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Introduction

Density waves in cigar—-shaped Bose—Einstein condensates with repulsive
inter-atomic interactions and a harmonic potential are modeled by the
Gross-Pitaevskii equation

: 1 1
vy = = SVee + §§2v + VPV — v,

where 1 is the chemical potential.
Using the scaling transformation,
V() = pMPulx ), &= (u)Px, T=2t
the Gross—Pitaevskii equation is transformed to the semi-classical form
icu +e2Uy + (1 —x2—|u®)u=0,

where ¢ = (2u) ! is a small parameter.
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Ground state

Limit © — oo or e — 0 is referred to as the semi-classical or Thomas—Fermi
limit. Physically, it is the limit of large density of the atomic cloud.

Let 7. be the positive solution of the stationary problem (ground state)

Enl(x)+ (1 —x2 = n2(X))m(x) =0, X €R.

Theorem ( , JFA (2006))

For sufficiently small ¢ > 0, there exists a global minimizer of the
Gross—Pitaevskii energy

— 1 2 2 1 2 2 1 4
Es(u)_/R<25 ue? 4+ 502 = 1)Jul? + Zlul*) dx
in the energy space

Hi={ueH(R): xuel?R)}.
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Ground state in the asymptotic theory

For small € > 0, the ground state 7. € C*°(R) decays to zero as |x| — oo
faster than any exponential function and satisfies

o [ @=x®»Y2  for |x| <1,
mo(x) = lim ne(x) = { 0, for |x| > 1,

e—0

@ For any compact subset K C (—1,1), there is Cx > 0 such that
7 = mollerk)y < Ck €.
@ Thereis C > 0 such that
[7e = molliee < CEeY3, [l < Ce™ /3.

@ There is C > 0 such that

1—x2
Ce<m(x)<1, x| <1, 0<n(x)<Ce3exp (m) x| > 1.

Gallo & P., Asymptotic Analysis (2010)
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Excited states in the asymptotic theory

Let u. be the non-positive solution of the stationary problem (an excited state)
2u/(x) + (1 —x? —u(x))u(x) =0, xR

The excited states are classified by the number m of zeros of u.(x) on R.

The product representation
u(x,t) = n-(x)v(x,t)
brings the Gross—Pitaevskii equation to the equivalent form
ienve + 2 (n2vx)  + 121 — [v[*)v =0,

where limy_ 4 [V(X)| = 1.
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Stability of the m-th excited state
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Zezulin, Alfimov, Konotop, & Perez—Garcia, PRA (2008)
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Main objectives

@ Justify the asymptotic bounds on the ground state 7.

@ Study variational approximations of the m-th excited state

@ Justify the variational results using rigorous methods

@ Study distribution of eigenfrequencies of the ground and excited states

@ Extend the results to vortices in two and three dimensions.
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Asymptotic results

Asymptotic construction of the ground state

Let )
1/3 1-x

ne(X) =" ve(y), y:W

and write an equation on 7. (y):
41— 2Ry)l(y) - 2e2BUl(y) +yre(y) - v2(y) =0, y €.,

where
J. = (—00,e72/3)

and v.(y) decays to zero as y — —oo and satisfies the Neumann boundary
condition at e =2/3:

'(0) = i _22/3v (v) —
7.(0)=0 <= yxllrfnm\/l e23yvi(y)=0.
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Asymptotic results

Asymptotic construction of the ground state

Fix N > 0 and look for solutions in the form
N
ve(y) =Y " Bun(y) + 2NDBRy (y), v €.,
n=0
@ 19 solves the Painlevé-Il equation
4ug(y) +yw(y) —15(y) =0, y€R,
@ for1 <n <N, v, solves
Movn := —4uy)(y) + (3V§(y) - y) m(y) =Fnly), YE€ER,
@ Ry . solves
_4(1_52/3y)Rll\i,5+2 52/3 Rll\l75+(31/g(y) - y) RN@ = FN,ﬁ(yv RN,ﬁ)? y € ‘J67

Remark: vn(y) does not depend on e and is defined on R.
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Main result

Theorem
Let 1o be the unique solution of the Painlevé Il equation such that

vo(y) ~y¥? as y —+oco and w(y)—0 as y — —o.

For n > 1, vy, is the unique solution of the linearized Painlevé equation in
C?(R) N L2(R). For every N > 0, there exists ey > 0 and Cy > 0 such that for
every 0 < € < ey, there is

Rne € L(J:), with  ||Rn.el[Le(.) < Cn, yjrpoo Rne(y) =0,

such that for every x € R,

1/3 /3, 1 - 2N /3+1 1-x?
_5 ZE +e RN75 W o
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Asymptotic results

Step |: Hasting-McLeod solution

The Painlevé-1l equation

4 (y) +yvly) - v*(y) =0, yeR,
admits a unique solution vy € C>°(R) such that

(~2y) Ve E (14 o(y[Y) ~ o,

y——o0

VO(y) 2\/—

s b
~ 1/2 n
vo(y) yﬂ+ooy gry)sn/z.

12. Hastings-McLeod solution of the Painlevé II equation.

Fokas, Its, Kapaev, Novokshenov, AMS Monographs (2006)
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Asymptotic results

Step II: Linearized Painlevé-Il equation

Let us consider the operator Mg on L2(R), defined by

Mo = _485 +Wo(y), Wo(y)=315(y) V.

From the asymptotic behaviors of 1y(y) asy — oo, we infer that

Wo(y)~2y a y—+oco and Wo(y)~-y a y — —oo.

Moreover, we prove that

yllgﬂl;Wo(y) >0

and Wy(y) has the only extremum at the global minimum neary = 0.

Forany n € {1,2,...,N}, corrections v, € C?>(R) N L(R) are found from the
inhomogeneous equations Movy = f, such that

m(y) = YN gamy 2 wn(y) = O

y—-+o00 o y——00
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Step lll: Remainder term

The remainder term satisfies

l:N s(y7RN s)

€ . 3 3

TRy (Y) = Tioany Y€ Je,
where

Wo(y)
€ = _ — 2/3 _—
T 431 = 2Rydy + 2 -

and Fy (Y, R) = Fn,o(Y) + Gn < (Y, R) with

IFnollie S 1, IGN.ellne S ?% 4+ NI R|Z, + M3 RIS,

Here the norm in H? is defined by

Julfy, = [ [7Wj(y_)sz(/ya); +ayfi- 62/3y<u'(y))2] dy

and we show that H? is a Banach algebra with Sobolev's embedding
[ullee(a.y < Clluflug,
where C is e-independent.
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Grand finale

@ The map

f
v, f = (T 00—
=19 o

is continuous from L2 into H! and the norm of W, is uniformly bounded in
E.

@ By the Fixed Point Theorem, there exists a unique fixed point Ry . € H?
such that
RN, = R o[l S £2/% BNV,

@ We prove that v.(y) > 0 forally € J. so that it is the ground state 7. by
uniqueness of the positive solution ..
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Linearized operators

Associated with the stationary equation

e nl(x) + (1= x = nZ(x))n=(x) =0, x €R.

is the linearized operator

Lo = —? 3 +Ve(x), Ve(x)=3n2(x) = 1+x2,

where )
. 2(1-x x| <1
limV.(x) = g ) x| <1,
e—0 X< —1, x| > 1.
60
9
40
20
Py =) ) 1 2
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Convergence of eigenvalues

Theorem

For ¢ > 0 sufficiently small, the spectrum of L. consists of an increasing
sequence of positive eigenvalues {5 }n>1 such that for each n > 1,

fim 2202 _ jjq X2

= Un,

where {un }n>1 are eigenvalues of the linearized Painlevé operator

Mou(y) := —4u”(y) 4+ Wo(y)u(y).
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Variational results

Variational construction of excited states

The equivalent Gross—Pitaevskii equation
Fen?ve + 2 (12vx), +n2(1 = VPV =0,

is the Euler-Lagrange equation for the Lagrangian L(v) = K(v) + A(v) with
the kinetic energy _
K(v) = '—5/ P2 (X) (v — TV )dx
2 R

and the potential energy
M) = [ eolax + 5 [ nfx)( - v
R R

If n. = 1, the Gross—Pitaevskii equation has the exact dark soliton

vi(X,t) = /1 —Db2(t) tanh (e"* B(t)(x —a(t))) + ib(t),

where 1
B:ﬁ‘/l_bz’ a=ap+ V2bot, b=hg.
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Variational results

Variational approximation of 1-soliton

For n. # 1, we substitute the dark soliton solution and compute the averaged
Lagrangian

L(vs) = \/%bz n2(x) tanh(z)dx + by/1 — bZBa/ (x)sech? (2 )dlx

—cby1_b?BB- / (x)zsech? (2 )dx+(1—b2)Bz/ns(x)sech“(z)dx

45102 [ i x)eeh@)ax.

wherez =¢"1B(x —a),B >0,and a € (-1, 1).
Asymptotic analysis gives

L= tm ) b

1, —
co0 2¢ Vi@ g®) thvi-bid

+§(1 a®)(1— b2)8+%(1—a2)2(1—b2)2.
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Main variational result for 1-soliton

Since B is absent in L := Li(a, b, B), variation of L; with respect to B gives
— S VI-@VI-ER
Eliminating B from Ly (a, b, B), the effective Lagrangian becomes
Li(a,b) = Z—f(l a%)%?(1 - b%)3? —2\/1-b?b(a- —a

The Euler—Lagrange equations are now

5 Va1 wb, o _v2all-bY)

1-a2
which is equivalent to the linear oscillator equation
a+2a=0.
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Eigenfrequencies of 1-soliton

Recall the transformation ;= 5= and Im(\) = 4.

P. & Kevrekidis, Cont.Math. (2008)

D.Pelinovsky (McMaster University) Ground and excited states 20/36



Lyapunov—Schmidt decomposition

The first excited state is an odd stationary solution such that

u-(0) =0, u.(x)>0 foral x>0, and Xli—>moo u.(x) =0.

Theorem

For sufficiently small e > 0, there exists a unique solution u. € C*°(R) with
properties above and there is C > 0 such that

<C52/3.

— 7 tanh (

7l

In particular, the solution converges pointwise as e — 0 to

Up(x) := EIiLnoua(x) =no(x)sign(x), x €R.
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Steps of the proof

Step 1: Decomposition.
We substitute

U-(x) = n-(x) tanh (%) + W (x)

and obtain
Lew. = H. + No(w.),
where
L. == — 282 + x? — 1 + 3n?(x) tanh? (\/)%J :
H.(x) = n-(x) (n2(x) — 1) sech? < X ) tanh ( X )+\/§sng(x)sech2 ( X )
V2e V2e V2e
and

N.(w.)(x) = —37.(x) tanh <\/25> w2(x) — w3(x).
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Steps of the proof

Step 2: Linear estimates.
Using variable x = v/2 ¢z, we obtain

. 1 A
L. = —5822 +2£222 — 14 37%(z) tanh?(z) = Lo + U.(2),

where 1
Lo = —5622 + 2 — 3sech?(2)

and .
U.(z) :=2£22% 4+ 3(7%(z) — 1) tanh®(z).

The spectrum of Lo consists of two eigenvalues at 0 and % with eigenfunctions
sech?(z) and tanh(z)sech(z) and the continuous spectrum on [2, cc).
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Steps of the proof

Figure: Potentials of operators L. (solid line) and Lo (dots) for the first excited state.

Resolvent of the unperturbed operator:
IC>0,a>0: W elZyR)NLYMR):  [|lLg llnene < ClIfflznie-
Resolvent of the full operator:

IC>0: Wel?24(R): LM ||y < Ce23f).
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Steps of the proof

Step 3: Bounds on the inhomogeneous and nonlinear terms.
Recall that we are solving

LEWE - HE + NE(WE))

where

Forany e > 0 and a € (0, 2), we have

IN

Hellenige el | (1 — 72)sech?(:)llznize + V2 [l L= [lsech® () [lienis

Ce?/8.

IN

For any W. € H2(R), we have

N (We)le < 31me e 2 Iz + WSl < 3l + (WelFe-
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Steps of the proof

Step 4: Normal-form transformation.
Let

We =Wy +Wo + @, Wy = I:0‘1I3|5, = —3L0 Ae tanh(z)wlz,

where
iC >0: ||Wl||H2ng° < sz/gv ||W2||H20Lg° <Ce'3,

The remainder term ¢. solves the new problem
LEQ’O\E = HE +Ns(¢s)7

where
||7_(€||L2 S C 527

V@ € Bs(Hoa) © V(@) < C(O)lIellfe,
and

Ve, b € Bs(H) 1 INa(@)=Ne(B2)lle < C0) (I12e e + 19 e ) 16—l
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Steps of the proof

Step 5: Fixed-point arguments.
Since . . N
IC>0: Vfel?24(R): [|L7M |y < Ce 23 |f|2,

the map ¢. — LZ*N_($.) is a contraction in the ball Bs(H2y,) if § < /3.
On the other hand, the source term £-1H. is as small as O(<*/?). Therefore,
Banach'’s Fixed-Point Theorem applies in the ball Bs(H2,,) with & ~ £4/3.

Step 6: Properties of u.(x). It remains to prove that u.(x) > 0 for all x > 0.
This property does not come immediately from the fixed-point solution

X

V2e

u-(x) = n-(x) tanh ( ) + w.(x),

where ||w, L~ < Ce?/3,
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Results on the second excited state

Variational approximation of 2-solitons

A superposition of two dark solitons
Vo(x,t) = [Au(t) tanh (e 1 By(t)(x — as(t))) + iba(t)]
x [Az(t) tanh (1B (t)(x — az(t))) + iba(t)], (D)
where g € (—1,1), bj € (—1,1), and

1
- _h2 o _ a2 __ h2 H—
A = \/1-b2, ij\/iq/l a?\/1-b?, j=1.2

Out-of-phase oscillations for
a,=-a, a=a, by=-b, by=Dhb,

where B
a<Cyet/t, eBas < C,e?log(e),

The first condition ensures that the dark solitons are close to the center of the
harmonic potential. The second condition ensures that the overlapping
between the dark solitons is small.
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Results on the second excited state

Averaged Lagrangian for 2-solitons

Potential energy

A(v2
U gg) =N+ A +/\over|ap7
where
. 2vV2
lim(AL+A2) = i(l —a?)3/2(1 — b?)3/2,
e—0 3
and

/\overlap = —8\/5(1 — a2)3/2(1 _ b2)5/2 e74Bae-:_1 (1 + 0(61/3)) '

Kinetic energy
K (V2)
2¢

where

lim (K, +K_) = —4v1 - b2b(a — %ae').
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Main variational results for 2-solitons

In variables (a, b), the Euler—Lagrange equations at the leading order give
a=V2b, b=—v2a+gete 2Vt

or, equivalently,

A+2a=8V2esle 22,

The equilibrium state ag(¢) is given asymptotically by

a= % (— log(e) — %Iog [log(e)| + g log(2) + 0(1)) as e£—0.

The linear out-of-phase oscillations near the stationary state have squared
frequency

w(e) = —4log(e) — 2log | log(e)| + 2 + 6log(2) + 0(1), as & — 0.
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Results on the second excited state

Eigenfrequencies of 2-solitons
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Rigorous results

The second excited state is an odd stationary solution such that

u-(x) >0 forall |x|>xXo, u.(x)<O0 foral |x| <X, and XIim u.(x) =0.

Theorem

For sufficiently small e > 0, there exists a unique solution u. € C*°(R) with
properties above and there exista > 0 and C > 0 such that

n;nanh(\/_E)ta h(\/_8>

<C52/3

and

a= - (log(e) + 3 logll0g(2) - 3 loa(2) +o(1)) & < —0.

In particular, xo = a + O(e%/3).
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Steps of the proof

Figure: Potential of operator L. (solid line) and L, (dots) for the second excited state.

Here the leading-order operator
a
V2e'

has two eigenvalues in the neighborhood of 0 for large ¢ because of the
double-well potential centered at z = +(.
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Main variational results for m-solitons

We can set up the leading-order averaged Lagrangian for m dark solitons:
m m . m—1 .
Lm ~ —\/EZ (ajz + bjz) — ZZajbj —8V2 Z eiﬁ(a”lia’)e )
j=1 j=1 j=1

which generate the Euler—Lagrangian equations

& +2a +8v2e7! (e‘\/i('s‘i“"s‘i)s_1 —~ e‘ﬁ(ai‘ai—l)s_l) =0.

The center of mass (a) = + >, a; satisfies
(@) +2(a) =0,

The normal coordinates
X =V2(@1 —a)et, je{1,2,..,m-1},
satisfy
X+ 2% +16c72 (e — 27N +e 1) =0, je{1,2,..,m—1}.
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Results on higher excited state

Eigenfrequencies of 3-solitons
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Summary of our results

@ We justified asymptotic representations of the ground and excited states

@ We predicted asymptotic dependence of the distance between dark
solitons for m-excited states.

@ We predicted asymptotic dependence of the eigenfrequencies of
oscillations for m-excited states related to the dynamics of dark solitons
with respect to each other and to the harmonic potential.

@ We illustrated both asymptotic predictions numerically.

@ Analysis of vortices, dipoles, and other vortex configurations in the space
of two dimensions is currently in progress.
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