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Introduction
�Motivation: control the optical prop-

erties of materials

� Fiber-optics

� Lasers

� Spectroscopy

�Mathematical background:

� Maxwell equations

� Floquet-Bloch theory

� Coupled-mode equations
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Resonances
◦ cubic photonic crystal

◦ light propagation (Maxwell equations)

∇2E− n2

c2

∂2E

∂t2
= ∇ (∇ · E) , ∇ ·

(
n2E

)
= 0,

◦ n = n(x) is the periodic refractive index:

n(x) = n0

∑
G

αGeiGx

◦ Bloch waves:
E(x, t) = Ψ(x)ei(k·x−ωt),

where Ψ(x + x0) = Ψ(x) is the periodic envelope, k = (kx, ky, kz) is
the wave vector, and ω = ω(k) is the wave frequency.
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Resonances
k′ = k + G

|k′| = |k|

}
⇔

∆k = G

(k + G)2 = k2

}
⇒

2k ·G + G2 = 0

k · (1
2G) = (1

2G)2

Brillouin construction
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Resonances

Brillouin construction
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Coupled-mode equations
Perturbation series expansions:

n(x) = n0 + εn1(x)

E(x, t) = E0(x, t) + εE1(x, t) + O(ε2).

Modulated resonant waves:

E0(x, t) =

N∑
j=1

Aj(X, T )ekj
ei(kjx−ωt), X =

εx

k
, T =

εt

ω
,

Inhomogeneous equation with resonances:

∇2E1 −
n2

0

c2

∂2E1

∂t2
= F(E0),

Removal of resonant terms:

i

(
∂Aj

∂T
+

(
kj

k
· ∇X

)
Aj

)
+

∑
k 6=j

aj,kAk = 0, j = 1, ..., N,
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CME: Two waves

i

(
∂A+

∂T
+

∂A+

∂Z

)
+ αA− = 0,

i

(
∂A−
∂T

− ∂A−
∂Z

)
+ αA+ = 0,

A+

A−

A+
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CME: Four waves

i

(
∂A+

∂T
+

∂A+

∂X

)
+ αA− + β (B+ + B−) = 0,

i

(
∂A−
∂T

− ∂A−
∂X

)
+ αA+ + β (B+ + B−) = 0,

i

(
∂B+

∂T
+

∂B+

∂Y

)
+ β (A+ + A−) + αB− = 0,

i

(
∂B−
∂T

− ∂B−
∂Y

)
+ β (A+ + A−) + αB+ = 0,

A +

A−

B +B−
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Analysis
• Stationary transmission: Aj(X, T ) = Aj(X)e−iΩT

i

(
kj

k
· ∇X

)
Aj + ΩAj +

∑
k 6=j

aj,kAk = 0, j = 1, ..., N,

• Existence and uniqueness of solutions for N waves:

◦ linear case

◦ nonlinear case

• Example: four counter-propagating waves
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Analysis: Four waves

i
∂a+

∂x
+ Ωa+ + αa− + β (b+ + b−) = 0,

−i
∂a−
∂x

+ αa+ + Ωa− + β (b+ + b−) = 0,

i
∂b+

∂y
+ β (a+ + a−) + Ωb+ + αb− = 0,

−i
∂b−
∂y

+ β (a+ + a−) + αb+ + Ωb− = 0.

Boundary-value problem on rectangle:

D = {(x, y) : 0 ≤ x ≤ L, 0 ≤ y ≤ H},
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Analysis: Four waves

b−

b+

a+ a−
P

ξ3

ξ
1

ξ 4

ξ2

Four counter-propagating waves on the plane. Rectangle domain.
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Analysis: Four waves
Theorem:

There exists a unique solution of the boundary-value prob-
lem.

Idea of Proof:

• Let A be a continuous map of complete metric space R
into itself such that An is a contraction; then Au = u has
a unique solution.

• The space R of continuous vector functions v(x, y) on the
closed rectangle with the norm

ρ(v1,v2) = max
x,y,i

|vi
1(x, y)− vi

2(x, y)|

is complete.
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Analysis: Four waves
Linear case:

• We transform the system to the integral form and con-
sider iterations:

v1
n+1(x, y) = a+(0, y) +

∫ x

0
(Ωv1

n + αv2
n + β(v3

n + v4
n)) dx

v2
n+1(x, y) = a−(L, y) +

∫ x

L
(αv1

n + Ωv2
n + β(v3

n + v4
n)) dx

v3
n+1(x, y) = a+(x, 0) +

∫ y

0
(β(v1

n + v2
n) + Ωv3

n + αv4
n) dy

v4
n+1(x, y) = b−(x, H) +

∫ y

H
(β(v1

n + v2
n) + αv3

n + Ωv4
n) dy

or symbolically

vn+1 = Avn, where A is the integral operator

• We show that AN is a contraction:
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Analysis: Four waves

|Av1 − Av2| ≤


x

L− x
y

H − y

 M‖v1 − v2‖, M = |Ω| + |α| + |2β|

|Anv1 − Anv2| ≤


xn

n!
(L−x)n

n!
yn

n!
(H−y)n

n!

 Mn‖v1 − v2‖

For any value of M , there exists a number N such that

‖ANv1 − ANv2‖ ≤ θ‖v1 − v2‖, θ < 1
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Analysis: Four waves
Non-linear case:

i
∂u1

∂x
+ F 1(x, y,u) = 0,

−i
∂u2

∂x
+ F 2(x, y,u) = 0,

i
∂u3

∂y
+ F 3(x, y,u) = 0,

−i
∂u4

∂y
+ F 4(x, y,u) = 0,

with F(x, y,u) continuous and Lipschitz:

‖F(x, y;u1)− F(x, y;u2)‖ ≤ M‖u1 − u2‖
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Analysis: Four waves
ξ3

ξ
1

ξ 4

ξ2

a

a

+

+

a−

a−b+ b+

b−b−

P

Four counter-propagating waves on the plane. Modified boundary

value problem.
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Analysis: bi-symplecticity
Denote:

h = Ω(a+a+ + a−a− + b+b+ + b−b−) +

α(a+a− + a+a−) + α(b+b− + b+b−) +

β((b+ + b−)(a+ + a−) + (b+ + b−)(a+ + a−))

The system for four counter-propagating waves becomes:

∂
∂xa+ = i ∂h

∂a+
∂
∂xa− = −i ∂h

∂a−

}
,

∂
∂yb+ = i ∂h

∂b+
∂
∂yb− = −i ∂h

∂b−


Gauge symmetry (a+, a−, b+, b−) 7→ eiφ(a+, a−, b+, b−) ⇒ con-
servation of flux

∂

∂x

(
|a+|2 − |a−|2

)
+

∂

∂y

(
|b+|2 − |b−|2

)
= 0.
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Explicit solutions: 4 waves
Four-wave transmission system:

i
∂a+

∂x
+ αa− + β (b+ + b−) = 0,

−i
∂a−
∂x

+ αa+ + β (b+ + b−) = 0,

i
∂b+

∂y
+ β (a+ + a−) + αb− = 0,

−i
∂b−
∂y

+ β (a+ + a−) + αb+ = 0.

On the rectangle D = {(x, y) : 0 ≤ x ≤ L, 0 ≤ y ≤ H},
Boundary conditions:

a+(0, y) = α+(y), a−(L, y) = 0, b+(x, 0) = 0, b−(x, H) = 0
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Explicit solutions: 4 waves
Separation of variables:

a+(x, y) = u+(x)wa(y), a−(x, y) = u−(x)wa(y)

b+(x, y) = wb(x)v+(y), b−(x, y) = wb(x)v−(y),

where

v+(y) + v−(y) = µwa(y), u+(x) + u−(x) = −λwb(x),(
i∂x α
α −i∂x

) (
u+

u−

)
= βΓ−1

(
1 1
1 1

) (
u+

u−

)
(

i∂y α
α −i∂y

) (
v+

v−

)
= βΓ

(
1 1
1 1

) (
v+

v−

)
, Γ = λ/µ.

The boundary conditions for ODE systems:

u+(0) = 1, u−(L) = 0,

and
v+(0) = v−(H) = 0.
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Explicit solutions: 4 waves
• The homogeneous problem for (v+, v−)T defines the spec-

trum of Γ:

Γ =
α2 + k2

2αβ
,

where (
k − α

k + α

)2

e−2ikH = 1

• The inhomogeneous problem for (u+, u−)T defines a unique
particular solution
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Explicit solutions: 4 waves
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Figure 1: Roots k ∈ R and (−k) ∈ R of the characteristic equation (4.30) for α = 1 and

Lη = 20. Dark dots show roots of R+ and bright dots show roots of R−. The dotted curves

show the leading-order asymptotic approximation (4.37).
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Roots of the characteristic equation
(

k−α
k+α

)2
e−2ikH = 1
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Explicit solutions: 4 waves
The set of eigenfunctions v(y) = v+(y) + v−(y) is orthogonal
and complete, such that:

α+(y) =
∑

all kj∈R

cjvj(y), cj =

∫ H

0

α+(y)vj(y)dy,

Solution:

a+(x, y) =
∑

all kj∈R

cj
u+j(x)

u+j(0)
(v+j(y) + v−j(y)) ,

a−(x, y) =
∑

all kj∈R

cj
u−j(x)

u+j(0)
(v+j(y) + v−j(y)) ,

b+(x, y) = −
∑

all kj∈R

cj
u+j(x) + u−j(x)

Γju+j(0)
v+j(y),

b−(x, y) = −
∑

all kj∈R

cj
u+j(x) + u−j(x)

Γju+j(0)
v−j(y).
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Explicit solutions: 4 waves
Explicit solutions: 4 waves
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26Solution surfaces |a±|2(x, y) and |b±|2(x, y) for α = 1, β = 0.25, L = H = 20,

and α+ = 1.
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Explicit solutions: 4 waves
Explicit solutions: 4 waves
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27Solution surfaces |a±|2(x, y) and |b±|2(x, y) for α = 1, β = 0.75, L = H = 20,

and α+ = 1.
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Summary
Results:

• The existence and uniqueness theorem for N waves

• Analytical solution for four counter-propagating waves

Open problems:

• Non-stationary transmission

• Multi-symplectic structure of coupled-mode equations

• Feynman diagram technique

• Numerics
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