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Introduction

Density waves in Bose—Einstein condensates are modeled by the
Gross-Pitaevskii equation

. 1
iUr = =5 Uxx +92X2U + vV (X)U +o|U2U,

where V(X) is a bounded potential on R, v and v are real-valued strength
constants for the parabolic and bounded potentials, and o = +1.

Examples of V (X):
@ V(X + L) =V (X) for optical lattice with period L
@ |V (x)| < Ce~*KI for red-detuned laser beam or all-optical trappings

If vy =v =0and o = +1, the Gross—Pitaevskii equation becomes the
defocusing NLS equation with a dark soliton U(X,T) = e~'T tanh(X).
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The problem

Numerical pictures (D.P., PK., D. Franzeskakis, Phys. Rev. E 72 016615
2005):
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Main question is to find the frequency of oscillations and the change in the
amplitude of oscillations if the oscillations are not periodic.
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Introduction

Numerical results

Numerical pictures (N. Parker, N. Proukakis, et al., 2004):
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Top picture : periodic oscillations for v 0 and v =0
Bottom picture : oscillations of increasing amplitude for v, # 0
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Background

Let us consider the normalized Gross—Pitaevskii equation in the form

. 1 1
Uy = =5 U + ixzu + 6W (x)u + o|ul?u,

where ¢ is small and W (x) is an external potential.
Theorem (Carles, 2002): If W € L?(R), there exists a global solution
u € CY{(R, H1(R)) of the GP equation in space

Hi(R) = {u € HY(R) : xu € L?(R)}

Stationary solutions have the form
u(x,t) = e~ 2" g(x),
where ¢ : R — R solves
Lp(x) +OW (x)(x) + 0¢°(x) = po(x),
and £ = (=92 +x2 - 1)/2.

D.Pelinovsky (McMaster University) Periodic oscillations in parabolic potentials May 19, 2008



Stationary solutions

We consider localized solutions ¢(x) with a single zero on R.

Since the Schrodinger operator £ has an eigenvalue ;. = 1 with the

eigenfunction ¢ = exe~°/2, the local bifurcation analysis gives the existence
result.

Theorem: There exists g > 0 and Jp > 0, such that the ODE for ¢(x) admits
a unique family of solutions for any ¢ € [0,¢0) and § € [0, §p) with the property

¢ — exe ™ /?||p, < Cre (5+2), |u—1]<Ch(6+¢2),

for some (g,9)-independent constants C,,C, > 0.
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Main results

Approximation of stationary solutions for § = 0
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If o = 1 (defocusing case), then p > 1.
If o = —1 (focusing case), then p < 1.
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Main results

Linearization of stationary solutions

u(x,t) = e 2t (¢(x) T (v(x) = w(x)) e + (V(x) +W(X))e7ifn) 7
then u(x) and w(x) satisfy the linearized problem

(L+0W(X) +30¢?(x) — ) v(X) = Qw(x),
(L +0W(X) +0d?(x) —p)w(x) = Qv(x).

When ¢ = 0 and § = 0, the spectrum of the linearized problem consists of the
double eigenvalue Q2 = 0, the pair of double eigenvalues 2 = +1, and the
pairs of simple eigenvalues Q = +m, m > 2.

We shall prove for o = 1 that the double eigenvalue Q2 = 0 is preserved, the
pair Q = +1 split into the eigenvalue Qp = 1 and Q; < 1 and the pairs

Q = +m shift to Qn, < m. As a result, the Lyapunov theorem on persistence of
periodic orbits implies the following result.

D.Pelinovsky (McMaster University) Periodic oscillations in parabolic potentials May 19, 2008 8/19



Main result

Theorem: If § =0 orif § = 0.(g) near (g,d) = (0,0), then there exists a family
of time-periodic space-localized solutions in the form

u(x,t) = ezt 1Ht=Ty (¢ t)

with the properties:

v € Hi(R) forany t € R,

v (x,t+ 25) = v(x,t) for all (x,t) € R?,

|Q — 1| < Cpe?s?, and

[V(-t) = d(x) — s¢/(x) cos(2t + o) — isXp(X) SIN(Q + o)||,, < Ces?,
where s € [0, sp) for some sp > 0, 6y and g are arbitrary parameters, and
Co, C are (¢, s)-independent positive constants.

Remark: Parameters 6y and g can be set to zero because of the symmetries
of the GP equation. Parameter s measures a small amplitude of periodic
oscillations.
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Exact periodic solution

The result for § = 0 is trivial because of the existence of exact periodic
solutions for any € € R and any s € R. Moreover, Co = 0 in the bound
|Q — 1] < Cpe?s? such that Q = 1 in the exact periodic solution.

The exact solution is constructed with an explicit transformation for the GP
equation for § = 0:

u(x,t) = ePO2POsO3i g (x —s(1)),
where $ = p, p = —s, such that $ +s = 0 and
s(t) =socos(t + o),  P(t) = —sosin(t + o),

for any sp € R and ¢o € R.

The exact periodic solution does not exist for § # 0. Our result shows that the
same family of periodic solutions bifurcates at § = §.(¢) # 0.
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Background history

Oscillations of the GP equation

= — gt + X+ [P,

have been studied in physics literature in the past ten years for small e.

@ Q = 1is obtained with the Ehrenfest Theorem (Reinhardt and Clark,
1997; Morgan et al., 1997)

0= iz is obtained with boundary-layer integrals (Busch and Anglin,
2000); small-wave expansions (Huang, 2002); perturbation theory for
dark solitons (Brazhnyi and Konotop, 2003)

@ Both frequencies are present in the spectrum of the limiting problem with
e — 0 (1 — 00).
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Discussions

Numerical approximation of eigenvalues for 6 = 0

. 1 . m(m +1)
c=1: Q=1 Im Qu=——, lim Qn=Y—~_"°1
0 H— 00 ! \/i H— 00 m \/i

Non-resonance condition nQ; # Qn is not satisfied in the limit n = m — oc.

vm > 2
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Hamiltonian lattice

Schrodinger operator £ = 3 (—9Z +x? — 1) has a complete set of
eigenfunctions called Hermite functions

1 2
X)= ———Hn(x)e /2,  v¥n=0,1,2,3, ..,
QSH( ) \/W n( )
where H,(x) are the Hermite polynomials.

Let u(x,t) = e~2t 32 an(t)¢én(x) and convert the PDE problem to the
discrete Hamiltonian system

o0 o0
ién =na, + ) Z Wn7mam + o Z Kn7n17n2,n3anlén2an3,

m=0 ni,nz,n3=0

where Whm = (¢n7w¢m) and Kn,ni,no,ng = (ana ¢n1¢n2¢n3)-
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Phase space of the dynamical system

Lemma: Letu(x) = ioj andn(x). Thenu € H1(R) ifand only if a € |1/2( ).
m=0

Lemma: The vector field F(a) of the discrete system maps |1/2( ) to Ifl/z(N).

Theorem: The discrete system ia = F(a) is globally well-posed in Ill/Z(N).

Decomposition: Leta(t) = e~ [A + B(t) +iC(t)] and rewrite the system in
the form

B=L C+oN_(B,C), —C=L,B+0N,(B,C),

where N (B, C) contains quadratic and cubic terms with respect to B and C.
IFB(®)]1z,, + S, < Ces, then

||Ni(B(t), C(t))Hlil/z < Ci€352

forsome C,C. > 0.

D.Pelinovsky (McMaster University) Periodic oscillations in parabolic potentials May 19, 2008 14 /19



Using the series of eigenvectors (if all but zero eigenvalues are simple),

{ B(t) = Ymobm(t)Bm + Xm0 bm(t)Bm + a(t)9,A,
I o bm(t)Cm — 13- 10 bm(t)Crm + B(1)A,

we block-diagonalize the system in the form

9]
—~
—
~
Il

d:USO(bO,b,a,ﬁ), ﬁ+a:O—Sl(b07bva7ﬂ)'
We are looking for T -periodic C* functions bo(t), b(t), a(t) and 3(t).
If constant Qa = Q — ||A||2 is found from

1

)
Qu=1 /0 (IBIIE + Il — 20(2,A,N.(B,C))) dt,

then there exists a unique T -periodic solution for «(t) and 5(t) such that
la(t)] < e?°Ca,  [B(t)] <£?5°Cp,  |Qal < Coe’s?,

for some C,,Cg3,Cq > 0.
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Oscillatory components of the solution

Since Qm — m = O(£2) uniformly in m € N, the Implicit Function Theorem in
space Cpy(R, 17 5(N)) x Ci(R) implies that there exists a unique T -periodic
solution b(t) € 1/2( N) for any T -periodic function bg(t) such that if
|b0(t)| < esCy, then

Ib(®)]liz,, < £5°Co

for some Cy,Cy, > 0.
We are left with a reduced evolution equation
bo = ibo + R(bo),
where
R(bo) = ¢ [iK1(e)b3 + iKz(e)b3 + iKs(e)|bo[?] + O (|bol?, £[bol[|b]) -

Persistence of the T -periodic solution b (t) ~ ese*%° is proved with the
normal form analysis, which gives

|Q — 1| < Cqe?s?

for some Cq > 0.
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Numerical simulations

Numerical simulations foré =0, 0 =1
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Numerical simulations for 6 #0, 0 =1

u(x,0) = ¢(x) + sw(x) for § = 0.05 and 6 = 0.15:
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Conclusion

Summary: Two-period quasi-periodic oscillations exist typically along a
Cantor set of parameter values. We have proven persistence of the
two-periodic solutions along a continuous set of parameter values. These
solutions are spectrally stable with respect to the linearization but are
structurally stable with respect to perturbations of the external potential
potential.

Other projects:
@ Well-posedness of time evolution and Birkhoff normal forms for n-tori in
fractional spaces Hs and IZ,, (W. Craig, Z. Yan)

@ Rigorous analysis of eigenvalues in the Thomas—Fermi asymptotic limit
1 — oo (C. Gallo, D. P)
@ Persistence of oscillations with Q = - or quasi-periodic oscillations with
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