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Photopolymers

Photopolymers

@ experience permanent change in refractive index under
illumination due to triggered polymerization process;

@ demonstrate wave guide trapping, mode evolution and other
interesting nonlinear effects observed experimentally
[Villafranca, Saravanamuttu, 2008];

e are modelled with Maxwell's and NLS equations [Monro et al,
2001].



Model for pulse propagation

Wave-Maxwell system:
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Model for pulse propagation
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NLS model:

0% A + 2iwg (0zA + OTA) + wimeA = 0,

X,Z)eR? T eR,
drmo =2 |AP. (

Initial conditions: A|+_o =: Ao (X, Z), mg|;_o = 0.



Reduction to a NLS model

Asymptotic expansion:

E(x,z,t) = =

(A (X,Z,T)elolzt) ¢ c.c.)+u (x,2,t),

—(A)y,
m(x,z,t) =emo (X, Z, T)+N(x,z,t),

where X :=ex, Z:=¢€’z, T:=¢€t, s>2.

Choosing s = 2, leading order approximation yields the NLS model
stated above; for s > 2, the NLS equation does not contain the
OTA term.

Our goal is to show that the residual terms U (x, z, t) and
N (x, z, t) are indeed small !



Main result

Theorem

Given initial data Ag € H® (R?), let A, mg be local solutions to the
NLS system for T € [0, To] with sufficiently small To > 0. There
exist €g > 0 and a unique solution E, m of the wave-Maxwell
system for t € [0, To/€?] such that, for any € € (0, o),

5 _ 5/2
2 = By =0 (2).

2 _ 5/2
1= el = © (7).



|dea of the proof

We obtain

o local well-posedness of the wave-Maxwell system (Kato's
theory for symmetric hyperbolic systems);

@ continuation arguments for the local solution (energy method);

@ local well-posedness of the NLS system (Banach fixed-point
theorem);

o residual equations in suitable for analysis form (near-identity
transformations);

@ control of error terms (a priori energy estimates).



Wave-Maxwell system: local well-posedness

The wave-Maxwell system can be rewritten in the form

{Gtv + A1 (v) Oxv + Az (v) Ov = f (v),

V’t:O = Vo

-
where v := (8tE, (1+8 ’;_1/2, m )1/2, E, Oxm, O;m, m) )

vo := (E1, 0xEo, 0:E0, Eo, 0, 0, 0) , and A1, Ay are symmetric
matrices.

Then, Kato's theory for symmetric quasi-linear hyperbolic systems
gives, for some ty > 0,

ve C([0,t], H® (R%)) N C* ([0, to] , H*~1 (R?))

providing vg € H* (Rz).



Wave-Maxwell system: local well-posedness

Proposition

For any integer s > 3, the unique local solution of the
wave-Maxwell system exists in the space

E € C ([0, 1], H*™ (R?))NC* ([0, to] , H® (R?))NC? ([0, o] , H** (R?))

m e C* ([0, to], H*™ (R?))NC? ([0, to] , H* (R*))NC3 ([0, o] , H*~* (R?))

and depends continuously on the initial data Eo, E; € H® (R?).



Wave-Maxwell system: local well-posedness

Theorem (continuation of local solution)

Local solution of the wave-Maxwell system does not blow up in
H*-norm as t — ty if

tes[g,pto] <||E||L°°(R2) F 10 E 1o ) + ||VE”L°°(R2)) < 00

and the initial data norms || Eo||;3 g2y and ||Ex| 2 (z=) are small enough.



Wave-Maxwell system: local well-posedness

Theorem (continuation of local solution)

Local solution of the wave-Maxwell system does not blow up in
H*-norm as t — ty if

tes[g,pto] <||E||L°°(R2) F 10 E 1o ) + ||VE”L°°(R2>) < 00

and the initial data norms || Eo||;3 g2y and ||Ex| 2 (z=) are small enough.

We prove this by energy method. The derivatives 0°E, |a| < 4, can
be controlled in L2-norm by constructing four energy functionals
which are consequently shown to be bounded on times t € [0, to].



NLS system: local well-posedness

For any integer s > 2 and 6 > 2 sup ||Ao||ys(r2), there exist a
TeRy

positive Tg and a unique solution
A€ C ([0, To],H® (R?)) n C* ([0, To] , H*~2 (R?))

to the NLS system with A|;_, = Ag and sup ||A||HS(R2) <4.
T€[0,To]



NLS system: local well-posedness

Theorem
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TeRy

positive Tg and a unique solution
A€ C ([0, To],H® (R?)) n C* ([0, To] , H*~2 (R?))
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Proof is application of the Banach fixed-point theorem to
A(X727 T) = ST (X)*AO (X’Z — T)
+if0TST—T (X)x[mo (X, Z—=T+71,7)AX,Z2—-T +71,7)]dT,

1 _ir ix?

where St (X) := ——e aeaT.




Residual equations

Recall

E(X,Z, t) = 62 (A)wo + U(sz7 t)a
m(x,z,t) =emg + N(x,z,t).

Residual terms solve the equations

N — ¢ (Ré“)) ,

wo

02U + 02U — (1+ mo + N) 92U = —é (R2(U)>
DN = e (A2), +262(A),,, U+ U2

wo

with
U’t:O = atU|t:0 =0, N’t:O =0,

where Rz(U) = w%A + 2iwge?OTA — 648%-A,
R6(U) = 8%A — (1 + ezmo) 8%-/4 + 2iwgmydTA.



Residual equations

The normal form transformation

V=U-¢(B),

0

A A?
M= N —e*Ny + 2¢° (—) V+ et ( - ) —I—GBRéM)
100 / 0 2iwg 2wo

allows us to work with

02V + 02V — (14 €2mo + N) 02V = 2iwpe* |A* V — 2w (A),, M

wo
o 68 Rév)

&M:é@mheéﬂmv+aé(ﬂ) BV + V2.
wo

jwo

)



Control of error terms

The following quantities can be controlled, for ¢ € [0, To/€?],

Hy = %/ [(14+€mo+ N) V7 + V2 + V?] dxdz,
R2

1
Hy = 5/ [(L+€mo+ N) Vi+ (24 Emo+ N) (Vi + V3)
R2

+ V3 + V2 + 2V dxdz,

1 1
Ho= s {(1 Femy 4 N) (V24 Va4 VE) + 3 (VE, V)
R2

1 1
+ V2 4+ V2 + 5 (Vi — 2N, Vi) + 5 (Vizz — 2N, Vip)? | dxdz.



Control of error terms

For example, multiplying the first equation by 0;U and integrating
in x, z over R?:

dHq 1/2
T < 26 AR Ha IV e Ha + 2V26%08 Al M2 7Y

b 2vBcun AR V] W Va2 RV

2
Lx,z

Using the second equation and the estimates
Il 2 < Toe™ sup ]||8t(')”L2' for t € [0, To/€?],

Tel0,To

d (H}/ 2)

7 < /17'[1/2 +4h = H}p (t) < T06_2Jlell TOE?Z.



Control of error terms

Eventually, we obtain the bounds

sup V]2 =0(2),  sup [[VV]|z=0(¢02),
tel0,To/€?] tel0,To /€]

sup  [[AV]2=0(E2), sup [VAV||z =0 (&2),
te[0,To/e?] t€[0,To/e?]

sp Ml =0(2), sip [VM]|p=0(&2)
te[0,To/€?] t€[0,To/€?]

sup [|AM] 2 = O (/2).

t€[0,To/€?]



Numerical illustrations in 1D

1D set-up:

N — ¢ (Ré“)) ,
wo

wo

B2U — (1+ Emy + N) 02U = & (R{)
0N = ¢ (A2)2w0 + 2¢€2 (A)y U+ U2.

The choice of initial data Ay (Z) = sech (Z) leads to

A(Z,T) =sech(Z — T)exp [iwo (|og (%) — Ttanh(Z — T))] ,
mo(Z,T)=2(tanhZ —tanh (Z — T)).



Numerical illustrations in 1D

Rewriting

2 277 _ bN+c
atU—a+N8U FEwl

N = U?+dU + e,

we use explicit 2-step Adams-Bashforth and Crank-Nicholson
methods

NI Z D) 3 A {(Um)z + Dy +,'gi)] e [(u}i—‘))’ +ddD i +e’_u—1)]’

i

(a1)2 (82)2

ji—1 j—1 j—1
1 o ety i APR VTR TR
a1 ui=b (82)2 i i i ’

. - P j+1 j+1 j+1
ulg"+1)_2ul§1)+ulg‘, v _1 1 Uiu+1 )72"’:{1 )+U,EJ71} _ pUH) yUHY) _ GH1)
(1) pG+1) i i i




Numerical illustrations in 1D

Figure: [[Uys(gy versus time t Figure: [[N|[pz(g) versus time t

@ Solutions for e = 0.3 animated: U, N.
o Estimates:

sup ||U =0(e), sup [N
3up 1Ulpesy =0 () stp [Wilage) =

where & = 4.9972, 3 = 3.0028.



The End

Thank You for the attention !l



