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» Periodic boundary conditions on T

> Local solutions exist for all uft—o € Hpe,(T) with s > -3

(Dix, 1996). Global existence holds for all u|¢e—o € H..(T).
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» Burgers equation (T =[0,1], u e R)

ou ou  0%u
— +2u— =

9t T2gx a2 €T teRy

» Periodic boundary conditions on T
1

> Local solutions exist for all ut—g € Hp, (T) with s > —3
(Dix, 1996). Global existence holds for all u|¢e—o € H..(T).

» Hopf—Cole transformation

o 0%

0
U(X7 t):——logw(x, t) = E_W7

Ox
provided 9(x, t) > 0 for all (x, t).
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Background
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Summary

> Enstrophy E(u) = 3 [, u? dx satisfies

C’Ed(t”) = R(u) = —/T(uix +u3) dx,

for a strong solution u € C([0, to], H3..(T)).
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> Enstrophy E(u) = 3 [, u? dx satisfies

T R = - [+ o

for a strong solution u € C([0, to], H3..(T)).

» Using Young's inequality and the elementary bound

luellzoe < el 22l el 152,
one can estimate
5/2 1/2 10/3 _ 3
RO < et el 22 147 < 2 127 = €520,
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Lu and Doering (2008) considered the maximization problem

max R(u) subject to E(u)=E¢,

uengr('[[‘)

where £ > 0 is given.

Solutions were found analytically in terms of Jacobi's elliptic
functions, and it was shown that

R(u) = O(E%3) as & — .

This instantaneous bound is not related to the time evolution of
the Burgers equation.
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» Using energy balance

K(u) = ;/Tu2dx = d}fj(tu) = —2E(u),

one can estimate

EV3(u(T))—EY3(ug) < - TE dt = (K K(u(T
(u(T))- (Uo)_z/0 (u(t))dt = ; (K(uo) — K(u(T)))
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Background

Summary

» Using energy balance

1 dK
K(u) = / wdx = (v) = —2E(u),
T
one can estimate

(K(uo) = K(u(T)))

Bl

1 T
EY3(u(T))—EY3(up) < 2/ E(u(t))dt =
0
» Using Poincaré’s inequality for mean-zero periodic functions,

1
K(uo) < WE(UOL

we obtain

3
E(T) < (E5(u0) + 15 E(w) ) -
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Bounds on the enstrophy growth

Ayala & Protas (2011) considered the finite-time maximization:

E(u(T bject to  E(up) = &,
Wb ) (u(T)) subject to  E(uo)

and showed that
E(u(T,) = O(EYS), T.=0(E79%), as &— oo,

where T, is the value of T for which max, ¢/ (1) E(u(T))is
maximal over T € R;.

In addition, they showed that K(u(T,)) = O(£9).
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Summary

Numerical results: Lu & Doering (200

Enstrophy Growth Rate vs Enstrophy

Lo Exact

xact-Asymptotic
obolev Bound

10°
enstrophy

maxc[o, 7] R(u(t)) = 0.2476£%/3

Instantaneous growth

Dmitry Pelinovsky (McMaster University)

max,_o E()

10 10° 10°
E0

maXte[o, T] E(u(t)) < CEL048

Finite—time growth

Enstrophy Growth in the Viscous Burgers Equation



Burgers Equation
Enstropy growth

Numerical results
Summary

Background

Numerical results: Ayala & Protas (2011)

Maximizers of the finite-time optimization problem

Fixed £ = 103, different T Fixed T = 0.0316, different £
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Numerical results indicate that for all ug € Héer(’]l‘), there is C > 0:

sup E(u(t)) < CE32, &= E(uw).
teR4

and this bound is sharp as £ — cc.
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Burgers Equation
Enstropy growth
Numerical results

Background

Summary

Numerical results indicate that for all ug € Héer(’]l‘), there is C > 0:

sup E(u(t)) < CE32, &= E(uw).
teR4

and this bound is sharp as £ — cc.
The integral bound

EV(u(T.)) < €3 + 7 (K(wo) — K(u(T.))
is sharp if

K(up) — K(u(Ty)) = O(EY?), as & — oo,

but numerical results have low accuracy to justify this estimate.
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Theorem 1
Results Time evolution of the Burgers equation
Theorem 2

Theorem 1

Consider the instantaneous maximization problem,

max R(u) subject to E(u)=~¢.
e (u) ] (u)

There exists a unique odd function u, € H3.(T) with u/(0) < 0
that solves the maximization problem and satisfies

U, (x) = 4k(2x — tanh(kx)) + Oy~ (k?e™%), as k — oo,

where k determines the leading order expansions,

8 32 256
K(u,) = §/<2 + O(k), E(us) = ?k3 + O(k?), R(u) = = =K+ O(kY).
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Theorem 1
Time evolution of the Burgers equation

Results
Theorem 2

Corollary

When k is expressed in terms of £, we obtain

K(u*) - 617:_://33(‘:2/3 - 0(81/3)7 as 5 — Q0
R(u*) = 5:.,321/3 55/3 + 0(84/3)7

» Poincaré's inequality is not saturated by u,.
> Instantaneous bound R(u) < CE%/3 is sharp up to a choice of

the numerical constant

35/3
¢= 5.921/3 <

Enstrophy Growth in the Viscous Burgers Equation
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Theorem 1
Results Time evolution of the Burgers equation
Theorem 2

Initial conditions for the Burgers equation

uo(x) = 4k(2x — f(x)), f(x)= tanh(/x)

_ tanhlbg. T
N T

where k > 0 is a free parameter and
either | = k (maximizer) or | = O(1) as k — oo.

80 T
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Initial data for k = 20 and
either / = 20 (dashed) or
I =5 (solid).

B

_20F

205 -0.25 0 025 05

Dmitry Pelinovsky (McMaster University) Enstrophy Growth in the Viscous Burgers Equation



Theorem 1
Results Time evolution of the Burgers equation
Theorem 2

Poincare’s inequality

For the initial condition, we compute

K(ug) = K2K(I), E(uo) = k*E(I).

0.026

The maximum of K(/)/E(/)
occurs for | = Iy = 3.0, where

0.024

w 0,022

1
F(lh) ~ 0.025297 < —
() 472’

which is 99.9% close to the
Poincaré constant.
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Theorem 1
Results Time evolution of the Burgers equation

Theorem 2

Numerical simulations of the initial-value problem

U + 20Uy = Uxx xeT, telRy,
ult—o = ksin(2mx), xeT.

1
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Theorem 1
Results Time evolution of the Burgers equation
Theorem 2

Self-similar transformation for Burgers equation

Let us consider the initial-value problem for the Burgers equation:

U 4+ 20Uy = Uxy xeT, telRy,
ule—o = 4k(2x — f(x)), x e T.

The unique solution u € C(R,, HX,(T)) is given by

per
u(x,t) = p(t) (2x — w(&(x, t),7(t))), xe€T, teRy,
where

4k 4kx 16k2t

PO= 1716 &= 1716 "= T ekt
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Theorem 1
Results Time evolution of the Burgers equation
Theorem 2

Self-similar transformation for Burgers equation

The function w(&, 7) satisfies the rescaled Burgers equation,

{ wr =2wwe + wee, €| <2(k—T1), T€(0,k),
wlr=o = f(§/4k)7 ‘£| < 2k,

subject to the boundary conditions

w(&,7)==+1, &=42(k—7), 7€]0,k).

The stationary viscous kink on the infinite line is

Woo(€) = tanh(¢), ¢ €R.
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Theorem 1
Results Time evolution of the Burgers equation
Theorem 2

Metastable state for Burgers equation

We shall prove that u is close to uy,, where

el 1) = p(1) (25— tanh(p(t)x) ,  p(t) = 17 = O(K),

in the inertial range C_ < kt < C; forsome 0 < C_ < C4 <
as k — oo.

Now we have k = O(EY/?) as £ — o and
K(ux) = O(p?) = O(€),  E(ux) = O(p*) = O(£¥?),

and the maximum of E(u) occurs in the inertial range, where
t=0(k™1) = 0(E1?).
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Theorem 1
Results Time evolution of the Burgers equation
Theorem 2

Theorem 2

Consider the initial-value problem for the Burgers equation:

ou du  0%u

ou, ,H,0u _ou T teR..
ot Tx Taxe  XEh TER+

There exists T, > 0 such that the enstrophy E(u) achieves its
maximum at u, = u(-, T.). If | = O(k) as k — oo, then

T. = O(E 3 log(€)), E(u)=0(), K(u)=0O(E3),
whereas if | = O(log(k)), then T, = O(E~Y21og!/?(£)),

E(u.) = O(¥?log™%%(€)), K(u.) = O(Elog™}(€)).
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Theorem 1
Results Time evolution of the Burgers equation
Theorem 2

RENEIS

The goal is to consider the case / = O(1) as k — oo and show
T.=0(E?), E(u)=0(?), Ku)=0(),

and
K(up) — K(u(Ty)) = O(EY?), as & — .

This goal is not achieved yet because our technique relies on good
decay of the shock solution near x = :l:% and on the separation of
the temporal scales for the dynamics of the viscous shock and the
dynamics of the rarefactive wave.
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Proof of Theorem 1

Proof of Theorem 2

Burgers equation on the infinite line
Burgers equation in a bounded domain

Proof of Theorem 1

Consider the instantaneous maximization problem,

max R(u) subject to E(u)=~¢.
e (u) ] (u)

Set v = uy and look for critical points v € H;er(']I‘) of the
functional (Lu & Doering, 2008),

J(v) = / (V2 + v+ A2 + pv) dx,
T

subject to

Enstrophy Growth in the Viscous Burgers Equation
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Proof of Theorem 1
Proof of Theorem 2

Burgers equation on the infinite line
Burgers equation in a bounded domain

Euler—Lagrange equations give the stationary KdV equation,

d?v

7 = gﬂ + Av — 3¢,

where A — 00 as &€ — oo and (a4, 0) are equilibrium states with
a_ <0< ag. We are looking for a 1-periodic solution v(x).

We can write

v(x) = ap — 4ky(€), €= kx,

where y is k-periodic and

k=3VA2+188 — oo.
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Proof of Theorem 1
Proof of Theorem 2

Burgers equation on the infinite line
Burgers equation in a bounded domain

The rescaled differential equation is

d%y 2
—= —4 6y =0
d§2 y + 0y

and we are looking for a k-periodic solution y(§).

Lemma

sup  |y(€) —sech®(€)| < Ce™* as k> 1.
cel-k/2,k/2]

Hence, we obtain a; = 8k(1 + O(ke*)) and then

3 1/3 3 \2/3
k = (325> +1+0EY3, A= (45) + O(EY3).
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Proof of Theorem 1
Proof of Theorem 2

Burgers equation on the infinite line
Burgers equation in a bounded domain

The Burgers equation,

U + 20Uy = Uxx xeT, teRy,
U|t:0 = 4k(2X — f(X))a X € T,

is transformed to the rescaled form

{ wr =2wwe + wee, €| <2(k—T1), T€(0,k),
W‘TZO = f(§/4k)7 ‘§| < 2k,

after the self-similar transformation:
u(x, t) = p(t) (2x — w(é(x,t),7(t))), xeT, telRy,

where

4k 4kx 16k2t

PO= 1716k &0 =176 "= T ekt
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Proof of Theorem 1
Proof of Theorem 2

Burgers equation on the infinite line
Burgers equation in a bounded domain

The initial condition is now

 tanh(/x) _tanh(¢/a) 4k
)= G2y~ "= G 2) I

» When | = k (maximizer), a = 4.
» When | = O(log(k)), a = O(k/ log(k)).
» When | = O(1), a = O(k).

The boundary conditions are

w(&,7)==x1 for {==+2(k—71), 7 €]0,k).
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Proof of Theorem 1
Proof of Theorem 2
Burgers equation on the infinite line

Proofs e .
Burgers equation in a bounded domain

Steps to prove Theorem 1

1. Consider the Burgers equation on the infinite line,

wr =2wwg +wge, EER, TERY,
wo—o = tanh(¢/a),  CER,
W‘{Hioo =41, TeR,,

and prove convergence of w(&, T) to wy(§) = tanh(§) in the
H'-norm as 7 — oo.

2. Control the approximation error for the Burgers equation in a
bounded domain for large k from the smallness of
w (&, T) — Woo (&) for large values of £ and all 7 > 0.
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Proof of Theorem 1
Proof of Theorem 2
Burgers equation on the infinite line

Proofs e .
Burgers equation in a bounded domain

Approximate solution for | = k (a = 4)

Approximate solution solves the Burgers equation on the line:

wr = 2wwe +wee, EE€ER, TeER,,
wlr—o = tanh(¢/4), ECR,

An exact solution is available via the Hopf—Cole transformation
w(§,7) = tanh(&) + w(¢, 7),

where

2sinh(£/2) — 4 cosh(&/2) tanh(¢) — 3tanh(&)e™7/4
1+ 4 cosh(&/2)sech(€)e37/4 + 3sech(€£)e~7

W = e 3 4sech(€)
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Proof of Theorem 1

Proof of Theorem 2

Burgers equation on the infinite line
Burgers equation in a bounded domain

Dynamics of the viscous shock. Enstrophy E versus time .
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Proof of Theorem 1
Proof of Theorem 2

Burgers equation on the infinite line
Burgers equation in a bounded domain

Lemma
For any integer m > 0, there is a Cy,; > 0 such that

sup |20 (w(g, 7) — tanh(€))| < Cme /%, 7 € R,.
£eR

Fix 6 > 0. There exist K > 0 and C > 0 such that for all k > K,
we have
<

(1 + 8) log(k)
- AT O8

forall t> T, := 1042

sup |u(x, t) — uso(x)| <
x€eR k

If &€ = E(up) = O(k3), then k = O(£Y/3) and

E(us) = O(E) and T, =0(E 2 3log(€)) as & — oo
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Proof of Theorem 1
Proof of Theorem 2
Burgers equation on the infinite line

Proofs Burgers equation in a bounded domain

Error of the approximation for | = k (a = 4)

The approximation error ||w — Wypp || is controlled by a priori
energy estimates for the heat equation (via the Hopf-Cole
transformation).

In new variables, the Hopf—Cole transformation

W(fa T) = 88X log 1/’(5: T) =

gives the rescaled heat equation,

Vr = Yee, €l <2(k—7), 7€(0,k),
Ylr=0 =v0(£), €] < 2k,
e = £, E==+2(k—1), 7€(0,k).
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Proof of Theorem 1
Proof of Theorem 2

Burgers equation on the infinite line

Burgers equation in a bounded domain

Using the decomposition ¢ = 1ap,(1 4+ W), we obtain

Wr = Wee + 2wapp Ve, €l <2(k—1), 7€(0,k),
V-0 = Wo(§), €] < 2k,
WE = :l:X(T)(l + W)’ 6 = :|:2(k - T)v TE (07 k),

where X(7) = 1 — wapp(2(k — 7), 7) is small in C? norm
and W is small in H?-norm.

Lemma
Fix Co € (0,1). For sufficiently large k, there is a small Cy such
that

|lw — WappHi'iT < Ck, T7€(0,Ck).
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Proof of Theorem 1
Proof of Theorem 2
Burgers equation on the infinite line

Proofs Burgers equation in a bounded domain

What goes wrong if | = O(1) (a = O(k))

An approximate solution of the Burgers equation on the line
starting with wo(§) = tanh(£/a) satisfies the following bounds. For
fixed § > 0 and large a, we have

C 1
sup |w(&, 7) — tanh(§)] < for all 7 > =(1 + 6)%alog(a
£ER\( 7) Ol 5537 5(1+0)"alog(a)
and

C 1
|w(g, ) — tanh(§)| < —r5 for all [¢] > 5(1+5)2a|og(a) and 7 > 0.

If a = O(k), we lose control of the approximation error, because
= O(klog(k)) > O(k) and & = O(klog(k)) > O(k).
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