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B Motivation: control the optical prop-
erties of materials

Fiber-optics

Lasers

Spectroscopy
B Mathematical background:

Maxwell equations
Floquet-Bloch theory

Coupled-mode equations




o cubic photonic crystal
o light propagation (Maxwell equations)
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o n = n(x) is the periodic refractive index:

n(x) = ng Z age' X
G

o Bloch waves: |
E(x,t) = (x)e!kx-wt)
where W(x + x0) = ¥(x) is the periodic envelope, k = (kgz, ky, k2) is
the wave vector, and w = w(k) is the wave frequency.
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Brillouin construction



Brillouin construction



Perturbation series expansions:

n(x) = ng + enq(x)
E(x,t) = By(x,t) + eEj(x,t) + O(é?).

Modulated resonant waves:
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Inhomogeneous equation with resonances:
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VE| — ——— = F(E),
Removal of resonant terms:
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e Stationary transmission: Aj(X, T) = Aj(X)e_iQT

(ky .
() ?'VX Aj-FQA]'—FZCLj’kAk:O, 7=1,.... N,
k7]
e Existence and uniqueness of solutions for N waves:
o linear case

o nonlinear case

e Example: four counter-propagating waves
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;;+Qa+—|—04a + 0 (b++b_) =0,
—zé?—x_+aa++9a_+ﬁ(b++b_) = 0,
c%
8;+6(a++a )+ Qby +ab_ =0,
ob_
—za—y+6(a++a )+ aby + Qb = 0.

Boundary-value problem on rectangle:

D={(z,y): 0<x<L,0<y<HY},
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Four counter-propagating waves on the plane. Rectangle domain.



Theorem:

There exists a unique solution of the boundary-value prob-
lem.

Idea of Prootf:

e Let A be a continuous map of complete metric space R
into itself such that A" is a contraction; then Au = v has
a unique solution.

e The space R of continuous vector functions v(z,y) on the
closed rectangle with the norm

p(v1,vo) = ma i (2, y) — vy(x,y)]

is complete.



Linear case:

e We transform the system to the integral form and con-
sider iterations:

€T
ok (yy) = as(0,) + /O () + av? + Bd + o)) da

X

02,1 (5,1) = a_(L,y) + /L () + Q2 + B+ vd)) da
Yy
alay) = ar@0)+ [ (Bloh +0f) + 2+ avd) dy

Y

Ufgﬂ(x,y):b_(x,H)Jr/H(ﬁ(v +02) + av) + Qui) dy

or symbolically
Vil = Avy, where A is the integral operator

e We show that A" is a contraction:
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For any value of M, there exists a number N such that

|AN v = ANV < B]lvy — va, 0 <1




Non-linear case:

i%—é%—Fl(a:,y, u) = 0,
z% + F?(z,y,u) = 0,
za—l; + F3(z,y,u) = 0,
—i%—u: + F4(a:, y,u) = 0,

with F(x,y,u) continuous and Lipschitz:

IF(z, y;u1) — F(z,y;u) || < M|luy — g
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Four counter-propagating waves on the plane. Modified boundary

value problem.



Denote:

h=Q(ayas +a—a— +byby +b_b_) +
Oé<5_|_CL_ -+ CL_|_5_) -+ Oé(g+b_ -+ b_|_b_) +
B((by +b-)(@y +a-) + (b+ +b-)(ar +a-))
The system for four counter-propagating waves becomes:
0  _ :0h Oy, —;0h
ozt = Yga, } g+ = o,
0, _— _;0h (>
99— = T 'oa_

Gauge symmetry (ay,a—,b+,b_) — ei¢(a+,a_,b+,b_) = con-
servation of flux

5 (10 =) 5 (a2 = o) 0.



Four-wave transmission system:

Oa
za—;+aa_+ﬂ(b++b_):(),
—iaa—_Jroza + 68+ +b-) =0
aﬁbx + + -/ y
ia—;+ﬁ(a++a_)+ab_:(),
Ob_
—za—y+ﬂ(a++a_) + aby = 0.

On the rectangle D = {(z,y) : 0 <z < L, 0
Boundary conditions:

CL_|_<O, y) — oz+(y), a—<L7 y) = 0, b_|_<CE, O) =0, b_(ili, H) =0
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Separation of variables:

a+(z,y) = ut(v)wa(y), a—(z,y) = u—(x)wa(y)
b_|_(£lf, y) — wb(x)v-F(y)v b— (CIZ, y) — wb(x)v_(y),
where
v(y) +v—(y) = pwa(y), ur(z) + u—(z) = —Awy(z),

(% ) ()= (1) ()
(2 ) ()= () () e

The boundary conditions for ODE systems:
u—|-(0) =1, u—(L) =0,

and
v4(0) =v_(H) = 0.



e The homogeneous problem for (v,,v_)! defines the spec-
trum of I':
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e The inhomogeneous problem for (u,u_)! defines a unique
particular solution

[

where
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Roots of the characteristic equation (;



The set of eigenfunctions v(y) = vy(y) + v—(y) is orthogonal
and complete, such that:

)= 3 culy) o= / o (4)0;(y)dy,

all kj€R

Solution:

' . U4 (y)7
all kj€R Lju5(0)

blry) = — 3 Cjuw(CU)JrU—j(i'f)v_j(y).

all k;€R Lju5(0)
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Solution surfaces |a+|*(z,y) and |bi|*(z,y) for a =1, 3 =0.75, L = H = 20,

and o, = 1.



Results:

e The existence and uniqueness theorem for N waves

e Analytical solution for four counter-propagating waves
Open problems:

e Non-stationary transmission

e Multi-symplectic structure of coupled-mode equations
e Feynman diagram technique

e Numerics
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