lyutg) = —= (wo, L_wo).
- 20 % %y

For the purely imaginary eigenvalues z = iz;, the blocks include the diagonal entry
_ 1 1 1
AL0) = = A, 0) = (g i) = = . L) = 5 (wr, Lowy).
For the complex eigenvalue z = zx + iz;, the blocks include the 2 x 2 matrix
M, = M_ defined in (3.9)-(3.10):

AL 0) = AL 0) = =(2M5) .
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where j <i,k<j+1,1<1,J <2,and
1
Z=— 2( ZR Zl)‘
ZR+ZI —Z1 <R

det(M,)
(2% + 29?2
the matrix Z2 M, has one positive and one negative eigenvalue, similarly to matrix

M, . Counted together, the matrices A*(0) have 2N a1 + Nimag + 2Ncomp positive
eigenvalues. Therefore, the reduction formula (2.20) is proven by Lemma 3.4. [

Since

k]

det(Z*M,) =

The proof of Theorem 2.10 is given in the case of simple eigenvalues. Gener-
alization for semisimple eigenvalues is trivial. Multiple eigenvalues can be con-
sidered as the limiting case of simple eigenvalues. Multiple purely imaginary and
complex eigenvalues preserve the relation (2.20) in the limiting case, while multi-
ple real eigenvalues with zero energy (3.2) violate the relation (2.20) in the limiting
case. We excluded the latter eigenvalues by Assumption 2.8 to simplify the formal-
ism.

4 Nonsingular Essential Spectrum of Positive Energy

We focus here on the action of L in X.(L), where X (L) is the nonsingular part
of the essential spectrum of L, defined equivalently in (2.18) and (3.15). We show
that the nonsingular essential spectrum of L is related to the spectrum of H with
the positive energy (1.7).

We prove Theorem 2.11 using the scattering theory of wave operators in X.(L).
From a technical standpoint, we apply the theory of global smoothness by Kato
[12] and prove that the operator L acts in X.(L) like the operator Ly acts in
L?(R?, C?). The concept of global smoothness for the proof of existence and com-
pleteness of wave operators cannot be used in many classical situations, e.g., for
short-range Schrodinger operators on the line. In some situations, a local smooth-
ness can be used instead; see [20, theorem XIII.7C]. The local smoothness applies
to the operator L, which does not meet Assumption 2.6, as shown in the separate
paper [4]. We formulate the main result on existence of wave operators in X.(L).

PROPOSITION 4.1 Let Assumptions 2.1, 2.6, and 2.8 be satisfied. Then there exist
isomorphisms between Hilbert spaces W : L?> + X.(L) and Z : X.(L) — L2,
which are inverses of each other, defined as follows:

4.1) Yu e L* Vv e X(L*) : (Wu,v) = (u, v)

1 [+
+ lim —/ (A(Lo — A —ie) lu, BIL* — 1 —ie) 'v)da,
e—=0t 2mi J_o
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and

(4.2) Yu e X.(L),Yv e L?*: (Zu,v) = (u, v)
1 [t
+ lim — (A(L —x—i€e) 'u, B(Lo — » —ie) 'v)da.
e—=0+ 2mi J_o

By Kato [12], Proposition 4.1 is proven with two lemmas below.

LEMMA 4.2 There exists ¢ > 0 such that Yu € L? and Ve # 0, the following
bounds are true:

o0
(4.3) / IA(Lo —ie — ) 'ul*dr < cllul,
o
4.4) f |B(Ly —ie — X)) 'u|?>dr < c|ul®.
—0oQ
PROOF: See the corollary to theorem XIII.25 in [20] for the proof. g

LEMMA 4.3 There exists ¢ > O such that Ve # 0, the following bounds are true:

o0

4.5) / IB(L* —ie — M) 'u|®>dr < cllull®> Yu € X.(L*),
e

(4.6) / AL —ie — M) 'u|?dxr < cllul)* Yu e X.(L).
—00

PROOF: We prove the second bound (4.6). The proof of the first bound (4.5)
can be done similarly. We write

@.7) AL -2 v=(T+0f @) ALy —2)'v.

If (I + Q(J)r (z))~! is uniformly bounded in z € D, there is nothing to prove. By
Propositions 2.2 and 2.3 and by Assumption 2.6, this operator is unbounded only
near isolated and embedded eigenvalues of L. If zj is an isolated eigenvalue of L,
then A(L — z)~'v is analytic near z = z¢ if v € X (L) because the orthogonal
projection of v in Ny (L — zo) is empty. We show that similar arguments can be de-
veloped for embedded eigenvalues. By Assumption 2.8, the embedded eigenvalue
z = Qp has a nonzero energy (1.7).

Suppose z = ¢ > w is an embedded eigenvalue of L. For simplicity we
assume that dimker(L — €2y) = 1 such that there exist ¢, and ¢;:

4.8) (L—Q0)py=0, (L*—Q0)¢;=0, (dy0;)=1.

It follows from the explicit form (1.1) that

% 03¢0
4.9 =—"2
@ % (@0, 030)
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By Assumption 2.8, (¢, 03¢,) # 0, which is equivalent to the condition that
dim Ng(L — ) = 1. The embedded eigenvalue z = € is a singular point for
I+ QS’ (z))~! with the Laurent expansion

M—1
(4.10) (I+0{@) " =Y = Q)™M C i+ F2),
=0

where F(z) is analytic around z = 2 and C_ ., are finite rank operators for some
M < oo; see [25]. We have

4.11) (I+ 05 Q)C_u =0, (I+0f(Q)C*)y, =0,
and Lemma 2.4 implies that
(4.12) C_y = coAdy(-, BP}).

where ¢ is a constant.

We show that M = 1 and ¢y = 1. The operator A(L — z)~'¢, has the main
term (2 — z)~! A¢, in the Laurent expansion at z = €2¢, while the operator (/ +
04 ()" A(Lo — 2) ¢, has the main term —co(z — Q) "™ Ad,. While A, # 0
by Lemma 2.4, it follows from (4.7) that the two terms must be the same such that
M=1andcy=1.

A uniform expansion of A(L — z)~!vin z near z = Q follows from equations
(4.7) and (4.10):

(4.13) AL -2)7'v=
— Qo) 'Ado(A(Lo — 2) 7'V, Bey) + F(2)A(Ly —2)'v.

Since the ator F(z) is bounded in z, the second term of (4.13) is in the y space
H?*(D.), where D, = {z € C : Imz > 0}. We analyze the singular part, given by
the first term of (4.13):

(z — Q0) ™' AgoALRo(z) — Ro(Q0)1v, B)
+ (2 — Q0) 7 Ado({A R0 (Q0)v, Béy)
= Ado({AR(R20) Ro(2)V, Bdg) — (z — Q0) ™' Adho(v, 7)),
where Ry(z) = (Lo — z)~! and we have used that
Ro(z) — Ro(£20) = (z — 20) Ro(§20) Ro(2) .
If ve X.(L), then (v, ¢5) = 0 and
@.14) AL —2)7'v=—Ado(Ro(2)V, §%) + F(2)A(Lo — 2)'v.

By Corollary 2.5, the eigenvectors ¢,(x) and ¢ (x) are rapidly decreasing such
that (Ro(z)v, ¢;) is in the Hardy space H?*(D,), and sois A(L —z)"'v. O
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PROOF OF THEOREM 2.11: Let P. and P} be spectral projections on X.(L)
and X.(L*), respectively. Then

(415) PC*O'3 :O'3PC, W*O'3 =O'3Z, Z*O'g =O'3W, ZL :LQZ.

If ¥y € X.(L), there exists llAf € L? such that y = W{b. Therefore, a simple
transformation shows that

(W, HY) = (Wy, s LWY) = (W, L*Z* o3 %)
= (LoZWY,039) = (A + o) [¥, ¥) > 0.
]

COROLLARY 4.4 There exists a constant C such that for allt > 0
(4.16) le't : X (L) - X(L)|| < C.

Corollary 4.4 is taken as a hypothesis in the recent paper [21], while the ar-
guments leading to the statement in the original paper [3] are inconclusive. The
statement is proven trivially in the context of Proposition 4.1.

5 Embedded Eigenvalues of Positive and Negative Energies

We focus here on the singular part of the essential spectrum of L. Since res-
onances are impossible due to Proposition 2.3 and Assumption 2.6, the singular
part is only related to embedded eigenvalues of the point spectrum z = 2, where
|Q20] > w. The embedded eigenvalues are structurally unstable, so that a generic
perturbation with a nonzero Fermi golden rule results in bifurcations of embedded
eigenvalues off the essential spectrum. We show that embedded eigenvalues of L
with positive energy (1.7) disappear from the point spectrum of L, while embedded
eigenvalues of L with negative energy (1.7) become isolated complex eigenvalues
of the point spectrum of L. These results are in agreement with our main results,
formulated in Theorems 2.10 and 2.11, since the nonsingular essential spectrum
of L has positive energy (1.7), while complex eigenvalues of L are related to the
spectrum of H with negative energy (1.7).

Embedded eigenvalues with negative energy are very typical in the linearized
NLS problem (1.2), since the diagonal part of operator L takes the form of the pair
of Schrodinger operators Ly and (—Lg), where Ly = —A 4+ w + f(x), pointing
in opposite directions. When ¢ = 0, we have f = U(x) and g = 0 such that
negative eigenvalues of L; become embedded eigenvalues with negative energy in
the linearized NLS problem (1.2); see also [28, 29].

Instability of embedded eigenvalues with negative energy for the linearized
NLS problem (1.2) was shown with variational arguments by Grillakis [5, the-
orem 2.4]. Recently Tsai and Yau [28] proved the same results with the Fermi
golden rule arguments. Soffer and Weinstein [24] also used the time-dependent
resonance theory with the Fermi golden rule. The concept of the Fermi golden rule
is related to rigorous methods used in literature of the late 1960s; see [8, 9].
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Following Howland [8, 9], we frame the problems treated in [5, 28] in a gen-
eral context and show that the analysis involving Weinstein-Aronszajn determinant
contains all essential elements in the proof of structural instability of embedded
eigenvalues. We strengthen theorem 2.4 of [5] by allowing the embedded eigenval-
ues to have positive energy (1.7) as well. Also, our Assumptions 2.1, 2.6, and 2.8
are weaker than assumption (x) in [5, p. 320]. Assumptions of [28] satisfy both our
assumptions and assumption (x). Our main result is formulated in the following
proposition:

PROPOSITION 5.1 Let Assumptions 2.1, 2.6, and 2.8 be satisfied. Assume that
wave operators W : L?> + X.(L) and Z : X.(L) — L? for the unperturbed
operator L = Lo + V (x) exist. Let Ly = L + €V(x), where V (x) = B Ay, and
A\ and B\ are smooth functions that satisfy the decay rate (2.3). Let 7 = Qy > w
be a semisimple, embedded eigenvalue of L such that

dimker(L — Qo) = dim(N, (L — Q0)) = N

with the basis of eigenvectors {¢; }JNZI. Suppose that (¢p;, H$;) < O0for1 < j <k
and (¢p;, H$;) > O for k +1 < j < N. Then for generic V,(x) and for small
€, the point spectrum of L has exactly 2k complex conjugate eigenvalues z with
Im(z) # 0 and no embedded eigenvalues near 7 = .

Although it is assumed explicitly in Proposition 5.1, existence and complete-
ness of wave operators W : L? — X.(L) and Z : X.(L) — L? is proven for
the unperturbed operator L = Ly 4+ V (x) in Proposition 4.1. The proof of Propo-
sition 5.1 is based on two results of Howland [8, 9]. First, we relate locations
of embedded eigenvalues with zeros of an analytic function A(z), which is the
Weinstein-Aronszajn determinant [8]. Then, we look for zeros of A(z) at small €
and use the Fermi golden rule [9].

LEMMA 5.2 Let Q" (z) = Ai(L — 2)7'B} and QO (z) = Ai(Ly — z)"'B} be
operator extensions in D, = {z € C : Imz > 0}. Let z9g € Dy, 70 # *w be an
eigenvalue of L. Then Q" (z) and Qf (z) are meromorphic in a neighborhood of
z = zo with the respective principal parts

AL =27 N BY s AL = 27 gy -z BY -
PROOF: Let A; = A. It follows from (4.7) for L = Ly + B*A that
G AL-27'Bf=(I+B*(Lo—2'A) ALy —2) "B},
where A(Lg — z)”Bi‘ is analytic around z = zo and (I + B*(Lo — z)"'A)"'is
meromorphic around zo. As aresult, A(L —z)~' B} is meromorphic around z = zo.
Denote by P the projection onto N, (L —z), according to the decomposition (2.17):
(52) AL —2)7"'Bf = AL —2) 7 n,w—)Bf + AU — P)(L —2)"' B} .

Since A(L — z)lefV and AP(L — z)leTV are meromorphic near any zo € R,
z0 # *w, then A(I — P)(L — z)*]B;‘V is meromorphic. Let v = (I — P)Bjv



SPECTRA OF POSITIVE AND NEGATIVE ENERGIES 21

such that V € X.(L). By Lemma 4.3, A(L — z)~'V is in the Hardy space H*(D.,.).
Therefore, zyp € R, z9 # £w, cannot be a pole for A(Il — P)(L — z)_lBl*v, SO it is
analytic around z = z;.

Let A; # A and choose the factorizations V = B*A and V| = B{A; so that
AjA~! € L™®. Then the lemma is proven as
(5.3) A(L—2)7'Bf = A/AT'A(L —2)7'B} .

Similarly, let L} = Lo+ V>, where V, = BJ A, and A, and B, are smooth functions
that satisfy the decay rate (2.3) such that A A; I'e L®(R3). Then, we write
(5.4) Ai(Ly —2)7'Bf = AjA; Ay(Ly —2) 7' BY,

where Ay(L;—z)~! Bj satisfies the analogue of (5.1). As aresult, the last statement
of the lemma follows from the same arguments, which are used for L and applied
now to L;. 0

By theorem 1 in [25] and also lemma 1.4 in [8], Lemma 5.2 implies that there
exists an analytic, operator-valued function A(z) such that

(5.5) AU+ 0% @) =1+ F(2),

where F(z) is meromorphic of finite rank. The Weinstein-Aronszajn determinant
A(z) is defined in [13, p. 161] as

(5.6) A(z) =det(I + F(2)).

The function A(z) is meromorphic and complex-valued in z € D.

LEMMA 5.3 Let v(z, L) = dim(Ny(L — z)) and v(z, L;) = dim(N,(L| — z)) in
z € Dy. Let v(z, A) be the index of A(z) such that v(z, A) = k if z is a zero of

order k, v(z, A) = —k if z is a pole of order k, and v(z, A) = 0 otherwise. If
z = Qo > w is an embedded eigenvalue of L, then

(57) V(Qo, L]) = V(Q(), L) + U(Qo, A) .

PROOF: Denote by P and P; the projections on N, (L — €2p) and Ny (L — ),
respectively, associated to the Jordan block decomposition. Let Dy be a small disk
centered at z = €2y. By calculations in [8], we have

1 d
v(§20, A) = %tr/ EQWZ)(I + 0% (2)) ' dz

dDg
1
(5.8) - —.tr/ Av(L -2 MLy — ) B daz.
2ri
dDg

where tr stands for trace, defined in [13, p. 162]. We prove that the representation
(5.8) is equivalent to

V(Qo, A) = trRes [A|P(L —2)"" (L — 2)"' B}, Qo]
(5.9) +trRes[A((L —2)"'(Ly —2)"' P1B}, Qo] .
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where Res stands for residue. It is clear that
(5.10) Res[A{(L —2) *Bj(I + A(L —2)7'B)™", Q]
= —Res[A{(L —2)2BfA (L — ) 'Bf(I + A/(L — 27 'B) ™", Q]
—Res [A|(L — 2)*BfAy(L1 — 2) ' B}, Q] .

Given two analytic functions F'(z) and G(z) in a Banach algebra, with principal
parts Fine and Gy at a given point z = 2, then

Res[F G, zo] = Res[FiingG, 20] + Res[F Giing, 20] -
Using this formula and Lemma 5.2, we transform (5.10) to the form
—Res[A|P(L —2)°BiAi(L1 — 2)7' B}, Q]
—Res[A(L —2)*BjAi(L1 — 2)7' P1B}, ],
which is the right-hand side of (5.9). Using the formula
L—-2'—(Li—) ' '=W1 -2 "BjAI(L —2)7",
we have
G P[L-2 ' =L -7 P=
P(L—2)'BfU+ Q@) 'Ai(L —2)'P
and
G.12) P[L-2 ' —Li—)7'| P =
Pi(Li—2)7'Bf(I + Q@) 'Ai(L1 —2) ' Py

It follows from Lemma 5.2 that the right-hand sides of (5.11) and (5.12) are mero-
morphic around z = 2. Next, let A(z) and B(z) be operator-valued functions that
are meromorphic at z = 0 such that

AR =) At B =) B,
keZ keZ
where Ay and By are of finite rank for all k € Z. Then we have

trRes[A(z)B(z),0] = tr [ Z AkB_k_l]
keZ

- tr[ZBkA_k_l]

keZ
= trRes[B(z)A(2),0].
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As aresult,
v(Qo, A) = trRes [P[(L —2)™" — (L1 —2)"'1P, Qo]
+trRes[PI[(L —2)' — (L1 —2)7'1P1, Qo).
Since the right-hand sides of (5.11) and (5.12) are meromorphic at z = 2y and
PL-2)"'=(L~-27"P=(L~-27Ine-2
Pi(Li—2) ' =L —2)'P = (L — Z)il|Ng(L1—S20),

we conclude that P(L; — z)~!'P and P;(L — z)~' P, are meromorphic functions
around z = €. By an elementary approximation argument, Lemma 5.2 implies
that

P(P—P)P =—Res[P[(L—2)"" = (L —2)"'1P, ],
P{(P — P)Py = —Res[Pi[(L—2)"" = (L1 —2)7'1P1, Q]
such that
V(Q0, A) = —tr[P(P — P))P] —tr[P/(P — P)P ] =tr P, —tr P,
which is equivalent to (5.7). ]

The concluding lemma applies the result of Lemma 5.3 to perturbation expan-
sions near the embedded eigenvalue z = €.

LEMMA 5.4 For generic V\(x), the degeneracy of the embedded eigenvalue 7z =
Qg breaks and the perturbed eigenvalues z;(€), 1 < j < N, are analytic at e =0
and coincide with eigenvalues of the matrix

(5.13) A j(e) = Qbi; + €(A19;. Bigp}) — €401 (Q0)A19;. Bigp}) + O(€?) ,
where
N
(5.14) 05 @) =0"@) - (Q—-2"")_ Aig,{-.¢})B;
j=1
and {(b}‘}]]y:l is the basis in ker(L* — Q) such that (¢;, §7) = & ;-
PROOF: It follows from (5.14) that
(I+€0:@) (I +€0* @) =1+ F(),
where the meromorphic, finite rank operator F(z) is given explicitly by
N
-1 _ x
F@ = (1+€0f) e@—27" ) Aig;{- 6])B] .
j=1
Let A(z, €) = (20 — 2)VA(z, €) = (Q — 2)" det(I + F(z)). Using the identity
det(I + AB) = det(I + BA)
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for any finite rank operators A and B, we reduce A(z, €) to the form

N
Az o) =det(Qo =zt e Y Ag{( +e0i @) Big])).

j=1

The determinant A(z, €) is calculated by being restricted to the space {A19; }J’.\':1
and with the perturbation series expansions resulting in (5.13).

PROOF OF PROPOSITION 5.1: The proof follows that of theorem 2.1 in [9]. We
use the relation between the sets {¢); }jN=1 and {¢; }]N: =

039,
(5.15) o= —"
T (), 039;)
where (@;, 03¢;) # 0 for a semisimple eigenvalue z = €2o. We consider the
imaginary part of the matrix A,-,j(e) in (5.13):

,Im(QF (Q)A19;, Bio3¢;)

o),
6. 030)) O

(5.16) ImA,; (e) = —¢

where Q7 (z) follows from (5.14) as
of@=ai( Y P, +PR)L-07B.
zj€0p\Qo

The projections P;; to the point spectrum o, (L) do not affect the imaginary part of
(5.16), since the operator

(Qo—2z) o3Py, + (R0 — Zj) 03 P,

is self-adjoint for any eigenvalue z; € o,(L) with Im(z;) # 0, while the operator
(20 — zj)_langj is real-valued for any z; € o,(L) with Im(z;) = 0. On the
other hand, the projection P, to the nonsingular essential spectrum X (L) affects
the imaginary part of (5.16) as follows:

, Im(P.(L — Qo) 'Bj A1, A} Bi03¢;)

A - _ 3
ImA,; j(e) = —€ (6,03, + 0(€”)
Im(P.(L — Q)" 'Vi¢;, 03V1¢;)
5.17 = —¢? l I~ 4+ 0(Y),
oA ¢ @,.000)) )

where we have used that Vo3 = 03V;. We show that the matrix with elements

Im(P.(L — Qo))" Vig;, 03V1;)
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is nonnegative. We use wave operators and introduce the set {(% }i= such that
PVi§; = W(i)j. Using (4.15), we show that
Im(Po(L — Q0)"'Vigi, 03Vig;) = Im((L — Q0) ' Wé;, 03 W)
= 7(8(Lo — ), Wios W)
=m(8(Lo — Q0)¢;, 03(;5j>
(5.18) =7 (8(=A+w— Q)bi1, $j1) -
The last matrix in (5.18) is nonnegative. For a generic potential Vi, the matrix
is strictly positive. It follows from (5.17) that the sign of eigenvalues of Im A is
given by the signatures of ((bj, 03¢j) = le((bj, H¢j), 1 < j < N. According to
conditions of Proposition 5.1, there are k eigenvalues z;(¢) of the matrix Ai, j(©)
such that Im(z;) > 0 for € # 0 and N — k eigenvalues z;(¢) such that Im(z;) < 0
for € # 0. The first k eigenvalues are true eigenvalues in the upper half-plane of z,

while the other N — k “eigenvalues” are resonances off the essential spectrum. No
embedded eigenvalues exist near z = ¢ for € # 0. 0

6 Bounds on the Number of Unstable Eigenvalues

We conclude the paper with more precise statements on the number and type
of unstable eigenvalues z with Im(z) > O in the linearized NLS problem (1.2).
There are two types of unstable eigenvalues: positive imaginary eigenvalues z, the
number of which is denoted as Njm,e, and complex eigenvalues in the first open
quadrant, the number of which is denoted as Ncomp, counting their multiplicity.
The bounds on the number of unstable eigenvalues Njnae and Neomp Were derived
in [16] with the use of Sylvester’s inertia law of matrix analysis in the context of the
matrix linearized NLS problem. We show here that these bounds follow naturally
from our main results, once the main theorems, Theorems 2.9, 2.10, and 2.11, are
rewritten for operators L. defined by

. L, 0 » 0 0
L+=<o+ 0)’ L—=<0 L_>'

It is clear from (3.2) that n(H) = n(i+) +n(f,,), where n(ii) are the numbers of
negative eigenvalues of L in L?(IR?, C?), counting their multiplicity. The bounds
on the number of unstable eigenvalues are formulated at the end of this section.

PROPOSITION 6.1 Let Assumption 2.7 be satisfied such that Q' (w) # 0, where
Ow) = fR3 ¢*(x)dx. Let Xo(L) be the constrained subspace of L*(R*, C?),
defined in (3.16). Then n(Ly)|g, = n(Ly) — 1if Q'(w) > 0 and n(Ly)|g, =
n(l:+) if Q'(w) < 0, while n(I:,)|;(0 = n(I:,) in either case.

PROOF: The statement follows from the proof of Theorem 2.9 in Section 3; see
equations (3.31). ]
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We simplify the following proposition with an additional assumption:

ASSUMPTION 6.2 No purely imaginary eigenvalues z of L exist with the eigen-
vector (u, w)" such that (u, Liu)=—(w,L_w)=0.

PROPOSITION 6.3 Let Assumptions 2.8 and 6.2 be satisfied. Let N, and N:e“al be
the number of positive real eigenvalues of L corresponding to eigenvectors (u, w)"
with negative and positive values of (u, L u), where (u, L, u) = (w, L_w). Let
Nimag and Ni;ag be the number of positive purely imaginary eigenvalues of L cor-
responding to eigenvectors (u, w)' with negative and positive values of (u, L u),
respectively, where (u, L u) = —(w, L_w). Let X (L) be the nonsingular part of

the essential spectrum of L, defined in (3.17). Then

(6.1) n(L)lg. = n(L)lg, = Ny — Nipag — Neomp
(6.2) n(L)|g. = n(L-) = Ny — Nifrue = Neomp -

PROOF: In the case of semisimple eigenvalues, the statement follows from the
proof of Theorem 2.10 in Section 3; see (3.34). Multiple complex eigenvalues
do not change the reduction formulas (6.1) and (6.2). Multiple real and purely
imaginary eigenvalues are excluded by Assumptions 2.8 and 6.2. U

PROPOSITION 6.4 Let Assumptions 2.1, 2.6, and 2.8 be satisfied. The quadratic
forms (u, Lyu) and (w, L_w) are strictly positive in (u, w)T e X, (L).

PROOF: We use completeness of the space X.(L), proven with wave operators
in Proposition 4.1. Let {(ug, wa) T aes be the basis of eigenfunctions in )A(C(L),
where S = o0.(L) — D and D is the finite set of embedded eigenvalues. The
continuous set of eigenfunctions is orthogonal with respect to the Dirac measure as

(6.3) (ug, we) = pad(Q — Q).

Using the decomposition for (u, w)T e X (L)

(6.4) u(x):/agug(x)dQ, w(x):/bgwg(x)dﬂ,
QeS QeS

and the orthogonality relations (6.3), we represent the quadratic forms (u, L u)
and (w, L_w) as follows:

(6.5) (u, Liu) = f Qoalag)*d2,
Qes

(6.6) (w, L_w) = /mebmzm.
QeS

Since h is positive definite in )A(C(L), proven in Theorem 2.11, we conclude that
Qpg > 0 for all Q € §. Therefore, the quadratic forms in (6.5) and (6.6) are both
positive definite. U
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COROLLARY 6.5 Let Assumptions 2.1, 2.6, 2.7, 2.8, and 6.2 be satisfied. The
linearized NLS problem (1.2) has Nunsy = Nimag + 2Ncomp unstable eigenvalues z
with Im(z) > 0, where

(i) In(Ly) —n(L_) = p(Q) < Nung < n(Ly) +n(L_) — p(Q),
(il) Nimag > [n(Ly) —n(L_) — p(Q")|, and
(iii) Neomp < min(n(Ly) — p(Q), n(L)),

where p(Q') = 1if Q'(w) > 0and p(Q’) < 0if Q' (w) < 0.

Stability theorems of Grillakis, Shatah, and Strauss [6, 7], Grillakis [5], and
Jones [10] follow from Corollary 6.5. In particular, when n(f,+) + n(f,_) — p(Q)
is odd, then |n(£+) — n(lt,) — p(Q")| is odd, and there exists at least one unstable
eigenvalue, Nimae > 16, 7]. When n(l:,) = 0, all unstable eigenvalues are purely
imaginary such that Neomp = 0 and Njpye = n(1:+) — p(Q)) [5, 10]. The case
n(L_)=0 commonly occurs for positive ground states of the NLS equation (1.3)
[29]. The case n(i_) = n(i+) — p(Q’) may occur for excited states of the NLS
equation, when complex unstable eigenvalues are also possible [28].
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