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Background: Nonlinear Schrodinger equation

In many problems (BECs, photonics, optics), wave dynamics is modeled
with the (focusing) nonlinear Schrodinger equation

iut = —Uy + V(x)u - ‘u|2pu7

where p > 0 is nonlinearity power, V(x) : R — R is the trapping potential.
> Single-well potentials such as Vy(x) = —sech?(x).

» Double-well potentials such as

1

V(x;s) = 3 (Vo(x =) + Vo(x+5)), s>0.

» Periodic potentials
Vix+L)=V(x), L>0,

such as V(x) = sin’(x).



Nonlinear Schrodinger equation on metric graphs

‘} A metric graph I’ = {E, V} is given
by a set of edges E and vertices V,

— N .
\ with a metric structure on each edge.

Nonlinear Schrédinger equation on a graph I':

iU, = —AV — |U|*¥, xeT,

where A is the graph Laplacian and ¥ (z, x) is defined componentwise on
edges subject to Neumann—Kirchhoff boundary conditions at vertices:
U (v) is continuous foreveryv € V,
Y ey 0¥ (v) =0, forevery v € V,

where e ~ v denotes all edges e € E adjacent to the vertex v € V.



Example: a star graph

A star graph is the union of N half-lines connected at a single vertex. For
N = 2, the graph is the line R. For N = 3, the graph is a Y-junction.

oo
\
oo

Function spaces are defined componentwise:

) =LR)e LR G- o LX(RT),

(N-1) elements

subject to the Neumann—Kirchhoff conditions at a single vertex:

Hp = {¥ € H'(D): 1(0) = ¢2(0) = -~ = ¥n(0)}

Hi :={V e H*(T)NHy:  ¢(0) =) ¢j(0)},



NLS on the metric graph I'
The Cauchy problem for the NLS flow:

iU, = —AT — [V,
U|i—o = V.

Lemma. The Cauchy problem is locally well-posed for either ¥y € HL or
for ¥y € HE. Moreover, the mass

(%) =[] 17:ry

and the energy

2p+2
E(\I’) = ||V\Ij|‘i2(1‘) - 7”\1/”[1]27;2 (r)?

are constants in time for ¥ € C(R, H}.).



Ground state
Ground state is a standing wave of smallest energy FE at fixed mass Q,
E,=inf{E(u): wue€H,, Qu)=upu}
All standing waves satisfy the Euler—Lagrange equation:
~AD — DD = wd,

where the Lagrange multiplier w defines ¥ (¢, x) = ®(x)e ™"
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For p € (0,2), infimum &£, exists for every . > 0 thanks to
Gagliardo—Nirenberg inequality:

191252 0y < CrplIV g W2,

where Cr, > 0 depends on I' and p only.

Theorem. (Adami—Serra-Tilli, 2015) If I is unbounded and contains at least
one half-line, then for p € (0,2),

min E(u:;RT) <&, < min E(u;R) for fixed p,
ueH! (R+) ( )< B = uen (r) (1, R) .

Infimum may not be attained by any of the standing waves P.



Ground state in the subcritical case p € (0,2)
Theorem. (Adami—Serra—Tilli, 2016) If I" consists of only one half-line, then

&, < uerg;l?R) E(u;R)

and the infimum is attained for every p > 0.




Ground state in the subcritical case p € (0,2)
Theorem. (Adami—Serra—Tilli, 2016) If I" consists of only one half-line, then

&, < uerg;l?R) E(u;R)

and the infimum is attained for every p > 0.

If T consists of more than two half-lines and is connective to infinity, then

E,= min E(u;R
= i (u; R)

and the infimum is not attained because a minimizing sequence escapes to
infinity along an unbounded edge.



Ground state in the critical case p = 2

Recall the fixed mass
(¥) = [[[|Zry = 1

and the energy
E(0) = V¥ 72py = 19135

Gagliardo-Nirenberg inequality is now

||‘I’||i6(r) < Cr||V¥ 22(1‘) = CFM2||V‘I’Hi2(F)

iZ(r)H‘I’

Theorem. (Adami—Serra-Tilli, 2017) If I" consists of only one half-line, then
the ground state is attained if and only if € (ug+, ugr], where ug is the
fixed mass of the NLS soliton and pg+ is the fixed mass of the half-soliton.
Moreover,
0, e [07 NR*]a
EH = < 07 ®e (NR+7MR]7
—00, we (:U/Rv OO)

Uniqueness is proven for almost all i (Dovetta-Serra-Tilli, 2020).



Main goal
Recall the standing wave solutions ¥ (¢, x) = ®(x)e ™™’ with
—AD —3|D*D = wd.
Main question: What is the range of frequencies w for the ground states?

For the tadpole graph, the answer is suggested by the following figure:




New variational formulation
We explore the following constrained minimization problem:

B(w) = inf {Bo(u): ullpsry =1}, w<O,
u€H

where
Bo,(u) := ||Vl ry + wlllullZ2 r)-
It generates the same Euler—Lagrange equation
—AD —3|0[*® = wd
after the Lagrange multiplier is scaled out by a simple transformation.

Theorem (Noja—Pelinovsky, Calc Var PDE, 2020)

For every w < 0, there exists a global minimizer V(-,w) € H\ which yields
a strong solution ®(-,w) € H3 to the stationary NLS equation. The standing
wave D is real up to the phase rotation, positive up to the sign choice,
symmetric on [—L, L] and monotonically decreasing on [0, L] and [0, c0).

Ljo y
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» If vy € (0, 1), the minimizing sequence splits. This can be ruled out.
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If v = 0, the minimizing sequence vanishes. It would mean that
B(w) = min, g1 (r) Bo(u; R). This is ruled out by an example of
ug € Hy: such that |[ug|[zs = 1 and By, (up) < min,eq (r) Bo (u; R).
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If v € (0, 1), the minimizing sequence splits. This can be ruled out.

If v = 0, the minimizing sequence vanishes. It would mean that
B(w) = min, g1 (r) Bo(u; R). This is ruled out by an example of
ug € Hy: such that |[ug|[zs = 1 and By, (up) < min,eq (r) Bo (u; R).

Hence, v = 1 and u, is a strong limit of {u,}, (minimizer).

Symmetry of u, follows from the Polya—Szego inequality on graphs.



The standing wave solutions ¥ (#, x) = ®(x)e ™" with

—AD —3|D*® = wd.




Dynamical formulation
Consider the stationary NLS equation
—AD —3|0[*® = wd

and split ® = (u, v) on the tadpole graph.

Ljo y

Use the scaling transformation w = —&* and

u(x) = eU(e%x), x € [-L,L],
{ v(x) = eV(ex), x € [0, 00).

Then, we obtain the boundary-value problem:
~U"+U-30° =0, 7 € (—Le? Le?),
V" 4+ V-3V =0, z € (0,00),

U(Le?) = U(—Le?) = V(0),
U'(Le?) — U'(—Le?) = V'(0).



Orbits of —U” + U — 3U3 = 0 are level curves of the energy function
E(U,U) = (U)? - U*+ U°.

The solution in the tail V € H?(0, c0) is a part of the homoclinic orbit.

051

Figure: Representation of the solutions on the phase plane (U, U’).



For the boundary-value problem,
~U"4+U-30°=0, z € (—Le* Le?),
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up to the parameter Uy = V(0) = ¢(a) € (0, 1), equivalently, by a > 0.



For the boundary-value problem,
~U"4+U-30°=0, z € (—Le* Le?),
V" +V -3V =0, 7€ (0,00),
U(Le*) = U(—Le?) = V(0),
U'(Le?) — U'(—Le*) = V'(0),

the solution in the tail is determined uniquely

V(z) = p(z+a), where ¢(z) := sech'/?(2z) is the soliton,

up to the parameter Uy = V(0) = ¢(a) € (0, 1), equivalently, by a > 0.
> V’(0) is determined uniquely from U.
> This determines uniquely U(Le?) = Uy and U’(Le*) = $V'(0), hence
the energy level Ej.
» The existence problem then reduces to the study of the period function
Le? = T(Up) = e

ve Eo+u? —us’

where Uy is the right turning point from Ej + Uﬁ_ — Ui =0.



Main result

Lemma (Noja—Pelinovsky, Calc Var PDE, 2020)

For every Uy € (0, 1) there exists a unique value of ¢ > 0 for which there
exists a unique solution U € C*(0, Le?) to the boundary-value problem such
that U is monotonically decreasing on [0, Le?). Moreover, the map

(0,1) > Uy = £(Uy) € (0,00) is C', onto, and monotonically decreasing.

From the period function

L2 =T(U) = | ——

v Eo+ut—ub

we only need to prove that 7’ (Up) < 0, where U and E; depend on U.



Main tool : potential function on the plane

If W(u,v) is a C' function in an open region of R, then the differential of W
is defined by

and the line integral of dW (u,v) along any C' contour  connecting two
points (ug, vo) and (u;, vy) does not depend on vy and is evaluated as

/dW(u, v) = W(uy,vi) — W(uo, vo).



The period function can be expressed as
T(Uy) ::/ —u, vi=Ey+u?—ub.
v v
so that with A(u) = u® — u®,

[EOJFA(M*)]T(U()):/ +vdu/U+A(M)A(u*)du7

Uo 0 v

where u, = max, ¢ 1] A(u) and Eg + A(u.) > 0.
€[0,1]

Using
o (RA A} [, A WA M),

Al (u)

we eliminate the singular term in 7'(Uyp):

2AAw) ~Aw)]
A’(u) v



Characterization of the ground state
The ground state ¥(-,w) € HY of the stationary NLS equation
—AD —3|0[*® = wd

is represented dynamically as a family of orbits with parameter Uy € (0, 1)
such that (0,1) 3 Uy +— w = —* € (—00, 0) is one-to-one and onto.

Consider the linearized operator
L=-A-150"—w.

Then,
(LY, )2y = =12[| 9|6y <O,

hence £ has exactly one simple negative eigenvalue.
(Morse index n(£) = 1.)
Moreover, Ker(£) = {0} follows from the same dynamical representation.

It remains to consider the mass p(w) = [ (-, w)||2, (r) relatively to g, . pg.



Theorem (Noja—Pelinovsky, Calc Var PDE, 2020)
The mapping w — p(w) = Q(®(-,w)) is C' for every w < 0 and satisfies

w(w) >0 for we (—oo,w;) and p'(w) <0 for w € (wy,0)
and

p(w) ¢ (pg+,pr] for w e (—oo,wp) and p(w) € (up+, ur] for w € [wy,0).




Extension: flower graph with N loops

Theorem (Kairzhan—Marangell-Pelinovsky—Xiao, JDE, 2021)

For every w < 0, there exists only one positive symmetric state ® € H
which satisfies the stationary NLS equation (cubic case). Moreover,
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Extension: flower graph with N loops

Theorem (Kairzhan—Marangell-Pelinovsky—Xiao, JDE, 2021)

For every w < 0, there exists only one positive symmetric state ® € H
which satisfies the stationary NLS equation (cubic case). Moreover,
» The map (—00,0) 3 w + ®(-,w) € HE is C' and the map
(—00,0) 3w+ p(w) € (0,00) is one-to-one, onto, and decreasing.
> There exists w, € (—o0,0) such that dimKer(L) = N — 1 for w = w..
Morse index n(L) = N forw € (—oo,w.); n(L) =1 for w € |wy,0).
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Figure: The bifurcation diagram of positive states on the parameter plane (w, ) for
N =2 (left) and N = 3 (right).

» Blue line is the positive symmetric state ®.

» Red line is the positive state with one component having larger
amplitude than the other components.

» Green line (for N = 3) is the positive state with two components having
larger amplitudes than the third one.



Dynamical characterization: symmetric state

Recall the period function

Le = T(Up) = /

Ut du

0.5 T T — —

05 . . =
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u

Figure: Geometric construction of the positive symmetric state on the phase plane.



Dynamical characterization: bifurcating states

If Uy > U,, where (U., 0) is the center point, the symmetric state splits into
bifurcating states. Here N = 3 and the left figure corresponds to the state
with one large component and the right figure corresponds to the state with
two large components.
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Dynamical characterization: bifurcating states

If Uy < U,, where (U., 0) is the center point, then the smaller components
flip. This can be characterized with two period functions
(W) = [ (R p—
T, (Up, Vo) = - T_(Uy, Vo) = B —
Uy VEo+u?—u* u- VEy+u?—ut
where the turning points U4 solves Ey + UL — U4 = 0 and (Up, Vy)
determines the energy level Ey = V3 — U3 + Uj.

05 . . - -

0.5
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Summary

Dynamical construction of positive stationary states is based on:

» Periodic and homoclinic orbits on the phase plane connected together
according to the Neumann-Kirchhoff boundary conditions;

» Parameterization is provided from the period function;

» Characterization of the Morse index and local stability properties
follow from analysis of the period function.
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» Extensions to general graphs in the limit of large mass;

» Understanding the global variational properties of the ground state.
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Thank you! Questions ???
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