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PT-symmetric dNLS equationWe consider the PT-symmetric discrete nonlinear Schrödinger (dNLS)equationi dundt = un+1 + un−1 + i(−1)nγun + |un|2un, n ∈ S ⊂ Z,where γ > 0 is the gain and loss coe�cient and {un} stand for the set ofcomplex amplitudes in the optical network on S .S = {0, 1} gives the optical dimer, S = {0, 1, 2, 3} gives the quadrimer,and so on. Generally, the PT-dNLS equation is not a Hamiltonian modelwith conserved energy for γ 6= 0.
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Global existence in l2(S)For any n ∈ S , the squared amplitude satis�es the evolution equationd |un|2dt = 2γ(−1)n|un|2 + gn − gn−1,where gn := i(unūn+1 − ūnun+1).
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Global existence in l2(S)For any n ∈ S , the squared amplitude satis�es the evolution equationd |un|2dt = 2γ(−1)n|un|2 + gn − gn−1,where gn := i(unūn+1 − ūnun+1).Adding up all equations on S , we obtain the balance equationddt ∑n∈S |un|2 = 2γ∑n∈S(−1)n|un|2.By Gronwall's inequality, the balance equation results in the a priori bound
∑n∈S |un(t)|2 ≤ (∑n∈S |un(0)|2) e2γt , t ∈ R.Hence the solution does not blow up in a �nite time in l2(S).Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 3 / 27



Linear stability of zero equilibriumConsider the �nite and compensated network with SN := {1, 2, ..., 2N}.Linearizing at the zero equilibrium and separating un = wne−iEt , we obtainthe linear stationary PT-dNLS equationEwn = wn+1 + wn−1 + iγ(−1)nwn, n ∈ SNsubject to the Dirichlet end-point conditions w0 = w2N+1 = 0.
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Linear stability of zero equilibriumConsider the �nite and compensated network with SN := {1, 2, ..., 2N}.Linearizing at the zero equilibrium and separating un = wne−iEt , we obtainthe linear stationary PT-dNLS equationEwn = wn+1 + wn−1 + iγ(−1)nwn, n ∈ SNsubject to the Dirichlet end-point conditions w0 = w2N+1 = 0.LemmaEigenvalues of the linear spectral problem are given explicitly:
γ2 + E 2 = 4 cos2( πj1+ 2N) , 1 ≤ j ≤ N.In particular, all eigenvalues are simple and real for γ ∈ (−γN , γN), where

γN := 2 cos( πN1+ 2N) .Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 4 / 27



Main resultTheoremFor every γ ∈ (0, γN), all solutions of the PT-dNLS equation startingfrom su�ciently small initial data in l2(SN) remain bounded for alltimes t ∈ R.For every γ > 0, there exist solutions of the PT-dNLS equationstarting from su�ciently large initial data in l2(SN) which growexponentially fast as t → ∞.These results for the dimer con�guration were independently obtained byPicton�Susanto (2013); Barashenkov�Jackson�Flach (2013); andKevrekidis�P�Tyugin (2013). However, Stokes constants and integrals ofmotion available for the integrable dimer cannot be generalized for N > 1.Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 5 / 27



Nonlinear dynamics of a dimer: N = 1Consider a PT-symmetric dimer with two complex amplitudes:
{ i dadt = b − iγa+ |a|2a,i dbdt = a+ iγb + |b|2b.The zero equilibrium is stable if γ ∈ (−1, 1) (γ1 = 1).
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Important bound: N = 1LemmaThe product |a(t)b(t)| remains bounded for all times t ∈ R.Setting u := āb + ab̄, v := i(ab̄ − āb),we obtain
{ dudt = (|b|2 − |a|2)v ,dvdt = (|b|2 − |a|2)(2 − u).Solving the linear oscillator equation, we obtain







u(t) = 2+ C1 cos [∫ t0 (|b|2 − |a|2)dt ′]+ C2 sin [∫ t0 (|b|2 − |a|2)dt ′] ,v(t) = −C1 sin [∫ t0 (|b|2 − |a|2)dt ′]+ C2 cos [∫ t0 (|b|2 − |a|2)dt ′] ,where C1 and C2 are arbitrary constants. Hence,
|a(t)b(t)| ≤ 1+ |C1|+ |C2| for all t ∈ R.Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 7 / 27



Proof of the theorem: N = 1The squared amplitudes |a|2 and |b|2 satisfy the evolution equations:
{ d |a|2dt = −2γ|a|2 + i(b̄a − bā),d |b|2dt = 2γ|b|2 − i(b̄a − bā).Let us prove that |b(t)| may grow to in�nity as t → ∞.Choose the initial data (a0, b0) to be su�ciently large so that2γ|b0|2 − i(b̄0a0 − b0ā0) ≥ 2γ|b0|2 − 2(1+ |C1|+ |C2|) > 0.Then, |b(t)|2 will grow and the inequality2γ|b(t)|2 − i(b̄(t)a(t)− b(t)ā(t)) ≥ 2γ|b(t)|2 − 2(1+ |C1|+ |C2|) > 0,will be preserved for all positive times.Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 8 / 27



Proof of the theorem: N = 1Hence, we have d |b|2dt = 2γ|b|2 − i(b̄a− bā)and 2γ|b|2 − i(b̄a − bā) ≥ 2γ|b|2 − 2(1+ |C1|+ |C2|) > 0.From the di�erential equation,d |b|2dt = 2γ|b|2 − 2(1+ |C1|+ |C2|) > 0.
|b(t)|2 grows exponentially like e2γt as t → ∞. By the comparisonprinciple, |b(t)|2 is the lower solution for |b|2, hence

|b(t)|2 ≥ |b(t)|2 for all t ≥ 0.Hence, |b(t)|2 grows at least exponentially as t → ∞.At the same time, |a(t)|2 decays as t → ∞.Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 9 / 27



Proof of the theorem: N = 1Let us write the di�erential equation in the integral form,
|b(t)|2 = e2γt (|b0|2 − i ∫ t0 e−2γτ [a(τ)b̄(τ)− ā(τ)b(τ)] dτ) .Alternative:If

|b0|2 = i ∫ ∞0 e−2γt [a(t)b̄(t)− ā(t)b(t)] dt,then |b(t)|2 remains bounded with
|b(t)|2 ≤ γ−1 supt∈R+

|a(t)b(t)|, t ∈ R+Otherwise, |b(t)|2 grows exactly like e2γt .Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 10 / 27



Proof of the theorem: N = 1LemmaLet γ ∈ (0, 1) be �xed and δ :=√|a0|2 + |b0|2 be small. Then, for everyt0 = O(δ−2), we havesupt∈[0,t0]√|a(t)|2 + |b(t)|2 ≤ δe2γδ2t , t ∈ [0, t0].The proof uses the following elements:Diagonalization of the linear part of the system in normal coordinates.Removal of the linear diagonal terms by the phase rotation factors.Gronwall's inequality for the purely cubic system.By a contradiction, if the solution grows, then |b(t)|2 grows like e2γt andthis growth contradicts the lemma on the time scale t = O(δ−2).Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 11 / 27



Nonlinear dynamics of a quadrimer: N = 2
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Generalized PT-symmetric dNLS networkLet us generalize the nonlinear terms in the PT-symmetric dNLS network as
{ i u̇n + vn + iγun + un−1 + un+1 = (|un|2 + |vn|2)un,i v̇n + un − iγvn + vn−1 + vn+1 = (|un|2 + |vn|2)vn, n ∈ S .The zero equilibrium is uniformly stable for any γ ∈ (−1, 1) as thedispersion relation of the linear perturbations is

ω±(k) = 2 cos(k)±√1− γ2, k ∈ TS .The generalized dimer corresponds to S = {0}.
Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 14 / 27
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{ i u̇n + vn + iγun + un−1 + un+1 = (|un|2 + |vn|2)un,i v̇n + un − iγvn + vn−1 + vn+1 = (|un|2 + |vn|2)vn, n ∈ S .The zero equilibrium is uniformly stable for any γ ∈ (−1, 1) as thedispersion relation of the linear perturbations is

ω±(k) = 2 cos(k)±√1− γ2, k ∈ TS .The generalized dimer corresponds to S = {0}.TheoremFor every γ ∈ (0, 1), all solutions of the generalized dimer remainbounded for all times t ∈ R.For every γ > 1, there exist solutions of the generalized dimer whichgrow exponentially fast as t → ∞.Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 14 / 27



Nonlinear dynamics of the generalized dimerThe generalized dimer can be written explicitly as
{ i dadt = b − iγa+ (|a|2 + |b|2)a,i dbdt = a+ iγb + (|a|2 + |b|2)b.In Stokes variables,S := |a|2 + |b|2, X := |a|2 − |b|2, Y := i(āb − ab̄), Z := āb + ab̄,we obtain the systemṠ = 2γX , Ẋ = 2γS − 2Y , Ẏ = 2X , Ż = 0.Hence, Z and Q := S − γY are constants of motion, whereas S satis�esS̈ + 4(1− γ2)S = 4Q.Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 15 / 27



Another PT-symmetric dNLS networkAnother generalized PT-symmetric dNLS network can be written as
{ i u̇n + vn + iγun + un−1 + un+1 = (|un|2 + 2|vn|2)un + u2n v̄n,i v̇n + un − iγvn + vn−1 + vn+1 = (2|un|2 + |vn|2)vn + v2n ūn, n ∈ S .The zero equilibrium is still uniformly stable for any γ ∈ (−1, 1). Thegeneralized dimer corresponds to S = {0}.
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{ i u̇n + vn + iγun + un−1 + un+1 = (|un|2 + 2|vn|2)un + u2n v̄n,i v̇n + un − iγvn + vn−1 + vn+1 = (2|un|2 + |vn|2)vn + v2n ūn, n ∈ S .The zero equilibrium is still uniformly stable for any γ ∈ (−1, 1). Thegeneralized dimer corresponds to S = {0}.TheoremFor every γ ∈ R, all solutions of the generalized dimer remain bounded forall times t ∈ R.Similar results appear back to 1994-1998 in the works ofJorgensen�Christiansen, where a Hamiltonian dimer was studied.Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 16 / 27



Nonlinear dynamics of a generalized dimerThe generalized dimer is now written explicitly as
{ i dadt = b − iγa+ (|a|2 + 2|b|2)a + a2b̄,i dbdt = a + iγb + (2|a|2 + |b|2)b + b2ā.In Stokes variables,S := |a|2 + |b|2, X := |a|2 − |b|2, Y := i(āb − ab̄), Z := āb + ab̄,we obtain the systemṠ = 2γX , Ẋ = 2γS − 2Y + 2SY , Ẏ = 2X − 2SX , Ż = 0.
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Nonlinear dynamics of a generalized dimerThe generalized dimer is now written explicitly as
{ i dadt = b − iγa+ (|a|2 + 2|b|2)a + a2b̄,i dbdt = a + iγb + (2|a|2 + |b|2)b + b2ā.In Stokes variables,S := |a|2 + |b|2, X := |a|2 − |b|2, Y := i(āb − ab̄), Z := āb + ab̄,we obtain the systemṠ = 2γX , Ẋ = 2γS − 2Y + 2SY , Ẏ = 2X − 2SX , Ż = 0.Excluding S , we have the planar system

γ
dYdS = 1− S ,which implies that Y ∼ S2 if S → ∞. However, this contradicts toconstraint X 2 + Y 2 + Z 2 = S2, hence |Y | ≤ S .Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 17 / 27



Nonlinear stationary statesThe stationary PT-dNLS equation on the �nite network SN for thePT-symmetric stationary states un(t) = Une−iEt can be reduced to thesystem of N algebraic equationsEUn = Un+1 + Un−1 + iγ(−1)nUn + |Un|2Un, 1 ≤ n ≤ N,subject to the boundary conditions U0 = 0 and UN+1 = ŪN .TheoremFor any γ ∈ (−1, 1), the stationary PT-dNLS equation on SN for large realE admits 2N PT-symmetric solutions such that
∣

∣|Un|2 − E ∣∣ ≤ C , for each 1 ≤ n ≤ N.Also it admits exactly 2 solutions such that
∣

∣|UN |2 − E ∣∣ ≤ C and |Un|2 ≤ CE−1 for each 1 ≤ n ≤ N − 1.Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 18 / 27



Stationary states of a dimer: N = 1Setting E = 1
δ and U = W√

δ
, we write the stationary DNLS equation:

(1− |Wn|2)Wn = δ [Wn+1 +Wn−1 + iγ(−1)nWn] , 1 ≤ n ≤ N,subject to the boundary condition W0 = 0 and WN+1 = W̄N .For N = 1, we have
(1− |W1|2)W1 = δ

[W̄1 − iγW1] .Setting W1 = A1/21 e iϕ1 , we obtainA1 = 1− δ cos(2ϕ1), − sin(2ϕ1)− γ = 0,which yields two branches by the two solutions of sin(2ϕ1) = −γ.Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 19 / 27



Stationary states of a quadrimer: N = 2
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Figure: Nonlinear stationary states for γ = 0.5 (left), γ = 0.75 (middle), and
γ = 1.1 (right). The top and bottom rows show components |U1|2 and |U2|2.Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 20 / 27



Spectral stability in PT-symmetric dNLSSubstitute u(t) = e−iEt(U+ V(t)) to the PT-dNLS equation withwU = Ū2N+1−n and obtain the linearized time-evolution problemi dVndt + EVn = Vn+1 + Vn−1 + i(−1)nγVn + 2|Un|2Vn + U2n V̄n.Then, use V(t) = φe−λt and V̄(t) = ψe−λt ,to obtain the spectral problem with the eigenvalue parameter λ
{

(E − iλ)φn = φn+1 + φn−1 + i(−1)nγφn + 2|Un|2φn + U2nψn,
(E + iλ)ψn = ψn+1 + ψn−1 − i(−1)nγψn + Ū2nφn + 2|Un|2ψn.Unless λ is real, φn and ψn are not complex-conjugate to each other.Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 21 / 27



Stability TheoremTheoremConsider the 2N stationary solutions on SN in the limit E → ∞. Thereexists exactly one spectrally stable stationary state for su�ciently large E .Using the rescaling E = 1/δ, U =W/δ1/2, and λ = Λ/δ, we obtain
{

(1− 2|Wn|2)φn −W 2n ψn = iΛφn + δ (φn+1 + φn−1 + i(−1)nγφn) ,
−W̄ 2n φn + (1− 2|Wn|2)ψn = −iΛψn + δ (ψn+1 + ψn−1 − i(−1)nγψn) .where we recall Wn = e iθn (1+O(δ)).For δ = 0, there exists only one eigenvalue Λ = 0 of algebraic multiplicity4N. The multiple zero eigenvalue splits in C if δ 6= 0.The only spectrally stable stationary solution has the out-of-phasecon�guration for all phase di�erences in the sequence θn+1 − θn.Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 22 / 27



Stationary states in the generalized PT-dNLS networkConsider the generalized PT-symmetric dNLS network as
{ i u̇n + vn + iγun + un−1 + un+1 = (|un|2 + |vn|2)un,i v̇n + un − iγvn + vn−1 + vn+1 = (|un|2 + |vn|2)vn, n ∈ S .For every γ ∈ (−1, 1), all solutions of the generalized dimer remainbounded for all times. All stationary solutions are also identical to those inthe standard PT-NLS network.TheoremConsider the 2N stationary solutions on SN in the limit E → ∞. Thereexists exactly two spectrally stable stationary states for su�ciently large E .Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 23 / 27



Stability of stationary states of a quadrimer: N = 2

Figure: Left: the standard PT-dNLS equation. Right: the generalized PT-dNLS.Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 24 / 27



Another generalized PT-symmetric dNLS networkConsider another generalized PT-symmetric dNLS network
{ i u̇n + vn + iγun + un−1 + un+1 = (|un|2 + 2|vn|2)un + u2n v̄n,i v̇n + un − iγvn + vn−1 + vn+1 = (2|un|2 + |vn|2)vn + v2n ūn, n ∈ S .For every γ ∈ R, all solutions of the generalized dimer remain bounded forall times t ∈ R.TheoremFor any γ ∈ R, the stationary PT-dNLS equation on SN admits exactly onePT-symmetric solution (unique up to a gauge transformation) such that

∣

∣|U0|2 − E ∣∣ ≤ C and |Un|2 ≤ CE−1 for each n 6= 0.The stationary state is spectrally stable if γ ∈ (−1, 1).Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 25 / 27



Open problemsGlobal bounds on the solutions in the generalized PT-symmetricdNLS-type networks.Spectral stability of general nonlinear states in the generalizedPT-symmetric dNLS-type networks.Nonlinear stability of spectrally stable stationary states.Extensions to multi-dimensional settings of the PT-dNLS equation.
Dmitry Pelinovsky (McMaster University)Nonlinear dynamics in PT-dNLS lattices August 11-14, 2014 26 / 27
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