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Abstract

We consider existence and stability of breather solutions to discrete nonlinear Schrédinger
(ANLS) and discrete Klein-Gordon (dKG) equations near the anti-continuum limit, the
limit of the zero coupling constant. For sufficiently small coupling, discrete breathers
can be uniquely extended from the anti-continuum limit where they consist of periodic
oscillations on excited sites separated by "holes" (sites at rest).

In the anti-continuum limit, the dNLS equation linearized about its discrete breather
has a spectrum consisting of the zero eigenvalue of finite multiplicity and purely imag-
inary eigenvalues of infinite multiplicities. Splitting of the zero eigenvalue into stable
and unstable eigenvalues near the anti-continuum limit was examined in the literature
earlier. The eigenvalues of infinite multiplicity split into bands of continuous spectrum,
which, as observed in numerical experiments, may in turn produce internal modes, ad-
ditional eigenvalues on the imaginary axis. Using resolvent analysis and perturbation
methods, we prove that no internal modes bifurcate from the continuous spectrum of
the dNLS equation with small coupling.

Linear stability of small-amplitude discrete breathers in the weakly-coupled KG
lattice was considered in a number of papers. Most of these papers, however, do
not consider stability of discrete breathers which have "holes" in the anti-continuum
limit. We use perturbation methods for Floquet multipliers and analysis of tail-to-tail
interactions between excited sites to develop a general criterion on linear stability of
multi-site breathers in the KG lattice near the anti-continuum limit. Our criterion is
not restricted to small-amplitude oscillations and it allows discrete breathers to have

"holes" in the anti-continuum limit.
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Chapter 1

Introduction

1.1 Nonlinear weakly-coupled lattices

We study lattice equations, infinite systems of ordinary differential equations, describ-
ing dynamics in networks of coupled oscillators. These equations arise as spatial dis-
cretizations of partial differential equations or independently as models for physical
processes, such as vibrations in crystals or interactions of pulses in networks of cou-
pled optical waveguides. As each of the lattice sites naturally supports time-periodic
solutions, the whole nonlinear lattice may allow for time-periodic solutions as well. In
addition, spatial discreteness and the presence of a nonlinear potential often make spa-
tial localization of time-periodic solutions possible. Existence and stability of spatially
localized time-periodic solutions, called discrete breathers, is the main subject of this
work.

Mathematical studies on localized solutions in nonlinear lattices were spurred by
the work of Sievers & Takeno [83] where existence of a discrete breather was established
in a chain of coupled oscillators interacting through a harmonic and quartic anharmonic
potentials. Later, Page [65] constructed two types of discrete breathers for a chain of
oscillators with purely anharmonic coupling. Many interesting analytical and numerical
works followed after these pioneering papers. It was observed that discrete breathers
tend to emerge from thermal equilibrium in the process of spontaneous localization. In
such a process, breathers of larger amplitudes grow at the expense of smaller breathers,
which results in appearance of stationary breathers that are trapped by the lattice
(e.g. |27, 93]). On the other hand, travelling breather solutions do not generally exist
in lattice equations. This is in sharp contrast to continuous wave equations, where
breathers are structurally unstable and travelling waves are more abundant.

In lattice equations, the strength of the inter-site interaction is governed by a cou-

pling constant. This constant, or its inverse, can be conveniently used as a perturbation
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parameter for analysis of existence and stability of solutions to the lattice equations.
When the coupling constant approaches infinity, i.e. in the limit of the continuous ap-
prozimation, one can study solutions to a lattice equation using perturbation analysis
for the solutions to the corresponding partial differential equation. Alternatively, one
can consider the lattice equation in the limit of the small coupling constant, a so-called
anti-continuum limil. In the context of existence of discrete breathers, this method was
proposed for the first time by MacKay & Aubry [56]. Since then, the anti-continuous
limit became quite popular for construction of discrete breathers, and analysis of their
stability.

In this thesis we study existence and stability of discrete breathers in nonlinear
lattices near the anti-continuum limit. For a broad mathematical consideration of
discrete breathers and other waves in nonlinear lattices, we refer the reader to recent
review papers |6, 33] and books [46, 69].

1.2 Some lattice systems

Below we introduce three fundamental lattice equations: the Fermi—Pasta—Ulam (FPU)
chain, the Klein-Gordon (KG) lattice, and the discrete nonlinear Schrédinger (dNLS)
equation. We describe the FPU chain because of its historical importance. The KG
lattice and the dNLS equation will be the main subjects of this thesis. Note that we do
not consider completely integrable lattices, such as Toda and Ablowitz—Ladik lattices,

which exhibit some special remarkable properties.

1.2.1 The Fermi—Pasta—Ulam (FPU) lattice

The Fermi-Pasta—Ulam (FPU) lattice, a toy model for vibrations in a perfect crystal,

can be written in the form
tin + V' (up — up—1) = V' (Unt1 — upn) =0, nezZ, uy(t):R—-R, (1.1)

where V'(z) = x + O(27) and v > 1. This equation is a Hamiltonian system which

admits conservation of energy,

H = Z[ u + V(upt1 — up)

nel

Since ) .z i, = 0, this equation also admits conservation of the total momentum,

Equation (1.1) became very famous after a numerical experiment performed about
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sixty years ago by Fermi, Pasta & Ulam [31] on the nonlinear lattice with the potential
Viz) = %zQ + iﬁx‘l. Counterintuitively to scientists at that time, the experiment
did not demonstrate the expected equipartition of energy between the normal modes
of the nonlinear lattice. The numerical solution, in fact, demonstrated localization
and quasiperiodicity in Fourier space. These observations gave a start to new research
directions in nonlinear science, such as inverse scattering method for integrable systems
and KAM theory for periodic orbits.

Emergence of discrete quasiperiodic breathers in the FPU lattice has been demon-
strated in a number of numerical experiments (e.g. [22, 59]). Despite this, only frag-
ments of rigorous existence and stability theory for discrete breathers exists to date.
For example, it is not possible to derive discrete breather solutions to the FPU chain
using the technique of the anti-continuum limit approach: only constant solution is
available in that limit. Existence of discrete breathers was, however, studied by Aubry
et al. |5, 7] using variational techniques, and by James [38] using centre manifold re-
ductions. While some breather configurations are linearly stable in the FPU lattice, no

indication of nonlinearly stable breathers is available to date [32].

1.2.2 The discrete Klein—-Gordon (dKG) equation

The KG chain, frequently referred to as the discrete Klein-Gordon (dKG) equation,

can be written in the form
tim + V' (un) = €(up_1 — 2Up + Uni1), ne€z, uy(t):R—-R, (1.2)

where V'(z) = 2 + O(z") and v > 1. This equation admits a Hamiltonian

H= %{ W2 4V (up) + ;(un+1—un)2 . (1.3)
The dKG equation is a version of the Frenkel-Kontorova model for dislocations in
crystals [12] with a non-periodic on-site potential. In [28], this equation was used to
study oscillations in the DNA molecule. This equation is a great toy model for discrete
breathers in nonlinear lattices. In particular, the anti-continuum limit can be realized

by taking small values of e.

1.2.3 The discrete nonlinear Schrédinger (dANLS) equation

The discrete nonlinear Schrodinger equation (ANLS) became popular almost thirty
years ago after a numerical work of Scott & MacNeil [82] on existence of a single-peak

breather. This study was in turn inspired by Davydov soliton on proteins [29]. Since
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then, this equation has appeared in a number of applied problems, such as those related
to coupled optical waveguides (e.g. |20, 30]) or Bose—Einstein condensate trapped in a
periodic potential (e.g. [18, 92]).

The dNLS equation,

iy, = €(Up—1 — 2Up + Upt1) = |un|2pun7 n €z, up(t):R—C, (1.4)

where p € N, arises from the Hamiltonian

1 €
=2 <3Fp+1 [unf + Zln1 - “”'2)
n

written in canonically conjugated variables {u,, 4, } such that iu, = — gg . The plus
and minus signs in the dNLS equation (1.4) correspond to the focusing and defocusing
nonlinearities respectively. It is easy to check that the focusing dNLS equation for

U tnez is related to the defocusing one for {wy, },ez via the staggering transformation
€ g € ggering
Up = (71>nwn64iet‘

Thanks to the gauge invariance, u, — une? with @ € [0,27), the system also admits

conservation of the “power”,

N=> |unl” (1.5)

nez
It is important to note that the dANLS equation arises in the small-amplitude limit for

the KG lattice [62]. The anti-continuum limit is again related to the small values of e.

1.3 Main results

This thesis is primarily concerned with existence and stability of discrete breathers in
the dNLS equation (1.4) and KG chain (1.2) near the anti-continuum limit. We are
also interested in dispersive decay of small time-dependent solutions in these lattices.
Let us discuss the main results obtained in this thesis.

In Chapter 2, we review well-posedness of the initial value problem in the dNLS

and dKG equations.

e We prove global existence of time-dependent solutions to the dNLS equation
(1.4) in algebraically weighted 12 spaces by invoking the Banach Fixed-Point
Theorem and conservation of the “power” (1.5). Another version of this result
was established by Pacciani, Konotop & Menzala [64] who also considered dNLS

lattices with saturable nonlinearities and long-range interactions. In addition,
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a recent paper by N'Guérékata & Pankov [63] provides a proof of global well-

posedness in exponentially-weighted [? spaces.

o We review results on existence of time-dependent solutions in the energy space
of the KG lattice (1.2) with the potential

V'(z) =z + Bzt BeR, oeN, (1.6)

where the potential with § > 0 (8 < 0) is often called a hard (soft) potential.
For the case of the hard potential, Hamiltonian (1.3) is convex in u and u,
which immediately implies global existence of [? solutions. In the case of the
soft potential, both global existence and finite-time blow up are possible and we
review relevant results based on the recent work of Karachalios [44] and Achilleos
et al. [1].

e Dispersive decay of small [! initial data in the dKG and dNLS equations was
examined by Stefanov & Kevrekidis [89] using Strichartz estimates and by Mielke
& Patz [58] using pointwise dispersive decay estimates. We discuss the techniques
from [58] in the context of the dANLS equation, and derive decay estimates in [?
spaces with ¢ € [2,00]. These techniques rely on approximation of {4 norms
with integrals in the asymptotic limit of ¢ — co and application of the Van der
Corput lemma to the resulting oscillatory integrals. In contrast to [89], where
the nonlinearity exceeds quintic (p > 2), the method in [58] allows us to consider
the ANLS equation with the nonlinearity higher than quartic (p > 3/2).

In Chapter 3, we prove existence of breather solutions to the dANLS and dKG equations
near the anti-continuum limit by an application of the Implicit Function Theorem.
In the context of weakly-coupled lattices, this approach originates from the work of
MacKay & Aubry [55].

Chapters 4 and 5 contain the original results of this Ph.D. dissertation. These
results were published in papers [74] and [75]. In Chapter 4, we study linear and

nonlinear stability of discrete breathers in the dNLS equation.

e In the anti-continuum limit, the spectrum of the linear stability problem for the
dNLS equation consists of a zero eigenvalue of finite multiplicity and eigenvalues
of infinite multiplicity on the imaginary axis. Splitting of the zero eigenvalue
into stable and unstable eigenvalues was examined by Pelinovsky, Kevrekidis &
Frantzeskakis [72]. While splitting of the eigenvalues of infinite multiplicity al-
ways results in creation of spectral bands, bifurcation of purely imaginary discrete

eigenvalues from these bands is also possible. For the case of one-site discrete
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breather, such eigenvalues, also known as internal modes, were observed numer-
ically by Johansson & Aubry [43] and Kevrekidis [46] near the continuous limit
of large coupling constant. Internal modes play a crucial role in asymptotic sta-
bility of discrete breathers. We confirm the numerical observations in [43] and
[46], by proving that no internal modes bifurcate from the continuous spectrum
of the dNLS equation if the coupling constant is sufficiently small. Our method
relies on resolvent techniques for the discrete Laplacian operator developed by
Komech, Kopylova & Kunze [50] and Pelinovsky & Stefanov [76]. Derived in the
leading order of perturbation theory, our results are generally restricted to simply-

connected discrete breathers and to quintic or higher nonlinearities (p > 2).

e Orbital stability of discrete breathers in the dANLS equation was proved by We-
instein [94] using a variational method. Early works [50, 76, 89] on dispersive
decay estimates for the discrete Schédinger operator H = —A 4+ V' with a lo-
calized potential V' spurred progress on asymptotic stability analysis of dNLS
breathers. For the case of septic or higher nonlinearity (p > 3), asymptotic sta-
bility of small breathers bifurcating from the unique eigenvalue of the operator
H was recently studied by Kevrekidis, Pelinovsky & Stefanov [49], as well as by
Cuccagna & Tarulli [25]. More recently, Mizumachi & Pelinovsky [61] extended
the asymptotic stability result to the case of p > 2.75 using pointwise dispersive
decay estimates of Mielke & Patz [58]. We follow up on these estimates, by giving
a proof of the asymptotic stability in the spirit of [61]. It is worth mentioning
here that very recently Bambusi [9] proved asymptotic stability of breathers in
KG lattices using the normal form methods of Giorgilli [37] and dispersive decay
estimates from [49, 60].

In Chapter 5, we develop a stability theory for multi-site breathers in the KG lattice
near the anti-continuum limit. A general method for linear stability analysis of dis-
crete breathers in time-reversible Hamiltonian systems was developed by Aubry [4].
His method relies on properties of spectral band structure for the problem linearized
about discrete breathers. The first criterion for stability of small-amplitude multi-site
breathers in the dKG equation was established by Morgante et al. [62] with the help
of numerical computations. The stability criterion from [62] was later confirmed ana-
lytically in the work of Archilla et al. [3], where the Aubry’s method was applied to
multi-site breathers in the KG lattice. More recently, Koukouloyannis & Kevrekidis [52]
recovered exactly the same stability criterion using the averaging theory for Hamilto-
nian systems in action—angle variables. The stability results in [3, 52, 62| are restricted

to small-amplitude breathers which contain no sites at rest in the anti-continuum limit.

e We study stability of multi-site breathers in the KG lattice (1.2) with poten-
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tial (1.6) using perturbation methods for Floquet multipliers and analysis of the
leading-order interactions between the neighbouring sites of the lattice. We de-
velop a general criterion for linear stability of multi-site breathers in the KG
lattice. In this criterion, linear stability depends on hardness/softness of the
potential (1.6), the period of the breather, as well as on phase differences and
distances between the excited sites. We mention here a recent application of our
technique by Pelinovsky & Rothos [73], where linear stability of discrete breathers
is considered for the dKG equation with a coupling term of €(i,—1 + @p41) for
the nth lattice site.

e In the case of soft potentials, we find that breathers of the dKG equation cannot
be continued far away from the small-amplitude limit because of the resonances
between the nonlinear oscillators at the excited sites and the linear oscillators at
the other sites. It turns out that branches of breather solutions continued from
the anti-continuum limit above and below the resonance are disconnected. At

these resonance points, the stability conclusion changes to the opposite.

e In the case of soft potentials, we also discover a symmetry-breaking (pitchfork)
bifurcation of one-site and multi-site breathers that occur near the points of
resonances. We analyze the symmetry-breaking bifurcation by using asymptotic
expansions and a reduction of the dKG equation to a normal form, which coincides
with the nonlinear Duffing oscillator perturbed by a small harmonic forcing. The
normal form equation for the 1:3 resonance described in this thesis is different
from the normal form equations derived in a neighbourhood of equilibrium points
in earlier works [14, 84, 85].

1.4 Future research

Let us mention some questions, directly related to the topics in this thesis, that will

require more work in the future.

e We show in Section 4.2 that one-site soliton in the cubic dNLS equation has no
internal modes near the anti-continuum limit. The case of multi-site solitons in

the cubic dANLS equation is still to be examined.

e Agymptotic stability of a small-amplitude soliton supported by the dANLS equa-
tion with exponentially decaying potential is examined in Section 4.3. Beside
this result, very little is known about nonlinear stability of solitons that exist in

dNLS models near the anti-continuum limit.
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e Dispersive decay estimates for linear parts of the dKG and dNLS equations are
now available in the form of Strichartz and pointwise estimates. In full nonlinear
problems, however, these decay estimates are only known to work provided the
nonlinearity is sufficiently large (see Sections 2.3 and 4.3). New methods are to
be developed in order to push the nonlinearity down for the proof of asymptotic

stability of discrete solutions.

e Stability of small-amplitude multi-site breathers in the KG lattice with an asym-
metric potential has been addressed by both the Hamiltonian averaging method
[52] and the Aubry’s band theory [3]. It is worth to apply the method of tail-
to-tail interactions described in Section 5.1 to stability of multi-site breathers in

asymmetric potentials.

There are many problems of current interest concerned with weakly-coupled nonlinear
lattices that are not discussed in this thesis. Let us mention some of these in the
context of the ANLS and dKG equations.

e For the dNLS equation in two or higher dimensions, discrete breathers can also
be derived from the anti-continuum limit. Discrete breathers localized on a closed
contour in two-dimensional cubic dNLS equation were considered by Pelinovsky,
Kevrekidis & Frantzeskakis [71]. With the method of Lyapunov-Schmidt reduc-
tions, persistence and stability was studied for discrete solitons, which have phase
differences of 0 or ™ between the adjacent sites, and discrete vortices, which have
the phase differences measured in fractions of w. A similar study was performed
for the ANLS equations in three dimensions by Lukas, Pelinovsky & Kevrekidis
[54], and for a coupled dNLS system in two dimensions by Kevrekidis & Peli-
novsky [48].

e Discrete solitons of the one-dimensional dANLS equation can persist in its two-
dimensional counterpart as line solitons with a repeating profile in one of the
spatial directions. In a recent work of Yang [97], such solitons bifurcating from the
continuous spectrum (Bloch bands) of the two-dimensional cubic ANLS equation
were considered. It was shown numerically that there are some configurations
of line solitons which are stable for sufficiently high values of the conserving
12 norm. This observation was later justified by Pelinovsky & Yang [77], who
counted eigenvalues in the linearized stability problem and proved the earlier

numerical observations.

e Some fascinating findings on persistence and stability of multi-site breathers in

Hamiltonian lattices with non-nearest-neighbour interactions have been recently
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reported by Kevrekidis [47] and Koukouloyannis et al. [53]. For instance, in [53],
it is shown that the KG lattice with non-nearest-neighbour interactions supports
not only discrete breathers with in-phase and anti-phase oscillators, but also
phase-shift discrete breathers, which have phase differences other than 0 or 7 for
the lattice neighbours. Using Hamiltonian averaging methods it is shown that
some of the phase-shift breathers are actually stable near the anti-continuum
limit. Bifurcations of new breather configurations are demonstrated for a critical
ratio of coupling constants. Let us note that stability of multi-site breathers in KG
chains with non-nearest-neighbour interactions has been also recently examined
by Rapti [79]. She extended the method of Archilla et al. 3], which is based on
Aubry’s band theory, to include multi-site breathers with non-nearest neighbour

interactions.

Continuation of large-amplitude discrete breathers from infinity has been recently
studied by James, Levitt & Ferreira [40] and James & Pelinovsky [41]. In these
papers, the KG chain with a saturable potential is considered. When the diagonal
term of the discrete Laplacian is incorporated into the on-site potential, the oscil-
lators are trapped but have infinite amplitude in the anti-continuum limit of small
lattice couplings. Using the contraction mapping techniques, large-amplitude dis-
crete breathers oscillating outside the potential well [40] or above the potential

barrier [41] are constructed.

1.5 Preliminaries

In this thesis we adopt the following notations.

e For the sequence {uy }nez, we define the discrete Laplacian operator A by

(Au),, = up—1 — 2Up + Up41-

e The [P(Z) space with p € R is defined by the norm

1/p
[ullpz) = (Z\unp> :

nEL

e The space I5(Z) for the sequence {uy, }nez is equivalent to the space IP(Z) for the
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sequence {(1 +n2)*/?u, }nez:
1/p
[allip(z) = <Z(1 + n2)ps/2!un|p> :
neZ

e Since we work only on one-dimensional problems, we simplify the notations for

the function spaces by writing [£ in the place of [£(Z).

e For sequences {uy,}nez and {v},cz we define
(uv), == upvp,.
We are also going to use the embeddings of [P spaces,
e [P C 7 with p < g, such that

[alle < [[allw,

o [ cIPcl” . such that

—0

Jull < fullw < alle.

To interpolate the norm in Lebesgue spaces we can use the Riesz—Thorin formula:

1 0 1-—6
< |lal|? |lullL? — =2 0 € (0,1).
[alle < [lallllull;7, i +— (0,1)

10



Chapter 2

Local and global existence of

time-dependent solutions

This chapter is concerned with existence of time-dependent solutions to lattice equa-
tions, as well as the decay rates of small solutions. In Sections 2.1 and 2.2, we review
local and global well-posedness of the dNLS and dKG equations. Then, in Section 2.3,

we use an example of the ANLS equation, to study scattering of small initial data.

2.1 Well-posedness of the dNLS equation

In this section, we consider well-posedness of the initial-value problem for the dNLS

equation on a one-dimensional lattice:

{iﬁn(t) = —(Au)y + Vot + f(|unl*)un, ne7 (2.1)

un<0) = U0,n,

where {u,(t)}nez : Ry — CZ represents a vector of amplitude functions, V is a
bounded potential, and f is a real analytic function that can be expanded into conver-

gent power series

f(x):ikak, xz e R.
k=1

Although the focusing NLS equation with supercritical nonlinearity admits solu-
tions that blow up in finite time (see [91] for a review), the dNLS equation admits
global solutions for initial data in I? with s > 0 no matter what the sign or the power
of the nonlinearity is [63, 64, 69]. We begin by proving local well-posedness of the
initial value problem (2.1) in the Banach space C([0,T],12?) with s > 0.

11
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Theorem 2.1. Fiz s > 0 and let ug € 2. Assume V € [ and f is a real analytic
function. There exists T € (0,+00) and a unique solution u(t) € C1([0,T],12) to the
initial-value problem (2.1). The solution u(t) depends continuously on the initial data

ug.
Proof. Let us rewrite the Cauchy problem (2.1) in its equivalent integral form
u(t) = A(u(?)), (2.2)

where the operator in the right-hand side is defined by
t
An(u(t)) = o, — i / (— (AUt + Vieun (') + f(unl?)un) d, 1€ Z.
0

We are going to prove that for any ug € 2 there is 7 > 0 and a unique fixed point
of (2.2) in the Banach space X = C([0,T],12) with the norm

lulx = sup [[u(t)llz.
t€[0,T]

To achieve this, let us show that for sufficiently small 7" > 0 the map A satisfies

conditions of the Banach Fixed-Point Theorem. Given a closed ball
Bs = {x € X| |x|lx <4},
we need to show that
(i) A maps B; to Bs,

(ii) A is a contractive map on By, i.e. there is ¢ € (0,1) such that for all u,v € Bs

we have

[A(n) — A(v)]x < glfu—vlx.
Since V € [* and A : 12 — [2 is a bounded operator, we get
vaell:  [|Aullp < Callullz,  [{Vaua}lie < Ovlule.

Also, by the Banach algebra property of the 12 space, there is a constant Cs > 0 such
that
vuvell:  uvllz < Cllulzlve (2.3)

12
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Therefore, given u € Bs we can estimate the nonlinear term by
o0
k
L (unPyun iz < 3 1flC2F [l < Cr(8)lulliz,
k=1

where C(6) = .72, | fx|C2¥6%k. Using the above estimates we obtain the following
bound
[A()][x < do +To(Ca + Cv + Cy(9)),

where dg = |[ug||;2. Finally, if dp = 6/2 and

(2.4)

1
T(Ca+Cy +C¢(6)) < >

the condition (i) is satisfied.

To satisfy condition (ii), we need to show that there is a constant C¢(8) such that
vaveBs: I (unl)in — FonPontlie < Cr@)u—vie.  (25)
Using an elementary algebraic estimate

‘u|2ku - |v\2kv‘ — ‘ukJrl(ak _ @k) + T}k(’u,kJrl _ UkJrl))
< (\u|l‘;+1|uk_1 +ub 2y 4 ok

+ \v]k]uk +uF o4 vk\) lu — |

and the Banach algebra property (2.3) we show that the map {u,} = {|un|**u,} is

Lipschitz-continuous in 12 and
H{’un’%un - ‘Unl%vn}nlg < (2k+ 1)03%5%”11 - VHZE-

This estimate allows us to give an explicit formula for the constant C #(0) in (2.5):

N
Cr(6) = S (2k + )| felC2*6%".
k=1

Therefore, in order to satisfy condition (ii) we must require
T(Ca + Cv + Cy(6)) < 1. (2.6)

By the Banach Fixed-Point Theorem, given [[ugl;z < 6/2, there exists a unique
solution u € X = C(([0,7],12) with ||u||x < & provided the existence time T satisfies

13
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conditions (2.4) and (2.6) simultaneously. Since the right-hand side of the dNLS equa-
tion (2.1) belongs to C(([0,T],12), we immediately conclude that u € C*(([0,T],12).
The continuous dependence of the solution u(t) on initial data ug also follows from the
Banach Fixed-Point Theorem. O

One may want to iterate the above local arguments to achieve global existence
results. This, however, may not be possible as the local existence time is inversely
proportional to the solution’s norm (see (2.4) and (2.6)). Since at each iteration the
upper bound on the solution’s norm grows while the local existence time shrinks, the
norm [|u(t)||;z may diverge before we reach the limit ¢ — oco.

Fortunately, the proof of global well-posedness can be achieved because of [ norm
conservation in the dNLS equation. We give the proof of global well-posedness in [2

below.

Theorem 2.2. Fiz s > 0 and let ug € [2. Assume V € I*° is a bounded operator and
f is a real analytic function. The initial-value problem (2.1) admits a unique global

solution u(t) € C(Ry,[2) that depends continuously on the initial data uy.

Proof. Since local well-posedness for u(t) € C1([0,T],12) with the existence time T =
T (|luoll;2) € (0,400) was proved in Theorem 2.1, it is enough to show that T' can be
extended to infinity.

Multiplying the n*® component of the dNLS equation by %, we obtain

ity = — (Au),, U, + Vn’un|2 + f(‘“n‘z)’uﬂz

From this equation and its complex conjugate, we immediately obtain the following

identity, which is independent of both potential and nonlinear terms:

z%]un|2 = —(Au),uy, + (AT)puy.

We can use the Cauchy—Schwarz inequality and the boundedness of the discrete Lapla-

cian, [|Aul;z < Callulf;2, to obtain the following estimate

d
%Hqug < 2[(Au,u)p| < 2CA |ulff.
Hence, by the Gronwall’s lemma, it follows that

lulliz < fluollze". (2.7)

This inequality provides a global bound on the solution’s norm and concludes the proof
of the theorem. O

14
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Remark 2.3. For s = 0, we actually have [ norm conservation, i.e. [[u(t)|;2 = |[uol|;2
for all ¢ > 0. However, it is shown in [61] (see also Lemma 4.31) that the weighted

norm may grow algebraically,
lullz < Co(1+1t]) uoll, s €10,1].

This estimate provides a sharper alternative to the exponential growth in (2.7).

Remark 2.4. Since the discrete Laplacian operator A has a bounded multi-dimensional
extension, Theorems 2.1 and 2.2 also hold true for the dNLS equation on multi-

dimensional lattices.

Remark 2.5. As pointed out by Pacciani et al. [64] and N'Guérékata & Pankov [63],
Theorem 2.2 on global well-posedness can be generalized to dNLS lattices with long-
range interactions and gauge-invariant, uniformly locally Lipschitz continuous nonlin-

earities.

2.2 Well-posedness and blow up in the dKG equation

In this section, we consider well-posedness of the initial value problem for the discrete

Klein-Gordon (dKG) equation on a one-dimensional lattice:

U u2”+1 u
{ n(t) + tn + 5 (Au)n, n ez, (2.8)

Un(O) = UQ,n, Un(o) = U1l,n,

where {u,(t)}nez : Ry — RZ is the set of displacement functions, 8 # 0, and o € N.

This is a Hamiltonian system with a conserving energy functional

20'+2 29
2a+2 > un (2.9)
nez nez

1

H:§Z(ui+ui+(un+1—

Let us look into intuitive arguments on well-posedness of the KG lattice (2.8). When
the system is decoupled, the oscillator at each lattice site is described by the Duffing
equation

. B 2
PEVIR) =0, Vip)= 50"+ 550" (2.10)
where 8 # 0 and ¢ € N.

Definition 2.6. We call the on-site potentials V' in (2.10) with 8 <0 and 8> 0 as a

soft and hard potentials respectively.

As shown on Figure 2.1, in the case of hard potential, all solutions to equation (2.10)

15
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Figure 2.1: The phase plane (i, ¢) for the Duffing oscillator (2.10) with 8 = +1 (left),
and § = —1 (right).

are periodic, while in the case of soft potential there are both periodic and unbounded
trajectories.

In the case of KG lattice (2.8) with hard potential (8 > 0), every oscillator is
trapped into a confining potential, which suggests global existence of time-dependent
solutions. On the contrary, in the case of soft potential (5 < 0), one or more oscillators
may be outside the potential well and the coupling to the rest of the lattice may not be
strong enough to hold them back. Thus, under some initial conditions, we can expect

a finite-time blow up to occur in the dKG equation (2.8) with soft potential.

2.2.1 Local and global existence

Let us first look into existence of local solutions to the dKG equation (2.8). Introducing

v = 1, we rewrite the initial-value problem (2.8) in its equivalent integral form

Un(t) = uon + /Ot o (8t
v () = urp + /0 ((Au(t"), — un(t') = Bupe™H(t")) dt'.

The techniques described in the Section 2.1 can also be applied here to prove local
well-posedness of the dKG equation in the Banach space X = C'([0,77,1?) with the

norm

lul% = sup (Jlu@)i + [a@)li) -
te€[0,7

The local well-posedness result can be stated as follows:

Theorem 2.7. Fir 0 € N, s > 0 and let ug,u; € 2. There exists T € (0,+0c0)
and a unique solution u(t) € C%([0,T],12) to the initial-value problem (2.8) such that

16
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u(0) = ug and a(0) = uy. The solution depends continuously on the initial data
(ug, uy).
For the hard potential, the energy in (2.9) is positive and global existence is easy

to show (see e.g. Menzala & Konotop [57]):

Theorem 2.8. Fiz 3> 0, 0 € N, and let ug,u; € 2. The initial-value problem (2.8)
admits a unique global solution u(t) € CY(Ry,I%) that depends continuously on the

initral data.

Proof. Using the conservation of energy H defined in (2.9) and the Banach algebra

property for the [? space, we obtain a global bound on the solution’s norm:
lullz + [[al7 < 2H < oo.

Continuous dependence on initial data follows from the local well-posedness result
above. O

Global existence in the dKG equation with a soft potential and o = 1 was recently

examined by Achilleos et. al. [1], who established the following result:

Theorem 2.9. Consider the initial value problem (2.8) with o =1 and 5 < 0. Assume
that the functional

E(t):=> (i +up + (uny1 — un)?) (2.11)
nez
satisfies
1
E(0) < min{l, } .
1812+ 51)
Then the solution exists globally in time, and for allt € [0, 00) functional (2.11) satisfies
the bound
E(t 11— B2+ |8
0 < =1 vI—E@BIE D]

Remark 2.10. As pointed out in [1], this global existence result persists if a dissipative
term 0 with v > 0 is added to the left hand side of the dKG equation (2.8).

To complement Theorems 2.8 and 2.9 on global existence, we would like to mention
that the dKG equation with sufficiently large nonlinearity scatters small initial data
independently of the sign of 5. This fact was proved by Stefanov & Kevrekidis [89] and
Mielke & Patz [58] who established the decay rates for the dKG equation with o > 2
and o > 3/2 respectively. We demonstrate the technique of pointwise decay estimates
from [58] in the context of the ANLS equation in Section 2.3.
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2.2.2 Finite-time blow up

Let us now discuss collapse of solutions in the dKG equation (2.8). As was pointed out
above using the example of Duffing oscillator (2.10), solutions to the KG lattice (2.8)
with soft potential (5 < 0) may blow up in finite time. The blow up was examined
by Karachalios [44] using the abstract framework for hyperbolic partial differential
equations developed by Galaktionov & Pohozaev in [34]. The following result comes

from the paper of Karachalios:

Theorem 2.11. Consider the initial value problem (2.8) with f < 0, H < 0, and
€ (0,00). Then if (ug,ui);z > 0, the solution becomes unbounded on a finite time

interval [0, T with

ol

o{ug, uy)p

Proof. The proof is based on the analysis of a differential inequality for

ult) = ()|

The Hamiltonian (2.9) is written as H = %HquzQ + P(u) where

1 18] -
P = 5 30 0+ (omer — ) = g D™
is C1(I?,R) and its Gateaux derivative given by
<Pl(u)a V>l2 = Z (unvn + (unJrl - Un)(anrl - Un) - |5|u7210+lvn) > Vv € lz-

neL

Hence, we obtain

(P'(w), ) — (20 +2)P(u) = 03 ((tns1 — wn)? +u2) <0,
neZ

which allows us to get the following estimate
(u, i) = —(P'(u),u);2 > —2(0 + 1)P(u) = —(0 + 1) (2H — [|a]%) .

We notice that p/(t) = 2(u, 1)z and p/(0) = 2(ug, uy);2. The Cauchy—Schwarz inequal-
ity yields

all: >
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Since H < 0, pu(t) satisfies the differential inequality

p(8) = 2[4+ 2(u, i)

(4+20) a2 — 4(0 + ) H
o2 ()
T2 ()

A\

(2.12)

>0

which tells us that p/(¢) is an increasing function.

If 1/(0) is positive, so is p/(t) for ¢ > 0. In this case, we rewrite the last inequality

prt) o o+ 24(t)
W) = 2 p)

and perform integrations twice to obtain the bound

u(t) > p(0) (1 - g/;,(((?)) t>_a (2.13)

as

which explains the finite-time blow up of pu(t). O

Remark 2.12. The estimates in the proof can be modified for the case p(0) < 0. The
result, however, would neither prove global existence nor finite-time blow up. Assuming
©(0) < 0, we can prove that also p/(t) < 0 for t > 0. To show this, notice that (2.12)

implies
w(t) o+t 2 1
(W@®)*— 2 p)
and thus .
1 1 o+ 2 / ds
- < — < 0.
w'(t)  w(0) 2 Jo u(s)

This last inequality can be rewritten as p/(0) < p/(t) < 0. Now, knowing that p/(¢) is

negative we rewrite (2.12) as

o+ 20(1)
W0 ST a0

After one integration we obtain
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Then, the next integration provides a formula analogous to (2.13):

2W/(O0)],
w(t) > u(0) <1 + o 0 t) . (2.14)
This last inequality does not tell whether p(t) blows up or tends to zero as t — oco. It
simply shows that p(t) admits the time-dependent lower bound (2.14).

In [44], inequality (2.14) has the opposite sign, which leads to erroneous conclusion
that solutions to the dKG equation (2.8) with 8 < 0, H <0, and (ug,u;);2 < 0 decay
to zero as t — oo. The proof in [44] is derived from Lemma 2.1 in 34|, where an
analogous error was made. The erroneous results in [34, 44] were recently shown to

contradict a numerical experiment of Achilleos et al. [1].

The recent paper [1] also offers a new result on collapse of solutions in the dKG
equation with soft cubic potential. The result, which we state here without a proof,

shows that the solutions with positive energy H in (2.9) can also undergo blow up.

Theorem 2.13. Consider the initial value problem (2.8) with B < 0 and 0 = 1. The
solution blows up in finite time provided the Hamiltonian (2.9) and the initial data ug

satisfy the following conditions:

1 1
H< — and |uplp > —.
4161 18]
Of course, this is not the only blow up scenario. For other initial data leading to
blow up in the dKG equation with soft cubic potential we refer the reader to numerical

results and discussion in [1].

2.3 Scattering of small solutions to the dNLS equation

In this section, we study temporal rates of decay of solutions to nonlinear lattice equa-
tions. We rely on the novel techniques developed by Mielke & Patz [58] which include
approximating [P norms by oscillatory integrals and careful estimations of the latter
using the Van der Corput lemma. We illustrate the abstract results using the dNLS
equation as an example. The techniques presented here can be applied to a wide class
of lattice equations which includes dKG equation and FPU lattice.

The initial value problem for the dNLS equation can be written as

Uy (t) = —(Au), £ |uy, 5_1un,
{ (£) = ~(Auwn & fun] nez, (2.15)

un(o) — UU,na
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where {1, (t) ez : Ry — C%and 8 > 1. The decay of small initial data in this equation
occurs independently of the sign of the nonlinearity provided § is large enough.
One can quickly derive a dispersive decay estimate for the linearized Schrédinger
equation
iu(t) = —Au, u(0) = uy,

using Riesz—Thorin interpolation formula

- 1 0 1-90
lalle <l — =24+ —= 6O

s
Running interpolation between [? norm conservation

it A
le"* g2 = fuolls2

and decay in [*° norm that was proved in Stefanov & Kevrekidis [89] (also see Section
2.3.1 for the proof),
le*®uoflie < C(1+8)7%|luolln, (2.16)

we obtain the dispersive decay estimate,
itA —p=2
[e"Fuolliw < C(p)t 3 [Juol|;r,

where % + z% =1 and 2 < p < oo. As shown in [89], a similar estimate applies to

solutions of the full ANLS equation (2.15). Namely, if § > 5 and the initial data

ug € 7 is small enough, then

p=2
[a@®)[lw < Cp)t™ 3 |luolly, (2.17)
where 2 < p < 5.
In [58], Mielke & Patz proved an improved decay estimate for the linear dNLS

equation:

le" |l < C(p)(1 + 1)~ [l (2.18)
where the exponent o, is given by

)
pi,p6[2,4),
2p1
p_
T pe 4,
35 P (4, o]

a, = (2.19)

Since a; > % this result implies faster decay than inequality (2.17). In the same
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article, the estimate (2.18) was used to prove scattering for a general class of lattice
equations which includes dNLS, dKG, and FPU equations. For instance, it was shown
that the decay estimate (2.18) extends to the dNLS equation (2.15) with > 4. A

precise statement of this result is as follows:

Theorem 2.14. Let § > 4, then for each p € [2,4) U (4, 00| there exists € > 0 such
that all solutions to ANLS equation (2.15) with ||ug||;p < € satisfy the estimate

a(®)[lw < C(p, B, €)(L+ 1)~ [Jaol|1, (2.20)

where the decay exponent oy, is given in (2.19).

This section is devoted to discussion of techniques and ideas involved in the proof
of this theorem. These techniques and ideas are used later in Section 4.3 to prove

asymptotic stability of solitons in the dNLS equation.

2.3.1 Linear decay

In this section we study the dispersive decay of solutions to an abstract linear lattice

system

{ a(t) = Lu, u(t) = {un(t) }nez : Ry — CZ, (2.21)

u(0) = u,

where ug € I'. We are going to employ Fourier transform to solve (2.21) and then
apply Van der Corput lemma together with some ideas from numerical integration to
analyze the asymptotics of the resulting oscillatory integrals in the limit ¢ — oo.

Let us first introduce the notion of dispersion relation associated with a linear lattice

operator L, the key concept in establishing the rates of dispersive decay.

Definition 2.15. The dispersion relation associated with the linear lattice operator L

is a 2m-periodic function w : T — C defined by the identity
Le? = —jw(f)e™?, 0T, nek, (2.22)
where T = [—7, 7]. We also call
Ou={0€T: ") =0},

the set of critical points of the dispersion relation w.

To simplify the analysis, we are going to impose some restrictions on the dispersion

relations we encounter.
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Assumption 2.16. We require that the dispersion relation w associated with the linear

operator L in (2.21) satisfies the following conditions:
e we C3T),
e w has finitely many critical points,

o the critical points are not degenerate in the sense that

W"(00) £0, YOy € O

Example 2.17. For the linear operator L = iA in the dNLS equation (2.15) the
dispersion relation is given by w(f) = 2(1 — cos#). The set of critical points where w”
turns to zero is then O, = {—7, §}. This dispersion relation clearly satisfies all of the

above assumptions.

We write a solution to initial value problem (2.21) using Fourier transform F :
L*(T) — I*(7Z) as

Un (t) S /T w(0,0)e! =gy ez, (2.23)

:27T

where @(0,0) = Y, .7 uome ™ is the inverse Fourier transform of initial data. Ac-
cording to the Van der Corput lemma, the dispersion relation w determines the decay
properties of the oscillatory integral in (2.23). Let us recall this important lemma (see

e.g. [90] p. 334):
Lemma 2.18 (Van der Corput). Fiz k € N and assume that ) € C'(a,b), ¢ € C*(a,b),
and ¥ (x)] > M > 0 for all x € (a,b). Then, for all t > 1 we have

b b
[ v < o (rww)w / |w’<m>rd:c), (2.24)

provided either k > 2 or k =1 and ¢’ is monotonic on (a,b).

To obtain the time decay of {u,(t)}necz along the rays with slopes % in (n,t)-plane
let us apply Van der Corput lemma directly to (2.23) where the phase function of the

oscillatory integral is
n
p(0) = 0 —w(0).

If ¢'(6) # 0 for all € T, which happens provided

n N !
;€ R\[minw'(9), maxw'()],

23



Ph.D. Thesis — A. Sakovich McMaster University — Mathematics

Figure 2.2: Decay rates of solution {u,(t)},ez to the linear dNLS equation (2.15) along
the rays with slopes % in (n,t)-plane.

the solution decays like t~! as t — oo. If for some § € T we have /() = 0 and
©"(0) = —w"(0) # 0 then the decay is t~1/2. These conditions on ¢ are satisfied along
the rays with slopes
" ¢ Imin/(0), max e (0))\{w'(0)|0 € Ocr}.
t 0eT e

1/3

Finally, the decay of order t~/° occurs along the critical rays, i.e. the rays with

W’ (0) =0 and w"”(6) # 0. For such rays we have

n /

7 € {w'(6)] 6 € O}
Thus the the norm ||u(t)||s follows the slowest decay which has the order of t=1/3 as

t — oo. In particular, this leads to formula (2.16) which imply that this slow decay

occurs for the Schrédinger equation with L = ¢A.

Example 2.19. Consider the discrete Schrédinger equation 1 = ¢Au and recall that
the associated dispersion relation is w(f) = 2(1 — cos). The phase function in the
oscillatory integral (2.24) is ¢(f) = %6 — w(f) where w(f) = 2(1 — cos#). Since
Oc = {—75, 5} the rate of decay is of the order of t=1/3 along the critical rays which
have slopes ¥ = w'(6)|pco,, = £2. If ¢'(#) = 0 and ¢”(0) # 0, which happens along
the rays with % = w'(f) € (-2,2), the decay rate is t~1/2. Finally, if ¢'(8) # 0, i.e.
% € R\[-2,2], the decay is t~*. We summarize these results on Figure 2.2.

The above consideration only gives us the decay in {*° norm. In order to study the
decay in [P norm with p € [2,00] let us rewrite solution (2.23) to linear system (2.21)

in the convolution form:

un(t) = (e uo ZGk Uo,n—k;
keZ
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where

1 .
Gr(t) = — /T e k0=w(0)1) gy, (2.25)

"o
Thanks to Young’s inequality we can obtain the following bound on the solution’s I?

norm:

a(@)llr < G @) ller l[0o]lz1- (2.26)

Hence to study the decay of ||[u(t)||;» in time ¢ it is enough to analyze the decay of the
oscillatory integral G(t).

Let us now convert the [” norm [|G(t)||;» into a LP norm using the Fundamental
Theorem of Calculus in the form f(zy41) — f(zn) = [0 f/(s)ds. Assuming that

Tn

Tn+1 — Tn = h we obtain an identity

/:H Fl@)de — hf(zn) = /:H dz /; ds f'(s)

[ = s,

which immediately gives an estimate

/Rf(:r)dx —h> flzn)

nel

<n [ 17ds

Let us now consider the norm [|G(t)||7, as a Riemann sum for a one-dimensional integral

with the grid points {¢, = %}z and the grid step size h = cpy1 — ¢ = 1

£, namely

P
LGOI = gt = [ rg<t,c>\pdc+c9(1 / Ol ; o) dc), (2.27)
t ned, R t R 80
where .
glt.c) = o /T e®0do. $(0,¢) = ch — w(h). (2.28)

In the proof of Theorem 2.24 below we are going to justify approximation (2.27).
An application of the Young inequality (2.26) to the leading-order term in this approx-
imation yields

la(@®)llw < CEP)lg(t,-)l|ze w01, (2.29)

where the function g comes from (2.28). We are going to prove three lemmas on decay
of g(t,c) for different values of parameter ¢ € R. Lemma 2.20 gives the decay of order
t=1 for g(t,c) provided with c is outside the set {w'(#)|6 € T}. According to Lemma
2.23, if ¢ is outside the sectors of angular width t—2/3

set {w'(0)| 0 € O}, the function g(t,c) decays like t~'/2. For all other values of ¢, the

about the points in the discrete
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upper bound on the decay of g(t,c) provided by Lemma 2.22 is t=1/3.

It is important to note that although we know the decay rate of g(t, ¢) along different
rays ¢ = %, the formula (2.29) does not tell the specifics of the decay along different rays
in the (n,t)-plane. This information has been lost once we passed from the solution
{un(t) }nez to its norm in (2.26).

The following lemma specifies the range of ¢ that gives the fastest decay of g(t, ¢):

Lemma 2.20. Let w € C?(T) be a dispersion relation in (2.22) and set a,, and by, be
such that

. / /
W ) w . 2
ay < min w (0) by > Tax (9) (2.30)

There is a constant C,,, that depends on w, ay, and b, such that for oll t > 0 the
oscillatory integral (2.28) satisfies the following bound:

Cu

lg(t,c)| < Wa

Ve € R\[ay, by (2.31)
Proof. Recall that
1 [ .
g(t,c) = 2/ t*0:0)qg, #(0,¢c) = ch —w(0).
™ —T

Because ¢’ is monotonic on T if ¢ € R\ [ay, b,] the Van der Corput Lemma 2.18 imme-
diately gives the decay rate of t~!. However, this lemma does not give the appropriate
scaling of the bound in parameter c. We have to use an explicit integration to prove
the assertion of this Lemma.

Integrating by parts and using 27-periodicity of exp(ité (6, c))/0pp(0, c) we obtain
1 . T 1 [™ 02¢(0,c)
t, c) = .76@1‘41)(9,0) + : / [Z} ) ethb(@,c)d@
9= im0 |, T et ) @, o))

™ "
_ i 2/ w”(6) it gg.
2mte” J_p (1 - w'(0)/c)

where the last integral is bounded for all ¢ € R\|ay,b,]. Recalling that ¢(0,c) is
bounded, we obtain the bound (2.31). O

Remark 2.21. By periodicity of w we have minger w’(f) < 0 and maxger w'(0) > 0, so
that ¢ does not attain the zero value outside [ay, b,] and the right hand side in (2.31)

is bounded.

The next lemma provides a uniform bound on the decay of g(¢,-).

Lemma 2.22. Consider the oscillatory integral (2.28) with w satisfying Assumption
2.16. For all t > 0 and ¢ € R there exists a constant C,, > 0 such that the integral
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(2.28) satisfies the following decay estimate:

ot < ¢ Cu (2.32)

14 1)/3

Proof. Let 6 be a small positive number. We introduce
Us={0€T: |0 -6y <9, 6y €O},

a small neighbourhood about critical points of the dispersion relation. Since w €
C3(T), there exist positive constants A\; and Ay such that W (O)lger\v; = A1 and
W (0)]lper, > A2- Therefore, we can estimate oscillatory integral (2.28) using the Van

der Corput lemma as follows:

9t )l < +

/ eit¢>(9,c) do / eitqf)(@,c) de'
T\Us Us

< Cr(Mt) Y2 4 Cy(Aat) ™13, (2.33)

where C and Cy are constants given in (2.24). The bound (2.32) holds because g(0, ¢)
is bounded and g(¢, ¢) decays as t — oo according to (2.33). O

Although in Lemma 2.22 we have established a bound that is independent of pa-
rameter ¢, we can take advantage of the fact that the decay rate is better than that in
Lemma 2.22 if ¢ is outside a small neighbourhood of the discrete set {w'(6)|6 € O}

Lemma 2.23. Consider the oscillatory integral (2.28) with w satisfying Assumption
2.16. For all c € {x: |w'(0) — x| > t7%/3, § € O} there exist a constant C,, > 0 such
that for all t > 0 the integral in (2.28) satisfies

C, 1
gt,o)| < ————= | 1+ _—
9ol < g 92@ @) =7

Proof. Let us first show the main idea of the proof for the case of ©, = {0}. For

simplicity of notations we set ¢y = w’(0). Consider
™ .
I(t,c) = / et0dg,  $(0,¢) = ch —w(h). (2.34)
0
To get a sharp estimate on this integral we are going to split it in several pieces and

then estimate each piece separately using the Van der Corput lemma. The choice of

the splitting may depend on both ¢ and ¢.
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Using Taylor series expansions for w’(#) and w”(0) we find that there is § € (0, 1)
such that
Vo € [0,9] : ' (0) — co| < AB2, " ()] > A6.

Since 92¢(0,c) = —w" () and 4§ is fixed by the dispersion relation, we get

Vo € [0, 1950(0,c) > B,

Vo€ [5,0]: (9500, ¢c) > A),

To obtain a similar estimate on the phase function ¢(,c) with 6 € [O, 5] we assutie
5% < leo =l (2.35)
A+1
This allows us to find the following bound:
0p¢(0, )] = |co—c+ Dgp(0, co)|

> o — | — [9gp(8, o)
> eo — — A% > 52

The way we estimate the integral I(¢,c¢) in (2.34) depends on how big ¢ is:

(i) If 6 < (A+ 1)_1 |co — ¢|, which can happen when ¢ is small enough, we choose
0 =4 and find that

i T 3 8
[I(t,c)| = / e dg + / elt¢(t’6)d0'<+

0 5 — 0%t (Bt)Y/?

(ii) If 62 > (Z + 1)_1 lco — cl, we fix 6 < & by setting the equality in (2.35):

_leo—¢

6° :
A+1

In this case, we have 6t1/3 > (Z+ 1)1/2 due to inequality |co — ¢| > t73/2. We then
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obtain

5 é T
/ (00 g / (00 g + / £ito(L.0) g
0 5 s

.3, 8 8
T 0% (Adt)l/2  (Bt)Y/?

[L(t,e)| =

1 3 8 8

T S51/241/2 \ §3/241/2 + AL/2 * (Bt)1/2
(@ s

= Jeo — c[1/41/2 Al/2 + (Bt)/2”

Putting the arguments in (i) and (%) together we conclude that

Co 1
It,o)| < ——5x (1 + ———7 | -
N e < : rcO—cP/“)

If the dispersion relation w has several critical points, we need to consider a neigh-

(3 A+1)" 4

bourhood of each critical point separately. For any 0* € O, the integral of e®®(?:¢) in 9
over [0 — 6%, 0% +6*] decays like |’ (%) — ¢|1/4t~1/2. The integrals over [0, 7]\ Ug-co.,
(0% — 6%, 6% + 6*] decay like t—1/2. O

Now, we can use Lemmas 2.20-2.23 to prove a general result on dispersive decay of

solutions to linear lattice system (2.21).

Theorem 2.24. Suppose L is a linear operator and w is its dispersion relation satisfy-
ing Assumption 2.16. For p € [2,4) U (4, 00] there exists a constant C,p, > 0 such that
for all t > 0 we have
p—2
C,, oy for p € (2,4),
< —2P " where ap = p
—[P (1 + t)ap

—1
%7 for p € (4, ).

e[l

Proof. To prove this theorem, we are going to examine the bound

e[ < [tllg(t, N, +0 </R ’8(’;76’1)(7:, c)‘ dc)] v (2.36)

which follows from formulae (2.26) and (2.27). As in Lemma 2.20, let us fix the con-

stants a,, and b, such that
a, < minw’'(6), b, > maxw' ().

0eT 6eT

For simplicity of presentation let us assume that the dispersion relation w has only
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one critical point fy. Let us also set cg = w'(6p). To estimate [|g(t,-)||zr(a, p.,) We are
going to use the decay estimate of Lemma 2.22 for ¢ € [cg — t=%/3, ¢y 4+ t=2/3] and that
of Lemma 2.23 for ¢ € U := [ay, co — t~ 23] U [co 4+ t~%/3,b,,]. For p # 4, we obtain the

estimate

co-tt—2/3 c
[ twepas [T G
[G’W7bw] Coft_2/3 (]. + t)p/
p
Co 1
+ | —— |14+ ——— | dc
L“+W”< wrw“>

—2/3 oA co—t—2/3
caan, G (i [T k) e
(1 + t)p/ (1 + t)p/ (7%} ’Co — C|p/

G Cy (r—1)/6
= (1+¢)P+2)/3 + (1+t)p/2 (1 +t )

<C ~ + L
<(1+t)(p+2)/3 (1+t)p/2>’

where the constant C depends on the dispersion relation w and p. We notice that if
p € (2,4) the bound (2.37) decays like t~7/2, while if p € (4, 00) it decays like t~(#+2)/3,
Using Lemma 2.20, we find that

/ l9(t, ¢)|Pde < C/ d(; << (2.38)
R\ [aw,bw] R\[aw,bo] PCP — P

which gives next-to-leading-order correction to (2.37).

Now let us show that the error term in (2.36) is smaller than the leading-order term
in the limit of ¢ — co. Thanks to Lemma 2.20, for all ¢ € R\[ay, b,] and t > 1 we have
lg(t,c)] < % Using integration by parts one can also show that |0.g(t,c)| < tc% for
all ¢ € R\[ay, b, and ¢t > 1. This estimate and the uniform bound (2.32) imply

1 Cy _p
/]R de >~ /[aw7bw] tp/3 dc + /]\Q\[a“hbw] tp62p+1 de O (t 3) ( 39)

Therefore, for sufficiently large values of ¢ under estimates (2.37)-(2.39) the bound
(2.36) simplifies to

d|glP
86 (t7c)

~ _p—1 _p=2
e o ar < CEg(t, Moo < C (A +7% + 1+ ).

If the dispersion relation has more than one critical point, the integration has to

2/3

be split into the union of balls with radius ¢t7“/° centred at the critical points, and its

complement in [ay, b,]. Similar to (2.37), the bounds on the two resulting integrals can
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be established using Lemmas 2.22 and 2.23. O

Remark 2.25. If p = 4, the integral on the third line in (2.37) results in a logarithmic

In(2 +t)\ /4
el L < Co <1+t) :

term so that

2.3.2 Nonlinear decay

In this section, we prove Theorem 2.14 on scattering of small solutions in the dNLS
equation with sufficiently high nonlinearity. We first prove a theorem that guarantees

that the rate of scattering in the nonlinear system

{ SO =R ) = () hnez s By > €, (2.40)

u(O) = Uy,
is the same as that in the underlying linear problem (2.21). We then apply the theorem

to find decay rates of small solutions in the dNLS equation.

Let us first prove the following lemma:

Lemma 2.26. Suppose ai,az € [0,1)U(1,00), then there exists a constant C > 0 such
that

t 1
ds <

t
— <
C(1+t)7+1_/0 At i rom ™= @y frat=0

where v = min{ay, e, a1 + ag — 1}

Proof. On the interval s € [0,¢/2] we have (1+1)/2 <1+t —s <1+t so that

1 u t/2 1 J 901 v -
- < < ‘
(ER R _/0 At smdram™ = grgm ) (2.41)
where
#(1 +t)—min(0,042—1) < Ml(t) _ /t/Q #ds <Ot min(0,c2—1)
C(l + t) - 0 (1 + S)OQ —= .

Thus, the integral in (2.41) decays like t~%, where & = min{ay, a3 + ag — 1}.
Similarly, on the interval s € [t/2,¢] we observe that (1+t)/2 <1+ s <1+t and

1 t 1 a2
WMz(t) S/t/z (1+t_8)a1(1+8)a2d3§ (1+t)a2M2(t), (2.42)
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where

t t

m(l + t)—min((),oq—l) < My(t) = / 1 ds < Ct™ min(0,a1—1)

t/2 (1+t—s)>

Therefore, the decay of the upper and lower bounds in (2.42) is of the order ¢t~¢, where
o = min{a2,a1 + ag — 1}

Combining the above results we obtain the assertion of the Lemma. O

The next theorem provides restrictions on operators L and N in (2.40) which guar-

antee decay of small solutions in nonlinear system (2.40).
Theorem 2.27. Let Uy, V, and X be nested Banach spaces such that Uy C V C X.
Suppose that the operators L and N in (2.40) satisfy

C
e ully < gy alleo:

IN(Wlgy < Cnllullul2,  Bi+B2=8,  Bi,f2>0.

Assume further that there exist positive § and v such that for all ug with ||upl|y, < €

the unique solution to (2.40) satisfies the estimate

C
la@)llv < == Iwolluy, for all t > 0.

a+o”

Let min{p1v + foc, fiv+ foa+a — 1} > o and o # 1 # v+ Pocv. Then for ug with
luo||lu, < € the solutions to (2.40) satisfy

C
2 ~lluolltry, for all t > 0.

Hu(t)HX < m

Proof. Using the variation-of-constants formula

t
u(t) = etlug + / e=IN(u(s))ds,
0
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and the assumptions of the theorem we obtain the following estimate:

l@lx < [leuo, + /H =IEN(u(s))| ds
< WH uo|lv, +Cr wds
< g lwle+C / s 4 f;’_“ijl”%
< ol + el [ RO

(1 +t)

Let R(t) = maxo<s<¢(1+5)*||u(s)|x, ¢ = ||[uollv, and g = B1v+ 2. Then by Lemma
2.26 we obtain the following bound:

((1+9)u(s)]x)™
14+t —8)%(1 + s)Prvthea
1

t
CuC+ OuCr (1 0P R [ g et

t
L+0°u®)x = Crc+CrCy(1+1ch / :

IN

< CLC+C(L+ ) PP R(t)

where p = min{a, u, a + p — 1}. Since p > a, we find that R(t) < Cr¢ + C¢P1 R(t)52
for all ¢ > 0. If ¢ is small enough we can bound |R(t)| for all ¢ > 0 as follows:

R < |R() - O R(t?| +|C¢P Rt
< C¢+ ‘CC’BIR(I‘I)ﬁ2 <2C1C.
This concludes the proof of the theorem. O

Corollary 2.28. Let Uy and X be nested Banach spaces such that Uy C X. Suppose
the operators L and N satisfy

C
HeLtuHX S (1 +Lt>a||u”U07

IN()lv, < Cn|lull%,

where min{afB,af + a« — 1} > a and a # 1 # aff. Then there is € > 0 such that the
unique solution to (2.40) with ||upl|y, < € satisfies

lu(®)llx <

C
WHUOHUO, forallt > 0.

Proof. The proof is the same as that for Theorem 2.27 with 51 = 0 and §3 = 5. O

33



Ph.D. Thesis — A. Sakovich McMaster University — Mathematics

Using Theorem 2.27 and Corollary 2.28 we can now develop the proof of Theorem
2.14, which establishes scattering of small solutions to the dNLS equation (2.15).

Proof of Theorem 2.14. Let 1 < s < p which implies that Uy =1' CV =15 Cc X = [P.
We notice that

ING = ||l 100}

L=l < Clallf

provided p < B. Since the constant of linear decay «, given in (2.19) belongs to
[0, %], Corollary 2.28 is applicable whenever a,/3 > 1. Using the explicit formula for
ap again, we conclude that the linear and nonlinear decay rates are the same provided
pE (;—_ﬁz, 4) U(4, B). It remains to extend this result for p € [2, 527—62] and for p € [B, o0].

Let us next consider the endpoints, p = 2 and p = co. For p = 2, the decay formula
(2.20) is valid due to the conservation law |[u(t)|[;2 = ||ug||;2. For the case p = oo, we

employ Theorem 2.27 with V' =1[% and 4 < s < (8 so that

IN( = [l = funl*fun < [l ull=°.
ne’

Using as = % and conditions in Theorem 2.27 we obtain the constraint

B—s
— > 1
sv + 3
As we have shown above [[u(t)[l;s < C(1+t)7%||ug|p with as = % and s € (4,3).
Then, we set V =1[° and v = «; for s € (4, ). As a result, the condition
B—s p-1
=—>1
sas + 3 3

is satisfied for all 8 > 4 and hence (2.20) is true for p = co as well.
To show that the linear and nonlinear decay rates are also the same for p €

(2, 52—_62} U [B,00) we use the interpolation inequality

—0 0
lalle < Jfullz [l

where % = % +g and 0 € (0,1). For the left subinterval, p € (2, ;—i} , we interpolate

between ¢ = 2 and r € (62—_62,4) using 0 = (% — %) / (% — %) . Since the restriction
0 < 0 < 1yields p < r, we can cover all the interval p € [2,4). Similarly, for p € [3, c0),
we interpolate between ¢ = oo and r € (4, ) using § = 7 € (0,1) and thus cover all

the interval p € (4, o¢]. O
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Chapter 3

Existence of discrete breathers near

the anti-continuum limit

In this chapter we study existence of discrete breathers in the ANLS and dKG equations
near the anti-continuum limit using the method of MacKay & Aubry [56] which is based

on the implicit function arguments.

3.1 Existence of discrete breathers in the dNLS equation

Consider the dNLS equation in the form
ity + €(Au)y, + |up|*Pu, =0, n €7, (3.1)

where u,(t) : R — C is the set of amplitude functions, and parameters ¢ € R and
p € N define the coupling constant and the power of nonlinearity. The anti-continuum
limit corresponds to € = 0, in which case the dNLS equation (3.1) becomes an infinite
system of uncoupled differential equations.

Let us consider time-periodic solutions to (3.1) in the form
Un(t) = pne™, (3.2)

where w is the frequency. In the context of the dNLS equation, localized solutions in
the form (3.2) are often called discrete solitons. Let us note, however, that the dNLS
equation is not integrable and it does not admit moving solitary waves which interact
elastically.

Thanks to homogeneity of the nonlinear term, we normalize the solution frequency
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and set w = 1. The time-independent solution profile ¢ satisfies

(1= |pn|?)bp = €(AD),, n €L (3.3)

The following lemma by Panayotaros & Pelinovsky [68] shows that it would suffice to

establish existence of a localized stationary solution ¢ in the space of real sequences.

Lemma 3.1. The solution ¢ to (3.3) satisfying the asymptotic decay condition |¢,| — 0

as |n| — oo is real-valued modulo a factor of € with € [0,2m).
Proof. Multiplying (3.3) by ¢, we obtain

(1 + 2¢ — ‘¢n’2p)‘¢n’2 - 6(¢n—1 + ¢n+1)(lgn7
(1 + 2¢ — ‘¢n’2p)‘¢n’2 = e(én—l + &n—&—l)(bm

where the second equation is just a conjugate of the first one. Equating the left sides

of these equations yields

Prni1 — Gndni1 = const, n€Z, e#0.

Due to the decay requirement |¢,| — 0 as |n| — oo the constant on the right is
zero which implies that ¢p¢ni1 = Gndnyr for all n € Z. If ¢pdpy1 # 0, we see
that arg ¢, = arg¢,rimodm. If, however, there is n € Z such that ¢, = 0 then
¢n-1 = —¢n4+1 and we can draw a conclusion that arg¢,_1 = arg ¢, 1modrw. Since
the phase of ¢ at different lattice sites vary only by 7, we can always make ¢ real by
the phase transformation ¢ — e¢ where 6 € [0, 27). O

Let us now consider existence of 1? solutions to the stationary dNLS equation (3.3).
Thanks to Lemma 3.1, these solutions are real-valued modulo the phase transformation.

Hence, it is enough to consider
(1= ¢")pn = (AB)n, n€Z, peN (3.4)

for real ¢ € 2.

Definition 3.2. At € = 0 the limiting configuration of the stationary solution to (3.4)

is given by the compact solution

e=0: ¢V=> e~ ) e, (3.5)

TLES+ nesS_

where Sy are compact disjoint subsets of Z and e,, is the standard unit vector in [?
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expressed via the Kronecker symbol by
(en)m = 6n,m7 m € Z. (36)

The next proposition gives a unique analytic continuation of the compact limiting
solution (3.5) to a particular family of discrete solitons. The idea of the proof comes
from [68] and [56].

Proposition 3.3. Fiz disjoint compact subsets S. and S_ on Z. There exists g >
0 such that the stationary dNLS equation (3.4) with € € (—ep,€0) admits a unique
solution ¢ € 1 near the limiting configuration (]5(0) given by (3.5). Moreover, the map
(—e€0,€0) D € > ¢ € 12 is analytic and

IC>0: |¢— ¢ < Clel. (3.7)
Proof. Consider the vector field F induced by the stationary equation (3.4):

Fu(¢,¢) = (1= 7)o — €(Ag)s.

Since I? is a Banach algebra and the operator A is bounded in 12, the map F : I?xR  [?
is also bounded. To prove the proposition, it is enough to show that the Implicit
Function Theorem can be applied to uniquely solve for ¢ near the anti-continuum
limit.

We make the following observations:
i. The point (qb(o), 0) € 12 x R is the zero of the operator F
F(¢©,0) =0.

ii. The map F is analytic in € and ¢ (p € N).

iii. The linearization operator L, of F given by
(L+u)n - (1 - (2p + 1)¢ip) Up — 6(Au)n

is a bijective map from a small open neighbourhood of (¢(0), 0)in 12 x R to I?
since o <L+](¢(o>70)> ={-2p,1}.

Thus, by Implicit Function Theorem there exists €y > 0 such that the map (—eq, €p) 2
€ — ¢ € 12 is analytic. As a result, the bound in (3.7) holds for all € € (—¢g,€p). O
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Remark 3.4. The proof can be adapted to discrete solitons with non-compact limiting
configuration (3.5). To apply the implicit function theorem one needs to look for the
solution in the form ¢ = ¢©) + ¢, where ¢ € [2 [70].

On a finite lattice, continuation of the discrete soliton ¢ from the anti-continuum
limit can be done using the Newton’s method (see e.g. papers of Panayotaros, [66, 67]).
Let us note that an alternative method based on variational techniques was recently
justified by Chong, Pelinovsky & Schneider [19].

While Proposition 3.3 shows that the stationary solution ¢ stays close to the initial
configuration »©, we can be even more specific on the decay rate of ¢ at infinity. The

following proposition implies exponential decay of the stationary solution.

Proposition 3.5. Fiz disjoint compact subsets Sy and S— on Z. Let ¢ > 0 be small
enough to guarantee existence and uniqueness of the 12 solution to (3.4) in Proposition
3.3. Let m_ and m4 be the smallest and the largest numbers in the set {S+ U S_}

respectively. Then there are positive constants A+ and Ag such that

A_elr=m—|, n < m_
[¢n| < Ao, m_<n<my . (3.8)
A+6|n—m+|7 n>my

Proof. Let us first give a proof for the case of “fundamental” solution ¢ defined by the
limiting configuration supported on one site, %0) = 0p,0- Thanks to analyticity in e,

the solution can be expanded into the series
o0

b= "ol
k=0

Since only the adjacent sites interact, we have excitation of orders € on the sites with
n = +1, € on the sites with n = +2 and so on. For n > 1 we have @(10) = qbgl) =...=
@S”‘” =0 and <Z>£Ln) = d)fln__ll) = = ¢(()0) = 1. Therefore ¢, = €* + O(e"™!) where
n > 0. Due to the symmetry of the soliton about n = 0 we write ¢, = el + O(el?+1)
for any n € Z.

For the solution extended from an arbitrary limiting configuration ¢(0)7 the fluxes
¢n at n < m_ and n > m4 are determined in the leading order by excitations coming
from the sites n = m_ and n = m_ respectively. Hence, the first and the last estimates

in (3.8) follow readily. As for m_ < n < my, according to (3.7) we get

dn — 0| < [lp — V12 < Clel,
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so that
6l < Clel + 6] < Clel +1 =: Ao,

O]

Remark 3.6. Thanks to the exponential decay (3.8), the {? solution in Proposition 3.3
also belongs to the weighted space 12 for any s > 0.

3.2 Existence of multi-site breathers in the dKG equation

In this section, we study existence of discrete breather solutions in the dKG equation
tin + V'(up) = €(Au),, neZ, (3.9)

where t € R is the evolution time, u,(t) € R is the displacement of the n-th particle,
V : R — R is an on-site potential for the external forces, and ¢ € R is the coupling
constant of the linear interaction between neighbouring particles. For simplicity of
arguments, we require that the potential V is even and smooth. The components
{un}nez of the T-periodic breather solution to (3.9) are considered in Hilbert—Sobolev
spaces H5,.(0,T) equipped with the norm,

per
1/2
11l azg,,, == (Z(1+m2)8!fm|2> , 520,
meZ

where the coefficients { fm} are defined by the Fourier series of the T-periodic function,

= Z fim €xp <2Tr;mt> , telo,T].

meZ

Accounting for the temporal symmetry of the dKG equation, we shall work in the

restriction of Hp (0, T) to the space of even T-periodic functions,

HZ(0,T) = {f € H3,(0,T) : f(—t) = f(t), teR}, s>0.

We are going to study existence of breathers in KG lattice which belong to the
12(Z,H2..(0,T)) space defined by the norm

per

SN+ m?)? fanml*  (3.10)

nEZ meZ

lalliz(z, 1z, 0,1)) = H{”“””Héer(o»T)}nez
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At € = 0, we have an arbitrary family of multi-site breathers,

u@(t) =" ore(t)er, (3.11)

kesS

where ey, is the unit vector in 12 defined in (3.6), S C Z is a compact set of excited sites,
and o}, € {+1,—1} encodes the phase factor of the k-th oscillator, and p € H2..(0,T)

per

is an even solution of the nonlinear oscillator equation at the energy level E,

_ Lo v (3.12)

p+V(e)=0 = E 5

The unique even solution o(t) € H2(0,T) satisfies the initial conditions,

where a is the smallest positive root of V(a) = E. The period T is uniquely defined
from the energy level E,

a d(p
T=v2 / T A— (3.13)
—a \/ E - V(g@)
Definition 3.7. Suppose oscillators at the excited sites S C Z in the limiting configu-
ration (3.11) have the same period T'. We say that two oscillators at the j-th and k-th

sites are in-phase (anti-phase) if oo, =1 (0jo1, = —1).

Remark 3.8. In this thesis, we study discrete breathers with in-phase or anti-phase
adjacent sites. We do not consider the phase-shift breathers where neighbouring ex-
cited sites can have phase difference other than 0 or w. In fact, it was proven by
Koukouloyannis [51] that phase-shift breathers without “holes” do not persist in the
KG lattice (3.9) with a generic potential satisfying V/(0) = 0 and V”(0) > 0. This
result, however, does not rule out existence of phase-shift breathers with “holes”. Let
us also mention that phase-shift breathers have been recently shown to exist in KG

chains with interactions beyond nearest neighbours by Koukouloyannis et al. [53].

Extension of the limiting configuration (3.11) as a space-localized and time-periodic
breather of the dKG equation (3.9) is established by MacKay & Aubry [56] for small
values of €. The following theorem gives the relevant details of the theory that are

useful in our analysis.

Theorem 3.9. Fiz the period T and the solution € H2(0,T) of the nonlinear oscil-
lator equation (3.9) with an even V € C°°(R) and assume that T # 27n, n € N and
T'(E) # 0. Define ul®) by the representation (3.11) with fized S C Z and {o}}res.
There are eg > 0 and C > 0 such that for all € € (—¢€g, €y) there exists a unique solution
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ul® € 12(Z, H2(0,T)) of the dKG equation (3.9) satisfying
Jul — u(O)HlQ(Z,ngr(O,T)) < Clel. (3.14)

Moreover, the map € — u'® € [2(Z, H2(0,T)) is C* for all € € (—eg, €0).

Proof. To prove the existence result, it is enough to show that the vector field defined
by the dKG equation,

Fo(u,€) = iy, + V'(up) — e(Au),, ne€Z,

satisfies the conditions of the Implicit Function Theorem (Theorem 4E in [103]) near
the solution to the decoupled dKG equation, (u(?),0). It is clear that F(u,¢) is C* in
u and analytic in €, and F(u®,0) = 0. Hence, it is left to show that at (u(®),0) the

linearization of the above vector field,
(N(w,€)€),, = &n + V" (un)én — €(AE)n, neZ,

defines an invertible mapping from H2(0,T) to L?(0,T). This happens if the homoge-

nous equation

E+V"WNE=0, neZ
has no nontrivial solutions in H2(0, 7).

On the excited sites, n € S, we have Wl = onp(t) so that V”(u£?>) = V" (p(t)),
thanks to the symmetry of the potential. The equation & + V" (¢)é = 0 admits two
linearly independent solutions ¢ and Jdgp. The former solution is T-periodic with
©(0) = ¢(T) = 0 and $(0) = $(T) = —V'(a). However, ¢ is an odd function and
does not belong to H2(0,T). For the latter solution, gy, the periodicity condition is
not satisfied provided T'(FE) # 0. Indeed, differentiating the identity ¢(7') = 0 with

respect to E, we obtain
Ipp(T)+¢(MT(E)=0 = 9pp(T) =V'(a)T'(E) # 0= 0pp(0).

For the passive lattice sites, n € Z\S, we have V”(0) = 1 so that the governing equation
é—i—ﬁ = 0 does not admit T-periodic solutions if T' # 27k, k € N. O

Remark 3.10. We derive expansions for multi-site breathers with “holes” in Chapter 5,

where we also consider stability of such breathers.
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Chapter 4

Linear and asymptotic stability of
the dANLS breathers

In Section 3.1, we studied existence of discrete breathers in the dANLS equation
iy, + €(AU)y + |un|*Pu, =0, n €z, peN. (4.1)

Such breathers are sought in the form u(t) = ¢(w)e™?, where ¢(w) is spatially localized,
and are often called discrete solitons. By Lemma 3.1, the associated stationary solution

¢(w) is real-valued and satisfies the lattice equation

(W= ¢ (W) pn(w) = e(Ap(W))n, n€Z,  peN

We fix w = 1 by rescaling the solution and the coupling constant:
(1 - ¢3Lp)¢n = €(A¢)n7 ne Za p € N (42)

At e = 0 we consider the limiting configuration for the discrete soliton,

¢(0) = Z €n — Z €n, (43)

n€S+ nes_

where Sy are compact disjoint subsets of Z. To simplify notations, we denote the set
of excited sites S1 US_ C Z by S. The number of elements in S is denoted by .
In Proposition 3.3, we proved that for sufficiently small value of € there is a unique

analytic continuation of the limiting configuration ¢ to the 12 solution ¢ of (4.2).
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Thanks to the analyticity of the solution, we can expand ¢ in the power series
(e.)
¢ =0 +> Folh), (4.4)
k=1

where correction terms {¢®)}en are uniquely determined by recursion from (4.2).
To study the spectral stability of the breather ¢e® let us introduce a generic

complex-valued perturbation:
u(t) = e’ + (A(t; \) +iB(; ) e,

where A(t;)\),B(t;A) : R x C — [2 and X € C is the spectral parameter that controls
the growth of u(t). We separate the variables by setting

A N) = veM 4 veM,
B(t;\) = weM +weV,

where v, w € [2. Extracting the terms linear in A and B from (4.1) and setting to zero

it+At and 6it+)\t

the factors at e we obtain a non-self-adjoint eigenvalue problem

:)\[v], L= 0 L‘], (4.5)

—Ly 0
where L are discrete Schrodinger operators given by

A%

L

w

(Liv)n = —€(Av), + (1 - (2p+1) 72110)”71, ne’
(L_V)p = —e(AV), + (1 — ¢2P)v,, '

The eigenvalues of this spectral problem come in quartets. Indeed, for each eigenvalue

T we also find eigenvalues —\, A, and —\ with

)T

A € C with an eigenvector (v, w)

eigenvectors (v, —w)T, (v, w)T, and (¥, —w)T respectively.

Definition 4.1. We say that a soliton is spectrally unstable if there is an eigenvalue
A with ReA > 0. If all eigenvalues are located on the imaginary axis, we say that the

soliton is spectrally stable.

It is straightforward to compute the eigenvalues of the operator £ in the anti-
continuum limit. We notice that in that limit, the operators ng) = L4|,_, are multi-
plicatory:

(Lg)v)n = (Lf))nvn,
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where

—_

Y

(Lio)>n={_2}f’ nems (L(-O))n:{o’ g

From these properties, spectra of operators ng ) and

;o 0 LY
' 0

A

immediately follow.

Definition 4.2. We say that an eigenvalue is semi-simple if its geometric and algebraic

multiplicities are equal.

Proposition 4.3. In the anti-continuum limit, the operators Ly and L posses the

following properties:

e The spectrum of L(f) (resp. L(,O)) includes a semi-simple eigenvalue —2p (resp.

0) of multiplicity N and a semi-simple eigenvalue 1 of infinite multiplicity.

o The spectrum of the operator L) consists of a pair of eigenvalues X = +i of
nfinite multiplicity and the eigenvalue A = 0 of geometric multiplicity N and
algebraic multiplicity 2N .

This chapter is structured as follows. In Section 4.1, we study what happens to the
zero eigenvalues of the spectral problem (4.5) as we deviate from the anti-continuum
limit. The main objective is to find out which limiting configurations of discrete soli-
tons of the ANLS equation are spectrally stable near the anti-continuum limit. Then, in
Section 4.2, we prove that no discrete eigenvalues bifurcate from the edges of the con-
tinuous spectrum near the anti-continuum limit. In Section 4.3, we prove that a small
dNLS soliton bifurcating from the eigenvalue of the operator —A + V' is asymptotically
stable.

4.1 Unstable and stable eigenvalues

In this section, we summarize the spectral properties of operator £ in (4.5) at small
non-vanishing coupling e.

Let us first study the kernel of the operator £ in (4.5). Let us recall that the
stationary solution associated with the breather of frequency w > 0 satisfies the lattice
equation

(w— ip(w))tbn(w) = e(Ap(w))n, n €z, peN. (4.6)
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In the anti-continuum limit, this equation decouples producing a solution
$U(w) = R | D en= D e
’VLES+ nesS_

Thanks to Proposition 3.3, the extension of this limiting configuration for sufficiently
small values of € produces a unique solution ¢(w) to (4.6). To account for the frequency

parameter w, we have to replace the Schrodinger operators Ly in (4.5) with Ly (w) given

(L (@)V)n = —e(AV)n + (w = (2p + 1)i" (@) Jvn,

n € 7Z.
(L (@)V)n = ~e(AV) 4 (= 627(w)n, )
Since these operators satisfy
L_(w)pw) =0, Li(w)¢'(w)=—-dWw), (4.7)

the operator

—Ly(w) 0

has at least two eigenvectors in its generalized kernel:

erL(w) = span 0 er QOJ — Span 0 ¢/(w)
e < |} e { L4}

In fact, these two vectors exhaust the generalized kernel of the operator £(w). If it was

£(w) M - [‘blé‘”)] ,

would have a solution. This is not possible since the spectrum of L, (w) is bounded

not the case, then the equation

away from zero for w > 0 (see Figure 4.1), and the kernel of L_(w) given by ¢(w),
is not orthogonal to ¢'(w) in [2. To clarify on the last statement we notice that
B (w) = ¢ (w) + O(e) which yields

lp(w) 7 = No'’? + O(e).
Since for w > 0 we have

1d N
(¢(w), &' (W) = 5 o-lI#W)E = %wl/p_l #0, weR, peN, (4.8)
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then the generalized kernel of the operator £(w) is

Ng(L(w)) = span{ [(j)?w)] , [d) (()w)] } . (4.9)

It is important to note that the eigenvector (v, w)” of the spectral problem

L@)P}:A[Vr A0,

are symplectically orthogonal to the generalized kernel of £(w) in (4.9) in the sense that

<V7 ¢(w>>12 = <W7 ¢/(w>>l2 =0. (410)

This property comes directly from self-adjointness of the operators Ly (w) and (4.7).
Let us now fix the frequency parameter by setting w = 1 and examine splitting
of the spectra of Ly and L near the anti-continuum limit (cf. Proposition 4.3). As €
deviates from zero, the eigenvalues +i of the operator £ (infinite multiplicity) produce
bands of continuous spectrum. Indeed, setting the decaying potential ¢ € I? to zero
we get
Li|lgp=0 = L—_|p=0 =1 — €A := Ly,

so that the spectral problem (4.5) simplifies to
Loa=i\a,  Lob= —i)b,

where a = v +iw, b = u — iw. Since the continuous spectrum of the operator (—A)
is o.(—A) = [0, 4] we find that

0c(Llp=0) = i[-1 — 46, =1] Ui[1,1 + 4¢], e > 0.

In Section 4.2, we perform resolvent analysis to show that the continuous spectrum of
the operator £ is the same as that of £|y—.

To explain the bifurcation of semi-simple eigenvalues from the anti-continuum limit,
let us recall basic definitions and results from the stability analysis of the spectral
problem (4.5).

Definition 4.4. The eigenvalues of the spectral problem (4.5) with ReA > 0 (resp.
with ReA = 0) are called unstable (resp. neutrally stable). If X € iR is a simple isolated
eigenvalue, then the eigenvalue ) is said to have a positive energy if (Liu,u);2 > 0 and

a negative energy if (Lyu,u);2 < 0.
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e=0 0<ex1
0 1 oY) 0 1 o(L)
—2p 1 O'(LS?)) —2p 1 o(Ly)
IIH)\ U(£(0>> IHI)\ U(E)
1 1
0 ReA E Re
> ‘ >
—1 —1

Figure 4.1: Spectra of operators Ly and £ at e = 0 (left) and at small € > 0 (right). The
dots represent isolated eigenvalues, while the bold lines represent continuous spectra.
The algebraic multiplicities of the isolated eigenvalues are shown in grey colour.
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Remark 4.5. If X € iR is an isolated eigenvalue and (Liu,u);z = 0, then X is not
a simple eigenvalue. In this case, the concept of eigenvalues of positive and negative
energies is defined by the diagonalization of the quadratic form (L u,u);2, where u
belongs to the subspace of [? associated with the eigenvalue A of the spectral problem
(4.5) and invariant under the action of the corresponding linearized operator (see [21]

for the relevant theory).

The following proposition describes the splitting of the zero eigenvalue near the

anti-continuum limit for € > 0 (see |72| for the proof).

Proposition 4.6. Denote the number of sign differences in {¢£l0)}neg by ng. For
sufficiently small € > 0,

o There are exactly ng negative and N — 1 — ng small positive eigenvalues of the

operator L_ counting multiplicities and o simple zero eigenvalue.

o In addition to a double zero eigenvalue, the operator L has exactly ng pairs of
small eigenvalues X € iR of negative energy and N — 1 —ng pairs of small eigen-

values X € R counting multiplicities.

Remark. Since the discrete spectrum of operator L, is bounded away from zero, its
splitting has no effect on the kernel of operator £. The splitting of the zero eigenvalue

in the operator L is described in terms of that for the operator L_.

Proposition 4.6 completes the characterization of unstable eigenvalues and neutrally
stable eigenvalues of negative energy from negative eigenvalues of L and L_. In partic-
ular, we know from [21] that if KerL, = {0}, KerL_ = span{¢}, and (Ljrlqb, d)2 # 0,
then

L.)—py = N-+N +N,,

’I’L(L,) == NTT’_‘FN,L?_FNCa
where n(L4 ) denotes the number of negative eigenvalues of L, N, denotes the number
of eigenvalues A € iR with negative energy, N, denotes the number of eigenvalues with

Re) > 0 and ImA > 0, N," (resp. N, ) denotes the number of eigenvalues A € R with
(Lyu,u);2 >0 (resp. (Lyu,u);2z <0), and

_ 1 it <L—T-1¢7 ¢>l2 < 07
7Y 0 it @i, ) > 0.

To compute pg, we refer to (4.8) and find that

(L7, )i = — (b, (1))ie = —;‘jg +Oe).
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Therefore, pg = 1 for small values of e.

By Proposition 4.6, we have n(L_) = ng, N. =0, and N, > ng. Also, n(L4) = N.

For small € > 0, we use the eigenvalue count (4.11) to find that
Nf=0, N, =N-1-ng, N; =ng, N.=0. (4.12)

Equality (4.12) shows that besides the small and zero eigenvalues described by
Proposition 4.6, the operator £ may only have the continuous spectrum and #nternal
modes, pairs of isolated eigenvalues A € iR of positive energy. The internal modes are
produced by the splitting of eigenvalues of infinite multiplicity. The phenomena has
been demonstrated for kinks of the dNLS equation by Pelinovsky & Kevrekidis [70]. For
the fundamental breather in the dNLS equation, numerical simulations of Johansson
& Aubry (Figure 1 in [43]) and Kevrekidis (Figure 2.5 in [46]) suggest that internal
modes bifurcate from the continuum spectrum only for sufficiently large coupling e.
With these facts, we summarize the results on spectral properties of operators L4 and
L on Figure 4.1.

It is important to know the details on existence of internal modes because of several
reasons. First, these internal modes may collide with eigenvalues of negative energy to
produce the Hamilton—Hopf instability bifurcations [72]. Second, analysis of asymptotic
stability of discrete solitons depends on the number and location of the internal modes
[25, 49]. Third, the presence of internal modes may result in long-term quasi-periodic
oscillations of discrete solitons [24].

In Section 4.2, we prove that no internal modes bifurcate from the continuous
spectrum near the anti-continuum limit provided the initial configuration of the discrete
soliton is supported on a simply-connected sets and p > 2. We also briefly discuss

existence of internal modes in the case of the cubic dNLS equation, p = 1.

4.2 Internal modes

In this section, we analyze the spectrum of the problem (4.5) using the resolvent op-
erator. As we already know all the details on splitting of the zero eigenvalue of the
operator £, our main focus here is on the spectrum of £ near the points +i. Without
loss of generality, we restrict the analysis to positive values of the coupling e.

In Sections 4.2.1-4.2.4, we study the properties of the resolvent of a truncated
operator L’\d)(o). In Section 4.2.5, we run perturbative arguments to extend these results
for the case of the full operator £. We prove the main theorem (Theorem 4.21) which
shows that simply-connected discrete solitons in the dNLS equation with quintic or

higher nonlinearity (p > 2) have no internal modes bifurcating from the continuous
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spectrum if the coupling constant e is sufficiently small. In Sections 4.2.6 and 4.2.7,
we address issues beyond applicability of our analytic results, namely, non-simply-
connected solitons and the cubic ANLS equation.

4.2.1 The resolvent operator for the limiting configuration

Let us consider the truncated spectral problem (4.5) after ¢ is replaced by its limiting
configuration ¢(©) (4.3). The resolvent operator is defined from the spectral problem

(4.5) modified with an inhomogeneous term:

(5!(,5(0) - D\) L‘;

where I is the identity operator and F, G € [? are given. This can be rewritten as

F
G

)

—e(AV)y + v, — (2p+ 1) Z OnmUm + Awy, = Fy,
meS

—E(AW)n + Wy — Z 5n,mwm - A'U'n, = Gna
mesS

n ez, (4.13)

where F, G € [? are given. Since we are interested in the continuous spectrum and

eigenvalues on iR, we set A = —i{2 and use new coordinates

Gn = Up + Wy, [ni=F,+1Gy,

bp = Uy — Wy, gn:= F, —iG,.
The inhomogeneous system (4.13) transforms to the equivalent form

—e(Aa), +ap — Z Onm((1+ p)am + pbpm) — Qan = fn,

mes (4.14)
—€(Ab)y + by, — Z Onm(Pam + (14 p)bp) + Qby = gn,
mes

which can be rewritten in the operator form

(L—IQ)[Z]zl_fg], (4.15)

—eA+T1—(1+p)V —pV
% eA—T+(1+p)V,

where

L:
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with V : [? — [? being a compact potential

(Vu), = Z OnmUm, N €EZL.
mesS

It turns out that the spectral properties of the operator L can be studied using the
free resolvent, the resolvent operator of the discrete Schrédinger operator —A, defined
as Ro(\) = (=A — X\)71 : 12 = 2. The free resolvent was studied recently by Komech,
Kopylova, & Kunze [50], who showed that it can be expressed in the Green’s function

form

2. _ —iz(\)|n—m|
Vel (Ro(Mf)n = Y mZE:Ze foms (4.16)

where z(\) is the unique solution of the transcendental equation for A ¢ [0, 4]
2—2cosz(A) = A, Rez(\) €[—m,m), Imz(\) <O. (4.17)

Note that the choice Imz(\) < 0 corresponds to the exponentially decaying kernel of
Green’s function. If one opts for the roots with Imz(\) > 0, then the sign in the
exponent of (4.16) has to be switched to positive.

It is shown in the work of Pelinovsky & Stefanov [76] that the bounded operator
Ro(A) : 12 — [? for \ ¢ [0, 4] admits the limits

1
RE(w) = E%Ro(a} +ip): 2 =12, o> B (4.18)

for any fixed w € (0,4). Since I2 C I? C I?_, the free resolvent operator Ro()\) can be

o
extended to A € C\({0} U {4}) as a bounded operator mapping 12 to 2,

To get an explicit expression for Ra—L (w) we need to examine the roots of transcen-
dental equation (4.17) for the case of spectral parameter A\ with Re\ € (0,4) fixed

approaching real axis. Setting
)‘:w+i”7 WE(O,4), NER,

and
z(\) =6 — iy, 0 €[—mm), y >0,
we get from equation (4.17) that
w - p

(cos@coshy — 1) +isinfsinhy = —% —i5.

From the imaginary part of this equation we conclude that signf = —signyu. Therefore,
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Figure 4.2: The path for approaching the continuous spectrum in A-plane (left). The
corresponding root z(A) to equation (4.17) (right).

if A\ approaches real axis from above (if ¢ > 0) then z(\) approaches 6 € (—m,0),
whereas if A approaches real axis from below (if © < 0) then z(\) approaches 6 € (0, 7).
As a result, Rez(u) experiences a jump discontinuity when u crosses zero. We can get
even more information on the behaviour of z(u) near p = 0 by constructing the power
series of y and 0 in w:

y =- +O(1?),

2 bm 2sin Oy
112

. where 2 —2cosby = w.
0 = 00 + 8 sin? 9otan90 +O('u )’

On Figure 4.2, we show the behaviour of z(u) near p = 0. Note that the curves z(\) do
not extend to the upper half-plane due to the restriction Imz(\) < 0 that guarantees
exponential decay of the kernel in Green’s function representation (4.16).

Using the above asymptotic expressions for z(\) near A € (0,4) we can express the

limiting free resolvent operators RSE (w) in the Green’s function form
fel': (REw)f ~ 0 (w)In=m| 4.1
VE € (Ry (@)f)n = 5 ei Z e fm (4.19)

where 04 (w) = +£0(w) and O(w) is a unique solution of the transcendental equation for
€ (0,4)
2—-2cosf(w) =w, OH(w)e (—m0). (4.20)

The limiting operators R (w) : I' — I°° are bounded for any fixed w € (0,4). Since
12 C 1! and [ C [2, for any o > 1/2 this implies the limiting behaviour of the free
resolvent in (4.18) with w € (0,4).

In the limits w | 0 and w 1 4 the limiting operators R(jf (w) : I' — 1°° are divergent.

These divergences follow from the Puiseux expansion

VEell: (REW)), Mi me—f > In = mlfm + (By (W), (4.21)

meZ
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where

3C > 0:  [|RG (w)f[lie < Cl6F (w)][IF]];1-

Divergences of R(jf(w) at the end points w = 0 and w = 4 indicate resonances, which
may result in the bifurcation of new eigenvalues from the continuous spectrum on [0, 4]
either for A < 0 or A > 4, when —A is perturbed by a small potential in /2.

Let us denote the solution of the inhomogeneous system (4.15) by

B

The following theorem represents the main result of this subsection. This theorem

—g

:RL(Q)[ f ] (4.22)

is valid for simply-connected sets S, which are introduced by the following definition.

Definition 4.7. We say that the set S € Z is simply-connected if no elements in Z\S

are located between elements in S.

Theorem 4.8. Fiz disjoint compact subsets Sy and S_ on Z such that Sy U S_ is
a simply-connected and set of N elements. Let Bs(0) C C denote a ball of radius o
centred at the origin. For any integer p > 2, there exist small ¢g > 0 and § > 0 such
that for any fized € € (0,¢€q) the resolvent operator

Rp(Q): 12 x 12— 1% x 2

is bounded for any Q@ ¢ Bs(0) U [—1 — 4e,—1] U [1,1 + 4¢€]| and has ezxactly 2N poles
(counting multiplicities) inside Bs(0). Moreover, for any € € (0,€) there is C > 0

such that the limiting operators
RE(Q) == liﬁ} Rp(Q+ip),  Qe[-1—4e,—1]U1, 1+ 4,
o
admit the uniform bounds

IRE (D)l st spoosie < Ce™ VO € [-1 —de, =] U[1,1+4d].

Remark 4.9. The other way to formulate this theorem is to say that the end points of
the continuous spectrum o.(L) = [-1 — 4¢, —1] U [1, 1 + 4¢] are not resonances and no
eigenvalues of the linear operator L may exist outside a small disk Bs(0) C C. The 2N

eigenvalues inside the small disk Bs(0) are characterized in Proposition 4.6.

To prove Theorem 4.8 we need to study solvability conditions for the linear system
(4.14). Using the Green’s function (4.16) we can rewrite (4.14) for any n € Z in the
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equivalent form:

—iz(A4)|n—m)|
tn = 2zes1nz )\+ <Ze Jin

MEZ
+ D e m<<1+p>am+pbm>> ,
mes (4.23)
1 .
bn - - —iz(A_)|n—m]| m
2iesin z(A_) <mz€:ze g

+ Z —iz(A-)ln= ml(pam +(1 +p)bm)> ,

meS

where the maps C 3 Ay — 2z € C are defined by the transcendental equation (4.17)

with
+0 -1

€

At =

The solution is closed if the set {(ay, bn) }nes is found from the linear system of finitely

many equations:

2iesin z(A4)a Z e~ #OH)In=ml(4 4 pYay, 4 pby)
mes
= Y el
meZ

nes. (4.24)
2iesin z(A_ )b, — Z e 1#A-)In— m'(pam + (1 +p)bi)

meS
= e iy

meZ

Let us order lattice sites n € S such that the first site is placed at n = 0, the
second site is placed at m1 > 1, the third site is placed at m; + me > 2, and so on,
the last site is placed at mq +mg +--- 4+ my—1 > N — 1, where all m; > 0. If S'is a
simply-connected set, then all m; = 1.

Let Q(q1,q2, - ,qn—_1) be the matrix in CV*V defined by

1 q qi192 - Q12 qdN-—1
q1 1 q2 <4293 gN—1
— q142 2 1 g3 N -
Q(QM‘]Q»"‘ 7qN71) = !
Qa2 AN—1 @2 qN—1 43 qN—1 i
Let qjj-[ = ¢7m2(05) and Q*(Q,€) := Q(qf,q;, e ,q]j\[,_l). The coefficient matrix of
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the linear system (4.24) is given by

[ 2iesinzO ) I—(149)@* () P ()
A(Q’6> T |: —pQ~ (e) 2iesinz()\_)17(1+p)Q_(Q,e)] ’ (4.25)

where I is an identity matrix in CN*V,

We split the proof of Theorem 4.8 into three parts, described in Sections 4.2.2-4.2.4,
where solutions of the system (4.24) are analyzed with respect to € in three different

sets composing the complex plane.

4.2.2 Resolvent outside the continuous spectrum

We consider the resolvent operator R () for a fixed small € € (0,¢€p). The following
lemma shows that Ry () is a bounded operator from 12 x [2 to ? x I for all Q € C
except three disks of small radii centred at {0,1,—1}.

Lemma 4.10. There are ¢g > 0 and 6,6+ > 0 such that for any € € (0, €y), the resolvent
operator R () : 1 x 1> = 12 x 1% is bounded for all Q € C\{Bs(0)UB;, (1)UBs_(—1)}.
Moreover, Rr,(2) has exactly 2N poles (counting multiplicities) inside B;s(0).

Proof. From the property of the free resolvent operator Ry(A), we know that the Green
function in the representation (4.23) is bounded and exponentially decaying as |n| — oo
for any € such that Ay ¢ [0,4]. This gives Q ¢ o.(L) = [1,1 + 4] U [-1 — 4¢, —1].
Therefore, Ry () is bounded map from [? x [? to I2 x [2 for any Q ¢ o.(L) if and only if
the system of linear equations (4.24) is uniquely solvable. We shall study invertibility
of the coefficient matrix A(€2, €) of the linear system (4.24) for small ¢ > 0 in various
domains of the Q-plane.

To find the expansion of A(€2,¢€) for small € > 0, let us first study solutions of the

transcendental equation (4.17),
2—2cosz(A) = A, Rez(\) € [—m,m), Imz(\) <0,

for real X outside [0, 4]. For A < 0, we obtain cos z(A) > 1 and parametrize the solution
as z(A\) = —ik with kK > 0. For A > 4, we have cosz(\) < —1 so that the root
can be parametrized by z(A\) = —m — ik with k > 0. These parametrizations can be
continuously extended for complex values A\ ¢ [0,4], as shown on Figure 4.3, however,
for the sake of asymptotic expansions that we perform below it would be simpler to
treat the cases with ReA < 0 and Re\ > 4 separately.

We are now going to construct the solutions z(Ay) to (4.17) for Ap = (£Q —1)/e
and 2 € C bounded away from [—1 — 4¢, —1] U [1,1 + 4¢], the continuous spectrum

of the operator L. To do that, let us divide the complex plane €2 into domains where
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ImA Imz

B

Figure 4.4: Schematic display of various domains in the Q-plane.

z(A4) admits continuous expansions in small € > 0. Figure 4.4 shows schematically
the location of these domains on the 2-plane.
Fix 09 € (0,1) and let Q belong to the vertical strip

Ugo = {Q eC: RG(Q) € [—(50,50]} .
If ImQ = 0, then Ay < (69 — 1)/e < 0. Hence, for Q € Uy, the roots z(Ay) = —iky are

uniquely determined from the equation

1FQ
et et 2= i , Re(ks) >0, Im(ky)e€[—m,m),
€

which admits the asymptotic expansion

1FQ
e“i:i+2—1;9+(9(e2) as €—0
and
—Kt _ € 2
e 1:':Q+O(€) as € — 0.
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Therefore, both esinh(k4) and QT (£, €) are analytic in € near e = 0 and
2iesin z(Ay) = 2esinh(kt) =1 FQ+ 2+ O(?) as € — 0,

and
QE(Q,e)=T+0(e) as €— 0.

It becomes now clear that A(€2, €) is analytic in Q € Us, and € € [0, €p) with the limit

—(p+ I —pl

A0 = -l —(p-OI |

(4.26)

Matrix A(Q,0) € C2V*2N ig singular only for © = 0. Thanks to analyticity of
A(R, €), the determinant D(Q,€) = detA(€2, €) is also analytic in these variables and

D(Q,e) = (=) +O0(e) as e—0.

Therefore, there exist 2N zeros of D(€2,¢€) for small € € (0,¢p) in a small disk Bs(0)
with § = O(e"/?V). By Cramer’s rule, these zeros of D(Q,¢) give poles of R ().
Fix 64 € (4¢,1) and 04 € (5, 7). We now consider €2 in the domain (Figure 4.4)

Us, == {Q —14re?, r>d,, O¢ (—9+,9+)} .

Along the real axis in this domain, we have > 146, which gives A\_ < (—=2—4d4)/e <0

and Ay > 64 /e > 4. Hence, we have the same presentation for z(A_) = —ix_ but a
different presentation for z(Ay) = —iky — m. Now k4 is uniquely determined from the
equation
Q-1 <
et +eft42= = f626, Re(ky) >0, Im(k4) €]0,2m),
€

€
which admits the asymptotic expansions

e”*:Q_l—Q— €

2
; Q_1+(9(e) as €—0

and
2iesinz(Ay) =1 —Q+2e+ O(¢%) as €— 0.

Since Re(ky) — o0 as € — 0, A(,0) is the same as matrix (4.26) and it is invertible

for Q € S5, . Similar arguments can be developed for

Us = {Q:—l—i-rew, r> 0 96(0_,277—9_)},
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where §_ € (4¢,1) and 6_ € (0, 7). Since for sufficiently small € there are e-independent
60,0+ > 0 such that

Usy UUs, UUs_ = C\{Bs, (1)U Bs_(-1)},

we obtain the assertion of the lemma. O

Remark 4.11. The proof of Lemma 4.10 implies that poles of Ry (£2) may have size
Q] = O(e/2N). The results of the perturbation expansions (see [72] for details) imply
that the eigenvalues bifurcating from 0 in the full spectral problem (4.5) have size
(9(61/ 2). Moreover, the same perturbation expansion technique can be applied to show

that eigenvalues of the truncated spectral problem (4.13) have the same size O(e'/?).

Remark 4.12. The parameter ¢y governs the upper bound for §_, dp and 4, the radii
of balls centred at 0, —1 and 1. We need to keep ¢p small enough to avoid collisions of

eigenvalues bifurcating from zero with the rest of the spectrum.

4.2.3 Resolvent inside the continuous spectrum

We shall now consider the resolvent operator Ry, (€2) inside the continuous spectrum
oc(L) =[-1 —4e,—1] U [1,1 + 4€].

Thanks to the symmetry of system (4.23)—(4.24) in §2, we can consider only one branch
of the continuous spectrum [1, 1+ 4¢]. Therefore, we set Q = 1+ ew with w € [0, 4] and
define

20y) =2(w)=0 and z2(\_)=2(-2¢"!—w) = —ix.

It follows from (4.17) and (4.20) that 6 € [—m,0] and k > 0 are uniquely defined from
equations
2 —2cos(f) =w, 2e(cosh(k)—1)=2+ew, we]|0,4]. (4.27)

The choice of § € [—m,0] corresponds to the limiting operator Ry (w) of the free
resolvent. Since Ry (w) : 2 — (2, is well defined for w € (0,4) and o > 3, R} (1 + ew)
is a bounded map from 2 x I2 to I, x (2, for any w € (0,4) and o > 5 if and only if
there exists a unique solution of the linear system (4.24). On the other hand, the free
resolvent is singular in the limits w | 0 and w 1 4 and, therefore, we need to be careful
in solving system (4.23)—(4.24) in this limit.

The following theorem describes the behaviour of the resolvent operator R} (£2) on

the continuous spectrum of the operator L.
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Theorem 4.13. Let m; =mg =--- =mpy_1 =1 and let p > 2 be an integer. There
exists €9 > 0 such that for any w € [0,4] and any € € (0,€), there exist C > 0 such
that

IRE (1 + €w)llpg xpt oo ame < O (4.28)

where the upper sign indicates that w is parametrized by w = 2—2cos(#) for § € [—,0].

To prove Theorem 4.13, we analyze solutions of system (4.24) for w € [0, 4]. Let us

rewrite explicitly

+ _ —imyf

g =e and ¢; = e”Mir je{l,2,..,N—1}.

The coefficient matrix (4.25) for Q =1 + ew with w € [0, 4] is rewritten in the form

A0, ) = 2iesin(0)] — (14 p)M(0) . —pM (0) 7 (4.29)
—pN (k) 2esinh(k)] — (14 p)N (k)
where M () = Q(q{ , 45, -+ ,q;\r,_l) and N (k) = Q(q; 43 >+ ,qn_y)- Note that § and

M(0) are e-independent, whereas N (k) depends on € via k. The linear system (4.24)

is now expressed in the matrix form
A(0,€)c = h(b,¢), (4.30)

where components of ¢ € C? and h € C?V are given by

—ifln—m)|
c:{ in } and (0, ¢) :{ mez e_m_m' Jm } . (4.31)
On nes 2imez® Im ) nes

Thanks to the asymptotic expansion
K 2 € 2
e :f—|—2+w—§+(’)(e ) as e€—0,
€
we have
2esinh(k) = 24+ (24 w)e+ O(?) as € — 0.

Both A(6, ) and h(0, €) are analytic in § € [—m, 0] and sufficiently small e. The following
lemma establishes the invertibility condition for matrix A(6,¢) with 0 € (—7,0).

Lemma 4.14. There exists €9 > 0 such that the matriz A(6,€) with € € [0,¢€p) is

invertible for any 0 € (—m,0) provided m; =mg =---=myn_1 = 1.

Proof. We use the fact that matrix A(6,¢€) is analytic in € for sufficiently small value

of this parameter. Therefore, it remains invertible if A(#,0) is invertible. To consider
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the limit € — 0, we note that kK — oo and N (k) — I as € — 0, so we have

—(1+p)M(0) —pM(0)

A,0) = —pl (1-p)I

For any p € N, matrix A(#,0) is invertible if and only if matrix M () is invertible.

Let us then compute

DN(C]17Q27"' 7(]N—1) = detQ(Ql;QQr" 7qN—1)-

We note that Dy(£1,q2, -+ ,qn—-1) = 0 and Dy (q1,q2, - ,qn—1) is a quadratic poly-

nomial of ¢q;. Therefore,

Dn(q1,q2, -+ yan—1) = (1 = ¢@)Dn(0,q2,- - yqnv—1) = (1 —q})Dn-1(q2, - - ,qn—1)-

Continuing the expansion recursively, we obtain the exact formula

Dn(q1,a2,+ av-1) = (1= af)(1 = ¢3) -~ (1 = a} 1), (4.32)

from which we conclude that Q(qi,q2, - -+ ,qn—1) is invertible if and only if all ¢; # +1.
This implies that M (6) is invertible if and only if all e=¥™% £ +1, which is satisfied if
all mj =1 and 6 € (—m,0). Hence, there is €9 > 0 such that for any € € [0, ¢y), matrix
A(0,€) is invertible for 0 € (—x,0) if all m; = 1. O

In addition to the invertibility of matrix A(6,€) for § € (—m,0) we need to describe

the null space of this matrix at § = —7 and 6 = 0.

Lemma 4.15. For any integer p > 2 there exists €g > 0 such that at 0 = —m and 0 =0
the matriz A(0,¢) with € € [0,e0) has a zero eigenvalue of geometric and algebraic

multiplicities N — 1 .

Proof. The matrices Ay (€) := A(0,¢) and A_(€) := A(—m,€) can be written explicitly

in the form

—(1+p) M+ —pMy

Axle) = —pN(k+)  2esinh(ks)l — (14 p)N (k)

: (4.33)

where k4 > 0 are uniquely defined by

2¢(cosh(ky) —1) =2, 2e(cosh(k_) — 1) =2 + 4e,
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whereas matrices My are given by

=
B i
=
=

M+ —
iid-i
and
1 (—1)™1 (—1)m1+ma o (—ymattmN g
(=)™t 1 (—1)m2 o (—ymettmN
M_=| (-pmtme (—1)m2 1 L (N
(71)m1+t~+mN71 (71)m2+t~+mN71 (71)m3+t--+mN71 1

It is clear that Null(M;) and Null(M_) are (N — 1)-dimensional.
The first N rows in Ay (€) are multiples of the first row. In the limit ¢ — 0 we have

A4 (0) = —(1+p) My —pMy ’ (4.34)

—pI (1-pI

so that the last N rows in A1 (0) are linearly independent. By continuity there exists
€0 > 0 such that the last N rows of Ay (€) are linearly independent for all € € [0, ).
Therefore, Null(A4 (¢)) is (N — 1)-dimensional for any € € [0, €).

It remains to prove that for € € (0, €g) the zero eigenvalue of Ay (€) is semi-simple.
It is clear from the explicit form of A4 (0) and My that

(1 -pw

uw€ Null(A4+(0)) & u= [
pw

], w € Null(My). (4.35)

To construct a generalized kernel, we consider the inhomogeneous equation
Ai(O)’l] =Uu, uUc Nul](Ai(O)).
Then, we obtain for w € Null(My),

(I-pw—w

=g
|

~ ], Miw = (p—1w.
pw

Since p > 2, no non-trivial w € CV exists because M is symmetric and the contradic-
tion arises:

0= (w, Myw)en = (p—1)||w|gn.

Therefore, the zero eigenvalue of matrices A4 (0) has equal geometric and algebraic
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multiplicity. By continuity, this is also the case for the matrix A4 (¢) with e € [0,¢p). O

Because the coefficient matrix A(6,¢€) is singular at 6 = 0 and § = —m, we shall
consider the limiting behaviour of solutions to linear system (4.30) near these points.
Let us introduce a lemma that gives the sufficient condition that the unique solution ¢
of the linear system (4.30) for small § # 0 and fixed € € (0, ¢p) remains bounded in the
limit & — 0. Because € is fixed, we can drop this parameter from the notations of the

lemma.

Definition 4.16. Let A and B be square matrices of the same size, and let
NullB = span{uy,...,un}, NullB* = span{vy,...,v,}.
We define the n x n matrix A|Nuip by its components:
(A‘NullB)i’j = (v;, Auj), i,7=1,...n.

Lemma 4.17. Assume that A(6) € CM*M gnd h(9) € CM are analytic in 0 € (—0y, 0p)

for 6o > 0 and consider solutions of
A(@)c=h(h), ceCM,

Assume that A(6) is invertible for 0 # 0 and singular for 6 = 0 and that the zero
eigenvalue of A(0) has equal geometric and algebraic multiplicity n < M. A unique
solution ¢ for 0 # 0 is bounded as 0 — 0 if

1(0) L Null(A*(0)) and  Null(A'(0)|xun(ac)) = {0} (4.36)

We denote the Hermite conjugate of a matrix Ag = A(0) € CM*M by A = Tg. Let
Jo = S71AyS be the Jordan normal form of matrix Ag. The null space of .Jy is spanned
by a set of mutually orthogonal eigenvectors {u;}}. satisfying (uj, u})cm = d; ;. For

matrices Ag and Aj we have
Null(Ap) = span{uq,...,u,} and Null(Aj) = span{vy,...,vn}, (4.37)

where u; = Su/; and v; = (S*)7 1w} for 1 <4 < n. The eigenvectors {u;}"; and {v;}7,

also form mutually orthogonal bases:
<Ui,'l)j>(clw = <Su;, (S*)71u2>CM = 5i,j for all 1 < i,j <n. (4.38)

The restriction of matrix A4; = A’(0) € CM*M on Null(Ag) denoted by A1lnu(ay) can
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be expressed by the matrix P € C™*" with elements
Pyj = (vi, Avuj)en forall 1<4,j <n. (4.39)

Proof. The proof of the lemma is achieved with the method of Lyapunov—Schmidt
reductions. Using analyticity of A(6) and h(#), let us expand

A(0) = Ag + 0A; + 02A(0), h(0) = ho + Ohy + 6%h(0),

where Ag = A(0), Ay = A’(0), ho = h(0), by = h/(0), and A(0) and h(6) are bounded as
6 — 0. Given the basis for Null(Ay) in (4.37), we consider the orthogonal decomposition

of the solution

n
c=Y aju;j+b, bLNull(A). (4.40)
j=1
The linear system becomes

0 " aj(Ar +0A(0))u; + (Ao + 0A; + 02 A(0))b+ = ho + Ohy + 6°1(F).  (4.41)
7=1

Projections of system (4.41) to the basis for Null(Af) in (4.37) give n equations

Zn: (Rj - eﬁij(e)) a; + (vi, (A1 + 0A(0)b)cr = (vi, hy + 0h(0)) e, 1<i<mn,
= (4.42)

where P, is given in (4.39), P;;(0) = (v;, A(0)u;)ca is bounded as § — 0, and we have
used the condition hy L Null(Af).

Let Q : CM — Ran(4p) € CM and Q* : CM — Ran(A}) € CM be the projection
operators. Recall that Ran(Ap) L Null(4j) and Ran(Af) L Null(Ap). Projection of
system (4.41) to Ran(Ap) gives an equation for b

Q(Ag + 0A; + 0%A(0))Q*b = ho + Q(0hy + 6*h(0)) — zn: a;Q(A1 4+ 0A(0))uj. (4.43)
j=1

Because QApQ* is invertible, there is a unique map C" > (ay, ...,a,) — b € Ran(Af)
for any 6 € (—0o, 6p) such that b is a solution of system (4.43) and for any 6 € (—0o, 6),
there is C > 0 such that

16 — (QAQ*) thollcm < C8. (4.44)

Since Null(A1 |nuii(4,)) = {0}, matrix P is invertible. For any b from solution of
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system (4.43) satisfying bound (4.44), there exists a unique solution of system (4.42)
for (a1, ..., ay,) for any 6 € (=6, 0y) such that

IC>0: Jla—P NI —Q)(h — A1(QAQ™) 'ho)llen < C6.

For any 6 # 0, the solution of system A(f)c = h(0) is unique. Therefore, the unique
solution obtained from the decomposition (4.40) for any 6 € (—6p, 6p) is equivalent to
the unique solution of system A(#)c = h(6) for 6 # 0. O

We shall check that the conditions (4.36) of Lemma 4.17 are satisfied for the matrix
A(0,€) (4.29) and the right-hand-side vector h(6,¢) (4.31) for both end points § = 0

and 0 = —.

Lemma 4.18. Let hy(€) := h(0,¢), h_(e) := h(—m,¢€), and 0pA+(€) := JgA(0,€)|p—0,
OpA_(€) := 0gA(0,¢€)|g=—r. There exists eg > 0 such that for any € € [0, €), it is true
that

he(€) L Null(AL(e)) and Null(0pAx(€)|nun(az (o)) = {0} (4.45)

Proof. Tt is sufficient to develop the proof for 8 = 0. The proof for § = —7 is similar.
Recall that the first N rows of A, () are identical to the first row. Since components

of the N x 1 column vector h(0, €) are given by

—k|n—m)| ’
ZmEZ € Im neSLUS_

the first IV entries of h(0, €) are also identical so that h(0,€) € Ran(Ay(e)) L Null(A% (¢))
for any € € R. Therefore, the first condition (4.45) is satisfied.
Next, we compute A (€) := 0gA(0, €)|g=o. We know that

d in(6
2e(cosh(k) — 1) = 2+ €(2 — 2cos(0)) = CTZ - Sjﬂ(z),
therefore,
2el + (1 R pR
Ar(e) =i | LT OAFPE R (4.46)
0 0
where
0 mi mi+me e mitetmy_q
mi 0 mo w. ma+ttmy_q
R = mi+me ma 0 v m3+-Fmy_g
m1+--~—:|—mN71 m2+"":~‘mN71 m3+~-~—:|-m1v71 0
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Let P(€) be the matrix in CN=D*(N=1) which represents the restriction A (¢) | Null(4 ()

Pij(e) = (vi, A1(e)uj)can,

where {u;}Y 7" and {v;}¥7! are bases for NullAg(e) and NullAj(e) respectively. If
there is a non-zero eigenvector a = [aM, ..., a™~D]T in the null space of P(e), then
forall i € {1,..., N — 1} we have

N-1

N—-1
0= Z v, A1 (€ (7 = (v;, A1 (e Z a
7=1

=1

.

This identity implies that A;(e)u € RanAy(e) for u = Zjvgll a;ju;. Hence, existence of
a € Null(P(¢)) € CN~1 is equivalent to existence of u € Null(Ag(e)) € C?V such that
Aq(e)u € Ran(Ag(e)) L Null(A§(e)). In other words, we need to find u € Null(Ag(¢))
such that the first N entries of A;(e)u are identical (the other N entries of A;(€)u are
7Z€ros).

By continuity in €, the second condition (4.45) is satisfied if it is satisfied for € = 0.
Therefore, it is sufficient to check the existence of u € Null(Ay(0)) such that the first
N entries of A;(0)u are identical.

It follows from relations (4.35) and (4.46) that existence of u € Null(A(0)) such
that the first N entries of A;(0)u are identical is equivalent to the existence of w €
Null(My) € CV such that all entries of Rw are identical.

If w= [wy,ws, ...,wy]T € Null(My), then

w1 +wy + ... +wy =0. (4.47)
Condition (Rw); = (Rw)2 gives
mi(wg + ... + wy) = mw;.

Constraint (4.47) implies that if m; # 0, then w3 = 0 and wy + --- + wy = 0.
Continuing by induction for condition (Rw); = (Rw);+1, where j € {1,2,..., N — 1},
we obtain that if m; # 0, then w; = 0 for all j € {1,2,..., N —1}. In view of constraint
(4.47), we have wy = 0 that is w = 0 € CV. As a result, we have proved that
Null(A1(0)|xun(ao(0))) = {0}. By continuity in €, Null( A1 (€)|nun(ao(e))) = {0} for small
e > 0, which gives the second condition (4.45) for 6 = 0. O

Remark 4.19. Lemma 4.18 is proved without assuming that all m; = 1.

We now prove the main result of this section.
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Proof of Theorem 4.13. By Lemmas 4.15 and 4.18, assumptions of Lemma 4.17 are
satisfied and the unique solution of system (4.30) for € (—m,0) is continued to the
unique bounded limit ¢y = limg_,g c. From the first N equations of system (4.24), we
infer that

0=0: > ((L+p)am+pbm)=—>_ fm.

mes mez
As a result, the simple pole singularity at # = 0 (2(Ay+) = 0) in the Green’s function
representation (4.23) with the Puiseux expansion (4.21) is cancelled. Similarly, the
simple pole singularity at § = —x is cancelled.
On the other hand, the representation (4.23) contains € in the denominator, which
does not cancel out generally. As a result, Lemma 4.14 for all m; = 1 and Lemma 4.18
give that for any w € [0,4] and any € € (0, €), there exists C' > 0 such that

HaHloo S 06_1.
This gives bound (4.28) and hence Theorem 4.13. O

4.2.4 Matching conditions for the resolvent operator

To complete the proof of Theorem 4.8, we need to prove that no singularities of linear
system (4.24) are located inside the disks Bs, (1) and Bs_(—1) for e-independent 04 >
0. It is again sufficient to consider the disk Bs, (1) because of the symmetry in the
-plane.

The free resolvent operator Ry (A) : 12 — 12 with o > % is extended meromorphi-
cally in variable 8(\) for A € CT\({0} U {4}) with simple poles at § = 0 (A = 0) and
0 = —m (A=4). Since R (A) : I} = 1° for A € (0,4) is a bounded operator, it follows
that R} (1 + ew) : 11 x I — 1°° x > with w € (0,4) is also bounded. In addition, we
know from Theorem 4.13 that resolvent operator R} (1 + ew) : I} x I} — [%° x ™ is
bounded for w € [0,4] and the pole singularities are cancelled. As a result, the resolvent
operator R} (1 + €)) can be extended as a bounded operator from 12 x I2 to 2, x [,
with o > $ for any A € CT\({0} U {4}). We need to show that no singularities of the

resolvent operator Ry (1 + e)) exist in the upper semi-annulus
D5+:{)\EC+Z ’Y+<|)\|<(5+6_1}CB(5+(1),

where 74 > 4 and §; € (0,1). A similar analysis can also be used to show that the
resolvent operator R, (1 + €\) can be extended as a bounded operator in the lower

semi-disk in By, (1).
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Lemma 4.20. For any € € (0,¢9) and all A € Ds,, the resolvent operator Rr(1 + e))

is a bounded operator from 1? x 1 to 1% x 2.

Proof. Since the continuous spectrum does not touch boundaries of Dj, , the statement
is true if and only if there exists a unique solution of linear system (4.24).

Let us denote z(Ay) = z(A) and z(A-) = —ik(A), where z(A) is found from the
transcendental equation (4.17) and k() with Re(k(A)) > 0 admits the asymptotic
expansion for A € Ds,

RO 2+ €A €

+2-

- 2+€)\—|—O(62) as €— 0.

As earlier, we denote qj+ = ¢~ "m#(N) and q = e %N for j € {1,2,...,N —1}.
We write the coefficient matrix (4.25) for Q =1+ € in the form

A()\ 6) _ |~ AA—)I—(14+p)M(N) —pM(X) (4 48)
’ —pN (k) (2+€)X) (2+ert4e) [ —(14p)N (k) | )
where M()‘) = Q(QTaQJv e aqx_l)v N(/{(A)) = Q(q;7q57 T 7QJ?[_1)’ and the appro-

priate branches of sin z(\) and sinh(#())) are chosen in the domain Dy, .
Let |A\| = O(e7") as € — 0 for r € [0,1). Then, we have

—(L+p)M(A) —pM(A)

AN e) — [ o (1 p1

] as €—0, (4.49)
where M(A) - T ase — 0if r € (0,1) and M(X\) - I as e — 0 if r = 0. The limiting
matrix (4.49) is not singular if v, > 4. Hence A(\, €) is not singular for small ¢ > 0 if
Al = O(e™") with r € [0,1).

Let [\ = O(e7") as € — 0 for r € (0,1]. Then, we have

—(1+eXx+p)I —pl

AN €) — [
—pl (I+eX—p)I

] as € — 0.

Again, the limiting matrix is not singular if eX # —1 (that is §; < 1) and hence A(\,¢€)
is not singular for small € > 0 if |A\| = O(e™") with r € (0, 1].
Since the above asymptotic scaling overlap at any r € (0,1), the matrix A(\,€) is

not singular in the domain Ds, for small € > 0. O

Theorem 4.8 is now proven with Lemma 4.10, Theorem 4.13, and Lemma 4.20.
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4.2.5 Perturbation arguments for the full resolvent

Let us now consider the full spectral problem (4.5). Thanks to Proposition 3.3 and

expansion (4.4), we can represent ¢of by

P =" Gnm(l+ exm) + EWn, (4.50)
meS

where {xm}mes is a set of numerical coefficients and {W,, },ez € [? is a new potential
such that [[W]|;z2 = O(1) as ¢ — 0.

In variables {(ay,bn)}nez, the resolvent problem can be rewritten in the operator

3 _ f
L+ | 2 -al = , (4.51)
b b —-g
where
- —eA+T—(1+p)V —pV
vV eA—T+(1+p)V, |’

W [ ~A+pW W
W 1 +p)W,

and V is the associated compact potential such that

(Vu)p = Z Onm (1 + €Xm)Um, n € L.
mes

Let us denote the solution of the inhomogeneous system (4.51) by

f ] , (4.52)

where R(£2) is the resolvent operator of the full spectral problem (4.5). The following

theorem represents the main result of this section.

Theorem 4.21. Fiz disjoint compact subsets S. and S— on Z such that S U S_ is
simply-connected with N elements. Let Bs(0) C C denote a ball of radius 6 centred at
the origin. For any integer p > 2, there are €9 > 0 and 6 > 0 such that for any fized

€ € (0,€9) the resolvent operator
RQ):PxP2=12xI?
is bounded for any Q ¢ Bs(0) U [—1 —4e, —1] U [1,1 + 4€] and has exactly 2N poles
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(counting multiplicities) inside Bs(0). Moreover, for any € € (0,€¢y) there is C > 0

such that the limiting operators

RE(Q) :== h?olR(Q +ip),  Qe[-1—4e,—1]U[1,1+ 4],
1z

admit the uniform bounds

HRi(Q)Hl%xl%—ﬂwxlm < Ce_l, Qe [_1 — de, _1] U [17 1+ 46]'

Proof. Let R;(£2) be the resolvent operator for the inverse operator (L —QI)~! asso-
ciated with the compactly supported potential V. We shall prove that Theorem 4.8
remains valid for the resolvent operator Rj(£2). Assuming it, the rest of the proof relies

on the perturbation arguments and the resolvent identities
R(Q) = Rp (I + EWR ()™ = (I + R (W) R ().
Indeed, outside the continuous spectrum located at
oe(L+ W) =0.(L) = 0.(L) = [-1 — 46, —1] U [1,1 + 4¢],

the resolvent operator R; (£2) is only singular inside the disk B, (0), where perturbation
theory of isolated eigenvalues apply. Inside the continuous spectrum, R; (€2) is extended
as a bounded operator from I} x I} to [°° x [° such that for any 2 € [1,1+ 4¢| and any
€ € (0,€), there is C' > 0 such that

3C>0: (IR (i xipsimoxioe < Ce (4.53)

Since W is a bounded (Q,e)-independent operator from 1 x I° to I} x II (note here
that ¢ € l%/Q, see Remark 3.6), bound (4.53) implies that

3C>0:  [|EWRL(Q)n s < Ce,

so that (I+€e2WR 7(£2)) is an invertible bounded operator with a bounded inverse from
I} x 1} to 11 x 11 for small € > 0.

We only need to extend Theorem 4.8 to the resolvent operator R; (2). The Green’s
function representation (4.23) and the linear system (4.24) are now written with the

factor (1+€x,) in the sum over m € S. This implies that the coefficient matrix A(€2, €)
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1S now written as

i | 2iesinz(A ) I-(14+p)Q* (Q€) (I+€D) —pQ* (Q€)(I+eD)

A<Q’ 6) T ij_(Q,e)(I+eD) 2ie sinz()\_)lf(ler)Q_(Q,e)(]+eD):| ’ (454)
where D is a diagonal matrix of elements {Xm }mes. Lemmas 4.10, 4.14, 4.15, 4.18, and
4.20 remain valid as these lemmas were proved from the limit e = 0 , where A(Q,0) =
A(£,0). Therefore, Theorem 4.8 also holds for the resolvent operator R; (£2). O

4.2.6 Case study for a non-simply-connected two-site soliton

We explain now why the resolvent operator associated with non-simply-connected
multi-site discrete solitons have singularities near the anti-continuum limit. Lemma
4.14 suggests that the determinant Dy(q1,q2, -+ ,qn—1) given by (4.32) has zeros for
0 € (—m,0)if mj >2forsomel1 <j <N -1

Let us consider a case study of a two-site soliton with n; = 0 and no = m > 2. For

clarity of presentation, we only consider p > 2. The power series expansions (4.4) give

m>3: ¢ = (00 + Onm) (1 + 26 —26%) + EW,, nez, (4.55)
and
m=2: ¢ =00+ 0nm) (1+2¢—3) +W,, neZ, (4.56)

where {W,, }nez € [2 is a new potential such that |[W|,2 = O(1) as € — 0.
Let us consider the coefficient matrix A(6,¢€) (4.29) at the continuous spectrum

which corresponds to 6 € [—m,0]. We have explicitly

e—z’m@ 6_2K
M<0>—[ B ] N<n>—[e_1% 1 ]

e

Note that detM (#) = 1 —e~2™?  Besides the end points § = —7 and 6 = 0, the matrix
M(0) (and, therefore, the limiting matrix A(6,0)) is singular at the intermediate points
0; = —%j forj=1,2,...,m — 1.

s

If m = 2, there is only one intermediate-point singularity of A(6,0) at 6 = —75. We
have dimNullA(—7,0) = 1 and

Null4* (—g,o) =spanf{er}, e =

S O ==

The first two entries of the right-hand-side vector h(6,€) in the linear system (4.30) are
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given explicitly by

hi(0,6)=> e f, hy(,e)=> e 2,
nez nez

The constraint (e1,h(—7%,0))cs = 0 of Lemma 4.17 gives hi(—5,0) = —ha(—F,0) and
it is equivalent to the constraint f; = 0. If f € I! with f; # 0, then the solution of
the linear system (4.24) and hence the resolvent operator (4.23) has a singularity at
2 =1+2¢ (0 = —75) as ¢ = 0. This singularity indicates a resonance at the mid-point
of the continuous spectrum in the anti-continuum limit.

We would like to show that the resonance does not actually occur at the continu-
ous spectrum if € > 0 and does not lead to (unstable) eigenvalues off the continuous
spectrum. To do so, we use the perturbation theory up to the quadratic order in e.

Expanding solutions of the transcendental equation
2¢(coshk —1) =2+ ew, w=2—2cosb,

we obtain ) 5

e =—€e— ﬂg +0(8) as €e—0
2 4
and

2esinhk = 2+ (2 +w)e — 2+ O(¥) as € — 0.

Using expansion (4.56) for m = 2, we obtain the extended coefficient matrix A(6, €) in

the form

A0, ¢) = 2iesinfl — (1 + p)v(e)M(0) —pu(e)M(0)
; —pr(€)N(x) 2esinh kT — (1 4 p)v(e)N (k)

9

where v(e) = 142e—3e2+0(€%). Using Mathematica, we expand roots of det A(6,¢) = 0

near § = —5 and € = 0 to obtain
0= —g +(p—De—2(p—1DE+i(p—1)22 +0() as ¢ —0. (4.57)

Since Im# > 0 for small € > 0 and z(A;) = 6, the solution of the linear system (4.30)
is singular at the point z(\;), which does not belong to the domain Imz(A;) < 0 and
hence violates the condition (4.17).

The singularity of the solution of the linear system (4.30) is still located near the
continuous spectrum for small € > 0 and, therefore, the resolvent operator R(2) be-
comes large near the points = (1 + 2¢) (although, it is always a bounded operator

from 2 x I2 to 12, x [2, for small € > 0 and fixed ¢ > 3). Since sin6 is nonzero for
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§ = —7%, the norm of R() is proportional to the norm of inverse matrix 21_1(9, €).
Figure 4.5 illustrates the singularities of the resolvent operator R(2) by plotting
the 2-norm pseudospectra of the coefficient matrix A(£2, €) in the complex Q-plane for

p =2 and € = 0.05. The matrix 2-norm || - ||2 is defined by

[All2 = max |Auff;.
[ull,2=1

The subplots (a) and (b) for m = 1 show that the matrix is singular at the edges
of the continuous spectrum 2 = +1 and Q = (1 + 2¢), and at four points on the
imaginary axis, the latter being attributed to the splitting of zero eigenvalue in the
anti-continuum limit. The subplots (c) and (d) for m = 2 and m = 3 respectively
show that in addition to singularities at the edges of continuous spectrum there are
also m — 1 local maxima at its intermediate points. This local maxima correspond to
the minima of detA(£2, €). We also notice the wedges on the level sets as they cross the
continuous spectrum. These features occur due to the jump discontinuities in z(A;)
across the continuous spectrum.

Figure 4.6 further illustrates what exactly happens at the continuous spectrum. On
the left, we plot HA(Q,E)_1H2 versus 6 € (—m,0) for the case m = 2. On the right,
we show that the height of the local maxima near § = —7/2 is proportional to e~ 2 as
prescribed by the imaginary part of formula (4.57).

Let us give an illustration for pseudospectra of the resolvent operator R(2). Recall
that on the continuous spectrum Q € [1,1 + 4¢], R(f2) is a bounded operator from
1212 to 12, xI?,) for fixed o > % To incorporate the weighted [ spaces, we consider

the renormalized resolvent operator

R()=(L-QL) 1 :2x?=12x1?

where L is derived from L by replacing operators I, A and V with I, A and V, and
I = diag{I,I}. Here

9 ~ -
In,m = Kn5n,m7 Vn,m = In,m E 5n,ja
JjES

2
An,n = _2'“'7717 An,n—s—l = An—s—l,n = KnKn+1,

and K, = (1 + n?)?/2. The lattice problem is considered for 2K + 1 grid points and
the corresponding matrix representation of operators L and I is constructed subject
to the Dirichlet boundary conditions.

The level sets for the (2K + 1) x (2K + 1) matrix approximation of the resolvent
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R(€) are plotted on Figure 4.7. The subplots of Figure 4.7 correspond to the subplots
of Figure 4.5. We observe that the norm of R(Q) has the same global behaviour as the
norm of A(Q,¢)~" has. However, the resolvent operator R(2) has no singularities at
the edges 2 = £1 and Q = £(1+4¢) because these singularities are cancelled according
to Lemma 4.18 (which remains true for any m > 1, see Remark 4.19). As the operator
L is not self-adjoint, convergence of the level sets of Ry () is not an obvious result.
Nevertheless, we explored numerically that the results do converge as K gets large.

Although our analytical results do not exclude resonances at the intermediate points
of the continuous spectrum for the linearized dNLS equation (4.5), the case study of a
two-site discrete soliton suggests that the resonances do not happen at the continuous
spectrum for small but finite values of € > 0. Moreover, the resonances do not bifurcate
to the isolated eigenvalues off the continuous spectrum because isolated eigenvalues
near the continuous spectrum would violate the count of unstable eigenvalues (4.12)
provided by Proposition 4.6. Therefore, the only scenario for these resonances is to
move to the resonant poles on the wrong sheets Imz (A1) > 0 of the definition of z(\1)
in (4.17).

4.2.7 Resolvent for the cubic dNLS case

For the cubic ANLS, p = 1, the proof of Theorem 4.21 cannot be achieved in the
general case. Indeed, if p = 1 matrices AL(0) given by (4.34) have a zero eigenvalue of
algebraic multiplicity 2N — 2 and geometric multiplicity N — 1. This clearly violates
a non-degeneracy condition of Lemma 4.17. Let us consider the cases of N = 1 and
N > 2 separately.

Since for N = 1 we have NullA4(0) = {0}, it is easy to show that Theorem 4.21
applies for the fundamental soliton of the cubic dNLS equation:

Corollary 4.22. The result of Theorem 4.21 holds forp=1if N = 1.

Proof. If N =1 and p = 1, the coefficient matrix (4.54) reduces to a 2 x 2 matrix

2iesin z(A+) — 2(1 + exo) —(1+ exo)

AR, €) = —(1+ exo) 2iesin z(A-) — 2(1 + exo)

For small € > 0, this matrix is only singular in a small ball centred at zero, where a
double pole of R;(2) and R() resides. O

For N > 2, when discrete solitons are supported on several sites in the anti-
continuum limit, the null space of A4 (0) is degenerate, but the degeneracy disappears
for € > 0:
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m=1,p=2,e=0.05 m=1,p=2¢=0.05

Figure 4.5: Level sets for HA(Q, e)_1||2 in the Q-plane. The levels are equidistant on a
logarithmic scale.

p=2,¢=0.05 h=ce®: ¢ = 1.0671, 0. = -2.0048
300[— : . ‘ 10" ‘
250
200
s 150
<
100
50
0 ‘
3 25 -2 -15 -1 -05
(]

Figure 4.6: Left: Norm HA(Q,e)‘lH2 versus 6 € (—m,0) for m = 2. Right: The value
of local maxima of HA(Q, e)_1H2 in the neighbourhood of § = —7/2 as a function of e.
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m=1,p=2,6=1,£=0.05 K=100

ImQ

0.95 1

Figure 4.7: The level sets of

eigenvalues of the matrix representation of operator L. The levels are equidistant on a

logarithmic scale.
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Lemma 4.23. For p =1 and any integer N > 2 there exist g > 0 such that for any

€ € (0,€9) the zero eigenvalue of Ay (e€) is semi-simple.

Proof. We recall the coefficient matrices A4 (e) from the proof of Lemma 4.15. In the

case p = 1 (the cubic dNLS equation), these matrices are rewritten in the form

Ao oM, My
€) = ,
- “N(ki) 2esinh(ra)] — 2N (rs)

where k1 > 0 are uniquely defined by
2¢(cosh(ky) — 1) =2, 2¢(cosh(k_) —1) =2+ 4e.

We recall that Null(A4 (¢)) and Null(M4) are (N —1)-dimensional for any € € [0, €).
It is clear from the explicit form of A% (¢) that

weNull(Ai(e) & u= [ t(‘)’ ] . w e Null(My).

At € = 0, we also recall that Null(4+(0))? is (2N — 2)-dimensional because of

(N — 1) eigenvectors and (N — 1) generalized eigenvectors,

V-1

We would like to show that Null(A4(€))? = Null(AL(¢)) is (N — 1)-dimensional for

any € € (0,¢p). In other words, we would like to show that no solution @ € C*V of the

0

w

—w

A+(0) 0

, A+(0) [

] ., w e Null(My).

inhomogeneous equation A4 (e)u = u € Null(A4(e)) exists for € € (0,€p). This task
is achieved by the perturbation theory. We will only consider the case A, (¢€), which
corresponds to @ = 0. The case A_(e) which corresponds to # = —7 can be considered
similarly.

We shall only consider the case of the simply-connected set Sy U S_ with m; =
mo = ... =my—_1 = 1. The general case holds without any changes.

Thanks to the asymptotic expansions
et = % + O(e?), 2esinh(ky) =2+2e+0O(%), as e—0,
we obtain the asymptotic expansion

oM, —M,
-1 0

+e€

Ay(e) = [
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where I and O are identity and zero matrices in RY and .J is the three-diagonal matrix
in RY

010 - 00

101 - 00

010 - 00

J = . .
000 - 01
000 - 10

Note that (27 —J) is a strictly positive matrix because it appears in the finite-difference
approximation of the differential operator —d2 subject to the Dirichlet boundary con-
ditions.

Perturbative computations show that if v € Null(A4(€)), then u is represented

asymptotically as

v

" [ €2l = J)v ] + o),
where v + 2¢(21 — J)v + O(e?) = w € Null(M).

Now, there exists a solution @& € C?V of the inhomogeneous equation A (e)i = u €
Null(A4 (¢)) if and only if u L Null(A% (¢)). For small € € (0, €), this condition implies
that

€2 — J)v+ O(?) = e(2I — J)w + O(e?) L w € Null(M,),

which is not possible since (21 — J) is a strictly positive matrix. O

Despite of this fact, we can not generally extend the result of Theorem 4.21 to
multi-site discrete solitons because the perturbation theory for A(Q,€) in (4.54) near
the end points of the continuous spectrum Q = +1 and Q = +(1 + 4¢) draws no

conclusion in a general case. Letting

Ay(e) := 915111+ A(Qe), A_(e) := Q_)(lil}_l%)_ A(Q,€)

and reworking the perturbative arguments in the proof of Lemma 4.23, we obtain the
necessary condition for Null(A(€))? > Null(A4 (¢)) in the form

€2 — J —2D)w + O(e*) L Null(M,), (4.58)

where I is the identity matrix in R, and D is a diagonal matrix of {X,, }mes. Because
(21 — J — 2D) is no longer positive definite, the degenerate cases with Null(A. (¢))? >
Null(A. (€)) are possible. To illustrate this possibility let us notice that for

Null(My) = span{w;,ws,...,wn-1} and C:=21—J—2D
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the degeneracy condition (4.58) is equivalent to
det P =0, where P;; = (Cw;,wj)en-1.

Let us set N = 3 and consider three distinct simply-connected discrete solitons

assoclated with the sets

(a) Sy = {Oa L 2}; (b) Sy = {07 1}7 S—{Q}; (C) Sy = {072}7 S—{l}‘

Computations of the power expansions (4.50) give

, m=20, 1, m=0, 3, m=0,
(a) Xm = Oa m = 17 (b) X’m = 27 m = ]-a (C) Xm = 47 m = 1)
, m=2, 3, m=2, 3, m=2
As a result, matrix C is obtained in the form
0 -1 0 0 -1 0 -4 -1 0
ayC=|-1 2 -1/, bHC=|] -1 -2 -1 |, (¢)C=]| -1 -6 -1
0 -1 0 0 -1 —4 0 -1 -4
We have
1 ! 1 !
Null(M;) = span{wy, wa}, wi = 7 01 , W = 7 —12 ,

from which we compute the matrix of projections Pj; = (Cw;, wj)cs in the form

_9 2 —
@P=| o] mP= I we=| 0
0 § 2 3 0 —4
3 V3 3

The projection matrices in cases (a) and (b) are singular. In order to show that
Null(Ax+(€))? = Null(A(¢)) for € € (0,¢€), we need to extend the arguments of Lemma
4.23 to the order O(e?). Although it is quite possible that the non-degeneracy condition
Null(A+(€))? = Null(AL(e)) is still satisfied for simply-connected multi-site discrete
solitons for p = 1, we do not include computations of the higher-order perturbation

theory in this thesis.
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4.3 Scattering near solitons

In this section we discuss recent advances in the area of asymptotic stability of localized
solutions to the dNLS equation. In what follows, we consider the dNLS equation in
the form

ity = Hup + [tn] Py, nez, (4.59)

where p > 0, H = —-A +V and {V,, }nez € [°° is non-zero.

The role of the potential V' in asymptotic stability analysis can be understood by
comparing the works of Cuccagna [23] and Mizumachi [60] in the context of continuous
NLS equation. In the case of V = 0, Cuccagna followed the pioneering works of
Buslaev & Perelman |15, 16|, Buslaev and Sulem [17], and Gang & Sigal [35, 36]. He
had to work with analysis of non-self-adjoint operators arising in the linearization of
the NLS equation about the space-symmetric ground states. In contrast, to study
the asymptotic stability of a small soliton bifurcating from the ground state of the
Schrédinger operator H = —d2 + V, Mizumachi could get by with the theory of self-
adjoint operators. The fundamentals of analysis in this direction have been laid in
the works of Soffer & Weinstein [86, 87, 88|, Pillet & Wayne [78], and Yau & Tsai
[98, 99, 100].

In the context of ANLS equation (4.59) dispersive decay estimates for the operator
e~ Htp, . (H), where P,.(H) denotes the projection onto the absolutely continuous
spectrum of H, were established during the past decade. Some pointwise estimates as
well as Strichartz estimates were developed by Stefanov & Kevrekidis [89] for the zero
V', Komech, Kopylova & Kunze [50] for compact V', and Pelinovsky & Stefanov [76] for
exponentially decaying V. Based on these papers, asymptotic stability of small bound
states bifurcating from an isolated eigenvalue of the Schrédinger operator H has been
studied for the case of septic or higher nonlinearities (p > 3) by Kevrekidis, Pelinovsky
& Stefanov [49] as well as by Cuccagna & Tarulli [25].

Improved pointwise dispersive decay estimates were recently established for the
case of zero potential by Mielke & Patz [58] (see Section 2.3 for the discussion of this
result). These estimates allowed Mizumachi & Pelinovsky [61] to extend the main
result of [49] to the case of p > 2.75. Along the same lines, very recently Bambusi [9]
proved asymptotic stability of breathers in KG lattices using normal form theory for
discrete Hamiltonian systems and dispersive decay estimates.

We are now going to discuss the techniques developed by Mizumachi & Pelinovsky

in [61]. Let us impose the following assumptions on the potential:

Assumption 4.24. We assume that non-zero potential {V,}nez € 1°° satisfies the

following requirements:
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1. V,, decays to zero as |n| — oo exponentially fast.

2. The discrete Schridinger operator H = —A+V has no resonances at the endpoints

of its continuous spectrum.
3. The operator H supports only one eigenvalue wgy < 0.

The first assumption implies that the continuous spectrum of H is the same as
o(—A) = [0, 4], while the second and third assumptions simplify the spectral formalism
and allow us to stay within the framework of self-adjoint operators. It is important to
note that the presence of two or more isolated eigenvalues may lead to non-vanishing
oscillations as shown by Cuccagna in [24]. This is the reason for requiring that the point
spectrum of H consists of a unique eigenvalue. We are going to denote the eigenvector

corresponding to the eigenvalue wg by ):

Hapy = wothy.

Example 4.25. As shown in [49, 50|, Assumption 4.24 is satisfied for the single-site
potential
Vn = —(57,,70, n € 7.

For this potential, H has a unique eigenvalue wp = 2 — v/5 < 0 and no resonances at
the endpoints of the continuous spectrum i.e. the set {0,4}. Explicit computations

show that the eigenvector associated with wy is given by
Yo = 67”'”', nes, k= arcsin(Qil).

4.3.1 Preliminary estimates

Let us set u(t) = e~ (w) where ¢ is the stationary solution satisfying
—(AP)n + Vit + 0P = wo,, neL (4.60)

Thanks to Assumption 4.24, the linear version of this equation has a solution only
in the case of w = wy. The following lemma describes bifurcation of small solution
to (4.60) from the eigenvalue wy < 0 of the linear operator H. This result is proved
according to the standard method of Lyapunov—Schmidt reductions, but we omit the

proof.

Lemma 4.26. Assume that {V,}nez € I*° and that H has a simple eigenvalue wy < 0
with a normalized eigenfunction 1, € 12 such that |12 = 1. For any p > 0, there

exist positive constants eo, k, and C, such that for any w € [wo,wo + €o) there exist
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a unique real-valued solution ¢p(w) € C([wo,wo + €0),12) N C?((wo,wo + €0),12) to the
stationary dNLS equation (4.60) satisfying

_1-1
where co = ||Pgl|,2p12" and i € {0,1}.

< C(w—wo) s, (4.61)

e Mot (¢(w) —co(w — wo)ﬁiﬁo)

l

Linearizing the right-hand-side of the dNLS equation (4.59) about its stationary

solution u(t) = e~ (w) we obtain a linear operator £(w) such that
L(w)z=(H—-w)z+ W(w)z+pW(w)(z + z), (4.62)

where W (w) is a diagonal operator with W, (w) = ¢ (w). Clearly, the generalized
kernel of the operator £(w) is spanned by ¢(w) and ¢'(w). In the case of the zero
potential, spectral problem (4.62) reduces to the one discussed in Section 4.1.
It follows from Lemma 4.26 that 1), the eigenvector of H, stays close to
$(w) ¢ (w)
¢ (O.)) = ) ¢ (w) = )
O ol YT Tl
i.e. the generalized kernel of £(w), provided w — wy is small enough. In fact, one can

easily show that given s > 1 and o > 0 there exists a constant C, s such that

[4h1(w) = ollig, + 19p2(w) = olliy, < Cos(w — wo) (4.63)

for all w € [wg, wo + €0)-
Let us now work on stability of stationary solutions described in Lemma 4.26. We
decompose a solution to the dNLS equation (4.59) into a family of stationary solutions

with time-dependent parameters and a radiation part using the ansatz
u(t) = e 0 [p(w(t)) +=(1)], (4.64)

where (w, 8) € R? represents a two-dimensional orbit of stationary solutions. Recalling
that ¢(w) solves stationary dNLS equation (4.60), we obtain the following evolution

equation for the radiation part z(t):

i = (H —w)z — (0 — w)(p(w) + 2) — v/ (w) + N (¢p(w) +2) — N (p(w)), (4.65)
where H = —A +V and [N(9)],, = |¢n|*’¢n. To uniquely identify 6(t) and w(t) in
(4.64) we require that z(t) is symplectically orthogonal to the generalized kernel of the
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linear operator £(w) in (4.62):

(Rez(t), 1 (w(t))) = (Imz(t), ps(w(t))) = 0. (4.66)

This condition is the analogue of formula (4.10) that arises in the context of spectral
stability of breathers, and it implies that z(t) belongs to the subspace associated with
the continuous spectrum of L(w(t)) for all ¢ € R. In addition, according to [49],
the symplectic orthogonality condition (4.66) guarantees uniqueness of decomposition
(4.64):

Lemma 4.27. Fiz w, € (wo,wo + €). There exists o9, C > 0 such that for any
§ € (0,60) and any u € I? satisfying

lu = )l < 3u. —w0),
there exist unique (w,0) € R? and z € I2 in the decomposition
u=c’¢w) +2)
subject to the symplectic orthogonality conditions
(Rez, ¢(w)) = (Imz,¢/(w)) = 0,
and the bound
w—w] < Cowe —wo),  101< T8, alle < Cow, —wo).

The mapping 1> > u s (w,0,2) € R? x 12 4s a C' diffeomorphism.

Lemma 4.26 and the symplectic orthogonality condition (4.66) allow us to obtain
some useful bounds on & and §. Substitution of evolution equation (4.65) into the time

derivative of orthogonality conditions (4.66) yields

w

— W

Aw, z) [9 ] = f(w, z), (4.67)

where

A(w Z) — <¢/(w)v¢l(w)> - <ReZ,’l,b/1(w)> <Imz,¢1(w)>
’ (Im z, ) (w)) (B(w), Yo (w)) + (Rez, 1hy(w))
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and

f(w,z) =

(Im{N(p(w) +2) — N(p(w)) = W(w)z}, 9 (w)) ] .
(Re {N(¢(w) +2) = N(o(w)) = 2p + W (w)z}, P5(w))

1

Since according to Lemma 4.26 ||¢(w)][j~ = O ((w — wo)QP) for (w—wp) € (0,€) we

can estimate the matrix of linear system (4.67) as

1

(@] ((w — wo)%A)

Alw,2) = ’ +O(alle) |-
T 0 O((w—wo)%> ol

1
Clearly, this matrix is invertible provided ||z||;z < C'(w — wp)?r where the constant C
is sufficiently small.
To obtain bounds on the solution to (4.67), let us recall that given s > 1, there

exists a constant Cs > 0 such that
lla+b**(a+b) — |a|**a| < Cs (|al**[b] + [b]** 1), Va,b € C.
The above inequality yields a pointwise estimate
IN(¢(w) +2) = N(p(w))| < Cp (|¢p(w)|*[2] + |21 , (4.68)

and results in a bound
2
1f(w,2)]| < C> (ld(w)™ 2>l + b (w)z ) .
i=1

Now, since ||f(w,2z)|| = O (||¢(w)?’~{|;) it follows from Lemma 4.26 that the compo-

nents of solution to (4.67) are bounded as follows:

o] < Cw — wp)? 5 [le 22|, (4.69)

16— w| < Clw — wo)' 77 [le M2 . (4.70)

4.3.2 Asymptotic stability of discrete solitons

In this section we prove a theorem on asymptotic stability of the discrete soliton of the
dNLS equation (4.59) that bifurcate from the isolated eigenvalue of the linear operator

H = —A + V. Our main result is as follows:
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Theorem 4.28. Suppose that the linear operator V : 11 — 1! satisfies Assumption
4.24. For any p > 2.75, there exist g > 0 and § > 0 such that if ¢ = w. — wo € (0, €p)
and

o — ()l < 663, (4.71)

then there exist C > 0, O € R, woo € (wo,wo+€0), (w,0) € CHR,,R?) and a solution
to dNLS equation (4.59)

u(t) = "ow(t) +y(t) € C'(Ry,P)

such that

lim (9@) - /0 tw(s)ds) =00,  lim w(t) = we, (4.72)

t—o00 t—o00

and

sup |w(t) — ws| < Cde. (4.73)
>0

Moreover, for any s € (2,4) U (4,00] and t > 0, there exists Cs > 0 such that

s—2

1 _a 55 for s € [2,4),
[y@)ls < Csbe? (1 +1)7%,  as= (4.74)

-1
838 , for s € (4,00].

Introducing the radiation part of the solution y(t) = e~ ®®z(t), we rewrite the

evolution equation (4.65) as

iy=Hy+g,  g=g +8+8s (4.75)
where ' '
g1 = [N(p(w) +ye) = N(¢p(w))] e,
g = —(0 - w)p(w)e ™,
g3 = —iwe (w)e .
We now split the solution y(t) into the part parallel to the point spectrum of H and

its orthogonal complement:
y(t) = a(t)ihy +n(t), (4.76)

where a(t) = (y(t), %) and (n(t),y,) = 0. We also set the projection operators

P0:<"¢0>w07 QOZI_P07
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and rewrite the evolution equation (4.75) as

{ i = woa + (g, vy), (4.77)

in = Hn+ Qog.

To analyze solutions to this system, we need a couple of auxiliary results.
Firstly, Lemma 2.24 for the semigroup of the operator —A can be extended to that
for the semigroup of H = —A+ V:

Lemma 4.29. Suppose that the linear operator V : I — 1! satisfies Assumption 4.24.
For any s > 2, there is Cs > 0 such that for allt € R,

s—2
o SO+ E) " Nflln, =14 (25

3s

A , € 2,4),
He—ZtHQOf fOT s [ )

, for s € (4,00].

The proof of this Lemma is given in [61] using the Jost function for the discrete
Schrédinger operator.

Secondly, we need to extend the estimate from Section 2.3,

le" gl < C(1+ )72 g,
to non-zero potentials and weighted spaces.

Lemma 4.30. Suppose that the linear operator V : I' — I' satisfies Assumption 4.24.
For any a € [0, 1], there is Cy, > 0 such that for all t € R,

o™ Qof |, < Car(1+[#1) 5.

The proof of this lemma via inverse Laplace transform can be found in [61].
Lastly, we know that the I2 norm of the solution to (4.59) is conserved. Let us now

establish the upper bound on the weighted [? norm.

Lemma 4.31. Let u(t) € O(R,1?) be a solution to the initial value problem (4.59) with
initial data ug € I3. For any o € [0,1], there is Co > 0 such that for all t € R

la(®)lliz < Ca(1+[t])"[[uoll2- (4.78)
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Proof. Tt readily follows from the dNLS equation (4.59) that

d d
£Hu||12§ =7 Z(l +n?)|u |
neL

= ZZ(l + nz)(anun_1 + UpUn+1 — Unplp—1 — Uplpt+1)
neZ

=i (14 2n)(Unlins1 — Untini1).
nez

Applying the Cauchy-Schwarz inequality and using the I2 norm conservation, we find

< D (14 20)uptinia] < Cllulle |[uo]lz.

ATy
@l
dt ! nez

lull

After cancellation of ||ul|;z and integration in ¢ this yields
(@)l < C(+ [t))][uollz- (4.79)
Clearly, this is inequality (4.78) at a = 1. Applying the Hélder inequality to

= 3000 02 22 2O,
neL

we obtain

huliy < [[{0+ 72w}

2(1—a) _ 20 2(1-a) 1
o 120, = Il ), =

1

= and using (4.79) together with {? norm conservation

Finally, setting p = é and g =

we get
lulliz < allflluflz < Ca(1+ 2D Juoll wolls™ < Ca (1 + [¢])* uoll-

which completes the proof of the lemma. O

Having the above lemmas, we are now ready to prove the main result, Theorem
4.28.

Proof of Theorem 4.28. The proof is based on establishing uniform bounds on the fol-
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lowing quantities:
My (t) = sup (147)"|y(7)li=,,
0<T<t

Ma(t) = sup (1+ 1) |y (7)[[z+1 + sup (14 7)* |y (7) [0,
0<r<t 0<r<t

My(t) = sup [w(r) — wal,
0<r<t

where ag = % for s > 4 and the parameters a and v, will be determined later (see
(4.90) and (4.93)).
To establish the second limit in (4.72) we use the bound (4.69) which leads to

—1
B(t)] < Clw — wp)? 7 [le= My (1)
_1
Clw —wo)* wlle™ Iy ()i, (4.80)
Clw — wo)? 7 (1+ )2 M2(1).

IN

IN

Hence, in addition to a uniform bound on M (t) we need to require that | v, >3 | Since

according to (4.70) we have
6(5) —w ()] < Clw —wo) 7r (L+ )2 ME(), (4.81)

the same conditions establish the first limit in (4.72).

In order to prove (4.73) we need to show that the uniform upper bound on M3(t)
scales like de (see (4.97) below). Similarly, to prove the asymptotic stability result
(4.74) it is enough to invoke Lemma 4.29 and show that the uniform upper bounds on
M, (t) and Ms(t) scale like Jer (see (4.96) below).

Let us first focus on the estimates for M (t). Using decomposition of y(¢) in (4.76)
we find that

[y (B)lle==, < la(®)[[4ho(E)llis, + lm(E)lliss, (4.82)

To obtain the bound on the coefficient |a(t)| we recall orthogonality conditions (4.66)
and the fact that 4 is close to both ¥;(w) and ¥y (w) for small w — wp in (4.63) so

that
la(t)] = (z(1), ¥o)

< [(Rez(t), o — 9b1) | + |[(Im (1), g — )|
< (llpo — Yl + Yo — Tl’zHl}!)HZ(t)Hl‘i"a
< Co(w —wo)ly () lliee. -

Now since [[¢hglliee. < Clltpglliz < 0o we know that for small w — wp formula (4.82)
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yields
[y @llie=, < 2l ()lies, - (4.83)

By Duhamel’s principle the equation on 7 in (4.77) can be solved as,

n(t) = e_itHQon(O) — i/t e_i(t_S)HQog(s)ds. (4.84)
0

Using the result in Lemma 4.30 we get

IOl < e Quoll e + [ e Qug(s) | s
0 (4.85)

1 ¢ 1
< Ca(1+8)737 % Imolliy, + Ca/ (1 4+t —5)757g(s)liy ds.
0
To simplify estimates on [|g(s)[;; we introduce

L1(s) = (w(s) — wo)(1 4 5) ™ M (s),

I(s) = (w(s) —wo)' "2 (1 + 8) "2 M(s),

I(s) = Iy ()1 Iy (s)]lz.
Employing the asymptotics for ¢(w) in (4.61), bound (4.68) and the Cauchy—Schwarz
inequality we obtain

lei(8)ll, < Ol @)y ()] +C [y s
< [l (@(9)) |y Iy, + Clly Iy )iz
< O(Ii(s) + Is(s)).

Similarly, to obtain bounds on gs(s) and gs(s) we use asymptotics in (4.61), and recent
estimates (4.80), (4.81):

lg2(s) + (), < 10(s) — () ll(eo(s)) g, + () 1 () Iy
< C [(w(s) = w0) P (w(s) Iy + (w(s) = w0) 2 1 (w(s)) Iy |

X (L+s) 2 M2(s) < Clys).
(4.86)
To proceed with estimate (4.85) we need to establish the decay of integrals

t
/0 (1+t—s) 3 °L(s)ds, j=1,2,3.
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According to Lemma 2.26, if 81, 32 € (0,00)\{1} then
t
/ (I4t—8) (1 +5)Pds < COL+1), (4.87)
0
where v = min(81, B2, 81 + f2 — 1). As a result, we have

t
/ (41— 8) 51 4 5)"ods < C(1+ )"
0

provided | a>% |and | 3+a < v, |, S0 we get the estimate

<C(A+t)™e [(w —wo)My(8) + (W — wo) T MEW)] . (4.88)

We also need to establish the decay rate for I3(¢). Using decomposition (4.64),
Lemmas 4.26 and 4.31, we obtain the following bound:

I3(t) < [y ()IED (la(®)llz + lpw(®)liz)
< C(1+ )72 M3P(E) (Cal1 + O [ (0)llz + @ (8)) 1)

< C(L+ by 2wt n? (1) (e + (w - wo)%) ,
This allows us to apply (4.87) with 51 = a + %, Ba = %p — % — « and find the bound
t 1 ) t ) ,
/ (1+t—s) " 3I3(s)ds < CMz”(t)/ (14t—s) % 3(1 + 5) 2Pt
0 0

X (e% + (w(s) — wo)ﬁ) ds (489

< C(L+ D7 M (1) (€35 + (w(t) = w0)¥ )

where thanks to 81 > 1 (a > %) the parameter v, is defined as

Vo=min (3 + o, 3p— 2 — a) | (4.90)

The constraint v, > % that we have established above is equivalent to %p — é —a> %,

so we are going to require 2<%a+1<p . Plugging estimates (4.88) and (4.89) into
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(4.85) we close the bound on M (t) and Mas(t):

My(t) < C{”?(O)Hz; T ((t) — w0) M (0
o (w(t) = wo) "I ME(E) + MEP() (27 + (w(t) — wo) ) } (4.91)

Similar to (4.91), we would also like to obtain an estimate on Mj(t) in terms of

M, (t) and Ms(t). Using the same approach we took in deriving (4.83) we obtain

[y @) lles < 2[m ()2

The bound on the right hand side of this inequality comes from Lemma 4.29 applied
to m(t) in the form (4.84):

t
(@)l < Cs(1+8)7[[n(0) [l + Cs/o (I +t—5)""llg(s)lnds.
It follows from Lemma 4.26 and bound (4.68) that

s ()l < C @ @)y ()|, +C Iy ()]
< 01|62 (w(s) [ Iy ()=, + Clly ()22

<C (11(5) F(1+ s)_(2p+1)0‘2p+1M22p+1(5)> .
Rewriting (4.86) in I! norm gives
Ig2(s) + ga(s)llin < Cla(s).

To allow for (f1,02) in (4.87) to be equal to either (o,vq) or (o, (2p + 1)agp+1)
we demand (1 = min(f1, B2, $1 + B2 — 1) which implies 1 < 2 and 52 > 1. Since
as € 0, %], we need to add an extra condition of to add to the framed ones

above. Thus,

t
/0 (14— 8)~ g(s)|nds

<O +t)o {(w —wo)My (1) + (w — wo) 2 ME(H) + M22p+1(t)} . (4.92)

Combining (4.90) with conditions vq > 1 and o > 2 we find that

2 1
§p_6_a21 — p>14—1:2.75.
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Since we rely on Lemma, 4.30 where o < 1, the above inequality provides the following

non-empty range for a:

2 2
3 < o < min <1, 3P~ (73) . (4.93)

Thanks to estimate (4.92) we obtain another closed form bound on M;(t) and Ms(t):
1
M(t) < € {mO)s + (@~ w0)M (1) + (- w)' " BDLEE) + 2 (0} (499

To obtain the bound on M3(t) we recall the bound on |w| in (4.80) and the require-
ment |w(0) — wy| < Cde, so that

Ms(t) = sup |w(0) = w, +w(r) = w(0)]

< Cde+ C sup / (w(s) — wo)zfi(l + s)fZZ’O‘MlZ(s)ds (4.95)
0<r<tJO

< Cde+ C sup (w(T) — wo)z_%Mlz(t)-
0<r<t

Finally, to establish the appropriate bounds on M;(t), Ma(t), and Ms(t) in (4.91),
(4.94), and (4.95) we apply the triangle inequality

w(t) — wol = w(t) — we] + Jwx — wol

< M3(t) + ‘W* - WO’a
so that |w(t) — wo| = O(e) if M1(t) bounded. Also, as
2 2p +
Mi(t) + Ma(t) < C (In(0) g + ME(t) + M;"(1) | + Ma(1)] )

it follows from continuity of M;(¢) and Ms(t), and the bound on initial data (4.71)
that

sup (M, (t) + Ma(t)) < 2|y (0) ||y < 2C5e%. (4.96)
t>0

Applying this bound to (4.95) we get

sup M3(t) < 2C0e. (4.97)
>0
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Chapter 5

Linear stability of the dKG

breathers

Existence theory for multi-site breathers in KG lattices near the anti-continuum limit

was described in Section 3.2. We considered the dKG equation
tin + V' (up) = €(Au),, n€Z, (5.1)

where ¢ € R is the evolution time, u,(t) € R is the displacement of the n-th particle,
V : R — R is a smooth even on-site potential, and ¢ € R is the coupling constant
of the linear interaction between neighbouring particles. Multi-site breathers were
extended from the limiting solution in the anti-continuum limit which consists of excited
oscillations at different lattice sites separated by a number of “holes” (sites at rest).
In this chapter, we consider linear stability of such discrete breathers near the anti-
continuum limit. We assume that the on-site potential is even and admits a Taylor
expansion

V'(u) =u+u®+0wW’) as |ul — oo, (5.2)

where the plus and minus signs correspond to hard and soft potentials respectively, and
the coefficients at the first and second terms are normalized by rescaling the variables
in (5.1).

The first analytical work on stability of discrete breathers near the anti-continuum
limit is due to Aubry [4] who proposed a method based on analysis of the band structure
of the perturbed Newton’s operator in the linearized problem. This method is now
known as Aubry’s band theory. Spectral stability of multi-site breathers continued
from the anti-continuum limit, was also considered by Morgante et al. [62] with the

help of numerical computations. These computations suggested that spectral stability
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of small-amplitude multi-site breathers in the dKG equation (5.1) is the same as that
for the dNLS equation arising in the small-amplitude approximation. The numerical
results in [62] can be summarized as follows: in the case of the focusing nonlinearity,
the only stable multi-site breathers of the dNLS equation (5.8) near the anti-continuum
limit correspond to the anti-phase oscillations on the excited sites of the lattice. This
conclusion does not depend on the number of “holes” between the excited sites in the
anti-continuum limit.

Let us recall that the dNLS approximation for small-amplitude slowly varying os-

cillations in the KG lattice (5.1) with potential (5.2) relies on the asymptotic solution,

U (t) = \/g [an(et)e™ + an(et)e ] + O (€/?),

where € > 0 is assumed to be small, 7 = et is the slow time, and a,,(7) € C is an envelope
amplitude of nearly harmonic oscillations with the unit frequency. This approximation

yields the dNLS equation to the leading order in e,
i, = (Ad), F |an|*an, n€Z. (5.3)

The hard and soft potentials (5.2) result in the focusing and defocusing cubic non-
linearities of the dNLS equation (5.3), respectively. Let us note that existence and
continuous approximations of small-amplitude breathers in the dKG and dANLS equa-
tions were recently justified by Bambusi et al. [10, 11|. The problem of bifurcation of
small-amplitude breathers in KG lattices, in connection to homoclinic bifurcations in
the ANLS equations, was also studied by James et al. [42].

We recall that multi-site solitons of the dNLS equation (5.3) can be constructed
similarly to the multi-site breathers in the dKG equation (5.1). The time-periodic
solutions are given by a, (1) = A,e” ™7, where w € R is a frequency of oscillations and
{Ap }nez is a real-valued sequence of amplitudes decaying to zero as [n| — oco. In the
anti-continuum limit (which corresponds here to the limit |w| — oo [69]), the multi-site
solitons are supported on a finite number of lattice sites. The oscillations are in-phase
or anti-phase, depending on the sign difference between the amplitudes {4, },ez on
the excited sites of the lattice.

The stable oscillations in the case of the defocusing nonlinearity can be recovered
from the stable anti-phase oscillations in the focusing case using the staggering trans-

formation,

an(7) = (=1)"bn(1)e*7,
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which changes the dANLS equation (5.3) to the form,
2ib, = (Ab), £ |bp|?bn, n € Z.

Consequently, the results in [62] also imply: in the case of the defocusing nonlinearity,
the only stable multi-site solitons of the dNLS equation (5.8) with adjacent excited sites
near the anti-continuum limit correspond to the in-phase oscillattons on the excited
sites of the lattice. The numerical observations of [62] were rigorously proved for the
dNLS equation (5.3) by Pelinovsky, Kevrekidis & Frantzeskakis |72].

Similar to [62] conclusions on spectral stability of breathers in the dKG equation
(5.1) were reported in the literature under some simplifying assumptions. Archilla et al.
[3] used the Aubry’s band theory to consider two-site, three-site, and generally multi-
site breathers. Theorem 6 in [3] states that in-phase multi-site breathers are stable
for hard potentials and anti-phase breathers are stable for soft potentials for e > 0.
The statement of this result misses, however, that the corresponding computations
are only justified for multi-site breathers with adjacent excited sites: no “holes" in
the limiting configuration at ¢ = 0 are allowed. More recently, Koukouloyannis &
Kevrekidis [52] recovered exactly the same conclusion using the averaging theory for
Hamiltonian systems in action—angle variables developed earlier by Ahn, MacKay &
Sepulchre [2] and MacKay [55]. To justify the use of the first-order perturbation theory,
the multi-site breathers were considered to have adjacent excited sites and no “holes”.
The equivalence between the method of Hamiltonian averaging and the Aubry’s band
theory for stability of multi-site breathers was addressed by Cuevas et al. [26].

In this chapter, we follow our recent work [75] to prove the linear stability criterion
for all multi-site breathers, including breathers with “holes” between excited sites in
the anti-continuum limit. We use perturbative arguments for characteristic exponents
of the Floquet monodromy matrices. In order to work with higher-order perturbation
theory, we combine these perturbative arguments with the theory of tail-to-tail inter-
actions of individual breathers in lattices. Although the tail-to-tail interaction theory
is well-known for continuous partial differential equations [80, 81|, this theory was not
previously developed in the context of nonlinear lattices.

Nonlinear stability of discrete breathers in the KG chain (5.1) with potential (5.2)
has not been studied analytically yet. Some results on nonlinear stability of discrete
breathers in Hamiltonian networks were established by Bambusi [8, 9]. In [9], asymp-
totic stability of discrete breathers in the KG lattice (5.1) near the anti-continuum
limit is established provided the on-site potential admits the asymptotic expansion
V'(u) = u+ O(u") as |u| — 0.

Multi-site breathers with “holes” have been recently considered by Yoshimura [101]
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in diatomic FPU lattice near the anti-continuum limit. In order to separate variables
n and ¢ and to perform computations using the discrete Sturm theorem (similar to the
one used in the context of NLS lattices in [72]), the interaction potential was assumed
to be nearly homogeneous of degree four and higher. Similar work was also performed
by Yoshimura for KG lattices with a purely anharmonic interaction potential [102].

We discover new important details on the spectral stability of multi-site breathers,
which were missed in the previous works [3, 52, 62]. In the case of soft potentials,
breathers of the dKG equation (5.1) cannot be continued far away from the small-
amplitude limit described by the dNLS equation (5.3) because of the resonances be-
tween the nonlinear oscillators at the excited sites and the linear oscillators at the sites
at rest. Branches of breather solutions continued from the anti-continuum limit above
and below the resonance are disconnected. In addition, these resonances change the
stability conclusion. In particular, the anti-phase oscillations may become unstable in
soft nonlinear potentials even if the coupling constant is sufficiently small.

Another interesting feature of soft potentials is the symmetry-breaking (pitchfork)
bifurcation of one-site and multi-site breathers that occurs near the point of resonances.
In symmetric potentials, the first non-trivial resonance occurs near w = %, that is, at 1:3
resonance. We analyze this bifurcation by using asymptotic expansions and reduction
of the dKG equation (5.1) to a normal form, which coincides with the nonlinear Duffing
oscillator perturbed by a small harmonic forcing. It is interesting that the normal form
equation for 1:3 resonance which we analyze here is different from the normal form
equations considered in the previous studies of 1:3 resonance |14, 84, 85]. While the
standard normal form equations for 1:3 resonance are derived in a neighbourhood of
equilibrium points, in this chapter we are looking at bifurcations of periodic solutions
far from the equilibrium points. Note that an analytical study of bifurcations of small
breather solutions close to a point of 1:3 resonance for a diatomic FPU lattice was
performed by James & Kastner [39].

This chapter is organized as follows. The tail-to-tail interaction theory is developed
in Section 5.1. The main result on spectral stability of multi-site breathers for small
coupling constants is formulated and proved in Section 5.2. Section 5.3 illustrates the
existence and spectral stability of multi-site breathers in soft potentials numerically.
Section 5.4 is devoted to studies of the symmetry-breaking (pitchfork) bifurcation using

asymptotic expansions and normal forms for the 1:3 resonance.

5.1 Tail-to-tail interactions

In this section, we study leading-order interactions between excited sites in the weakly-

coupled KG lattice (5.1). As we will see in Section 5.2, these interactions are key in
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finding linearly stable configurations of multi-site discrete breathers.

Let us recall some existence theory from Section 3.2, where we extended limiting
breather configurations on the KG lattice (5.1) with smooth even potential (5.2) away
from the anti-continuum limit. We consider limiting configurations consisting of in-

phase or anti-phase adjacent sites [51] in the form

u@(t) => " ore(t)er, (5.4)
keS
where ey is a discrete delta function centred on the kth site (3.6), S C Z is a finite
set of excited sites, o, € {+1,—1} encodes the phase factor of the k-th oscillator, and
© € H2(0,T) is an even solution of the nonlinear oscillator equation at the energy level
E
BV =0 = B= g +V(p) (5.5)

The unique even solution () satisfies the initial condition,
©(0) =a, ¢(0)=0, (5.6)

where a is the smallest positive root of V(a) = E, and has a period T which is uniquely

defined from the energy level F,

a dw
T=V2 | ——. 5.7
VE VG o7
Since ¢(t) is T-periodic, we also have
Ope(T) = a(E) = g 653
Opp(T) = —@(T)T'(E)=V'(a)T'(E). (5.9)

Example 5.1. Let us consider the truncation of the expansion (5.2) for the nonlinear

potential at the first two terms:
V' (u) = u £ u. (5.10)

The dependence of the period T' of the anharmonic oscillator on its energy E is com-
puted numerically from (5.2) and is shown on Figure 5.1. For the hard potential with
the plus sign, the period T' € (0, 27) is a decreasing function of E, whereas for the soft
potential with the minus sign, the period T' > 27 is an increasing function of E, which

diverges to infinity as E approaches 0.25.
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Figure 5.1: The period T versus energy E for the hard (solid) and soft (dashed) po-
tentials.

We recall that according to Theorem 3.9, the limiting breather u(®(¢) (5.4) satis-
fying non-resonance (T # 2mn, n € N) and non-degeneracy (T'(E) # 0) conditions can
be uniquely extended to a solution u(®(t) of the dKG equation (5.1) in 12(Z, H2(0,T))
space with norm in (3.10) provided the coupling constant ¢ is sufficiently small.

We are now going to look into specifics of leading-order interactions between the ad-
jacent excited sites. Let us first introduce the concept of the fundamental breather that
is constructed for the particular case of one excited site in the anti-continuum limit.
For small € > 0, multi-site breathers can be approximated by superposition of funda-
mental breathers up to and including the order at which the tail-to-tail interactions of

these breathers occur.

Definition 5.2. Let € > 0 be sufficiently small and u(® € 1?(Z, H(0,T)) be a solu-
tion of the dKG equation (3.9) that is uniquely extended from the one-site limiting
configuration u(®)(t) = ¢(t)eg. This solution is called the fundamental breather and we
denote it by ¢().

By Theorem 3.9, we can use the Taylor approximation,

k
6N+1) qb(e,N) _ & 7¢(5)

¢(6) - d)(E’N) + Op(z 2

per

0,1 ( : (5.11)

9

up to any integer N > 0. Thanks to the discrete translational invariance of the lattice,
the fundamental breather can be centred at any site j € Z. Let 7; : 12 — 12 be the shift
operator defined by

(Tju)n = Up—j, NE 7.

If ¢(9) is centred at site 0, then qub(e) is centred at site j € Z. The simplest multi-site
breather is given by the two excited nodes at j € Z and k € Z with j # k. The following
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lemma determines the leading-order interaction term for such discrete breather.

Lemma 5.3. Let ul®(t) = o;0(t)e; + opp(t)ey, with j # k and N = |j — k| > 1. Let
ul® € 12(Z, H2(0,T)) be the corresponding solution of the dKG equation (3.9) for small
€ > 0 defined by Theorem 3.9. Let {0 }N_, € H2(0,T) be defined recursively by

ﬁo‘Pm = (at2+1)80m = Pm-1, M= 1727"'7N7 (512)
starting with ©o = o, and let Yy € H2(0,T) be defined by

Lopn = (07 + V" ()N = pn-1. (5.13)

Then, we have

u(e) = UjTjd)(€’N) + Uka¢(E’N)

+ N (ojer + one;) (N — on) + Op@mz ooy ). (5.14)

per

Proof. By Theorem 3.9, the limiting configuration u(9)(t) = o;p(t)e; + orp(t)e), with

two excited sites generates a C'>° map, which can be expanded up to the N + 1-order,

Nk gk
@ _N" 4" (o
u _Z !deku

- + Ol?(Z,ngr(o,T))(ENH)- (5.15)
Substituting (5.15) into (3.9) generates a sequence of equations at each order of €, which
we consider up to and including the terms of order N.

The central excited site at » = 0 in the fundamental breather (;S(e) generates fluxes,
which reach sites n = +m at the m-th order. Because ¢(E’m) is compactly supported
on {—m,—m +1,...,m} and all sites with n # 0 contain no oscillations at the 0-th

order, we have
o) = o, (5.16)

where {pn}N_; € H2(0,T) are computed from the linear inhomogeneous equations
(5.12) starting with g = ¢. Note that equations (5.12) are uniquely solvable because
T # 2mn, n € N.

For definiteness, let us assume that j = 0 and kK = N > 1. The fluxes from
the excited sites n = 0 and n = N meet at the N/2-th order at the middle site
n = N/2 if N is even or they overlap at the (N + 1)/2-th order at the two sites
n=(N-1)/2and n=(N+1)/2if N is odd. In either case, because of the expansion

(5.2), the nonlinear superposition of these fluxes affects terms at the order 3N/2-th or
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3(N+1)/2-th orders, that is, beyond the N-th order of the expansion (5.14). Therefore,
the nonlinear superposition of fluxes in higher orders of ¢ will definitely be beyond the
N-th order of the expansion (5.14).

Up to the N-th order, all correction terms are combined together as a sum of
correction terms from the decomposition (5.11) centred at the j-th and k-th sites, that
is, we have

u(e) = Ujijﬁ(e’N_l)(e) + o N (e) + O (z,m2

per

o (V).

At the N-th order, the flux from j-th site arrives to the k-th site and vice versa.
Therefore, besides the N-th order correction terms from the decomposition (5.11), we
have additional terms e (0jer + orej)Yn at the sites n = j and n = k. Thanks
to the linear superposition principle, these additional terms are given by solutions of
the inhomogeneous equations (5.13), which are uniquely solvable in H2(0,T) because
T'(E) # 0. We also have to subtract €V (o;ej + ore;) oy from the N-th order of
Uj7j¢(€’N) + akaq’)(e’N), because these terms were computed under the assumption
that the k-th site contained no oscillations at the order 0 for ajqub(E’N) and vice versa.
Combined all together, the expansion (5.14) is justified up to terms of the N-th order.

O

5.2 Stability of multi-site breathers

Let u € [?(Z, H?(0,T)) be a multi-site breather in Theorem 3.9 and € > 0 be a small
coupling parameter in the dKG equation (5.1). We introduce a small perturbation w €
12(Z, H2(0,T)) to the multi-site breather, and substitute the decomposition u(t)+w(t)

into the dKG equation (5.1). Collecting the terms linear in w, we obtain
Wy + V" (up)w, = e(AW),, n € 7Z. (5.17)

Because u(t + 7') = u(t), an infinite-dimensional analogue of the Floquet theorem

applies and the Floquet monodromy matrix M is defined by

e e )
wn(T) nez wn (0) nez

Definition 5.4. We say that the breather is spectrally stable if all eigenvalues of the
monodromy matrix M, called Floquet multipliers, are located on the unit circle and it

is spectrally unstable if there is at least one Floquet multiplier outside the unit disk.

Because the linearized system (5.17) is Hamiltonian, Floquet multipliers come in
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pairs p1 and po with pipus = 1. Moreover, if a multiplier pq is on a unit circle, so is its
partner pso.

For € = 0, Floquet multipliers can be computed explicitly because M is decoupled
into a diagonal combination of 2-by-2 matrices { M, },cz, which are computed from

solutions of the linearized equations
Wy, +w, =0, neZ\S (5.18)
and
Wy, + V' (9)w, =0, neSs. (5.19)

The first problem (5.18) admits the exact solution,

cos(T)  sin(T)

] , neZ\S.
—sin(T) cos(T)

wp(t) = wp(0) cos(t) + wp(0)sin(t) = M, = [

Each M, for n € Z\S has two Floquet multipliers at p; = ¢ and pg = 7. If
T # 2mn, n € N, the Floquet multipliers p; and po are located on the unit circle
bounded away from the point p = 1.

The second problem (5.19) admits the exact solution,

wp,(0)
Irp(0)

wn(t) = — 7= @(t) + Ope(t), nes,
where (t) is a solution of the nonlinear oscillator equation (5.5) with the initial con-
dition (5.6). Using identities (5.8)—(5.9), we obtain,

1 0

M, =
T'(E)V' (@) 1

], nes.

Note that V'(a) # 0 (or T is infinite). If 7'(E) # 0, each M, for n € S has the Floquet
multiplier ;= 1 of geometric multiplicity one and algebraic multiplicity two.

We conclude that if T' # 27n, n € N and T'(E) # 0, the limiting multi-site breather
(5.4) at the anti-continuum limit € = 0 has an infinite number of semi-simple Floquet
multipliers at pu; = €7 and s = e~ bounded away from the Floquet multiplier p = 1
of algebraic multiplicity 2|S| and geometric multiplicity |S|, where |S| represents the
number of excited sites in limiting breather configuration (5.4).

Semi-simple multipliers on the unit circle are structurally stable in Hamiltonian
dynamical systems (Chapter IIT in [96]). Under perturbations in the Hamiltonian,
Floquet multipliers of the same Krein signature do not move off the unit circle unless

they coalesce with Floquet multipliers of the opposite Krein signature [13]. Therefore,
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Figure 5.2: Spectrum of the monodromy matrix associated with a multi-site breather
in the dKG equation (5.1) at e = 0 (left) and at small e > 0 (right).

the instability of the multi-site breather may only arise from the splitting of the Floquet
multiplier p = 1 of algebraic multiplicity 2|S| for € # 0. We show the splitting of the
Floquet multipliers near the anti-continuum limit on Figure 5.2. Details on the splitting

of the unit Floquet multiplier will follow in Lemmas 5.5 and 5.6.

5.2.1 Perturbation analysis for the unit Floquet multiplier

To consider Floquet multipliers, we can introduce the characteristic exponent X in the
decomposition w(t) = W (t)e M. If u = e is the Floquet multiplier of the monodromy
operator M, then W € [?(Z, H2,.(0,T)) is a solution of the eigenvalue problem,

per

Wi 4 V" (un) Wy 4 2AW,, + X2W,, = e(AW),,, n e Z. (5.20)
In particular, Floquet multiplier ¢ = 1 corresponds to the characteristic exponent
A = 0. The generalized eigenvector Z € [*(Z, H2,.(0,T)) of the eigenvalue problem

(5.20) for A = 0 solves the inhomogeneous problem,
Zn + V" (up)Zp = €(AZ),, — 2W,,, n €, (5.21)

where W is the eigenvector of (5.20) for A = 0. To normalize Z uniquely, we add a

constraint that Z is orthogonal to W with respect to the inner product

T
(W.Z)2z.12,.01) = Z/O Wi (t) Z,(t)dt.
neZ

At e = 0, the eigenvector W of the eigenvalue problem (5.20) for A = 0 is spanned

by the linear combination of |S| solutions, so that

W) =" crp(t)er. (5.22)
keS
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Recalling that the operator
Lo=07 +V"(o(t) : HZ(0,T) — LZ(0,T)

is invertible and ¢ € L2(0,T) (see the proof of Theorem 3.9), we write the generalized

eigenvector Z as a linear combination of |S| solutions, so that

ZO®) =-> au(tler, v=2L"¢. (5.23)
kesS

We also notice that (¢, U>L%er(07T) = 0 since ¢ is odd and v is even in ¢.
Let ¢(€) be the fundamental breather in Definition 5.2. Because of the translational
invariance in ¢, the time derivative of the fundamental breather,

W = 8,6 = 09 ¢ 1(Z, H2,,(0,T)),

per

is the eigenvector of the eigenvalue problem (5.20) for A = 0 and small € > 0. More-
over, since 09 and 8,0'°) have the opposite parity in ¢, there exists a corresponding
generalized eigenvector

Z=u'9 e’z H?,,(0,T))

per

of the inhomogeneous problem (5.21).
By Taylor approximation (5.11), for any integer N > 0, we have

0 = 0N + Op s 01y (Y
u(e,N) + OIZ(Z,ngr(O,T))(EN +1),

where 8V and p1&N) are polynomials in e of degree N. It follows from equations
(5.22) and (5.23) that
00 = o(t)ep, p® = —uv(t)eg. (5.24)

This formalism sets up the scene for the perturbation theory, which is used to prove
the main result on spectral stability of multi-site breathers. We start with a simple
multi-site breather configuration with equal distances between excited sites and then
generalize this result to multi-site breathers with non-equal distances between excited

sites.

Lemma 5.5. Fiz the period T and the solution ¢ € H2(0,T) of the nonlinear oscillator
equation (5.5) with an even V. € C®(R) and assume that T # 2mn, n € N and
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T'(E) # 0. Let
N
u@(t) = ZUjSD(t)ejM
j=1
with fited N,M € N and u'®) € 12(Z, H?(0,T)) be the corresponding solution of the

dKG equation (5.1) for small € > 0 defined by Theorem 3.9. Let {pn}M_ be defined
by inhomogeneous equation (5.12) starting with po = @. Then the eigenvalue problem

(5.20) for small € > 0 has 2N small eigenvalues,
A= M2A 4 O(MHD/2),

where A is an eigenvalue of the matriz eigenvalue problem

T(E)
T T(E)

A%c=KySc, ceCV. (5.25)
Here the numerical coefficient Ky is given by
T
Ky = / PPp—1dt
0

and the matriz S € MN*N s given by

—01092 1 0 0 0
1 —02(014-(73) 1 0 0
0 1 703(0’2%*04) 0 0
S = ,
0 0 0 7(7N71(0'N72+0'N) 1
0 0 0 1 —ONON-—-1

Proof. At € = 0, the eigenvalue problem (5.20) admits eigenvalue A = 0 of geometric
multiplicity IV and algebraic multiplicity 2N, which is isolated from the rest of the
spectrum. Perturbation theory in e applies thanks to the smoothness of u(® in e and
V" in u. Perturbation expansions (so-called Puiseux series, see Chapter 2 in [45] and

1/2 thanks to the Jordan block decomposition

recent work [95]) are smooth in powers of e
at e =0.

We need to find out how the eigenvalue A = 0 of algebraic multiplicity 2N splits for
small € > 0. Therefore, we are looking for the eigenvectors of the eigenvalue problem

(5.20) in the subspace associated with the eigenvalue A = 0 using the substitution
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A = eM/2) and the decomposition

N
W= ZCJ <TJM0 - 6M(e(jfl)M + e(j+1)M)</3M)
7j=1

N
+ MY oM + MW, (5.26)
j=1

where M, = M/2 if M is even and M, = (M — 1)/2 if M is odd, whereas W is the
remainder term at the M-th order in e. The decomposition formula (5.26) follows from
the superposition (5.14) up to the M-th order in e. The terms ¢ ZN j(eg—1ym +
€(j+1)M )@ZJN from the superposition (5.14) are to be accounted at the equation for W.
Note that our convention in writing (5.26) is to drop the boundary terms with egps
and ey

Substituting (5.26) to (5.20), all equations are satisfied up to the M-th order. At the
M-th order, we divide (5.20) by €™ and collect equations at the excited sites n = jM
for j €{1,2,...,N},

Win + V" (©)Winr = (¢jp1 + ¢j—1)@ar—1
O'j(O'j+1 + O'j_l)CjV///((p)T/JMQb + 5\20]'(2@ — 90) + 0(61/2), (527)

where we admit another convention that o9 = ony4+1 = 0 and cg = c¢y41 = 0. In the
derivation of equations (5.27), we have used the fact that the term ¢y, comes from
the fluxes from n = (j + 1)M and n = (j — 1)M sites generated by the derivatives of
the linear inhomogeneous equations (5.12) and the term o;(oj41 + 0j—1)¢; V" (0)ar¢
comes from the expansion of the nonlinear potential V" (u;as) by using the expansion
(5.14).

Expanding A = A + Ol(e 1/ 2) and projecting the system of linear inhomogeneous
equations (5.27) to ¢ € H2..(0,T), the kernel of the linear operator

per

L= 81& +V”( ) per(o T) - L2 (O,T),

per

we obtain the system of difference equations,

T T
Ac; / (¢* + 2v9) dt = (cj41 + cjl)/ GPp—1dt
0 0
T
—0oj(oj41 + Uj—l)cj/ V" ()b dt
0
where the integration by parts is used to simplify the left-hand side. Differentiating
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the linear inhomogeneous equation (5.13) and projecting it to ¢, we infer that

T T
/ V,/,(¢)¢M¢2dt = / ngbeldt =Ky.
0 0

The system of difference equations yields the matrix eigenvalue problem (5.25), pro-

vided we can verify that

T TYE)
/0(902+2vg0)dt——T/(E).

To do so, we note that v = 2£-1¢ in (5.23) is even in ¢t € R, so that it is given by the

exact solution,

u(t) = tp(t) + Copep(t),

where C' € R. From the condition of T-periodicity for v(t) and 0(t), we obtain

v(0) =v(T) = Cd'(E),
9(0) = 0=9(T) = T$(0) — CT'(E)$(0),

hence C = T(E)/T'(FE) and

T T T
/ (* +20p)dt = 2C / GOppdt = —C / (@0pp + V'(9)opy) dt
0 0 0

T 2
_ _c/o aaE <;¢2 + V(@) dt = —CT(E) = —:;,((g))

where equation (5.5) has been used. Finally, the matrix eigenvalue problem (5.25)

defines 2N small eigenvalues that bifurcate from A = 0 for small € > 0. The proof of

the lemma is complete. ]

To classify stable and unstable configurations of multi-site breathers near the anti-

continuum limit we shall now count eigenvalues of the matrix eigenvalue problem (5.25).

Lemma 5.6. Let ng be the numbers of negative elements in the sequence {Jjajﬂ}j-v:_ll.
If T'"(E)K > 0, the matriz eigenvalue problem (5.25) has ezactly ng pairs of purely
imaginary eigenvalues A and N — 1 —ng pairs of real eigenvalues p counting their mul-
tiplicities, in addition to the double zero eigenvalue. If T'(E)K); < 0, the conclusion
changes to the opposite.

Proof. We shall prove that the matrix S has exactly ng positive and N —1—ng negative

eigenvalues counting their multiplicities, in addition to the simple zero eigenvalue. If
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this is the case, the assertion of the lemma follows from the correspondence

T'(E)K

2—_
A - TQ(E) 77

where 7y is an eigenvalue of S.
Setting ¢; = o;b;, we rewrite the eigenvalue problem Sc = ~vc as the difference

equation,
O'jO'j+1(bj+1 —bj)+0j0'j_1(bj 1— b; ) —vb], j S {1,2,...,]\7}7 (528)

subject to the conditions og = ony4+1 = 0. Therefore, v = 0 is always an eigenvalue with
the eigenvector b = [1,1,...,1] € RY. The coefficient matrix in (5.28) coincides with the
one analyzed by Sandstede in Lemma 5.4 and Appendix C [80]. This correspondence

yields the assertion on the number of eigenvalues of S. O

5.2.2 General stability result

Before applying the results of Lemmas 5.5 and 5.6 to multi-site breathers, we consider
two examples, which are related to the truncated potential (5.10). We shall use the

Fourier cosine series for the solution ¢ € H2(0,T),

(1) = 3 en(T) cos <2”T”t) , (5.29)

neN

for some square summable set {¢,(T")}nen. Because of the symmetry of V', we have
©(T/4) = 0, which imply that ¢,(T) = 0 for all even n € N. Solving the linear

inhomogeneous equations (5.12), we obtain

QkCn

n€Nyqq

omnt
% cos< m), keN. (5.30)

— 4Am2n?2 T

Using Parseval’s equality, we compute the constant Kj; in Lemma 5.5,

T2M 3 2’6 ( )’2

Ky = / Mo 2 ) 5.31
Bom-l 2 (T2 — 4x2n2) M1 (53

nENodd

For the hard potential with V’/(u) = u + u3, we know from Figure 5.1 that the
period T(E) is a decreasing function of E from T(0) = 27 to limg_,~ T(E) = 0.
Since T"(E) < 0 and T(F) < 2w, we conclude that T'(E)Ky < 0 if M is odd and
T'(E)Kp > 0if M is even. By Lemma 5.6, if M is odd, the only stable configuration of
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M odd M even

Hard potential
V'(u) = u+u? In-phase Anti-phase
0<T <27
Soft potential
V'(u) = u—u? Anti-phase
2n < T < 67

Anti-phase 27 < T < Ty
In-phase Ty < T < 67

Table 5.1: Stable multi-site breathers in hard and soft potentials. The stability thresh-
old Ty corresponds to the zero of Ky for T € (27, 67).

the multi-site breathers is the one with all equal {o; }jvzl (in-phase breathers), whereas
if M is even, the only stable configuration of the multi-site breathers is the one with all
alternating {o; }jvzl (anti-phase breathers). This conclusion is shown in the first line of
Table 5.1.

For the soft potential with V'(u) = u — u?, we know from Figure 5.1 that the
period T'(F) is an increasing function of E from 7'(0) = 27 to limpg_ g, T(E) = oo,
where Fy = %. If T(E) is close to 2w, then the first positive term in the series (5.31)
dominates and Kjs > 0 for all M € N. At the same time, 7/(E) > 0 and Lemma 5.6
implies that the only stable configuration of the multi-site breathers is the one with all
alternating {o; }éV: , (anti-phase breathers). The conclusion holds for any 7" > 27 if M
is odd, because Kjs > 0 in this case.

This precise conclusion is obtained in Theorem 3.6 of [72] in the framework of the
dNLS equation (5.3) (see also Section 4.1). It is also in agreement with perturbative
arguments in [3, 52|, which are valid for M = 1 (all excited sites are adjacent on the
lattice). To elaborate this point further, we prove in [75] the equivalence between the
matrix eigenvalue problem (5.25) with M = 1 and the criteria used in [3, 52].

For even M € N, we observe a new phenomenon, which arises for the soft potentials
with larger values of T'(E) > 2. To be specific, we restrict our consideration of multi-
site breathers with the period T in the interval (27, 67). Similar results can be obtained
in the intervals (67, 107), (107, 147), and so on. For even M € N, there exists a period
Ty € (2m,67) such that the constant Ky in (5.31) changes sign from Kj; > 0 for
T € (2m,Ta) to Ky < 0 for T € (Tar,6m). When it happens, the conclusion on
stability of the multi-site breather change directly to the opposite: the only stable
configuration of the multi-site breathers is the one with all equal {aj}év:l (in-phase
breathers). This observation is shown in the second line of Table 5.1.

We conclude this section with the stability theorem for general multi-site breathers.
For the sake of clarity, we formulate the theorem in the case when 7'(E) > 0 and all
Kur > 0, which arises for the soft potential with odd M. Using Lemma 5.6, the count
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can be adjusted to the cases of T'(E) < 0 and/or K < 0.

Theorem 5.7. Let {nj}é-v:l C 7Z be an increasing sequence with N € N. Let ul® €
12(Z, H2(0,T)) be a solution of the dKG equation (5.1) in Theorem 3.9 with

N
u@t) =) oje(t)en, (5.32)
j=1

for small € > 0. Let {on}°_y be defined by the linear equations (5.12) starting with
0o = @. Define {Z\Jj}é\[:_l1 and {KM].};V:_ll by

T
Mj = nj+1 — nj and KMJ- :/ (,b(,b]\/[j_ldt.
0

Assume T'(E) > 0 and Kyg, > 0 for all Mj. Let ng be the numbers of negative elements
in the sequence {ajaj+1}§y:_11. The eigenvalue problem (5.20) at the discrete breather
ul® has ezactly ng pairs of purely imaginary eigenvalues X and N — 1 — ng pairs of
purely real eigenvalues A counting their multiplicities, in addition to the double zero

ergenvalue.

Proof. The limiting configuration (5.32) defines clusters of excited sites with equal
distances M; between the adjacent excited sites. According to Lemma 5.5, splitting of
N double Jordan blocks associated with the decompositions (5.22) and (5.23) occurs in
different orders of the perturbation theory, which are determined by the set {1/ ;V: _11.
At each order of the perturbation theory, the splitting of eigenvalues associated with
one cluster with equal distance between the adjacent excited sites obeys the matrix
eigenvalue problem (5.25), which leaves exactly one double eigenvalue at the zero and
yields symmetric pairs of purely real or purely imaginary eigenvalues, in accordance to
the count of Lemma 5.6.

The double zero eigenvalue corresponds to the eigenvector W and the generalized
eigenvector Z generated by the translational symmetry of the multi-site breather bi-
furcating from a particular cluster of excited sites in the limiting configuration u(®.
The splitting of the double zero eigenvalues associated with the cluster happens at the
higher orders in €, when the fluxes from adjacent clusters reach each others. Since
the end-point fluxes from the multi-site breathers are equivalent to the fluxes (5.16)
generated from the fundamental breathers, they still obey Lemma 5.3 and the splitting
of the double zero eigenvalue associated with different clusters still obeys Lemma 5.5.

At the same time, the small pairs of real and imaginary eigenvalues arising at a
particular order in € remain at the real and imaginary axes in higher orders of the per-

turbation theory because their geometric and algebraic multiplicity coincides, thanks
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M odd M even
Hard potential .
Vi) = u+ o In-phase Anti-phase
Soft potential Anti-phase .
V'(u) = u—u? In-phase Anti-phase

Table 5.2: Stable two-site breathers in the KG lattice with anharmonic coupling (5.33).

to the fact that these eigenvalues are related to the eigenvalues of the symmetric matrix
S in the matrix eigenvalue problem (5.25).
Avoiding lengthy algebraic proofs, these arguments yield the assertion of the theo-

rem. OJ

5.2.3 Breathers in the dKG equation with anharmonic coupling

We have considered existence and stability of multi-site breathers in the KG lattices
with linear couplings between neighbouring particles. In Table 5.1 and Theorem 5.7,
we have described explicitly how the stability or instability of a multi-site breather
depends on the phase difference and distance between the excited oscillators.

It is instructive to compare our results to those obtained by Yoshimura [102] for

the lattices with purely anharmonic coupling:
. E_ k k
U 4 up £ Uy, = €(Upt1 — up)® — €(Uup, — up—1)", (5.33)

where k > 3 is an odd integer. Table 5.2 summarizes the result of [102] for stable

configurations of two-site breathers, which are continued from the limiting solution
ul?(t) = gjp(t)ej + orp(t)er,

where M = |j — k| > 1.

Note that the original results of [102] were obtained for finite lattices with open
boundary conditions but can be extrapolated to infinite lattices, which preserve the
symmetry of the multi-site breathers.

Table 5.2 is to be compared with Table 5.1. Note that Table 5.1 actually covers
N-site breathers with equal distance M between the excited sites, whereas Table 5.2
only gives the results in the case N = 2. We have identical results for hard potentials
and different results for soft potentials. First, spectral stability of a two-site breather
in the anharmonic potentials is independent of its period of oscillations and is solely
determined by its limiting configuration (Table 5.2). This is different from the transition

from stable anti-phase to stable in-phase breathers for even M in soft potentials (Table
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5.1). Second, both anti-phase and in-phase two-site breathers with odd M are stable in
the anharmonic lattice. The surprising stability of in-phase breathers is explained by
additional symmetries of these two-site breathers in the anharmonic potentials. The
symmetries trap the unstable Floquet multipliers p associated with in-phase breathers
for odd M at the point u = 1. Once the symmetries are broken (e.g., for even M), the
Floquet multipliers ;2 = 1 split along the real axis and the in-phase two-site breather

becomes unstable in soft potentials.

5.3 Numerical results

We illustrate our analytical results on existence and stability of discrete breathers near
the anti-continuum limit using numerical approximations. The dKG equation (5.1)
can be truncated at a finite system of differential equations by applying the Dirichlet

conditions at the ends.

5.3.1 Three-site model

The simplest model which allows gaps in the limiting configuration u(® is the one
restricted to three lattice sites, e.g. n € {—1,0,1}. We choose the soft potential
V'(u) = u — u® and rewrite the truncated dKG equation (5.1) as a system of three

Duffing oscillators with linear coupling terms,

(5.34)

iio +up — ud = e(u1 — 2up +u_1),
fie1 +ugr —udy = e(ug — 2uty).

A fast and accurate approach to construct T-periodic solutions for this system is the
shooting method. The idea is to find a € R? such that the solution u(t) € C*(Ry,R3)

with initial conditions

satisfy the conditions of T-periodicity, u(7") = a, u(7") = 0. However, these constraints
would generate an over-determined system of equations on a. To set up the square
system of equations, we can use the symmetry ¢ — —t of system (5.34). If we add the
constraint u(7"/2) = 0, then even solutions of system (5.34) satisfy u(—=7/2) = u(7/2)
and u(—7/2) = —u(T/2) = 0, that is, these solutions are T-periodic. Hence, the values
of a € R? become the roots of the vector F(a) = u(T/2) € R3.

We construct a T-periodic solution u to system (5.34) that corresponds to the
limiting configuration u(®) as follows. Using the initial data u(®)(0) as an initial guess

for the shooting method, we first continue the initial displacement u(0) with respect to
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Figure 5.3: The initial displacements ag and a; for the T-periodic solutions to sys-
tem (5.34) with e = 0.01. The solid and dashed lines correspond to the fundamental
(5.35) and two-site (5.36) breathers respectively. The dotted lines correspond to the
T-periodic solutions to equation (5.5). The insets show the pitchfork bifurcation of the

fundamental breather.

the coupling constant € > 0. After that, we use the shooting method again to continue
the initial displacement u(0) with respect to period T" at the fixed value of e.
Let us apply this method to determine initial conditions for the fundamental breather,

u((]o) =, ug =0, (5.35)

and for a two-site breather with a “hole”,
u(()O) =0, u(ioi = . (5.36)

In both cases, we can use the symmetry u_1(t) = u1(t) to reduce the dimension of the
shooting method to two unknowns ag and a;.

Figure 5.3 shows solution branches for these two breathers on the period—amplitude
plane by plotting T versus ag and a; for € = 0.01. For 2r < T < 6m, solution
branches are close to the limiting solutions (dotted line), in agreement with Theorem
3.9. However, a new phenomenon emerges near 7" = 6m: both breather solutions
experience a pitchfork bifurcation and two more solution branches split off the main
solution branch. The details of the pitchfork bifurcation for the fundamental solution
branch are shown on the insets of Figure 5.3.

Let Ts be the period at the point of the pitchfork bifurcation. We may think
intuitively that Tg should approach to the point of 1 : 3 resonance for small €, that
is, Tg — 67 as € — 0. We have checked numerically that this conjecture is in fact
false and the value of Tg gets larger as e gets smaller. This property of the pitchfork
bifurcation is analyzed in Section 5.4 below (see Remark 5.12 and Figure 5.13).
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Figure 5.4: Fundamental breathers for system (5.34) before (left) and after (right) the
symmetry-breaking bifurcation at e = 0.01.

Figure 5.3 also shows two branches of solutions for T' > 67 with negative values
of a1 for positive values of ag and vice versa. One of the two branches is close to the
breathers at the anti-continuum limit, as prescribed by Theorem 3.9. We note that
the breather solutions prescribed by Theorem 3.9 for T' < 67 and T" > 67 belong to
different solution branches. This property is also analyzed in Section 5.4 below (see
Remark 5.10 and Figure 5.10).

Figure 5.4 shows the fundamental breather before (T" = 57) and after (T" = 5.87)
pitchfork bifurcation. The symmetry condition u(7'/4) = 0 for the solution at the
main branch is violated for two new solutions that bifurcate from the main branch.
Note that the two new solutions bifurcating for T' > Tg look different on the graphs
of ag and a; versus T'. Nevertheless, these two solutions are related to each other by
the symmetry of the system (5.34). If u(t) is one solution of the system (5.34), then
—u(t + T/2) is another solution of the same system. If u(7'/4) # 0, then these two
solutions are different from each other.

Let us now illustrate the stability result of Theorem 5.7 using the fundamental
breather (5.35) and the breather with a hole (5.36). We draw a conclusion on spectral
stability of these breathers by testing whether their Floquet multipliers, found from
the monodromy matrix associated with the linearization of system (5.34), stay on the
unit circle.

Figure 5.5 shows the real part of Floquet multipliers versus the breather’s period for
the fundamental breather (left) and the new solution branches (right) bifurcating from
the fundamental breather due to the pitchfork bifurcation. Because Floquet multipliers
are on the unit circle for all periods below the bifurcation value Tg, the fundamental
breather remains stable for these periods, in agreement with Theorem 5.7. Once the

bifurcation occurs, one of the Floquet multiplier becomes real and unstable (outside
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Figure 5.5: Real parts of Floquet multipliers p for the fundamental breather at e = 0.01
near the bifurcation for the main branch (left) and side branches (right).
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Figure 5.6: Real parts of Floquet multipliers p for the two-site breather with a hole at
€ = 0.01 near the bifurcation for the main branch (left) and side branches (right).

the unit circle). Two new stable solutions appear during the bifurcation and have
the identical Floquet multipliers because of the aforementioned symmetry between
the new solutions. These solutions become unstable for periods slightly larger than
the bifurcation value Tg, because of the period-doubling bifurcation associated with
Floquet multipliers at —1.

We perform similar computations for the two-site breather with the central hole
(5.36). Figure 5.6 (left) shows that at the coupling e = 0.01 the breather is unstable
for periods 27 < T < T*(e) and stable for periods T % T*(E) with T*(e) ~ 5.4257 for
€ = 0.01. This can be compared using the change of stability predicted by Theorem
5.7. According to equation (5.31), K5 changes sign from positive to negative at Ths—o ~
5.4767. Since T'(F) is positive for the soft potential, Theorem 5.7 predicts that in the
anti-continuum limit the two-site breather is unstable for 27 < T < Thy—9 and stable

for Thy—o < T < 6m. This change of stability agrees with Figure 5.6 where we note
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Figure 5.7: Top: The initial displacements a_1, ag, and a1 for the T-periodic breather
with a hole on the three-site lattice with e = 0.01. Bottom: Asymmetric breathers
with period T' = 5.757 on the three-site lattice with e = 0.01.

that |79 — Thy—a| ~ 0.057 at € = 0.01.

At T =~ 5.6m and T = 5.7w, two bifurcations occur for the two-site breather with
the central hole and unstable multipliers bifurcate from the unit multiplier for larger
values of T'. The behaviour of Floquet multipliers is similar to the one on Figure 5.5
(left) and it marks two consequent pitchfork bifurcations for the two-site breather with
the hole. The first bifurcation is visible on Figure 5.3 in the space of symmetric two-
site breathers with u_1(¢) = u1(t). The Floquet multipliers for the side branches of
these symmetric two-site breathers is shown on Figure 5.6 (right), where we can see
two consequent period-doubling bifurcations in comparison with one such bifurcation
on Figure 5.5 (right). The second bifurcation is observed in the space of asymmetric
two-site breathers with u_1(t) # u(t).

We display the two pitchfork bifurcations on the top panel of Figure 5.7. One
can see for the second bifurcation that the value of ag is the same for both breathers
splitting of the main solution branch. Although the values of a_; and a; look the same
for the second bifurcation, dashed and dotted lines indicate that a; is greater than
a_1 at one asymmetric branch and vice versa for the other one. The bottom panels
of Figure 5.7 show the asymmetric breathers with period T' = 5.757 that appear as a
result of the second pitchfork bifurcation.

It is important to note that a similar behaviour is observed near points of 1 : k
resonance, with k£ being an odd natural number. For the non-resonant periods, a
breather has large amplitudes on excited sites and small amplitudes on the other sites.
As we increase the breather’s period approaching a resonant point T' = 2xk for odd k,

the amplitudes at all sites become large, a cascade of pitchfork bifurcations occurs for
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Figure 5.8: Top: The initial displacements ag, a1, and as for the T-periodic funda-
mental breather of the five-site lattice with e = 0.01. Bottom: The same for the
two-site breather with a hole. The dotted lines correspond to the T-periodic solutions
to equation (5.5).

these breathers, and families of these breathers deviate from the one prescribed by the
anti-continuum limit. However, due to the saddle-node bifurcation, another family of
breathers satisfying Theorem 3.9 emerges for periods just above the resonance value.
The period—amplitude curves, similar to those on Figure 5.3, start to look like trees with
branches at all resonant points T' = 27k for odd k. In the anti-continuum limit, the gaps
at the period—amplitude curves vanish while the points of the pitchfork bifurcations
go to infinity. The period—amplitude curves turn into those for the set of uncoupled

anharmonic oscillators.

5.3.2 Five-site model

We can now truncate the dKG equation (5.1) at five lattice sites, e.g. atn € {—2,—1,0,1,2}.
The fundamental breather (5.35) and the breather with a central hole (5.36) are con-
tinued in the five-site lattice subject to the symmetry conditions u,(t) = u_y(t) for
n = 1,2. We would like to illustrate that increasing the size of the lattice does not quali-
tatively change the previous existence and stability results, in particular, the properties
of the pitchfork bifurcations.

Figure 5.8 gives analogues of Figure 5.3 for the fundamental breather and the
breather with a hole. The associated Floquet multipliers are shown on Figure 5.9,
in full analogy with Figures 5.5 and 5.6. We can see that both existence and stability

results are analogous between the three-site and five-site lattices.
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Figure 5.9: Top: Real parts of Floquet multipliers y for the fundamental breather near
the bifurcation for the main branch (left) and side branches (right). Bottom: The same
for the two-site breather with a hole.
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5.4 Pitchfork bifurcation near 1:3 resonance

We study here the symmetry-breaking (pitchfork) bifurcation of the fundamental breather.
This bifurcation, illustrated on Figure 5.4, occurs for soft potentials near the point of
1:3 resonance, which corresponds to T = 67. We point out that the period Tg of
the pitchfork bifurcation is close to 67 for small but finite values of e. As we have
discovered numerically, Ts gets larger as € gets smaller. This property indicates that
the asymptotic analysis of this bifurcation is not uniform with respect to two small
parameters € and 1" — 67, which we explain below in more details.

When u = ¢ is the fundamental breather and T’ # 27n is fixed, Theorem 3.9 and
Lemma 5.3 imply that

up(t) = o(t) = 2e1(t) + Oz, 01)(€),
ug(t) = epr(t) + Omz om)(€), (5.37)
Ugn(t) = + Omz 0m)(€), n>2

where ¢ can be expanded in the Fourier series,

o) = 3 ealT)cos (T) , (5.38)

nENgaq

and the Fourier coefficients {c¢,(T)}nen,,, are uniquely determined by the period 7'
The correction terms o1 and 11 are determined by the solution of the linear inhomo-

geneous equations (5.12) and (5.13), in particular, we have

2
v1(t) = Z mms (T) . (5.39)
n€Nyqq
In what follows, we restrict our consideration of soft potentials to the case of the
quartic potential V'(u) = u — u3. In agreement with a numerical approximation for
the quartic potential, we shall assume that c3(67) < 0.
Expansion (5.37) and solution (5.39) imply that if 7" is fixed in (2m,67), then

lusillpz, 01) = O(€) and the cubic term u}, is neglected at the order O(e), where

the Iine:; inhomogeneous equation (5.12) is valid. Near the resonant period 7' = 6,
the norm ||Uil||ngr(o,T) is much larger than O(e) if c3(67) # 0. As a result, the cubic
term w3, must be incorporated at the leading order of the asymptotic approximation.

We shall reduce the dKG equation (5.1) for the fundamental breather near 1 :
3 resonance to a normal form equation, which coincides with the nonlinear Duffing
oscillator perturbed by a small harmonic forcing (equation (5.56) below). The normal

form equation features the same properties of the pitchfork bifurcation of T-periodic
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solutions as the dKG equation (5.1). To prepare for the reduction to the normal form

equation, we introduce the scaling transformation,

61

T=—""_ = (1+8¢2/3 A () = (1 + 823U, 4
e T (L+0e*)t, un(t) = (14 0e*°)Un(T), (5.40)

where ¢§ is a new parameter, which is assumed to be e-independent. The dKG equation

(5.1) with V’(u) = u — u® can be rewritten in new variables (5.40) as follows,
Up 4+ Up — U3 = BU, +y(Ups1 +Un-1), ncZ, (5.41)

where
1+ 2¢ €

-1 = - <
B (1+0e23)2 77 (1 + 6e2/3)2

(5.42)

T-periodic solutions of the dKG equation (5.1) in variables {u,(t)},ez become now

6m-periodic solutions of the rescaled dKG equation (5.41) in variables {Uy,(7) }nez-

5.4.1 Deriving the normal form

To reduce the system (5.41) to the Duffing oscillator perturbed by a small harmonic
forcing near 1:3 resonance, we consider the fundamental breather, for which U, = U_,
for all n € N. Using this reduction, we write equations (5.41) separately at n = 0,
n=1,and n > 2:

Up+Uy—Us = BUy+ 29U, (5.43)
Ul—‘rUl —Uf’ = pUL + Uz + Uy, (5.44)
Up+ Uy — U3 = BUp+vUps1 +Up_1), n>2. (5.45)

Let us represent a 6m-periodic function Uy with the symmetries
Uo(—7) =Up(1) = —-Up(3r — 1), TER, (5.46)

by the Fourier series,
Up(r) = Y bucos (), (5.47)
n€Noadq
where {by}nen,,, are some Fourier coefficients. If Uy converges to ¢ in H 2 norm as
e — 0 (when 8,7 — 0), then b,, — ¢, (67) as € — 0 for all n € Nygq, where the Fourier

coefficients {cy, (67) }nen,,, are uniquely defined by the Fourier series (5.38) for T = 6.

odd
We assume again that c3(67) # 0 and § is fixed independently of small € > 0.
We shall now use a Lyapunov—Schmidt reduction method to show that the compo-

nents {Uy, }nen are uniquely determined from the system (5.44)—(5.45) for small € > 0
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if Uy is represented by the Fourier series (5.47). To do so, we decompose the solution
into two parts:
Un(1) = Apcos(t) + Vo (1), meN,

where V,,(7) is orthogonal to cos(7) in the sense
<Vn7COS(')>L%er(O,67r) =0, neN.

Projecting the system (5.44)—(5.45) to cos(7), we obtain a difference equation for
{An}neN:

1 61

LAy +vAs + by = ~3 cos(7) (A cos(T) + Vl(T))ng, (5.48)
0
1 67
BAn +v(Ans1 +Apn—1) = ~3 cos(T) (A cos(T) + Vi (7))3dr,  (5.49)
0

where n > 2 in the second equation. Projecting the system (5.44)-(5.45) to the orthog-

onal complement of cos(7), we obtain a lattice differential equation for {V,,(7)}nen:

.. kT
Vi+Vi=pVitale+y ) bkcos<3)
kENodd\{3}

\ (5.50)
+ (A cos(T) + V1)? — cos(7) {cos(), (Ar cos() + V1) >Lf>cr(0:6ﬂ)’
{cos(-), COS('»Lger(o,&r)
Vo + Vi = BV 4+ 7 (Vig1 + V1)
(c0s(), (Ancos() + Vil iz 0om  (551)

+ (Ap cos(7) + Vi,)? — cos(7)

(cos() o5 0em

where n > 2 in the second equation. Recall that § = O(e?/3) and v = O(e) as € — 0
if § is fixed independently of small ¢ > 0. Provided that the sequence {Ay}nen is
bounded and [|A||;ey) is small as € — 0, the Implicit Function Theorem applied to
the system (5.50)—(5.51) yields a unique even solution for V € I?(N, H2(0,67)) such
that <V,cos(-)>L%er

A € [*°(N). Moreover, for all small e > 0 and A € [*°(N), there is a positive constant
C > 0 such that

(0,67) = 0 in the neighbourhood of zero solution for small € > 0 and

IVl a2, 06m) < Cle+ [|A]feq))- (5.52)

The balance occurs if || A ||y = O(e'/3) as e = 0.
Recall now that 8 = 262/ —2e+0O(e*/?) and vy = e+ O(€%/3) as e — 0. Substituting
the solution of the system (5.50)-(5.51) satisfying (5.52) to the system (5.48)-(5.49)

and using the scaling transformation A, = e'/3a,, n € N, we obtain the perturbed
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difference equation for {ay, }nen:

26a1 + %a? +bs = €/3(2a1 —ap) + O(2/?), (553)

3
20a,, + Eai = 61/3(2% —Upt1 — Gp—1) + 0(62/3), n > 2. (5.54)

At e = 0, the system (5.53) and (5.54) is decoupled. Let a(d) be a root of the cubic
equation:

25a(8) + Za3(5) + es(6m) = 0, (5.55)

where ¢3(67) # 0 is given. Roots of the cubic equation (5.55) are shown on Figure
5.10 for c3(6m) < 0. A positive root continues across 6 = 0 and the two negative roots
bifurcate for 6 < 0 by means of a saddle-node bifurcation.

Let a(8) denote any root of cubic equation (5.55) such that 85 + 9a2(8) # 0. As-
suming that bz = c3(67) + O(e*/?) as € — 0 (this assumption is proved later in Lemma
5.11), the Implicit Function Theorem yields a unique continuation of this root in the
system (5.53)—(5.54) for small € > 0 and any fixed 6 # 0:

a = a0)+ PGS+ 0,
ay = — 61/3%2) + (9(62/3),
anp = + O3, n>3.

Again, these expansions are valid for any fixed § # 0 such that 85 + 9a2(8) # 0.

Remark 5.8. The condition 85+ 9a?(d) = 0 implies bifurcations among the roots of the
cubic equation (5.55), e.g., the fold bifurcation, when two roots coalesce and disappear
after § crosses a bifurcation value. The condition § = 0 does not lead to new bifurcations
but implies that the values of a, for n > 2 are no longer as small as O(¢'/3). Refined
scaling shows that if § = 0, then a; = a(0) + O(e'/3), az = O(¢'/?), and a,, = O(e*/?7),

n > 3, where a(0) is a unique real root of the cubic equation (5.55) for § = 0.

We can now focus on the last remaining equation (5.43) of the rescaled dKG equa-
tion (5.41). Substituting U; = €'/3a(8) cos(t) + O

per
we obtain the perturbed normal form for 1:3 resonance,

(076ﬂ-)<62/3) into equation (5.43),

U + Uy — U3 = BUy + v cos(T) + OHPQ)H(O,GW)(65/3), (5.56)

where v = 2v¢'/3a(5) = O(¢*/?) as ¢ — 0. Because a() # 0, we know that v # 0 if
€ # 0. The perturbed normal form (5.56) coincides with the nonlinear Duffing oscillator
perturbed by a small harmonic forcing. The following lemma summarizes the reduction

of the dKG equation to the perturbed Duffing equation, which was proved above with
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Figure 5.10: Roots of the cubic equation (5.55).

the Lyapunov—Schmidt reduction arguments.

Lemma 5.9. Let § # 0 be fized independently of small € > 0. Let a(6) be a root of the
cubic equation (5.55) such that 86 + 9a?(8) # 0. Assume that c3(67) # 0 among the
Fourier coefficients (5.38). For any 6m-periodic solution Uy of the perturbed Duffing
equation (5.56) satisfying symmetries (5.46) such that

Uo(r) = ¢(7) + Oz 06m (€7/?) as e =0, (5.57)

there ezists a solution of the dKG equation (5.41) such that

8a(d
Uiy (7) =e/3a(6) cos(r) + €/ W(ag@ cos(r) + Oz (0.6m)(©);
a(é
Uiga(T) = - 62/32(5) cos(7) + Oz, (0,6m)(€),
Uin(T) = +Onz, (06m(€), n=3

Remark 5.10. Figure 5.10 shows that two negative roots of the cubic equation (5.55)
bifurcate at 6, < 0 via the saddle-node bifurcation and exist for § < §.. Negative
values of § correspond to T" > 6m. As € is small, this saddle-node bifurcation gives a

birth of two periodic solutions with
u1(0) = €/3a(8) + O(7?) < 0.

This bifurcation is observed on Figure 5.3 (right), one of the two new solutions still

satisfies the asymptotic representation (5.37) as € — 0 for fixed T' > 6.
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5.4.2 Analysis of the normal form

In what follows, we shall consider the positive root of the cubic equation (5.55) that
continues across 6 = 0. We are interested in 67-periodic solutions of the perturbed
normal form (5.56) in the limit of small € > 0 (when 8 = O(¢?/3) and v = O(e*/?)
are small). Since the remainder term is small as ¢ — 0 and the persistence analysis
is rather straightforward, we obtain main results by studying the truncated Duffing

equation with a small harmonic forcing:
U+U—U? = BU + vcos(r). (5.58)

The following lemma guarantees the persistence of 6m-periodic solutions with even
symmetry in the Duffing equation (5.58) for all small values of 8 and v. Note that this

persistence is assumed in equation (5.57) of the statement of Lemma 5.9.

Lemma 5.11. There are positive constants [y, vo, and C such that for all 5 € (—fo, So)
and v € (—vy, 1), the normal form equation (5.58) admits a unique 6m-periodic solution

Ugs, € H2(0,6m) satisfying symmelries
Us(—7) =Ug,(7) = —Ug,,(3n —7), TE€R, (5.59)

and bound

1Usw = @llmz, < CUBI+ [v]). (5.60)

per

Moreover, the map R xR > (B8,v) + Ug,, € H2(0,67) is C* for all 8 € (—Bo, Bo) and
v € (=1, ).

Proof. The proof follows by the Lyapunov—Schmidt reduction arguments. For v = 0
and small 8 € (—po, o), there exists a unique 67-periodic solution Ugg satisfying
the symmetry (5.59), which is O(f5)-close to ¢ in the Hg

Duffing oscillator is non-degenerate, the Jacobian operator Lg has a one-dimensional

or(0,67) norm. Because the

kernel spanned by the odd function U@O, where
Lgy =0 +1—8—3U3,(t). (5.61)

Therefore, (Usp, COS('»L}%H(O,GW) = 0, and the unique even solution persists for small

v € (—uvg,1vp). The symmetry (5.59) persists for all v € (—vp, ) because both the

Duffing oscillator and the forcing term cos(7) satisfy this symmetry. O

Remark 5.12. Lemma 5.11 excludes the pitchfork bifurcation in the limit ¢ — 0 for
fixed § # 0. This result implies that the period of the pitchfork bifurcation Ts does
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Figure 5.11: Left: Floquet multipliers u of equation Lg, W = 0. Right: Parameter v
versus [ at the symmetry-breaking bifurcation.

not converge to 67 as € — 0. Indeed, we mentioned in the context of Figure 5.3 that

Tg gets larger as e gets smaller.

5.4.3 Numerical results on the normal form

By the perturbation theory arguments, the kernel of the Jacobian operator Lg, is
empty for small 8 and v provided that v # 0. Indeed, expanding the solution of
Lemma 5.11 in power series in # and v, we obtain

Usy =@+ BL o +vL cos(r) + Opo

per

(0.6m (B%,1%), (5.62)

where L. is the operator in (5.13). Although £, has a one-dimensional kernel spanned
by ¢, this eigenfunction is odd in 7, whereas ¢ and cos(-) are defined in the space of

even functions. Expanding potentials of the operator Lg,, we obtain
Ly, U, = —vsin(-) + Opz_ 0,6m) (5%, V7). (5.63)

We note that
<¢’ Sin(')>L2

2. (0,6m) = <907005(‘)>Lgcr(0,67r) # 0
if c3(6m) # 0, where ¢3(7T") is defined by the Fourier series (5.38). By the perturbation
theory, the kernel of Lg, is empty for small v € (—vp, 1)\ {0}.

If the linearization operator Lg, becomes non-invertible along the curve v = vg(3)
of the codimension one bifurcation, the symmetry-breaking (pitchfork) bifurcation oc-
curs at v = vg(f). This property gives us a criterion to find the pitchfork bifurcation
numerically, in the context of the Duffing equation (5.58). Figure 5.11 (left) shows
the behaviour of Floquet multipliers of equation Lg, W = 0 with respect to parameter

vat 8 = 0. We can see from this picture that the pitchfork bifurcation occurs at
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v=10"* v=2x107*

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T T

Figure 5.12: Solutions with period T' = 67 to equation (5.58) at S = 0 before (left)
and after (right) the symmetry-breaking bifurcation.

i i i i 6 i i i
0 0.002 0.004 0.006 0.008 0.01 0.99 0.995 ; 1.005 1.01
£ 0

Figure 5.13: Left: Period Tg versus e at the symmetry-breaking bifurcation of the
fundamental breather modelled by equation (5.58) (solid line) and equation (5.34)
(dashed line). Right: Bifurcation diagram for the initial displacement u(0) = ap and
period T in variables (5.40) computed from the 67-periodic solution to equation (5.58).
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v =~ 0.00015.

The right panel of Figure 5.11 gives the dependence of the bifurcation value vg on
B, for which the operator Lg,(g) in not invertible on L?(0,67). Using the formula for
B in (5.42), we obtain
Vi—B
VI+2e

As the coupling constant e goes to zero, so does parameter v. As shown on Figure 5.11

T =6m

(right), parameter 8 at the bifurcation curve goes to negative infinity as v — 0. This
means that the closer we get to the anti-continuum limit, the further away from 67
moves the pitchfork bifurcation period Ts. This confirms the early observation that Ts
gets larger as € gets smaller (see Remark 5.12).

Figure 5.12 shows one solution of Lemma 5.11 for 0 < v < vg(f) and three solutions
for v > vg(B), where 8 = 0. The new solution branches are still given by even functions
but the symmetry U(7) = —U (37 — 7) is now broken. This behaviour resembles the
pitchfork bifurcation shown on Figure 5.4.

Figure 5.13 transfers the behaviour of Figures 5.11 and 5.12 to parameters T, e,
and ag = up(0). The dashed line on the left panel shows the dependence of period
Ts at the pitchfork bifurcation versus e for the full system (5.34). The right panel of
Figure 5.13 can be compared with the inset on the left panel of Figure 5.3.

Remark 5.13. Numerical results on Figures 5.12 and 5.13 indicate that the Duffing
equation with a small harmonic forcing (5.58) allows us to capture the main features
of the symmetry-breaking bifurcations in the dKG equation (5.34). Nevertheless, we
point out that the rigorous results of Lemmas 5.9 and 5.11 are obtained far from the
pitchfork bifurcation, because parameter ¢ is assumed to be fixed independently of € in
these lemmas. To observe the pitchfork bifurcation on Figures 5.12 and 5.13, parameter

6 must be sent to —oo as € reduces to zero.
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