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Introduction: periodic potentials
Let us recall homogenization of the nonlinear Schrodinger equation
i = —tte + V() £ |ul’u,

with a periodic potential, e.g. V(x) = Vo sin®(x).
D.P. Localization in Periodic Potentials (Cambridge University Press, 2011)

Stationary solutions u(x, f) = ¢(x)e ™" with w € R satisfy a stationary Schrodinger
equation with a periodic potential

wé = —du + V(x)$ £ |60

Spectrum of L = —87 + V(x) for V(x) = Vo sin®(x) and N = 1:

8 |




Floquet—Bloch spectrum
The spectral problem with a bounded 27-periodic potential V,
wW = —;W 4+ V(x)W, xeR,

has a purely continuous spectrum in L?(R). The spectrum can be found by using
Bloch waves .
W(x) =e“f(t,x), ( x€R,

where f (¢, -) satisfy the continuation conditions
f,x) =f(l,x+2m), fl&,x)=f(L+1,x)e", £ xcR.
One can restrict the definition of f (¢, x) for £ € T) = R/Z and x € T2 = R/(27Z).
For a fixed ¢ € Ty, the Bloch waves are found from the periodic spectral problem,
— (B + i) f +V)f =w(l)f, x€E Tar.

There exists a Schauder basis {f™ (£, -) } e in L*(0, 27)
for an increasing sequence of eigenvalues {w™ (£)} nen.



Modulated Bloch waves

Pick my € Nand £y € T such that w™ (£5) # w™ (£y) for every m # my.



Homogenization of the NLS equation
The NLS equation with a bounded periodic potential V,
iy = —tte + V(x)u £ |ul’u,
can be reduced to a homogeneous NLS equation

i0rA = —2 0w ™ (L)3RA £ VIAPA, v = I’ o, i,
TA — — = 0 P s
2 : 7 o, T,

Theorem (Schneider—Uecker, 2006; Dohnal, 2008; Ilan—Weinstein, 2010)

Fixmo € N, £y € T, and assume w™ (bo) # w(”’(’)(éo)for every m # my. Then, for
every Co > 0 and Ty > 0, there exist g > 0 and C > 0 such that for all solutions
A € C(R, H*(R)) of the homogeneous NLS equation with

sup [[A(T,")|ls < Co
T€[0,T]

and for all € € (0, o), there are solutions u € C([0, To/€?], L™ (R)) of the periodic
NLS equation satisfying the bound

; —iw(mo)
sup  sup |u(t,x) — cA(EX1, e(x — cgl) )" by, x)e™ 0 e ) < 2,
1€[0,Ty /2] x€ER



Application of the NLS equation to existence of nonlinear bound states

In the defocusing case, the nonlinear bound states bifurcate if 97w (£y) < 0. In
the focusing case, the nonlinear bound states bifurcate if 93w () (£o) > 0.

For V(x) = Vi sin®(x) and the defocusing case, the bifurcation diagram is

T T T T T T

T ! T T !
Gl Bragg -2 ! Bragg - | Tnternal reflection




Periodic Graph

ANAWA
UV

Consider the simplest periodic graph, where curvatures play no role:
I'= @nGZPm with Fn - Fn,O &3] Fn,+ &) Fn,fq

where
Tyo isidentified with 1,0 = [27n, 27n + 7]

and
I+ areidentified with [, + = 27n+ m,27(n + 1)]



Functions on graph
Wave functions u : I' — C are defined on the graph I' in the pointwise sense:
uno on I,o=[2mwn,2mn + 7|

and
up,+ on I+ = [2an+ m,2r(n+ 1)]

subject to the Kirchhoff boundary conditions at the vertices.

Un,0 (270 4+ ) = tty,+ 27N 4+ ) = thy,— (270 + 70),
1,0 2r(n+ 1)) = un+2r(n+ 1)) = up,— 2w (n + 1)),

and

Oxltn,0(27n + ) = Oxttn,+ (2n + ) + Osttn,— (270 + 1),
Oxttny1,02m(n + 1)) = Osttn,+ (27 (n + 1)) + Oxttn,— 2w (n + 1)).



The NLS equation on the periodic graph I'

Collect all piecewise defined functions on the real line:

— unyo(x)a X € In,O = [27‘rn, 2mn + 7T]7
4o(x) = Unez { 0, elsewhere,

and

_ Un,£(x), X €lLyx = 2mn+ 7, 2m(n+1),
Ut (x) = Upez { 0, elsewhere.

The three-component vector U = (ug, u4+,u—_): satisfies the NLS equation
iU+ U+ |UPU=0, t€R, xeR\{kr:keZl},

subject to the Kirchhoff boundary conditions at the vertex points {kx : k € Z}.



Motivations

» Understand differences between the NLS with a bounded periodic potential and
the NLS with vertex singularities due to the periodic graph I'.

» Study homogenizations of the NLS equation on the periodic graph.

» Construct nonlinear bound states on the periodic graph.

References:

» S. Gilg, D.P, and G. Schneider, “Validity of the NLS approximation for
periodic quantum graphs”, Nonlinear Differential Equations and Applications
23 (2016), 63 (30 pages).

> D.P. and G. Schneider, “Bifurcations of standing localized waves on periodic
graphs”, Annales Henri Poincare 18 (2017), 1185-1211.



Linear spectral problem

The spectral problem on the periodic graph I':
Aw = —afw, xel,
subject to the Kirchhoff boundary conditions for n € Z,

Wa0(2mn 4+ ) = Wy (2mn 4 ) = wu,— 2n + 1),
A AR S AL S
and
{ OWno(2mn + ) = Own 4 27 + ) + Oewn,— 2mn + ),
OWnt1,02m(n+ 1)) = Own 4+ 2r(n+ 1)) + 0wy, — 2m(n + 1)).

E. Korotyaev and I. Lobanov, Ann. Henri Poincare 8 (2007), 1151
P. Kuchment and O. Post, Commun Math. Phys. 275 (2007), 805




Decomposition of the spectrum on I'

Lemma
The linear operator —9? : D(I') — L*(T") is self-adjoint with the domain
D(T) C H*(T). Its spectrum o (—07) is positive and consists of two parts.

Integrating by parts with Kirchhoff boundary conditions, we have

2 2
/\||WHL2(F) = HBJCW”LZ(F) > 0.



Decomposition of the spectrum on I'

Lemma
The linear operator —9? : D(I') — L*(I") is self-adjoint with the domain
D(T) C H*(T). Its spectrum o (—07) is positive and consists of two parts.

Integrating by parts with Kirchhoff boundary conditions, we have

2 2
/\||WHL2(F) = HBXW”H(F) > 0.

The first part of o(—d?) corresponds to the eigenfunctions of the form

{ Wa,0(x) =0, X € [27n, 2wn + w), neZ

Wit (%) = —=wn,—(x), x € 2mn+ 7, 2n(n+ 1)],

Clearly, A = m?, m € N is an eigenvalue of infinite multiplicity with the
eigenfunction w, + (x) = £, sin[m(x — 27wn)], k € Z.

The second part of a(—@f ) corresponds to the eigenfunctions of the form

Wit (X) = wa,—(x), x€_2mn+m,2x(n+1)], n€Z.



Construction of symmetric eigenfunctions

Let us parameterize the spectral parameter A = w”. Then, solutions of ODEs are
found in terms of the boundary conditions:

Wn0(x) = a, cos(w(x — 27n)) + by sin(w(x — 27n)), X € [27n, 2wn + 7|,
Wi+ (X) = ¢pcos(w(x — 2mn — 7)) + dy sin(w(x — 2mn — 7)), x € 2an+m,2n(n+



Construction of symmetric eigenfunctions

Let us parameterize the spectral parameter A = w”. Then, solutions of ODEs are
found in terms of the boundary conditions:

Wn0(x) = a, cos(w(x — 27n)) + by sin(w(x — 27n)), X € [27n, 2wn + 7|,
Wi+ (X) = ¢pcos(w(x — 2mn — 7)) + dy sin(w(x — 2mn — 7)), x € 2an+m,2n(n+

Kirchhoff boundary conditions yield

¢n = an cos(wm) + by sin(wm),
2d, = —ay, sin(wn) + by cos(w),

and
ang1 = ¢ cos(wm) + dy sin(w),
buy1 = —2¢, sin(wm) + 2d, cos(w).

The monodromy matrix

o= e ntem) ][ e iler)

satisfies det(M) = 1 and tr(M) = 2 cos(wm)* — 2 sin(w)?.



The symmetric part of the spectrum

Trace of the monodromy matrix:

T(w) = 2 cos(wm)® — %sin(oﬂr)2 €[-2,2].

The spectrum o(—0%) in L*(T') consists of eigenvalues {m*} nen of infinite
multiplicity and a countable set of spectral bands {oy }ren.




Floquet—Bloch spectrum
We define the Bloch waves on the periodic graph I' in the pointwise sense:
W(x) = ¢“f(0,x), Le€R, xeR\{mn, neN},

where f(£,-) = (fo,f+,f-) (£, ) is a 2w-periodic function for every £ € R satisfying
the ¢-dependent Kirchhoff boundary conditions

{ fo(f,ﬂ') :f+(‘€vﬂ—) :f,(f, ﬂ—)v
ﬁ)(& 0) :f-‘r(gv 27T) =f- (67 27T)

and

{(8x+i€)o(€,ﬂ)=(3x+i€)f+(&7r) (8 + i0)f— (£,m),
0y + i0)fo(£,0) = (B + il)fs (£,27) + (D + il)f— (£, 27).

Note that ¢/ is defined for x € R but is not defined for x € T.

Again, one can restrict the definition of f(¢, x) for £ € T = R/Z and
x € Tor =R/ (27Z).

For a fixed ¢ € T, the Bloch waves are found from the periodic spectral problem,

— (04 il)’f = w(l)f, x € Tar.



Numerical approximation of spectral bands: L = 7

0z




Numerical approximation of spectral bands: L > 7w
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Numerical approximation of spectral bands: semi-rings of different lengths
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The NLS equation on the periodic graph

The NLS equation on the periodic graph I" written as the evolutionary problem for
U = (uo, uy,u_):

iU+ U+ |UPU=0, t€R, xeR\{kr:keZ},

subject to the Kirchhoff boundary conditions at the vertex points.

Figure: A schematic representation of the asymptotic solution to the NLS equation on the
periodic graph I".



Homogeneous NLS equation
The asymptotic solution in the form
U(t,x) = eA(T, X)f('"o)(ﬁo,x)eizoxe_iw(mO)(ZO)’ -+ higher-order terms,
with T = €t and X = £(x — ct) satisfies the homogeneous NLS equation
m 4
iOA + 220 (0)02A + v]APA =0, v = w
2 7o) (@, I

Theorem (Gilg—Schneider-P, 2016)

Fixmo € N, £y € T\, and assume w™ (bo) # w(”’(’)(ﬁo)for every m # my. Then, for
every Co > 0 and Ty > 0, there exist g > 0 and C > 0 such that for all solutions

A € C(R, H*(R)) of the homogeneous NLS equation with

sup ||A(T, )|l < Co
T€[0,Ty]

and for all € € (0, &), there are solutions U € C([0,To/£*], L™ (R)) to the NLS
equation on the periodic graph I satisfying the bound

e i m)
sup  sup |U(t, x) — eA(T, X)) (£, x)e' 0™ " )| < /2,
1€[0,Ty /2] x€R



Extension to the Dirac equations

The symmetry constraints u, 4 (,x) = u,,—(t,x) is invariant under the time evolution
of the NLS equation on the periodic graph I'. Under the constraints, the spectral
bands feature Dirac points and no flat bands.




Homogeneous Dirac equations

The asymptotic solution in the form

_ + —iwt (0)1 — —iw ™ (0)1 | 1.
U(t,x) = eA (T, X)f " (0,x)e +eA_(T,X)f (0,x)e +higher-order terms,
with T = €*r and X = &%x satisfies the homogeneous Dirac equations

i0rA_ + i0pw™ (0)0xA— + > Alelels =0,

{ A + 00T (0)0xAs + e vy Vi AinAiAr = 0,
oy €4+~ Vivias
Theorem (Gilg—Schneider-P, 2016)

For every Cop > 0 and Ty > 0, there exist €9 > 0 and C > 0 such that for all
solutions Ax € C(R, H*(R)) of the Dirac equations with

sup [[Ax(T, )|z < Co
TE0,Ty]

and for all € € (0, €o), there are solutions U € C([0,To/€*], L (R)) of the NLS
equation on the periodic graph 1" satisfying the bound

sup  sup |U(t,x) — eWine (1, x)| < Ce¥/2.
1€[0,79/?] x€R



Function spaces
The operator L = —d? is considered in the space
L2 ={U = (uo,ur,u_) € (L*(R)):  supp(un;) =1j, neZ je{0,+,—}}
with the domain of definition

H = {UeLl’: uyy€H (Lj), n€Z, je€{0,+,—} Kirchhoff BCs}.



Function spaces
The operator L = —9? is considered in the space
L2 ={U = (uo,ur,u_) € (L*(R)):  supp(un;) =1j, neZ je{0,+,—}}
with the domain of definition

H = {Uel®: u, e H (), neZ, je{0,+,—} Kirchhoff BCs}.
J J

v

The space H? is closed under pointwise multiplication.
P p p

The skew symmetric operator —iL defines a unitary semi-group (e~ "*);c in L2

v

> There exists a positive constant C;, such that
le™ Ullaz < Cel|Ulls2
for every U € H* and every ¢ € R.

» There exists a unique local solution U € C([—Ty, To], H*) to the NLS equation
on the periodic graph I.



Bloch transform on the real line
For a function f : R — C, Bloch transform is defined by

FOx) = (THLx) =" "F(L+)),

JEZ

where f(£) = (Ff) (€), € € R is the Fourier transform of f. The inverse transform is
~ 2
509 = TP = [ T
—1/2

By construction, f(£, x) is extended from (¢,x) € T, X Tar to (£,x) € R x R
according to the continuation conditions:

ft,x) =f(t,x+2r) and f(£,x) =f(£+1,x)e"



Bloch transform on the real line
For a function f : R — C, Bloch transform is defined by

FOx) = (THLx) =" "F(L+)),

JEZ

where f(£) = (Ff) (€), € € R is the Fourier transform of f. The inverse transform is
~ 2
509 = TP = [ T

By construction, f (£, x) is extended from (¢,x) € T, x Tar to (£,x) € R x R
according to the continuation conditions:

ft,x) =f(t,x+2r) and f(£,x) =f(£+1,x)e"

> 7 is an isomorphism between H*(R) and L* (T, H*(Tax)).
» Multiplication in x space corresponds to convolution in Bloch space.

> If x : R — Ris 27 periodic, then
T (xu) (4, x) = x(x)(Tu) (£, x).

In particular, if x; are periodic cut-off functions in [;, j € {0, +, —}, then
T (i) (€, x) = T (xjuy) (€, x) = x;(x) (Tw) (£, x).



Function spaces for Bloch transforms
The operator L(£) = — (0 + if)? is self-adjoint in the space
L3 = { U = (i, i i) € (IX(To))’  supp(ii) = gy j € {0, ~}}
with the domain of definition
Hi:={UeLl: e H(l,), je{0,+,—}, Kirchhoff BCs}.

In Bloch space, we work with functions in L*(T, L}). Local well-posedness applies
to smooth functions in H* = L*(Ty, HE).



Function spaces for Bloch transforms
The operator L(¢) = — (8, + if)? is self-adjoint in the space
L= { U = (i i) € (X(Tan))* s supp() = hoy, j € {0, 4+, —}}
with the domain of definition
Hi:={UeLl: e H(l,), je{0,+,—}, Kirchhoff BCs}.
In Bloch space, we work with functions in L*(T, L}). Local well-posedness applies

to smooth functions in H> = L*(T,, H%).

Key Lemma: The Bloch transform T is an isomorphism between H* and H>.



Rest of the proof

> Bloch transform for the NLS equation on the periodic graph I'.

» Decomposition of solutions in the Bloch space

U(t, 6,x) = V(t, Of " (¢,x) + U (1,4, x)

» Approximation of the principal part of the solution
Vi (1,0) = 4 (&1 £ — 4ty =070 (€)1 ,—iDpw (™) (£) (¢—Eo)1
pp\*y ) c

As e — 0, A satisfies the homogeneous NLS equation in the Fourier space.

> A near-identity transformation for U* (1, ¢, x) with a suitable chosen
approximation Usy, (, £, X).

» Estimates of residual terms in Bloch spaces.
» Estimates of the approximation between the Fourier space and Bloch space.

» Estimates of the error term in time evolution with Gronwall’s inequality.



Homogeneous NLS equation
The asymptotic solution in the form
U(t,x) = eA(T, X)f('"o)(ﬁo,x)eizoxe_iw(mO)(ZO)’ -+ higher-order terms,
with T = €t and X = £(x — ct) satisfies the homogeneous NLS equation
m 4
iOA + 220 (0)02A + v]APA =0, v = w
2 7o) (@, I

Theorem (Gilg—Schneider-P, 2016)

Fixmo € N, £y € T\, and assume w™ (bo) # w(”’(’)(ﬁo)for every m # my. Then, for
every Co > 0 and Ty > 0, there exist g > 0 and C > 0 such that for all solutions

A € C(R, H*(R)) of the homogeneous NLS equation with

sup ||A(T, )|l < Co
T€[0,Ty]

and for all € € (0, &), there are solutions U € C([0,To/£*], L™ (R)) to the NLS
equation on the periodic graph I satisfying the bound

e i m)
sup  sup |U(t, x) — eA(T, X)) (£, x)e' 0™ " )| < /2,
1€[0,Ty /2] x€R



Bifurcations of stationary states
The stationary NLS equation on the periodic graph I':
—0ip—2|pl'd=Ap AeR, ¢kx):I =R

The effective homogeneous NLS equation on the real line

—%aéw“"o)(zo)a;A —VAPA=0QA, AX):R—>R.

The stationary reduction is satisfied if 9w ™ (£p) = 0.




Nonlinear bound states on the periodic graph

Stable bound states bifurcate from the bottom of the linear spectrum at A = 0:
—02p—2¢fp=Ap AER, ¢(x):T >R

0-0-0

Theorem
There are positive constants Ao and Cy such that for every A € (—Ao,0), there exist
two bound states ¢ € D(T") (up to the discrete translational invariance) s.t. either

o(x—L/2) =¢(L/2—x), x€T
or
ox—L—w/2)=¢(L+w/2 —x), x€T.
Moreover, it is true for both bound states that
(1) ¢ is symmetric in upper and lower semicircles of T',
(i) ¢(x) > 0foreveryx €T,
(iii) ¢(x) — 0 as |x| — oo exponentially fast.



Numerical approximations of the bound states with L = 7

Figure: Profile of the numerically generated bound state on (x, ¢) plane (left) and on (¢, ¢')
plane (right). The red dots show the break points on the periodic graph I'. The green dashed line
shows the NLS soliton on the infinite line.

Figure: The same but for the other bound state.



Homogenization of the discrete map
We set A = —¢ and consider the limit ¢ — 0.
For every (a, b) € R” and every ¢ € R, there is a unique solution
P(x;a,b,€) € C(R) of the initial-value problem:

a§¢*62¢+2|¢|2’¢):0, XGR,
P(0) =a,
aﬂ/}(o) = b7

For each I';, o and I',, +, the solution can be defined in the implicit form:

On0(x) = Y(x — 2705 an, buy €), P+ (x) = Y(x — 27 — T; €y dins €).

Kirchhoff boundary conditions produces a two-dimensional map:

Ap+1 :w(w;cnydnye), Cn :w(ﬂ—;anvbnve)a
b1 = 20,(7; Cu,y dy €), 2d, = 0 (s an, bu, €),

The nonlinear discrete map generalizes the linear transfer matrix method.



Approximate continuous solution

In the limit € — 0, expand solution ¥ (x; ea, €8, €) in the power series in €.

Q1 = O + %eﬂ—ﬂ" + %Ezﬂ—z(l - 20(,2,)04,, + 0(63)7
Bt = Bu + 3n(1 = 2a0)a, + 1€ (1 = 6038, + O().



Approximate continuous solution

In the limit € — 0, expand solution ¥ (x; ea, €8, €) in the power series in €.

Qi1 = 0 + J€mfBy + %Ezﬂ'z(l —20))a, + O(€),
But1 = Bu + 31(1 — 202t + %62772(1 —602)6, + O(&).

Approximate continuous solution:
an =AX+Xo), Bn=BX+X0), X=en nex,
where X is arbitrary and A, B satisfy the continuous limit

{ A'(X) = 37 /2B(X),
B'(X) = 3m(1 — 241)A(X),

with the continuous NLS solitons

A(X) = sech(vX), B(X)= —ptanh(vX)sech(vX), X €R,



Justification of the approximate continuous solution

Key Lemma: For a given f € ¢ (Z) satisfying the reversibility symmetry f, = fi—n
for every n € Z, consider solutions of the linearized difference equation

_2 e
Qe 02‘" + Qi + (1 — 6A%(en))an = fo, n €L

€

For sufficiently small € > 0, there exists a unique solution o € (*(Z) satisfying the
reversibility symmetry o, = «i—p for every n € Z.. Moreover there is a positive
e-independent constant C such that

e Hlora—alga < Cllflle, llale < Cllflle,

where oy is the shift operator defined by (o4+), := Qut1, n € Z.



Justification of the approximate continuous solution

Key Lemma: For a given f € ¢ (Z) satisfying the reversibility symmetry f, = fi—n
for every n € Z, consider solutions of the linearized difference equation

_2 e
Qe 02‘" + Qi + (1 — 6A%(en))an = fo, n €L

€

For sufficiently small € > 0, there exists a unique solution o € (*(Z) satisfying the
reversibility symmetry o, = «i—p for every n € Z.. Moreover there is a positive
e-independent constant C such that

e Hlora—alga < Cllflle, llale < Cllflle,

where oy is the shift operator defined by (o4+), := Qut1, n € Z.

» Translational parameter X, can be chosen to satisfy the reversibility symmetry.

» Two reversibility symmetries give two nonlinear bound states.

v

The symmetry ¢ = ¢_ holds by construction.

» Positivity and exponential decay are not obtained from this method.



Positivity and exponential decay

The perturbative two-dimensional map:

Qpt1 = Oy + %Eﬂ_ﬁn + 36271'2( 2a )Oén + ( )
Bus1 = Bu+ 3m(1 = 2ap)an + 26877 (1 — 60) B + O(€).
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Figure: The plane («, 8), where the blue dots denote a sequence {au, Bu nez. the green dashed
line shows the unstable curve 8 = Ue (), and the red dash-dotted line shows the symmetry

curve 8 = Ne(a).



Conclusion

0-0-0-

For the periodic graph I', we have obtained the following results:

» We developed the Bloch transform on I" and justified homogenization of the
NLS equation on I" with the homogeneous NLS or Dirac equations on the line.

» We approximated stationary states near the lowest spectral band by using NLS
solitons.

» Scattering dynamics and ground state properties are still opened on the periodic
graph I

Thank you!
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