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B Experimental motivations

Bose-Einstein condensates in optical lattices

Light-induced photonic lattices

Coupled optical waveguides

B Persistence of localized solutions

Implicit Function Theorem

Lyapunov—schmidt reductions

B Stability of localized solutions

Splitting of zero eigenvalues

Negative index theory




o Discrete solitons

o Discrete vortices
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o Vector space Q0 = [2(Z?, C) for {un,m}(n m)ez2:
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(n,m)eZ?
o Hamiltonian formulation:
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Time-dependent nonlinear dynamics of localized solutions
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What phase configurations 6, ,, can be continued for ¢ # 07



Proposition: Let N = dim(S) and 7 be the torus on [0, 271]Y. There
exists a vector-valued function g : 7 +— RY . such that the limiting
solution is continued to € # 0 if and only if @ € T is aroot of g(0,¢) = 0.

o The Jacobian of the nonlinear system:

_ 1_2|¢n,m|2 _¢7%,m 10
e ( g, 1= ) T 0% 0

o 'H is a selt-adjoint Fredholm operator of index zero:

dim(ker(H") = N



Analytic functions:
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Analytic functions:
0. @)
g(0,c) = "g"(6)
k=1
Gauge symmetry:

g0, ) =0 +— g0+ 0ypp,€) =0,

where pg = (1,1, ..., 1).

Let @4 be the root of g<1>(0) =0 and My = ng(e*).
If dim(ker(M 7)) = 1, there exists a unique continuation of the limiting
solution for € # 0.

Let B« be a (1 + d)-parameter solution of g<1)(0) = 0. The limiting
solution can not be continued to € # 0 if g(2)(0*) is not orthogonal to

ker(My).
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g§1>(9) = Siﬂ(@j — 9j+1) -+ Siﬂ(@j — (9]'_1) =0, 1< ] < 4M

o (1) Discrete solitons

0; =10,7}, 1< j<4M

o (2) Symmetric vortices of charge L

wL(j —1) .
0, = 1 <3 <4M
J 2M Y — ] — )
o (3) One-parameter asymmetric vortices of charge L = M

v, .
(9j+1—(9j:{7r_9}m0d<2ﬂ), 1 <9 <4M
where

o M is number of nodes at each side of the square contour

o L is the vortex charge (winding number)
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o My has a simple zero eigenvalue if all a; # 0 and

N N !
Hai Za— #O.
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Family (1) persists for € # 0

olfalla; =a = COS(%T—L), eigenvalues of M are:

)\n:4asin2%, 1 <n<4M

Family (2) persists for € # 0 and L # M



olf all a; = +a = cost, there are 2M — 1 negative eigenvalues of
M, 2 zero eigenvalues and 2M — 1 positive eigenvalues of M.

> Persistence of family (3) depends on g')()

2) 1.
g; ) = §sm(9j+1 — ‘93) [COS((Q]' — ‘9]'—1—1) + COS(9j+2 — 9j+1)]

+ Sin(ej_l — (9]) [COS(QJ' — (9]'—1) + COS(QJ'_Q - ej_l)]

DO | —

o If ker(M) = {po, p1}, then (g(?), p1) #0.

o Family (3) terminates except for one symmetric configuration:
01 =0, 6Or=20, O3 =m, O4=m+80,



o Symbolic software algorithm is used on a squared domain of Ny-by-
N lattice nodes, where Ny = 2K 4+ 2M + 1, and K is the order of
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o Symbolic software algorithm is used on a squared domain of Ny-by-
N lattice nodes, where Ny = 2K 4+ 2M + 1, and K is the order of
the Lyapunov-Schmidt reductions.

o Super-symmetric family (3) has g(k)(é’) =0for k=1,2,3,4,5 but
g(6)(8) £ 0, unless 0iv1—0; =35

o Moreover, (g(6), p1) # 0.

o All asymmetric vortices (3) terminate
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How do zero eigenvalues split?



o First-order splitting of zero eigenvalues of H:

Mic = ~c
o First-order splitting of zero eigenvalues of J'H:
)\2
Mic=—c
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o First-order splitting of zero eigenvalues of H:

Mic = ~c
o First-order splitting of zero eigenvalues of J'H:
)\2
MlC = ?C

o Second-order splitting of zero eigenvalues of H:

./\/l1 — O, ./\/lQC = 7YC

o Second-order splitting of zero eigenvalues of J'H:
)\2
M1 =0, Moc = —c + \LocC

)
where M = My and LI = — Lo,

o Six-order splitting : symbolic software algorithm









Moc =~c: n(My) =0,2(Ms) =2,p(My) =2
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e Systematic classification of discrete vortices
e Rigorous study of their existence and stability
e Predictions of stable and unstable vortices

contour Sy

vortex of charge L

linearized energy H

stable and unstable eigenvalues

M=1

svmmetric L = 1

n(H) =5, p(H) =2

J.wr = 0.. iw-i_'_ = 1? .?"I'Ti_ = 2,_. .f“"lrc = 0

M =2

symimetric L = 1

n(H) =8, p(H)="17

N.=1,NT=0,N" =0, N, =3

M =2

symimetric L = 2

n(H)=10,p(H) =5

N,=1 Nt =2 N, =4, N.=0

M =2

svmmetric L = 3

N,=0,Nt=0,N"=7,N.=0

M =2

asymmetric L = 1

n(H)=9, p(H)=6

N,=6,NT =0,N_ =1, N. =0

M =2

asymmetric L = 3

)

)
n(H)=15p(H)=0

)

)

n(H)y=14,p(H)=1

N.=1,NF=0,N" =6,N.=0




	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

